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Preface

This book is devoted to the mathematical foundation of boundary integral
equations. The combination of finite element analysis on the boundary with
these equations has led to very efficient computational tools, the boundary
element methods (see e.g., the authors [139] and Schanz and Steinbach (eds.)
[267]). Although we do not deal with the boundary element discretizations
in this book, the material presented here gives the mathematical foundation
of these methods. In order to avoid over generalization we have confined
ourselves to the treatment of elliptic boundary value problems.

The central idea of eliminating the field equations in the domain and re-
ducing boundary value problems to equivalent equations only on the bound-
ary requires the knowledge of corresponding fundamental solutions, and this
idea has a long history dating back to the work of Green [107] and Gauss
[95, 96]. Today the resulting boundary integral equations still serve as a
major tool for the analysis and construction of solutions to boundary value
problems.

As is well known, the reduction to equivalent boundary integral equations
is by no means unique, and there are primarily two procedures for this re-
duction, the ‘direct’ and ‘indirect’ approaches. The direct procedure is based
on Green’s representation formula for solutions of the boundary value prob-
lem, whereas the indirect approach rests on an appropriate layer ansatz. In
our presentation we concentrate on the direct approach although the corre-
sponding analysis and basic properties of the boundary integral operators
remain the same for the indirect approaches. Roughly speaking, one obtains
two kinds of boundary integral equations with both procedures, those of the
first kind and those of the second kind.

The basic mathematical properties that guarantee existence of solutions
to the boundary integral equations and also stability and convergence analy-
sis of corresponding numerical procedures hinge on G̊arding inequalities for
the boundary integral operators on appropriate function spaces. In addition,
contraction properties allow the application of Carl Neumann’s classical suc-
cessive iteration procedure to a class of boundary integral equations of the
second kind. It turns out that these basic features are intimately related
to the variational forms of the underlying elliptic boundary value problems



VIII Preface

and the potential energies of their solution fields, allowing us to consider
the boundary integral equations in the form of variational problems on the
boundary manifold of the domain.

On the other hand, the Newton potentials as the inverses of the elliptic
partial differential operators are particular pseudodifferential operators on
the domain or in the Euclidean space. The boundary potentials (or Poisson
operators) are just Newton potentials of distributions with support on the
boundary manifold and the boundary integral operators are their traces
there. Therefore, it is rather natural to consider the boundary integral op-
erators as pseudodifferential operators on the boundary manifold. Indeed,
most of the boundary integral operators in applications can be recast as such
pseudodifferential operators provided that the boundary manifold is smooth
enough.

With the application of boundary element methods in mind, where strong
ellipticity is the basic concept for stability, convergence and error analysis of
corresponding discretization methods for the boundary integral equations,
we are most interested in establishing strong ellipticity in terms of G̊arding’s
inequality for the variational formulation as well as strong ellipticity of the
pseudodifferential operators generated by the boundary integral equations.
The combination of both, namely the variational properties of the elliptic
boundary value and transmission problems as well as the strongly elliptic
pseudodifferential operators provides us with an efficient means to analyze a
large class of elliptic boundary value problems.

This book contains 10 chapters and an appendix. For the reader’s benefit,
Figure 0.1 gives a sketch of the topics contained in this book. Chapters 1
through 4 present various examples and background information relevant to
the premises of this book.

In Chapter 5, we discuss the variational formulation of boundary inte-
gral equations and their connection to the variational solution of associated
boundary value or transmission problems. In particular, continuity and co-
erciveness properties of a rather large class of boundary integral equations
are obtained, including those discussed in the first and second chapters. In
Chapter 4, we collect basic properties of Sobolev spaces in the domain and
their traces on the boundary, which are needed for the variational formula-
tions in Chapter 5.

Chapter 6 presents an introduction to the basic theory of classical
pseudodifferential operators. In particular, we present the construction of
a parametrix for elliptic pseudodifferential operators in subdomains of IRn.
Moreover, we give an iterative procedure to find Levi functions of arbitrary
order for general elliptic systems of partial differential equations. If the fun-
damental solution exists then Levi’s method based on Levi functions allows
its construction via an appropriate integral equation.
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In Chapter 7, we show that every pseudodifferential operator is an
Hadamard’s finite part integral operator with integrable or nonintegrable
kernel plus possibly a differential operator of the same order as that of the
pseudodifferential operator in case of nonnegative integer order. In addition,
we formulate the necessary and sufficient Tricomi conditions for the inte-
gral operator kernels to define pseudodifferential operators in the domain by
using the asymptotic expansions of the symbols and those of pseudohomoge-
neous kernels. We close Chapter 7 with a presentation of the transformation
formulae and invariance properties under the change of coordinates.

Chapter 8 is devoted to the relation between the classical pseudodifferen-
tial operators and boundary integral operators. For smooth boundaries, all of
our examples in Chapters 1 and 2 of boundary integral operators belong to
the class of classical pseudodifferential operators on compact manifolds hav-
ing symbols of the rational type. If the corresponding class of pseudodifferen-
tial operators in the form of Newton potentials is applied to tensor product
distributions with support on the boundary manifold, then they generate, in a
natural way, boundary integral operators which again are classical pseudodif-
ferential operators on the boundary manifold. Moreover, for these operators
associated with regular elliptic boundary value problems, it turns out that
the corresponding Hadamard’s finite part integral operators are invariant un-
der the change of coordinates, as considered in Chapter 3. This approach also
provides the jump relations of the potentials. We obtain these properties by
using only the Schwartz kernels of the boundary integral operators. However,
these are covered by Boutet de Monvel’s work in the 1960’s on regular elliptic
problems involving the transmission properties.

The last two chapters, 9 and 10, contain concrete examples of bound-
ary integral equations in the framework of pseudodifferential operators on
the boundary manifold. In Chapter 9, we provide explicit calculations of the
symbols corresponding to typical boundary integral operators on closed sur-
faces in IR3. If the fundamental solution is not available then the boundary
value problem can still be reduced to a coupled system of domain and bound-
ary integral equations. As an illustration we show that these coupled systems
can be considered as some particular Green operators of the Boutet de Mon-
vel algebra. In Chapter 10, the special features of Fourier series expansions
of boundary integral operators on closed curves are exploited.

We conclude the book with a short Appendix on differential operators in
local coordinates with minimal differentiability. Here, we avoid the explicit
use of the normal vector field as employed in Hadamard’s coordinates in
Chapter 3. These local coordinates may also serve for a more detailed analysis
for Lipschitz domains.
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Variational formulations of
BVPs and BIEs

(Chap. 5)

Sobolev spaces and trace

theorems (Chap. 4)

Generalized multilayer
potentials on Γ = ∂Ω

(Chap. 3)

Classical model problems

(Chap. 1 and Chap. 2)

Fourier representation of

BIOs and ψdOs on Γ ⊂ R
2

(Chap. 10)

BIEs and ψdOs on Γ

(Chap. 8 and Chap. 9)

Classical ψdOs and IOs
in Ω ⊂ R

n

(Chap. 7)

ψdOs in Ω ⊂ R
n

(Chap. 6)
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Abbreviations:

Ω ⊂ IRn – A given domain with compact boundary Γ
BVPs – Boundary value problems
BIEs – Boundary integral equations
ψdOs – Pseudodifferential operators
IOs – Integral operators
BIOs – Boundary integral operators

Fig. 0.1. A schematic sketch of the topics and their relations

Our original plan was to finish this book project about 10 years ago.
However, many new ideas and developments in boundary integral equation
methods appeared during these years which we have attempted to incorpo-
rate. Nevertheless, we regret to say that the present book is by no means
complete. For instance, we only slightly touch on the boundary integral op-
erator methods involving Lipschitz boundaries which have recently become
more important in engineering applications. We do hope that we have made
a small step forward to bridge the gap between the theory of boundary inte-
gral equation methods and their applications. We further hope that this book
will lead to better understanding of the underlying mathematical structure of
these methods and will serve as a mathematical foundation of the boundary
element methods.
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In closing, we would also like to mention some other relevant books related
to boundary integral methods such as the classical books on potential the-
ory by Kellogg [155] and Günter [113], the mathematical books on boundary
integral equations by Hackbusch [116], Jaswon and Symm [148], Kupradze
[175, 176, 177], Schatz, Thomée and Wendland [268], Mikhlin [211, 212, 213],
Nedelec [231, 234], Colton and Kress [47, 48], Mikhlin, Morozov and Paukshto
[214], Mikhlin and Prössdorf [215], Dautray and Lions [60], Chen and Zhou
[40], Gatica and Hsiao [93], Kress [172], McLean [203], Yu, De–hao [324],
Steinbach [290], Freeden and Michel [83], Kohr and Pop [163], Sauter and
Schwab [266], as well as the Encyclopedia articles by Maz’ya [202], Prössdorf
[253], Agranovich [4] and the authors [141]. For engineering books on bound-
ary integral equations, we suggest the books by Brebbia [23], Crouch and
Starfield [57], Brebbia, Telles and Wrobel [24], Manolis and Beskos [197],
Balaš, Sladek and Sladek [11], Pozrikidis [252], Power and Wrobel [251], Bon-
net [18], Gaul, Kögel and Wagner [94].



Acknowledgements:

We are very grateful for the continuous support and encouragement by our
students, colleagues, and friends. During the course of preparing this book we
have benefitted from countless discussions with so many excellent individuals
including Martin Costabel, Gabriel Gatica, Olaf Steinbach, Ernst Stephan
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2.2 The Lamé System . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

2.2.1 The Interior Displacement Problem . . . . . . . . . . . . . . . . . 47
2.2.2 The Interior Traction Problem . . . . . . . . . . . . . . . . . . . . . 55
2.2.3 Some Exterior Fundamental Problems . . . . . . . . . . . . . . 56
2.2.4 The Incompressible Material . . . . . . . . . . . . . . . . . . . . . . . 61

2.3 The Stokes Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
2.3.1 Hydrodynamic Potentials . . . . . . . . . . . . . . . . . . . . . . . . . . 65
2.3.2 The Stokes Boundary Value Problems . . . . . . . . . . . . . . . 66
2.3.3 The Incompressible Material — Revisited . . . . . . . . . . . 75

2.4 The Biharmonic Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
2.4.1 Calderón’s Projector . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83
2.4.2 Boundary Value Problems and Boundary

Integral Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
2.5 Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

3. Representation Formulae . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
3.1 Classical Function Spaces and Distributions . . . . . . . . . . . . . . . . 95
3.2 Hadamard’s Finite Part Integrals . . . . . . . . . . . . . . . . . . . . . . . . . 101



XVI Table of Contents

3.3 Local Coordinates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108
3.4 Short Excursion to Elementary Differential Geometry . . . . . . . 111

3.4.1 Second Order Differential Operators
in Divergence Form . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

3.5 Distributional Derivatives and Abstract Green’s
Second Formula . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

3.6 The Green Representation Formula . . . . . . . . . . . . . . . . . . . . . . . 130
3.7 Green’s Representation Formulae in Local Coordinates . . . . . . 135
3.8 Multilayer Potentials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139
3.9 Direct Boundary Integral Equations . . . . . . . . . . . . . . . . . . . . . . 145

3.9.1 Boundary Value Problems . . . . . . . . . . . . . . . . . . . . . . . . . 145
3.9.2 Transmission Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

3.10 Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

4. Sobolev Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159
4.1 The Spaces Hs(Ω) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159
4.2 The Trace Spaces Hs(Γ ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169

4.2.1 Trace Spaces for Periodic Functions on a Smooth
Curve in IR2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 181

4.2.2 Trace Spaces on Curved Polygons in IR2 . . . . . . . . . . . . . 185
4.3 The Trace Spaces on an Open Surface . . . . . . . . . . . . . . . . . . . . . 189
4.4 Weighted Sobolev Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 191

5. Variational Formulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 195
5.1 Partial Differential Equations of Second Order . . . . . . . . . . . . . 195

5.1.1 Interior Problems. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 199
5.1.2 Exterior Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 204
5.1.3 Transmission Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . 215

5.2 Abstract Existence Theorems for Variational Problems . . . . . . 218
5.2.1 The Lax–Milgram Theorem . . . . . . . . . . . . . . . . . . . . . . . . 219

5.3 The Fredholm–Nikolski Theorems . . . . . . . . . . . . . . . . . . . . . . . . 226
5.3.1 Fredholm’s Alternative . . . . . . . . . . . . . . . . . . . . . . . . . . . . 226
5.3.2 The Riesz–Schauder and the Nikolski Theorems . . . . . . 235
5.3.3 Fredholm’s Alternative for Sesquilinear Forms . . . . . . . . 240
5.3.4 Fredholm Operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 241

5.4 G̊arding’s Inequality for Boundary Value Problems . . . . . . . . . 243
5.4.1 G̊arding’s Inequality for Second Order Strongly

Elliptic Equations in Ω . . . . . . . . . . . . . . . . . . . . . . . . . . . 243
5.4.2 The Stokes System . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 250
5.4.3 G̊arding’s Inequality for Exterior Second Order

Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 254
5.4.4 G̊arding’s Inequality for Second Order Transmission

Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 259
5.5 Existence of Solutions to Boundary Value Problems . . . . . . . . . 259

5.5.1 Interior Boundary Value Problems . . . . . . . . . . . . . . . . . . 260



Table of Contents XVII

5.5.2 Exterior Boundary Value Problems . . . . . . . . . . . . . . . . . 264
5.5.3 Transmission Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . 264

5.6 Solution of Integral Equations via Boundary Value Problems . 265
5.6.1 The Generalized Representation Formula for Second

Order Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 265
5.6.2 Continuity of Some Boundary Integral Operators . . . . . 267
5.6.3 Continuity Based on Finite Regions . . . . . . . . . . . . . . . . . 270
5.6.4 Continuity of Hydrodynamic Potentials . . . . . . . . . . . . . 272
5.6.5 The Equivalence Between Boundary Value Problems

and Integral Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 274
5.6.6 Variational Formulation of Direct Boundary Integral

Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 277
5.6.7 Positivity and Contraction of Boundary Integral

Operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 287
5.6.8 The Solvability of Direct Boundary Integral Equations 291
5.6.9 Positivity of the Boundary Integral Operators

of the Stokes System . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 292
5.7 Partial Differential Equations of Higher Order . . . . . . . . . . . . . . 293
5.8 Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 299

5.8.1 Assumptions on Γ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 299
5.8.2 Higher Regularity of Solutions . . . . . . . . . . . . . . . . . . . . . 299
5.8.3 Mixed Boundary Conditions and Crack Problem . . . . . 300

6. Introduction to Pseudodifferential Operators . . . . . . . . . . . . . 303
6.1 Basic Theory of Pseudodifferential Operators . . . . . . . . . . . . . . 303
6.2 Elliptic Pseudodifferential Operators on Ω ⊂ IRn . . . . . . . . . . . 326

6.2.1 Systems of Pseudodifferential Operators . . . . . . . . . . . . . 328
6.2.2 Parametrix and Fundamental Solution . . . . . . . . . . . . . . 331
6.2.3 Levi Functions for Scalar Elliptic Equations . . . . . . . . . 334
6.2.4 Levi Functions for Elliptic Systems . . . . . . . . . . . . . . . . . 341
6.2.5 Strong Ellipticity and G̊arding’s Inequality . . . . . . . . . . 343

6.3 Review on Fundamental Solutions . . . . . . . . . . . . . . . . . . . . . . . . 346
6.3.1 Local Fundamental Solutions . . . . . . . . . . . . . . . . . . . . . . 347
6.3.2 Fundamental Solutions in IRn for Operators

with Constant Coefficients . . . . . . . . . . . . . . . . . . . . . . . . . 348
6.3.3 Existing Fundamental Solutions in Applications . . . . . . 352

7. Pseudodifferential Operators as Integral Operators . . . . . . . 353
7.1 Pseudohomogeneous Kernels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 353

7.1.1 Integral Operators as Pseudodifferential Operators
of Negative Order . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 356

7.1.2 Non–Negative Order Pseudodifferential Operators
as Hadamard Finite Part Integral Operators . . . . . . . . . 380



XVIII Table of Contents

7.1.3 Parity Conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 389
7.1.4 A Summary of the Relations between Kernels

and Symbols . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 392
7.2 Coordinate Changes and Pseudohomogeneous Kernels . . . . . . . 394

7.2.1 The Transformation of General Hadamard Finite Part
Integral Operators under Change of Coordinates . . . . . 397

7.2.2 The Class of Invariant Hadamard Finite Part Integral
Operators under Change of Coordinates . . . . . . . . . . . . . 404

8. Pseudodifferential and Boundary Integral Operators . . . . . . 413
8.1 Pseudodifferential Operators on Boundary Manifolds . . . . . . . . 414

8.1.1 Ellipticity on Boundary Manifolds . . . . . . . . . . . . . . . . . . 418
8.1.2 Schwartz Kernels on Boundary Manifolds . . . . . . . . . . . . 420

8.2 Boundary Operators Generated by Domain
Pseudodifferential Operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 421

8.3 Surface Potentials on the Plane IRn−1 . . . . . . . . . . . . . . . . . . . . . 423
8.4 Pseudodifferential Operators with Symbols of Rational Type . 446
8.5 Surface Potentials on the Boundary Manifold Γ . . . . . . . . . . . . 467
8.6 Volume Potentials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 476
8.7 Strong Ellipticity and Fredholm Properties . . . . . . . . . . . . . . . . 479
8.8 Strong Ellipticity of Boundary Value Problems

and Associated Boundary Integral Equations . . . . . . . . . . . . . . . 485
8.8.1 The Boundary Value and Transmission Problems . . . . . 485
8.8.2 The Associated Boundary Integral Equations

of the First Kind . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 488
8.8.3 The Transmission Problem and G̊arding’s inequality . . 489

8.9 Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 491

9. Integral Equations on Γ ⊂ IR3 Recast
as Pseudodifferential Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . 493
9.1 Newton Potential Operators for Elliptic Partial Differential

Equations and Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 499
9.1.1 Generalized Newton Potentials for the Helmholtz

Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 502
9.1.2 The Newton Potential for the Lamé System. . . . . . . . . . 505
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10.4.2 The Lamé System . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 578
10.4.3 The Stokes System . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 581
10.4.4 The Biharmonic Equation . . . . . . . . . . . . . . . . . . . . . . . . . 582

10.5 Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 591

A. Differential Operators in Local Coordinates
with Minimal Differentiability . . . . . . . . . . . . . . . . . . . . . . . . . . . . 593

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 599

Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 613



1. Introduction

This chapter serves as a basic introduction to the reduction of elliptic bound-
ary value problems to boundary integral equations. We begin with model
problems for the Laplace equation. Our approach is the direct formulation
based on Green’s formula, in contrast to the indirect approach based on a
layer ansatz. For ease of reading, we begin with the interior and exterior
Dirichlet and Neumann problems of the Laplacian and their reduction to
various forms of boundary integral equations, without detailed analysis. (For
the classical results see e.g. Günter [113] and Kellogg [155].) The Laplace
equation, and more generally, the Poisson equation,

−∆v = f in Ω or Ωc

already models many problems in engineering, physics and other disciplines
(Dautray and Lions [59] and Tychonoff and Samarski [308]). This equation
appears, for instance, in conformal mapping (Gaier [88, 89]), electrostatics
(Gauss [95], Martensen [199] and Stratton [298]), stationary heat conduction
(Günter [113]), in plane elasticity as the membrane state and the torsion
problem (Szabo [300]), in Darcy flow through porous media (Bear [12] and
Liggett and Liu [188]) and in potential flow (Glauert [102], Hess and Smith
[124], Jameson [147] and Lamb [181]), to mention a few.

The approach here is based on the relation between the Cauchy data
of solutions via the Calderón projector. As will be seen, the corresponding
boundary integral equations may have eigensolutions in spite of the unique-
ness of the solutions of the original boundary value problems. By appropriate
modifications of the boundary integral equations in terms of these eigenso-
lutions, the uniquness of the boundary integral equations can be achieved.
Although these simple, classical model problems are well known, the concepts
and procedures outlined here will be applied in the same manner for more
general cases.

1.1 The Green Representation Formula

For the sake of simplicity, let us first consider, as a model problem, the
Laplacian in two and three dimensions. As usual, we use x = (x1, . . . , xn) ∈
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IRn (n = 2 or 3) to denote the Cartesian co–ordinates of the points in the
Euclidean space IRn. Furthermore, for x, y ∈ IRn, we set

x · y =
n∑

j=1

xjyj and |x| = (x · x)
1
2

for the inner product and the Euclidean norm, respectively. We want to find
the solution u satisfying the differential equation

−∆v := −
n∑

j=1

∂2v

∂x2
j

= f in Ω. (1.1.1)

Here Ω ⊂ IRn is a bounded, simply connected domain, and its boundary
Γ is sufficiently smooth, say twice continuously differentiable, i.e. Γ ∈ C2.
(Later this assumption will be reduced.) As is known from classical analysis,
a classical solution v ∈ C2(Ω) ∩ C1(Ω) can be represented by boundary
potentials via the Green representation formula and the fundamental solution
E of (1.1.1). For the Laplacian, E(x, y) is given by

E(x, y) =

{
− 1

2π log |x− y| for n = 2,
1
4π

1
|x−y| for n = 3.

(1.1.2)

The presentation of the solution reads

v(x) =
∫

y∈Γ

E(x, y)
∂v

∂n
(y)dsy −

∫

y∈Γ

v(y)
∂E(x, y)

∂ny
dsy +

∫

Ω

E(x, y)f(y)dy

(1.1.3)
for x ∈ Ω ( see Mikhlin [213, p. 220ff.]) where ny denotes the exterior normal
to Γ at y ∈ Γ , dsy the surface element or the arclength element for n = 3
or 2, respectively, and

∂v

∂n
(y) := lim

ỹ→y∈Γ,ỹ∈Ω
gradv(ỹ) · ny . (1.1.4)

The notation ∂/∂ny will be used if there could be misunderstanding due to
more variables.

In the case when f �≡ 0 in (1.1.1), one may also use the decomposition in
the following form:

v(x) = vp(x) + u(x) :=
∫

Rn

E(x, y)f(y)dy + u(x) (1.1.5)

where u now solves the Laplace equation

−∆u = 0 in Ω . (1.1.6)
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Here vp denotes a particular solution of (1.1.1) in Ω or Ωc and f has been
extended from Ω (or Ωc) to the entire Rn. Moreover, for the extended f
we assume that the integral defined in (1.1.5) exists for all x ∈ Ω (or Ωc).
Clearly, with this particular solution, the boundary conditions for u are to
be modified accordingly.

Now, without loss of generality, we restrict our considerations to the so-
lution u of the Laplacian (1.1.6) which now can be represented in the form:

u(x) =
∫

y∈Γ

E(x, y)
∂u

∂n
(y)−

∫

y∈Γ

u(y)
∂E(x, y)

∂ny
dsy . (1.1.7)

For given boundary data u|Γ and ∂u
∂n |Γ , the representation formula (1.1.7)

defines the solution of (1.1.6) everywhere in Ω. Therefore, the pair of bound-
ary functions belonging to a solution u of (1.1.6) is called the Cauchy data,
namely

Cauchy data ofu :=
(

u|Γ
∂u
∂n |Γ

)
. (1.1.8)

In solid mechanics, the representation formula (1.1.7) can also be derived
by the principle of virtual work in terms of the so–called weighted resid-
ual formulation. The Laplacian (1.1.6) corresponds to the equation of the
equilibrium state of the membrane without external body forces and vertical
displacement u. Then, for fixed x ∈ Ω, the terms

u(x) +
∫

y∈Γ

u(y)
∂E(x, y)

∂ny
dsy

correspond to the virtual work of the point force at x and of the resulting
boundary forces ∂E(x, y)/∂ny against the displacement field u, which are
equal to the virtual work of the resulting boundary forces ∂u

∂n |Γ acting against
the displacement E(x, y), i.e.

∫

y∈Γ

E(x, y)
∂u

∂n
(y)dsy .

This equality is known as Betti’s principle (see e.g. Ciarlet [42], Fichera [75]
and Hartmann [121, p. 159]). Corresponding formulas can also be obtained
for more general elliptic partial differential equations than (1.1.6), as will be
discussed in Chapter 2.

1.2 Boundary Potentials and Calderón’s Projector

The representation formula (1.1.7) contains two boundary potentials, the
simple layer potential
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V σ(x) :=
∫

y∈Γ

E (x, y)σ(y) dsy, x ∈ Ω ∪Ωc , (1.2.1)

and the double layer potential

Wϕ(x) :=
∫

y∈Γ

(
∂

∂ny
E(x, y))ϕ(y)dsy, x ∈ Ω ∪Ωc . (1.2.2)

Here, σ and ϕ are referred to as the densities of the corresponding potentials.
In (1.1.7), for the solution of (1.1.6), these are the Cauchy data which are not
both given for boundary value problems. For their complete determination
we consider the Cauchy data of the left– and the right–hand sides of (1.1.7)
on Γ ; this requires the limits of the potentials for x approaching Γ and their
normal derivatives. This leads us to the following definitions of boundary
integral operators, provided the corresponding limits exist. For the potential
equation (1.1.6), this is well known from classical analysis (Mikhlin [213,
p. 360] and Günter [113, Chap. II]):

V σ(x) := lim
z→x∈Γ

V σ(z) for x ∈ Γ, (1.2.3)

Kϕ(x) := lim
z→x∈Γ,z∈Ω

Wϕ(z) + 1
2ϕ(x) for x ∈ Γ, (1.2.4)

K ′σ(x) := lim
z→x∈Γ,z∈Ω

gradzV σ(z) · nx − 1
2σ(x) for x ∈ Γ, (1.2.5)

Dϕ(x) := − lim
z→x∈Γ,z∈Ω

gradzWϕ(z) · nx for x ∈ Γ. (1.2.6)

To be more explicit, we quote the following standard results without proof.

Lemma 1.2.1. Let Γ ∈ C2 and let σ and ϕ be continuous. Then the limits
in (1.2.3)–(1.2.5) exist uniformly with respect to all x ∈ Γ and all σ and ϕ
with supx∈Γ |σ(x)| ≤ 1, supx∈Γ |ϕ(x)| ≤ 1. Furthermore, these limits can be
expressed by

V σ(x) =
∫

y∈Γ\{x}

E(x, y)σ(y)dsy for x ∈ Γ, (1.2.7)

Kϕ(x) =
∫

y∈Γ\{x}

∂E

∂ny
(x, y)ϕ(y)dsy for x ∈ Γ, (1.2.8)

K ′σ(x) =
∫

y∈Γ\{x}

∂E

∂nx
(x, y)σ(y)dsy for x ∈ Γ. (1.2.9)

We remark that here all of the above boundary integrals are improper with
weakly singular kernels in the following sense (see [213, p. 158]): The kernel
k(x, y) of an integral operator of the form

∫

Γ

k(x, y)ϕ(y)dsy
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is called weakly singular if there exist constants c and λ < n− 1 such that

|k(x, y)| ≤ c|x− y|−λ for all x, y ∈ Γ . (1.2.10)

For the Laplacian, for Γ ∈ C2 and E(x, y) given by (1.1.2), one even has

|E(x, y)| ≤ cλ|x− y|−λ for anyλ > 0 forn = 2 andλ = 1 forn = 3 ,
(1.2.11)

∂E

∂ny
(x, y) =

1
2(n− 1)π

(x− y) · ny

|x− y|n , (1.2.12)

∂E

∂nx
(x, y) =

1
2(n− 1)π

(y − x) · nx

|x− y|n for x, y ∈ Γ . (1.2.13)

In case n = 2, both kernels in (1.2.12), (1.2.13) are continuously extendable
to a C0-function for y → x (see Mikhlin [213]), in case n = 3 they are weakly
singular with λ = 1 (see Günter [113, Sections II.3 and II.6]). For other
differential equations, as e.g. for elasticity problems, the boundary integrals
in (1.2.7)–(1.2.9) are strongly singular and need to be defined in terms of
Cauchy principal value integrals or even as finite part integrals in the sense
of Hadamard. In the classical approach, the corresponding function spaces
are the Hölder spaces which are defined as follows:

Cm+α(Γ ) := {ϕ ∈ Cm(Γ )
∣∣∣ ||ϕ||Cm+α(Γ ) <∞}

where the norm is defined by

||ϕ||Cm+α(Γ ) :=
∑

|β|≤m

sup
x∈Γ

|∂βϕ(x)|+
∑

|β|=m

sup
x,y∈Γ

x�=y

|∂βϕ(x)− ∂βϕ(y)|
|x− y|α

for m ∈ IN0 and 0 < α < 1. Here, ∂β denotes the covariant derivatives

∂β := ∂β1
1 · · · ∂βn−1

n−1

on the (n− 1)–dimensional boundary surface Γ where β ∈ INn−1
0 is a multi–

index and |β| = β1 + . . . + βn−1 (see Millman and Parker [216]).

Lemma 1.2.2. Let Γ ∈ C2 and let ϕ be a Hölder continuously differentiable
function. Then the limit in (1.2.6) exists uniformly with respect to all x ∈ Γ
and all ϕ with ‖ ϕ ‖C1+α≤ 1. Moreover, the operator D can be expressed as
a composition of tangential derivatives and the simple layer potential opera-
tor V :

Dϕ(x) = − d

dsx
V (

dϕ

ds
) (x) for n = 2 (1.2.14)

and

Dϕ(x) = −(nx ×∇x) · V (ny ×∇yϕ)(x) for n = 3 . (1.2.15)
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For the classical proof see Maue [200] and Günter [113, p. 73ff].
Note that the differential operator (ny × ∇y)ϕ defines the tangential

derivatives of ϕ(y) within Γ which are Hölder–continuous functions on Γ .
Often this operator is also called the surface curl (see Giroire and Nedelec
[101, 232]). In the following, we give a brief derivation for these formulae
based on classical results of potential theory with Hölder continuous densi-
ties dϕ

ds (y) and (ny × ∇y)ϕ(y), respectively. Note that d
dsx

and (nx × ∇x)
in (1.2.14) and (1.2.15), respectively, are not interchanged with integration
over Γ . Later on we will discuss the connection of such an interchange with
the concept of Hadamard’s finite part integrals. For n = 2, note that, for
z ∈ Ω, z �= y ∈ Γ ,

−nx · ∇z

∫

Γ

(ny · ∇yE(z, y)) ϕ(y)dsy

= −
∫

Γ

nx · ∇z

(
ny · ∇yE(z, y)

)
ϕ(y)dsy,

=
∫

Γ

nx ·
(
∇y∇�

y E(z, y)
)
· nyϕ(y)ds .

Here,

nx =

⎛

⎜⎝

dx2

ds

−dx1

ds

⎞

⎟⎠ ,

hence, with

tx =

⎛

⎜⎝

dx1

ds
dx2

ds

⎞

⎟⎠ = n⊥
x

where a⊥ :=
(−a2

a1

)
is defined as counterclockwise rotation by π

2 .
An elementary computation shows that

n�
x Any = −t�x A�ty + (trace A)tx · ty

for any 2× 2–matrix A. Hence,

−nx · ∇zWϕ(z) =
∫

Γ

nx ·
(
∇y∇�

y E(z, y)
)
· nyϕ(y)dsy

=
∫

Γ

{tx ·∆yE(z, y)ty − (tx · ∇y)(ty · ∇yE(z, y))}ϕ(y)dsy .
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Since y �= z and ∆yE(z, y) = 0, the second term on the right takes the form

−nx · ∇zWϕ(z) =
∫

Γ

(tx · ∇z)(ty · ∇yE(z, y))ϕ(y)dsy

= (tx · ∇z)
∫

Γ

(
d

dsy
E(z, y))ϕ(y)dsy

and, after integration by parts,

= −tx · ∇z

∫

Γ

E(z, y)
dϕ

dsy
(y)dsy

= −tx · ∇z{V (
dϕ

ds
) (z)} .

First note that ∇zV (dϕds )(z) is a Hölder continuous function for z ∈ Ω which
admits a Hölder continuous extension up to Γ (Günter [113, p. 68]). The
definition of derivatives at the boundary gives us

∇xV (
dϕ

ds
)(x) = lim

z→x
∇zV (

dϕ

ds
)(z)

which yields

d

dsx
V (

dϕ

ds
)(x) = tx · ∇xV (

dϕ

ds
)(x) = lim

z→x
tx · ∇zV (

dϕ

ds
)(z) ,

i.e. (1.2.14).
Similarly, for n = 3, we see that

−nx · ∇zWϕ(z) =
∫

Γ

nx · (∇y∇T
y E(z, y)) · nyϕ(y)dsy

and with the formulae of vector analysis

=
∫

Γ

{(ny · ∇y)(nx · ∇y)E(z, y)}ϕ(y)dsy

= −
∫

Γ

{(ny ×∇y) · (nx ×∇y)E(z, y)}ϕ(y)dsy

+
∫

Γ

{(nx · ny)∆yE(z, y)}ϕ(y)dsy ,

where the last term vanishes since z �∈ Γ . Now, with elementary vector
analysis,
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−nx · ∇zWϕ(z) = −
∫

Γ

{ny · (∇y × (nx ×∇y))E(z, y)}ϕ(y)dsy

= −
∫

Γ

ny · {∇y × ((nx ×∇y)E(z, y)ϕ(y))}dsy

−
∫

Γ

ny · {(nx ×∇y)E(z, y)×∇yϕ(y)}dsy ,

where ϕ(y) denotes any C1+α–extension from Γ into IR3. The first term on
the right–hand side vanishes due to the Stokes theorem, whereas the second
term gives

−nx · ∇zWϕ(z) = −
∫

Γ

ny · {∇yϕ(y)× (nx ×∇z)E(z, y)}dsy

= −
∫

Γ

(nx ×∇zE(z, y)) · (ny ×∇yϕ(y))dsy

= −(nx ×∇z) ·
∫

Γ

E(z, y)(ny ×∇y)ϕ(y)dsy .

Since (ny ×∇y)ϕ(y) defines tangential derivatives of ϕ,

∇z · V ((ny ×∇y) ϕ)(z)

defines a Hölder continuous function for z ∈ Ω which admits a Hölder con-
tinuous limit for z → x ∈ Γ due to Günter [113, p. 68] implying (1.2.15).

From (1.2.15) we see that the hypersingular integral operator (1.2.6) can
be expressed in terms of a composition of differentiation and a weakly singular
operator. This, in fact, is a regularization of the hypersingular distribution,
which will also be useful for the variational formulation and related compu-
tational procedures.

A more elementary, but different regularization can be obtained as follows
(see Giroire and Nedelec [101]). From the definition (1.2.6), we see that

Dϕ(x) = lim
Ω�z→x∈Γ

{
− nx · ∇z

∫

Γ

∂E

∂ny
(z, y) (ϕ(y)− ϕ(x)) dsy

− nx · ∇z

∫

Γ

∂E

∂ny
(z, y)ϕ(x)dsy

}
.

If we apply the representation formula (1.1.7) to u ≡ 1, then we obtain Gauss’
well known formula

∫

Γ

∂E

∂ny
(z, y)dsy = −1 for all z ∈ Ω .
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This yields

∇z

∫

Γ

∂E

∂ny
(z, y)ϕ(x)dsy = 0 for all z ∈ Ω ,

hence, we find the simple regularization

Dϕ(x) = lim
Ω�z→x∈Γ

−nx ·
∫

Γ

∇z
∂E

∂ny
(z, y) (ϕ(y)− ϕ(x)) dsy . (1.2.16)

In fact, the limit in (1.2.16) can be expressed in terms of a Cauchy principal
value integral,

Dϕ(x) = − p.v.
∫

Γ

( ∂

∂nx

∂

∂ny
E(x, y)

)
(ϕ(y)− ϕ(x)) dsy

:= − lim
ε→0+

∫

y∈Γ∧|y−x|≥ε

( ∂

∂nx

∂

∂ny
E(x, y)

)
(ϕ(y)− ϕ(x)) dsy

= lim
ε→0+

∫

y∈Γ∧|y−x|≥ε

1
2(n− 1)π

{nx · ny

rn
+ n

(y − x) · ny(x− y) · nx

r2+n

}

×
(
ϕ(y)− ϕ(x)

)
dsy .

(1.2.17)

The derivation of (1.2.17) from (1.2.16), however, requires detailed analy-
sis (see Günter [113, Section II, 10]).

Since the boundary values for the various potentials are now characterized,
we are in a position to discuss the relations between the Cauchy data on Γ by
taking the limit x→ Γ and the normal derivative of the left– and right–hand
sides in the representation formula (1.1.7). For any solution of (1.1.6), this
leads to the following relations between the Cauchy data:

u(x) = (
1
2
I −K)u(x) + V

∂u

∂n
(x) (1.2.18)

and
∂u

∂n
(x) = Du(x) + (

1
2
I + K ′)

∂u

∂n
(x) . (1.2.19)

Consequently, for any solution of (1.1.6), the Cauchy data (u, ∂u
∂n )� on Γ

are reproduced by the operators on the right–hand side of (1.2.18), (1.2.19),
namely by

CΩ :=
(

1
2I −K, V

D, 1
2I + K ′

)
(1.2.20)

This operator is called the Calderón projector (with respect to Ω) (Calderón
[34]). The operators in CΩ have mapping properties in the classical Hölder
function spaces as follows:
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Theorem 1.2.3. Let Γ ∈ C2 and 0 < α < 1, a fixed constant. Then the
boundary potentials V,K,K ′,D define continuous mappings in the following
spaces,

V : Cα(Γ ) → C1+α(Γ ) , (1.2.21)
K,K ′ : Cα(Γ ) → Cα(Γ ), C1+α(Γ ) → C1+α(Γ ) , (1.2.22)

D : C1+α(Γ ) → Cα(Γ ) . (1.2.23)

For the proofs see Mikhlin and Prössdorf [215, Sections IX, 4 and 7].

Remark 1.2.1: The double layer potential operator K and its adjoint K ′ for
the Laplacian have even stronger continuity properties than those in (1.2.22),
namely K, K ′ map continuously Cα(Γ ) → C1+α(Γ ) and C1+α(Γ ) →
C1+β(Γ ) for any α ≤ β < 1 (Mikhlin and Prössdorf [215, Sections IX, 4 and 7]
and Colton and Kress [47, Chap. 2]). Because of the compact imbeddings
C1+α(Γ ) ↪→ Cα(Γ ) and C1+β(Γ ) ↪→ C1+α(Γ ),K and K ′ are compact. These
smoothing properties of K and K ′ do not hold anymore, if K and K ′ corre-
spond to more general elliptic partial differential equations than (1.1.6). This
is e.g. the case in linear elasticity. However, the continuity properties (1.2.22)
remain valid.

With Theorem 1.2.3, we now are in a position to show that CΩ indeed is
a projection. More precisely, there holds:

Lemma 1.2.4. Let Γ ∈ C2. Then CΩ maps C1+α(Γ ) × Cα(Γ ) into itself
continuously. Moreover,

C2
Ω = CΩ . (1.2.24)

Consequently, we have the following identities:

V D = 1
4I −K2, (1.2.25)

DV = 1
4I −K ′2 , (1.2.26)

KV = V K ′, (1.2.27)
DK = K ′D. (1.2.28)

These relations will show their usefulness in our variational formulation later
on, and as will be seen in the next section, the Calderón projector leads in a
direct manner to boundary integral equations for boundary value problems.

1.3 Boundary Integral Equations

As we have seen from (1.2.18) and (1.2.19), the Cauchy data of a solution of
the differential equation in Ω are related to each other by these two equa-
tions. As is well known, for regular elliptic boundary value problems, only
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half of the Cauchy data on Γ is given. For the remaining part, the equations
(1.2.18), (1.2.19) define an overdetermined system of boundary integral equa-
tions which may be used for determining the complete Cauchy data. In gen-
eral, any combination of (1.2.18) and (1.2.19) can serve as a boundary integral
equation for the missing part of the Cauchy data. Hence, the boundary inte-
gral equations associated with one particular boundary condition are by no
means uniquely determined. The ‘direct’ approach for formulating boundary
integral equations becomes particularly simple if one considers the Dirichlet
problem or the Neumann problem. In what follows, we will always prefer the
direct formulation.

1.3.1 The Dirichlet Problem

In the Dirichlet problem for (1.1.6), the boundary values

u|Γ = ϕ onΓ (1.3.1)

are given. Hence,

σ =
∂u

∂n
|Γ (1.3.2)

is the missing Cauchy datum required to satisfy (1.2.18) and (1.2.19) for
any solution u of (1.1.6). In the direct formulation, if we take the first equa-
tion (1.2.18) of the Calderón projection then σ is to be determined by the
boundary integral equation

V σ(x) = 1
2ϕ(x) + Kϕ(x) , x ∈ Γ . (1.3.3)

Explicitly, we have
∫

y∈Γ

E(x, y)σ(y)dsy = f(x) , x ∈ Γ (1.3.4)

where f is given by the right–hand side of (1.3.3) and E is given by (1.1.2), a
weakly singular kernel. Hence, (1.3.4) is a Fredholm integral equation of the
first kind. In the case n = 2 and a boundary curve Γ with conformal radius
equal to 1, the integral equation (1.3.4) has exactly one eigensolution, the so–
called natural charge e(y) (Plemelj [248]). However, the modified equation

∫

y∈Γ

E(x, y)σ(y)dsy − ω = f(x) , x ∈ Γ (1.3.5)

together with the normalizing condition
∫

y∈Γ

σds = Σ (1.3.6)
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is always solvable for σ and the constant ω for given f and given constant Σ
[136]. Later on we will come back to this modification.

For Σ = 0 it can be shown that ω = 0. Hence, with Σ = 0, this modified
formulation can also be used for solving the interior Dirichlet problem.

Alternatively to (1.3.4), if we take the second equation (1.2.19) of the
Calderón projector, we arrive at

1
2σ(x)−K ′σ(x) = Dϕ(x) for x ∈ Γ . (1.3.7)

In view of (1.2.9) and (1.2.11), the explicit form of (1.3.7) reads

σ(x)− 2
∫

y∈Γ\{x}

∂E

∂nx
(x, y)σ(y)dsy = g(x) for x ∈ Γ , (1.3.8)

where ∂E
∂nx

(x, y) is weakly singular due to (1.2.13), provided Γ is smooth.
g = 2Dϕ is defined by the right–hand side of (1.3.7). Therefore, in contrast
to (1.3.4), this is a Fredholm integral equation of the second kind.

This simple example shows that for the same problem we may employ
different boundary integral equations. In fact, (1.3.8) is one of the cele-
brated integral equations of classical potential theory — the adjoint to the
Neumann–Fredholm integral equation of the second kind with the double
layer potential — which can be obtained by using the double layer ansatz
in the indirect approach. In the classical framework, the analysis of inte-
gral equation (1.3.8) has been studied intensively for centuries, including
its numerical solution. For more details and references, see, e.g., Atkinson
[8], Bruhn et al. [26], Dautray and Lions [59, 60], Jeggle [149, 150], Kellogg
[155], Kral et al [167, 168, 169, 170, 171], Martensen [198, 199], Maz‘ya [202],
Neumann [238, 239, 240], Radon [259] and [316]. In recent years, increasing
efforts have also been devoted to the integral equation of the first kind (1.3.4)
which — contrary to conventional belief — became a very rewarding and fun-
damental formulation theoretically as well as computationally. It will be seen
that this equation is particularly suitable for the variational analysis.

1.3.2 The Neumann Problem

In the Neumann problem for (1.1.6), the boundary condition reads as

∂u

∂n
|Γ = ψ onΓ (1.3.9)

with given ψ. For the interior problem (1.1.6) in Ω, the normal derivative ψ
needs to satisfy the necessary compatibility condition

∫

Γ

ψds = 0 (1.3.10)
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for any solution of (1.1.6), (1.3.9) to exist. Here, u|Γ is the missing Cauchy
datum required to satisfy (1.2.18) and (1.2.19) for any solution u of the
Neumann problem (1.1.6), (1.3.9). If we take the first equation (1.2.18) of the
Calderón projector, then u|Γ is determined by the solution of the boundary
integral equation

1
2u(x) + Ku(x) = V ψ(x), x ∈ Γ . (1.3.11)

This is a classical Fredholm integral equation of the second kind on Γ , namely

u(x) + 2
∫

y∈Γ\{x}

∂E

∂ny
(x, y)u(y)dsy = 2

∫

y∈Γ\{x}

E(x, y)ψ(y)dsy =: f(x).

(1.3.12)
For the Laplacian we have (1.2.12), which shows that the kernel of the integral
operator in (1.3.12) is continuous for n = 2 and weakly singular for n = 3.
It is easily shown that u0 = 1 defines an eigensolution of the homogeneous
equation corresponding to (1.3.12); and that f(x) in (1.3.12) satisfies the
classical orthogonality condition if and only if ψ satisfies (1.3.10). Classical
potential theory provides that (1.3.12) is always solvable if (1.3.10) holds
and that the null–space of (1.3.12) is one–dimensional, see e.g. Mikhlin [212,
Chap. 17, 11].

Alternatively, if we take the second equation (1.2.19) of the Calderón
projector, we arrive at the equation

Du(x) = 1
2ψ(x)−K ′ψ(x) forx ∈ Γ . (1.3.13)

This is a hypersingular boundary integral equation of the first kind for u|Γ
which also has the one–dimensional null–space spanned by u0|Γ = 1, as can
easily be seen from (1.2.14) and (1.2.15) for n = 2 and n = 3, respectively.
Although this integral equation (1.3.13) is not one of the standard types, we
will see that, nevertheless, it has advantages for the variational formulation
and corresponding numerical treatment.

1.4 Exterior Problems

In many applications such as electrostatics and potential flow, one often deals
with exterior problems which we will now consider for our simple model
equation.

1.4.1 The Exterior Dirichlet Problem

For boundary value problems exterior to Ω, i.e. in Ωc = IRn \ Ω, infinity
belongs to the boundary of Ωc and, therefore, we need additional growth or
radiation conditions for u at infinity. Moreover, in electrostatic problems, for
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instance, the total charge Σ on Γ will be given. This leads to the following
exterior Dirichlet problem, defined by the differential equation

−∆u = 0 in Ωc , (1.4.1)

the boundary condition
u|Γ = ϕ onΓ (1.4.2)

and the additional growth condition

u(x) =
1
2π

Σ log |x|+ ω + o(1) as |x| → ∞ for n = 2 (1.4.3)
or

u(x) = − 1
4π

Σ
1
|x| + ω + O(|x|−2) as |x| → ∞ forn = 3 . (1.4.4)

The Green representation formula now reads

u(x) = Wu(x)−
(
V

∂u

∂n

)
(x) + ω for x ∈ Ωc , (1.4.5)

where the direction of n is defined as before and the normal derivative is now
defined as in (1.1.7) but with z ∈ Ωc. In the case ω = 0, we may consider the
Cauchy data from Ωc on Γ , which leads with the boundary data of (1.4.5)
on Γ to the equations

(
u
∂u
∂n

)
=

(
1
2I + K, −V
−D, 1

2I −K ′

)(
u
∂u
∂n

)
onΓ. (1.4.6)

Here, the boundary integral operators V, K, K ′, D are related to the limits
of the boundary potentials from Ωc similar to (1.2.3)–(1.2.6), namely

V σ(x) = lim
z→x

V σ(z) x ∈ Γ, (1.4.7)

Kϕ(x) = lim
z→x,z∈Ωc

Wϕ(z)− 1
2ϕ(x) , x ∈ Γ, (1.4.8)

K ′σ(x) = lim
z→x,z∈Ωc

gradzV (z) · nx + 1
2σ(x) , x ∈ Γ, (1.4.9)

Dϕ(x) = − lim
z→x,z∈Ωc

gradzWϕ(z) · nx , x ∈ Γ. (1.4.10)

Note that in (1.4.8) and (1.4.9) the signs at 1
2ϕ(x) and 1

2σ(x) are different
from those in (1.2.4) and (1.2.5), respectively.

For any solution u of (1.4.1) in Ωc with ω = 0, the Cauchy data on Γ
are reproduced by the right–hand side of (1.4.6), which therefore defines the
Calderón projector CΩc for the Laplacian with respect to the exterior domain
Ωc. Clearly,

CΩc = I − CΩ , (1.4.11)

where I denotes the identity matrix operator.
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For the solution of (1.4.1), (1.4.2) and (1.4.3), we obtain from (1.4.5) a
modified boundary integral equation,

V σ(x)− ω = − 1
2ϕ(x) + Kϕ(x) for x ∈ Γ . (1.4.12)

This, again, is a first kind integral equation for σ = ∂u
∂n |Γ , the unknown

Cauchy datum. However, in addition, the constant ω is also unknown. Hence,
we need an additional constraint, which here is given by

∫

Γ

σds = Σ . (1.4.13)

This is the same modified system as (1.3.5), (1.3.6), which is always uniquely
solvable for (σ, ω).

If we take the normal derivative at Γ on both sides of (1.4.5), we arrive
at the following Fredholm integral equation of the second kind for σ, namely

1
2σ(x) + K ′σ(x) = −Dϕ(x) for x ∈ Γ . (1.4.14)

This is the classical integral equation associated with the exterior Dirichlet
problem which has a one–dimensional space of eigensolutions. Here, the spe-
cial right–hand side of (1.4.14) always satisfies the orthogonality condition
in the classical Fredholm alternative. Hence, (1.4.14) always has a solution,
which becomes unique if the additional constraint of (1.4.13) is included.

1.4.2 The Exterior Neumann Problem

Here, in addition to (1.4.1), we require the Neumann condition

∂u

∂n
|Γ = ψ on Γ (1.4.15)

where ψ is given. Moreover, we again need a condition at infinity. We choose
the growth condition (1.4.3) or (1.4.4), respectively, where the constant Σ is
given by

Σ =
∫

Γ

ψds

from (1.4.15), where ω is now an additional parameter, which can be pre-
scribed arbitrarily according to the special situation. The representation for-
mula (1.4.5) remains valid. Often ω = 0 is chosen in (1.4.3), (1.4.4) and
(1.4.5). The direct approach with x→ Γ in (1.4.5) now leads to the bound-
ary integral equation

− 1
2u(x) + Ku(x) = V ψ(x)− ω for x ∈ Γ . (1.4.16)

For any given ψ and ω, this is the classical Fredholm integral equation of
the second kind which has been studied intensively (Günter [113]). (See also
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Atkinson [8], Dieudonné [61], Kral [168, 169], Maz‘ya [202], Mikhlin [211,
212]) (1.4.16) is uniquely solvable for u|Γ .

If we apply the normal derivative to both sides of (1.4.5), we find the
hypersingular integral equation of the first kind,

Du(x) = − 1
2ψ(x)−K ′ψ(x) for x ∈ Γ . (1.4.17)

This equation has the constants as an one–dimensional eigenspace. The spe-
cial right–hand side in (1.4.17) satisfies an orthogonality condition in the
classical Fredholm alternative, which is also valid for (1.4.17), e.g., in the
space of Hölder continuous functions on Γ , as will be shown later. Therefore,
(1.4.17) always has solutions u|Γ . Any solution of (1.4.17) inserted into the
right hand side of (1.4.5) together with any choice of ω will give the desired
unique solution of the exterior Neumann problem.

For further illustration, we now consider the historical example of the
two–dimensional potential flow of an inviscid incompressible fluid around an
airfoil. Let q∞ denote the given traveling velocity of the profile defining a
uniform velocity at infinity and let q denote the velocity field. Then we have
the following exterior boundary value problem for q = (q1, q2)�:

(∇× q)3 =
∂q2

∂x1
− ∂q1

∂x2
= 0 inΩc , (1.4.18)

divq =
∂q1

∂x1
+

∂q2

∂x2
= 0 in Ωc , (1.4.19)

q · n|Γ = 0 on Γ , (1.4.20)

lim
Ωc∈x→TE

|q(x)| = |q||TE exists at the trailing edge TE , (1.4.21)

q − q∞ = o(1) as |x| → ∞ . (1.4.22)

Here, the airfoil’s profile Γ is given by a simply closed curve with one corner
point at the trailing edge TE. Moreover, Γ has a C∞– parametrization x(s)
for the arc length 0 ≤ s ≤ L with x(0) = x(L) = TE, whose periodic
extension is only piecewise C∞. With Bernoulli’s law, the condition (1.4.21)
is equivalent to the Kutta–Joukowski condition, which requires bounded and
equal pressure at the trailing edge. (See also Ciavaldini et al [44]). The origin 0
of the co–ordinate system is chosen within the airfoil with TE on the x1–axis
and the line 0 TE within Ω, as shown in Figure 1.4.1.
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Γ

Ω

ϑ

Θ

ρ

O
TE

q∞
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x2
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Figure 1.4.1: Airfoil in two dimensions

As before, the exterior domain is denoted by Ωc := IR2\Ω. Since the
flow is irrotational and divergence–free, q has a potential which allows the
reformulation of (1.4.18)–(1.4.22) as

q = q∞ +
ω

2π
1
|x|2

(
−x2

x1

)
+∇u (1.4.23)

where u is the solution of the exterior Neumann boundary value problem

−∆u = 0 in Ωc , (1.4.24)
∂u

∂n |Γ
= −q∞ · n|Γ −

ω0

2π
1
|x|2

(
−x2

x1

)
· n on Γ , (1.4.25)

u(x) = o(1) as |x| → ∞ . (1.4.26)

In this formulation, u ∈ C2(Ωc) ∩ C0(Ωc) is the unknown disturbance po-
tential, ω0 is the unknown circulation around Γ which will be determined by
the additional Kutta–Joukowski condition, that is

lim
Ωc�x→TE

|∇u(x)| = |∇u||TE exists . (1.4.27)

We remark that condition (1.4.27) is a direct consequence of condition
(1.4.21). By using conformal mapping, the solution u was constructed by
Kirchhoff [157], see also Goldstein [105].

We now reduce this problem to a boundary integral equation. As in (1.4.5)
and in view of (1.4.26), the solution admits the representation

u(x) = Wu(x) + V

(
q∞ · n +

ω0

2π|y|2
(
−y2

y1

)
· n

)
(x) for x ∈ Ωc . (1.4.28)
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Since ∫

Γ

q∞ · n(y)dsy =
∫

Ω

(divq∞)dx = 0 ,

and, by Green’s theorem for
∫

Γ

1
|y|2

(
−y2

y1

)
· n(y)dsy =

∫

|y|=R

1
|y|2

(
−y2

y1

)
· n(y)dsy = 0 ,

it follows that every solution u represented by (1.4.28) satisfies (1.4.26) for
any choice of ω0. We now set

u = u0 + ω0u1, (1.4.29)

where the potentials u0 and u1 are solutions of the exterior Neumann prob-
lems

−∆ui = 0 in Ωc with i = 0, 1, and

∂u0

∂n
|Γ = −q∞ · n|Γ ,

∂u1

∂n
|Γ = − 1

2π
|x|−2

(
−x2

x1

)
· n|Γ ,

respectively, and
ui = o(1) as |x| → ∞, i = 0, 1.

Hence, these functions admit the representations

u0(x) = Wu0(x) + V (q∞ · n)(x) , (1.4.30)

u1(x) = Wu1(x) + V

(
1
2π

1
|y|2

(
−y2

y1

)
· n

)
(x) (1.4.31)

for x ∈ Ωc, whose boundary traces are the unique solutions of the boundary
integral equations

1
2
u0(x)−Ku0(x) = V (q∞ · n)(x) , x ∈ Γ, (1.4.32)

1
2
u1(x)−Ku1(x) = V

(
1
2π

1
|y|2

(
−y2

y1

)
· n

)
(x) , x ∈ Γ . (1.4.33)

Note that K is defined by (1.5.2) which is valid at TE, too. The right–hand
sides of (1.4.32) and (1.4.33) are both Hölder continuous functions on Γ . Due
to the classical results by Carleman [37] and Radon [259], there exist unique
solutions u0 and u1 in the class of continuous functions. A more detailed
analysis shows that the derivatives of these solutions possess singularities at
the trailing edge TE. More precisely, one finds (e.g. in the book by Grisvard
[108, Theorem 5.1.1.4 p.255]) that the solutions admit local singular expan-
sions of the form

ui(x) = αi�
π
Θ cos

( π

Θ
ϑ
)

+ O
(
�

2π
Θ −ε

)
, i = 0, 1 , (1.4.34)
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where Θ is the exterior angle of the two tangents at the trailing edge, �
denotes the distance from the trailing edge to x, ϑ is the angle from the
lower trailing edge tangent to the vector (x − TE), where ε is any positive
number. Consequently, the gradients are of the form

∇ui(x) = αi
π

Θ
�

π
Θ −1eϑ + O

(
�

2π
Θ −1−ε

)
, i = 0, 1 , (1.4.35)

where eϑ is a unit vector with angle (1 − π
Θ )ϑ from the lower trailing edge

tangent, for both cases, i = 0, 1.
Hence, from equations (1.4.27) and (1.4.29) we obtain, for � → 0, the

condition for ω0,
α0 + ω0α1 = 0 . (1.4.36)

The solution u1 corresponds to q∞ = 0, i.e. the pure circulation flow, which
can easily be found by mapping Ω conformally onto the unit circle in the
complex plane. The mapping has the local behavior as in (1.4.34) with α1 �= 0
since TE is mapped onto a point on the unit circle (see Lehman [183]).
Consequently, ω0 is uniquely determined from (1.4.36). We remark that this
choice of ω0 shows that

∇u = O
(
�

2π
Θ −1−ε

)

due to (1.4.35) and, hence, the singularity vanishes for Θ < 2π at the trailing
edge TE; which indeed is then a stagnation point for the disturbance velocity
∇u. This approach can be generalized to two–dimensional transonic flow
problems (Coclici et al [46]).

1.5 Remarks

For applications in engineering, the strong smoothness assumptions for the
boundary Γ need to be relaxed allowing corners and edges. Moreover, for
crack and screen problems as in elasticity and acoustics, respectively, Γ is
not closed but only a part of a curve or a surface. To handle these types of
problems, the approach in the previous sections needs to be modified accord-
ingly.

To be more specific, we first consider Lyapounov boundaries. Following
Mikhlin [212, Chap. 18], a Lyapounov curve in IR2 or Lyapunov surface Γ in
IR3 (Günter [113]) satisfies the following two conditions:

1. There exists a normal nx at any point x on Γ .
2. There exist positive constants a and κ ≤ 1 such that for any two points

x and ξ on Γ with corresponding vectors nx and nξ the angle ϑ between
them satisfies

|ϑ| ≤ arκ where r = |x− ξ| .
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In fact, it can be shown that for 0 < κ < 1, a Lyapounov boundary coincides
with a C1,κ boundary curve or surface [212, Chap. 18].

For a Lyapounov boundary, all results in Sections 1.1–1.4 remain valid
if C2 is replaced by C1,κ accordingly. These non–trivial generalizations can
be found in the classical books on potential theory. See, e.g., Günter [113],
Mikhlin [211, 212, 213] and Smirnov [284].

In applications, one often has to deal with boundary curves with corners,
or with boundary surfaces with corners and edges. The simplest generaliza-
tion of the previous approach can be obtained for piecewise Lyapounov curves
in IR2 with finitely many corners where Γ = ∪N

j=1Γ j and each Γj being an
open arc of a particular closed Lyapounov curve. The intersections Γ j ∩Γ j+1

are the corner points where ΓN+1 := Γ1. In this case it easily follows that
there exists a constant C such that

∫

Γ\{x}

| ∂E
∂ny

(x, y)|ds ≤ C for all x ∈ IR2 . (1.5.1)

This property already ensures that for continuous ϕ on Γ , the operator K
is well defined by (1.2.4) and that it is a continuous mapping in C0(Γ ).
However, (1.2.8) needs to be modified and becomes

Kϕ(x) :=
∫

Γ\{x}

ϕ(y)
∂E

∂ny
(x, y)dsy

−
(1

2
+

∫

Γ\{x}

∂E

∂ny
(x, y)dsy

)
ϕ(x) ,

(1.5.2)

where the last expression takes care of the corner points and vanishes if x is
not a corner point. Here K is not compact anymore as in the case of a Lya-
pounov boundary, however, it can be shown that K can be decomposed into
a sum of a compact operator and a contraction, provided the corner angles
are not 0 or 2π. This decomposition is sufficient for the classical Fredholm
alternative to hold for (1.3.11) with continuous u, as was shown by Radon
[259]. For the most general two–dimensional case we refer to Kral [168].

For the Neumann problem, one needs a generalization of the normal deriv-
ative in terms of the so–called boundary flow, which originally was introduced
by Plemelj [248] and has been generalized by Kral [169]. It should be men-
tioned that in this case the adjoint operator K ′ to K is no longer a bounded
operator on the space of continuous functions (Netuka [237]). The simple layer
potential V σ is still Hölder continuous in IR2 for continuous σ. However, its
normal derivative needs to be interpreted in the sense of boundary flow.

This situation is even more complicated in the three–dimensional case
because of the presence of edges and corners. Here, for continuous ϕ it is still
not clear whether the Fredholm alternative for equation (1.3.11) remains valid
even for general piecewise Lyapounov surfaces with finitely many corners and
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Fig. 1.5.1. Configuration of an arc Γ in IR2

edges; see, e.g., Angell et al [7], Burago et al [31, 32], Kral et al [170, 171],
Maz‘ya [202] and [316].

On the other hand, as we will see, in the variational formulation of
the boundary integral equations, many of these difficulties can be circum-
vented for even more general boundaries such as Lipschitz boundaries (see
Section 5.6).

To conclude these remarks, we consider Γ to be an oriented, open part of
a closed curve or surface Γ̃ (see Figure 1.5.1). The Dirichlet problem here is
to find the solution u of (1.4.1) in the domain Ωc = IRn \ Γ subject to the
boundary conditions

u+ = ϕ+ on Γ+ and u− = ϕ− on Γ− (1.5.3)

where Γ+ and Γ− are the respective sides of Γ and u+ and u− the corre-
sponding traces of u. The functions ϕ+ and ϕ− are given with the additional
requirement that

ϕ+ − ϕ− = 0

at the endpoints of Γ for n = 2, or at the boundary edge of Γ for n = 3.
In the latter case we require ∂Γ to be a C∞– smooth curve. Similar to the
regular exterior problem, we again require the growth condition (1.4.3) for
n = 2 and (1.4.4) for n = 3. For a sufficiently smooth solution, the Green
representation formula has the form

u(x) = WΓ [u](x)− VΓ

[
∂u

∂n

]
(x) + ω for x ∈ Ωc , (1.5.4)

where WΓ , VΓ are the corresponding boundary potentials with integration
over Γ only,
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WΓϕ(x) :=
∫

y∈Γ

(
∂

∂ny
E(x, y)

)
ϕ(y)dsy , x �∈ Γ ; (1.5.5)

VΓσ(x) :=
∫

y∈Γ

E(x, y)σ(y)dsy , x �∈ Γ . (1.5.6)

[u] = u+ − u− , σ :=
[
∂u

∂n

]
=

∂u+

∂n
− ∂u−

∂n
on Γ (1.5.7)

with n the normal to Γ pointing in the direction of the side Γ+. If we sub-
stitute the given boundary values ϕ+, ϕ− into (1.5.4), the missing Cauchy
datum σ is now the jump of the normal derivative across Γ . Between this
unknown datum and the behaviour of u at infinity viz.(1.4.3) we arrive at

∫

Γ

σds = Σ . (1.5.8)

By taking x to Γ+ (or Γ−) we obtain (in both cases) the boundary integral
equation of the first kind for σ on Γ ,

VΓσ(x)− ω = − 1
2

(
ϕ+(x) + ϕ−(x)

)
+ KΓ (ϕ+ − ϕ−)(x) =: f(x) (1.5.9)

where KΓ is defined by

KΓϕ(x) =
∫

y∈Γ\{x}

( ∂

∂ny
E(x, y)

)
ϕ(y)dsy for x ∈ Γ . (1.5.10)

As for the previous case of a closed curve or surface Γ , respectively, the system
(1.5.8), (1.5.9) admits a unique solution pair (σ, ω) for any given ϕ+, ϕ−
and Σ. Here, however, σ will have singularities at the endpoints of Γ or the
boundary edge of Γ for n = 2 or 3, respectively, and our classical approach,
presented here, requires a more careful justification in terms of appropriate
function spaces and variational setting.

In a similar manner, one can consider the Neumann problem: Find u
satisfying (1.4.1) in Ωc subject to the boundary conditions

∂u+

∂n
= ψ+ on Γ+ and

∂u−
∂n

= ψ− on Γ− (1.5.11)

where ψ+ and ψ− are given smooth functions. By applying the normal deriv-
atives ∂/∂nx to the representation formula (1.5.4) from both sides of Γ , it is
not difficult to see that the missing Cauchy datum ϕ =: [u] = u+ − u− on Γ
satisfies the hypersingular boundary integral equation of the first kind for ϕ,

DΓϕ = − 1
2 (ψ+ + ψ−)−K ′

Γ [ψ] on Γ , (1.5.12)

where the operators DΓ and K ′
Γ again are given by (1.2.6) and (1.2.5) with

W and V replaced by WΓ and VΓ , respectively. As we will see later on
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in the framework of variational problems, this integral equation (1.5.12) is
uniquely solvable for ϕ with ϕ = 0 at the endpoints of Γ for n = 2 or at the
boundary edge ∂Γ of Γ for n = 3, respectively. Here, Σ in (1.4.3) or (1.4.4) is
already given by (1.5.8) and ω can be chosen arbitrarily. For further analysis
of these problems see [146], Stephan et al [294, 297], Costabel et al [49, 52].



2. Boundary Integral Equations

In Chapter 1 we presented basic ideas for the reduction of boundary value
problems of the Laplacian to various forms of boundary integral equations
based on the direct approach. This reduction can be easily extended to more
general partial differential equations. Here we will consider, in particular, the
Helmholtz equation, the Lamé system, the Stokes equations and the bihar-
monic equation.

For the Helmholtz equation, we also investigate the solution’s asymptotic
behavior for small wave numbers and the relation to solutions of the Laplace
equation by using the boundary integral equations.

For the Lamé system of elasticity, we first present the boundary integral
equations of the first kind as well as of the second kind. Furthermore, we
study the behavior of the solution and the boundary integral equations for
incompressible materials. As will be seen, this has a close relation to the
Stokes system and its boundary integral equations. In the two–dimensional
case, both the Stokes and the Lamé problems can be reduced to solutions of
biharmonic boundary value problems which, again, can be solved by using
boundary integral equations based on the direct approach.

In this chapter we consider these problems for domains whose bound-
aries are smooth enough, mostly Lyapounov boundaries, and the boundary
charges belonging to Hölder spaces. Later on we shall consider the boundary
integral equations again on Sobolev trace spaces which is more appropriate
for stability and convergence of corresponding discretization procedures.

2.1 The Helmholtz Equation

A slight generalization of the Laplace equation is the well–known Helmholtz
equation

−(∆ + k2)u = 0 in Ω (or Ωc) . (2.1.1)

This equation arises in connection with the propagation of waves, in partic-
ular in acoustics (Filippi [78], Kupradze [175] and Wilcox [321]) and elec-
tromagnetics (Ammari [6], Cessenat [38], Colton and Kress [47], Jones [152],
Müller [221] and Neledec [234]). In acoustics, k with Im k ≥ 0 denotes the
complex wave number and u corresponds to the acoustic pressure field.
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The reduction of boundary value problems for (2.1.1) to boundary integral
equations can be carried out in the same manner as for the Laplacian in
Chapter 1. For (2.1.1), in the exterior domain, one requires at infinity the
Sommerfeld radiation conditions,

u(x) = O(|x|−(n−1)/2) and
∂u

∂|x| (x)− iku(x) = o
(
|x|−(n−1)/2

)
(2.1.2)

where i is the imaginary unit. (See the book by Sommerfeld [287] and the
further references therein; see also Neittaanmäki and Roach [236] and Wilcox
[321]). These conditions select the outgoing waves; they are needed for unique-
ness of the exterior Dirichlet problem as well as for the Neumann problem.

The pointwise condition (2.1.2) can be replaced by a more appropriate
and weaker version of the radiation condition given by Rellich [261, 262],

lim
R→∞

∫

|x|=R

|∂u
∂n

(x)− iku(x)|2ds = 0 . (2.1.3)

This form is to be used in the variational formulation of exterior boundary
value problems.

The fundamental solution E(x, y) to (2.1.1), subject to the radiation con-
dition (2.1.2) for fixed y ∈ Rn is given by

Ek(x, y) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

i

4
H

(1)
0 (kr) in IR2,

with r = |x− y|
eikr

4πr
in IR3,

(2.1.4)

where H
(1)
0 denotes the modified Bessel function of the first kind. We note,

that for n = 2, E(x, y) has a branch point for C 
 k → 0. Therefore, in
the following we confine ourselves first to the case k �= 0. In terms of these
fundamental solutions, which obviously are symmetric, the representation of
solutions to (2.1.1) in Ω or in Ωc with (2.1.2) assumes the same forms as
(1.1.7) and (1.4.5), namely

u(x) = ±
{ ∫

y∈Γ

Ek(x, y)
∂u

∂n
(y)dsy −

∫

y∈Γ

u(y)
∂Ek(x, y)

∂ny
dsy

}

= ±
{
Vk

∂u

∂n
(x)−Wku(x)

} (2.1.5)

for all x ∈ Ω or Ωc respectively, where the ±sign corresponds to the interior
and the exterior domain. Here, Vk is defined by

Vkσ(x) :=
∫

y∈Γ

Ek(x, y)σ(y)dsy

= V σ(x) + Skσ(x) + {δn3
ik
4π − δn2(log k + γ0)}

∫

Γ

σds ,

(2.1.6)
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where V is given by (1.2.1) with (1.1.2) and Sk is a k–dependent remainder
defined by

Skσ(x) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∫

y∈Γ

{ i

4
H

(1)
0 (k|x− y|) +

1
2π

log |x− y|
}
σ(y)dsy,

− 1
4π

∫

y∈Γ

{ ∞∑

m=2

(m− 1)
m!

(ik|x− y|)m
} 1
|x− y|σ(y)dsy

(2.1.7)

for n = 2 or 3, respectively. The potential Wk is defined by

Wkϕ(x) :=
∫

y∈Γ

∂Ek(x, y)
∂ny

ϕ(y)dsy = Wϕ(x) + Rkϕ(x) (2.1.8)

where W is given by (1.2.2) with (1.1.2) and Rk is a k–dependent remainder
defined by

Rkϕ(x) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∫

y∈Γ\{x}

∂

∂ny
{ i
4
H

(1)
0 (k|x− y|) +

1
2π

log |x− y|}ϕ(y)dsy ,

− 1
4π

∫

y∈Γ\{x}

{ ∞∑

m=2

(m− 1)
m!

(ik|x− y|)m
}( ∂

∂ny

1
|x− y|

)
ϕ(y)dsy

(2.1.9)

for n = 2 or 3, respectively. Note that Sk and Rk have bounded kernels for all
y ∈ Γ and x ∈ IRn and for k �= 0 in the case n = 2. Hence, Skσ(x) and Rkϕ(x)
are well defined for all x ∈ IRn. Moreover, the properties of the operators V
and W , as given by Lemmata 1.2.1, 1.2.2, 1.2.4 and Theorem 1.2.3 for the
Laplacian, remain valid for Vk and Wk. Since the kernels of Vk and Wk, Sk

and Vk depend analytically on k ∈ C \ {0} for n = 2 and k ∈ C for n = 3,
the solutions of the corresponding boundary integral equations will depend
analytically on the wave number k, as well.

Here again we consider the interior and exterior Dirichlet problem for
(2.1.1), where

u|Γ = ϕ on Γ is given. (2.1.10)

In acoustics, (2.1.10) models a “soft” boundary for the interior and a “soft
scatterer” for the exterior problem. As in Section 1.3.1, here the missing

Cauchy datum on Γ is
∂u

∂n |Γ
= σ.

The boundary integral equation for the interior Dirichlet problem reads

Vkσ(x) =
1
2
ϕ(x) + Kkϕ(x), x ∈ Γ , (2.1.11)
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where

Kkϕ(x) :=
∫

y∈Γ\{x}

∂Ek(x, y)
∂ny

ϕ(y)dsy = Kϕ(x) + Rkϕ(x) for x ∈ Γ

(2.1.12)
with K given by (1.2.8) with (1.2.12) or (1.2.13), respectively. As before,
(2.1.11) is a Fredholm boundary integral equation of the first kind for σ on
Γ . In the classical Hölder continuous function space Cα, 0 < α < 1, this
integral equation has been studied by Colton and Kress in [47, Chap.3].
In particular, for k �= 0 and ϕ ∈ C1+α(Γ ), (2.1.11) is uniquely solv-
able with σ ∈ Cα(Γ ), except for certain values of k ∈ C which are the
exceptional or irregular frequencies of the boundary integral operator Vk.
For any irregular frequency k0, the operator Vk0 has a nontrivial nullspace
ker Vk0 = span {σ0j}. The eigensolutions σ0j are related to the eigensolu-
tions ũ0j of the interior Dirichlet problem for the Laplacian,

−∆ũ0 = k2
0ũ0 in Ω ,

ũ0|Γ = 0 on Γ .
(2.1.13)

That is,

σ0j =
∂ũ0j

∂n|Γ
. (2.1.14)

Moreover, the solutions are real–valued and

dim kerVk0 = dimension of the eigenspace of (2.1.13) .

As is known, see e.g. Hellwig [123, p.229], the eigenvalue problem (2.1.13)
admits denumerably infinitely many eigenvalues k2

0�. They are all real and
have at most finite multiplicity. Moreover, they can be ordered according to
size 0 < k2

01 < k2
02 < · · · and have +∞ as their only limit point. For any of

the corresponding eigensolutions ũ0j , (2.1.14) can be obtained from (2.1.5)
applied to ũ0j . In this case, when k0 is an eigenvalue, the interior Dirichlet
problem (2.1.1), (2.1.10) admits solutions in Cα(Γ ) if and only if the given
boundary values ϕ ∈ C1+α(Γ ) satisfy the orthogonality conditions

∫

Γ

ϕσ0ds =
∫

Γ

ϕ
∂ũ0

∂n
ds = 0 for all σ0 ∈ kerVk0 . (2.1.15)

Correspondingly, for ϕ ∈ C1+α(Γ ), the boundary integral equation (2.1.11)
has solutions σ ∈ Cα(Γ ) if and only if (2.1.15) is satisfied.

For the exterior Dirichlet problem, i.e. (2.1.1) in Ωc with the Sommerfeld
radiation conditions (2.1.2) and boundary condition (2.1.10), from (2.1.5)
again we obtain a boundary integral equation of the first kind,

Vkσ(x) = − 1
2ϕ(x) + Kkϕ(x) , x ∈ Γ , (2.1.16)
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which differs from (2.1.11) only by a sign in the right–hand side. Hence,
the exceptional values k0 are the same as for the interior Dirichlet problem,
namely the eigenvalues of (2.1.13). If k �= k0, (2.1.16) is always uniquely
solvable for σ ∈ Cα(Γ ) if ϕ ∈ C1+α(Γ ). For k = k0, in contrast to the
interior Dirichlet problem, the exterior Dirichlet problem remains uniquely
solvable. However, (2.1.16) now has eigensolutions, and the right–hand side
always satisfies the orthogonality conditions

∫

x∈Γ

(
− 1

2ϕ(x) + Kk0ϕ(x)
)
σ0(x)dsx

=
∫

x∈Γ

ϕ(x)
{
− 1

2σ0(x) + K ′
k0
σ0(x)

}
dsx = 0 for all σ0 ∈ ker Vk0 ,

since σ0 is real valued and the simple layer potential Vk0σ0(x) vanishes iden-
tically for x ∈ Ωc. The latter implies

∂

∂nx
Vk0σ0(x) = −1

2
σ0(x) + K ′

k0
σ0(x) = 0 for x ∈ Γ ,

where

K ′
kσ(x) :=

∫

y∈Γ\{x}

( ∂

∂nx
Ek(x, y)

)
σ(y)dsy = K ′σ(x) + R′

kσ(x)

with

R′
kσ(x) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∫

y∈Γ\{x}

∂

∂nx

{ i

4
H

(1)
0 (k|x− y|) +

1
2π

log |x− y|
}
σ(y)dsy ,

− 1
4π

∫

y∈Γ\{x}

{ ∞∑

m=2

(m− 1)
m!

(ik|x− y|)m
}( ∂

∂nx

1
|x− y|

)
σ(y)dsy ,

for n = 2 and n = 3, respectively. Accordingly, the representation formula
(2.1.5) with u|Γ = ϕ and ∂u

∂n |Γ = σ will generate a unique solution for any σ

solving (2.1.16).
Alternatively, both, the interior and exterior Dirichlet problem can also

be solved by the Fredholm integral equations of the second kind as (1.3.7)
and (1.4.14) for the Laplacian. In order to avoid repetition we summarize
the different direct formulations of the interior and exterior Dirichlet and
Neumann problems which will be abbreviated by (IDP), (EDP), (INP) and
(ENP), accordingly, in Table 2.1.1. The Neumann data in (INP) and (ENP)
will be denoted by ψ.

In addition to the previously defined integral operators Vk,Kk,K
′
k we also

introduce the hypersingular integral operator, Dk for the Helmholtz equation,
namely
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Dkϕ(x) := − ∂

∂nx

∫

Γ\{x}

∂Ek(x, y)
∂ny

ϕ(y)dsy = Dϕ(x) +
∂

∂nx
Rkϕ(x) on Γ ,

(2.1.17)
where D is the hypersingular integral operator (1.4.10) of the Laplacian and
Rk is the remainder in (2.1.9).

Note that the relations between the eigensolutions of the BIEs and the
interior eigenvalue problems of the Laplacian are given explicitly in column
three of Table 2.1.1. We also observe that for the exterior boundary value
problems, the exceptional values k0 and k1 of the corresponding boundary
integral operators depend on the type of boundary integral equations derived
by the direct formulation. For instance, we see that for (EDP), k0 are the
exceptional values for Vk whereas k1 are those for ( 1

2I+K ′
k). Similar relations

hold for (ENP).
In Table 2.1.1, the second column contains all of the boundary integral

equations (BIE) obtained by the direct approach. As we mentioned earlier,
for the exterior boundary value problems, the solvability conditions of the
corresponding boundary integral equations at the exceptional values are al-
ways satisfied due to the special forms of the corresponding right-hand sides.
For the indirect approach, this is not the case anymore; see Colton and Kress
[47, Chap. 3]. There are various ways to modify the boundary integral equa-
tions so that some of the exceptional values will not belong to the spectrum
of the boundary integral operator anymore. In this connection, we refer to
the work by Brakhage and Werner [22] Colton and Kress [47], Jones [152],
Kleinman and Kress [158] and Ursell [309], to name a few.

2.1.1 Low Frequency Behaviour

Of particular interest is the case k → 0 which corresponds to the low–
frequency behaviour. This case also determines the large–time behaviour of
the solution to time–dependent problems if (2.1.1) is obtained from the wave
equation by the Fourier–Laplace transformation (see e.g. MacCamy [194, 195]
and Werner [319]). As will be seen, some of the boundary value problems will
exhibit a singular behaviour for k → 0. The main results are summarized in
the Table 2.1.2 below.

To illustrate the singular behaviour we begin with the explicit asymptotic
expansions of the boundary integral equations in Table 2.1.1. Our presenta-
tion here follows [140]. In particular, we begin with the fundamental solution
for small kr having the series expansions:

For n = 2:

Ek(x, y) =
i

4
H

(1)
0 (kr) = E(x, y)− 1

2π
(log k + γ0) + Sk(x, y) , (2.1.18)
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where

γ0 = c0 − log 2− i
π

2
with c0 ≈ 0.5772 , Euler’s constant,

and

Sk(x, y) =
i

4
H

(1)
0 (kr) +

1
2π

(log(kr) + γ0)

= − 1
2π
{log(kr)

∞∑

m=1

am(kr)2m +
∞∑

m=1

bm(kr)2m} ,

am =
(−1)m

22m(m!)2
, bm = (γ0 − 1− 1

2
− · · · − 1

m
)am .

For n = 3:

Ek(x, y) = E(x, y) +
ik

4π
+ Sk(x, y) ,

where

Sk(x, y) =
1

4πr
(eikr − 1− ikr) =

1
4πr

∞∑

m=2

(ikr)m

m!
. (2.1.19)

Correspondingly, for the double layer potential kernel we obtain
∂

∂ny
Ek(x, y) =

∂

∂ny
E(x, y) + Rk(x, y) ,

where

Rk(x, y) =
{ ∞∑

m=1

(am(1 + 2m log(kr)) + 2mbm) (rk)2m
} ∂

∂ny
E(x, y)

for n = 2 , (2.1.20)
and

Rk(x, y) = −
{ ∞∑

m=2

(m− 1)
m!

(ikr)m
} ∂

∂ny
E(x, y)

for n = 3 . (2.1.21)

The kernel of the adjoint operator R′
k can be obtained by interchanging the

variables x and y. Hence, R′
k has the same asymptotic behaviour as Rk for

k → 0.
Similarly, for the hypersingular kernel we have, for n = 2,

∂Rk

∂nx
(x, y) = −4π

∞∑

m=2

(m− 1)cm(k)(rk)2m
∂E

∂nx

∂E

∂ny
(x, y) (2.1.22)

+
1
2π

∞∑

m=1

cm(k)(rk)2m
nx · ny

r2
,

+ log r

∞∑

m=1

2mam(rk)2m
{ 1

2π
nx · ny

r2
− 4π(m− 1)

∂E

∂nx

∂E

∂ny

}
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where
cm(k) = (1 + 2m log k)am + 2mbm ,

and, for n = 3,

∂Rk

∂nx
(x, y) = − 1

4π

∞∑

m=2

(m− 1)
m!

(ikr)m
nx · ny

r3

− 4π
∞∑

m=2

(3 + m)
(m− 1)

m!
r(ikr)m

∂E

∂nx

∂E

∂ny
(x, y) .

(2.1.23)

Note that the kernel
∂Rk

∂nx
(x, y) is symmetric.

As can be seen from the above expansions, the term log k appears in
(2.1.18) explicitly which shows that Vk is a singular perturbation of V whereas
the other operators are regular perturbations of the corresponding operators
of the Laplacian as k → 0.

IDP: Let us consider first the simplest case, i.e. Equation (2) for (IDP) in
Table 2.1.1, (

1
2I −K ′ −R′

k

)
σ = Dkϕ on Γ . (2.1.24)

Since, for given ϕ ∈ C1+α(Γ ), the equation

( 1
2I −K ′)σ̃ = Dϕ

has a unique solution σ̃ ∈ Cα(Γ ), we may rewrite (2.1.24) as

σ = (
1
2
I −K ′)−1R′

kσ + (
1
2
I −K ′)−1Dkϕ ,

= σ̃ + (
1
2
I −K ′)−1R′

kσ + (
1
2
I −K ′)−1 ∂

∂nx
Rkϕ , (2.1.25)

= σ̃ +

{
O(k2log k) for n = 2,
O(k2) for n = 3,

where the last expressions can be obtained from the expansions (2.1.20) and
(2.1.22) in case n = 2 and from (2.1.21) and (2.1.23) in case n = 3 (see
MacCamy [194]).

The analysis for the integral equation of the first kind (1) for (IDP) in
Table 2.1.1 is more involved, depending on n = 2 or 3. For n = 2, from
(2.1.11) with the expansion (2.1.18) of (2.1.7) we have

V σ + ω + Skσ =
1
2
ϕ + Kϕ + Rkϕ (2.1.26)

where
ω = − 1

2π
(log k + γ0)

∫

Γ

σds . (2.1.27)
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Similar to (2.1.25), we seek the solution of (2.1.26) and (2.1.27) in the as-
ymptotic form,

σ = σ̃ + α1(k)σ̃1 + σR ,
ω = ω̃ + α1(k)ω̃1 + ωR ,

(2.1.28)

where σ̃, ω̃ correspond to the solution of the interior Dirichlet problem for
the Laplacian (1.1.6), (1.3.1). Hence, σ̃, ω̃ satisfy (1.3.3), namely

V σ̃ + ω̃ =
1
2
ϕ + Kϕ (2.1.29)

subject to the constraints
∫

Γ

σ̃ds = 0 and ω̃ = 0 .

The first perturbation terms σ̃1, ω̃1 are independent of k with the coefficient
α1(k) = o(1) for k → 0. The functions σR, ωR are the remainders which
are of order o(α1(k)). To construct σ̃1 and ω̃1, we employ equation (2.1.26)
inserting (2.1.28). For k → 0 we arrive at

V σ̃1 + ω̃1 = 0 ,∫

Γ

σ̃1ds = 1 , (2.1.30)

where we appended the last normalizing condition for σ̃1, since from the
previous results in Section 1.3 we know that

∫

Γ

σ̃1ds = 0 would yield the

trivial solution σ̃1 = 0, ω̃1 = 0. Inserting (2.1.28) into (2.1.27), it follows
from

∫

Γ

σ̃1ds = 1 with ω̃ = 0 that α1(k) = O(σR). Hence, without loss of

generality, we may set α1(k) = 0 in (2.2.28). Now (2.1.26) and (2.1.27) with
(2.1.28) imply that the remaining terms σR , ωR satisfy the equations

V σR + ωR + SkσR = Rkϕ− Skσ̃ ,
∫

Γ

σRds + ωR2π(log k + γ0)−1 = 0 ; (2.1.31)

which are regular perturbations of equations (1.3.5), (1.3.6) due to the expan-
sions for Sk in (2.1.18). The right–hand side of (2.1.31) is of order O(k2 log k)
because of the expansions of Sk and of Rk in (2.1.20). Therefore, σR and ωR

are, indeed, of order O(k2 log k) as in (2.1.25), which was already obtained
with the integral equations (2.1.24) of the second kind.

For n = 3, the integral equation of the first kind takes the form

V σ + ik
1
4π

∫

Γ

σds + Skσ =
1
2
ϕ + Kϕ + Rkϕ , (2.1.32)
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where the kernels of the integral operators Sk and Rk are given by (2.1.19)
and (2.1.21), respectively. Both are of order O(k2). Hence, (2.1.32) is a regular
perturbation of equation (1.3.3). If we insert (2.1.28) with α1(k) = k then
the function σ̃ is given by the solution of

V σ̃ = 1
2ϕ + Kϕ ,

which corresponds to the interior Dirichlet problem of the Laplacian. Hence,
∫

Γ

σ̃ds = 0 and σ̃1 ≡ 0

since it is the solution of

V σ̃1 +
i

4π

∫

Γ

σ̃ds = 0 .

Therefore, the solution of (2.1.32) is of the form σ = σ̃ + O(k2).

EDP: By using the indirect formulation of boundary integral equations, this
case was also analyzed by Hariharan and MacCamy in [120]. In case n = 2,
for the exterior Dirichlet problem (EDP), Equation (1) in Table 2.1.1 has
the form

V σ + ω + Skσ = − 1
2ϕ + Kϕ + Rkϕ (2.1.33)

with ω again defined by (2.1.27). Again, the solution admits the asymptotic
expansion (2.1.28) with σ̃, ω̃ being the solution of

V σ̃ + ω̃ = − 1
2ϕ + Kϕ ,

∫

Γ

σ̃ds = 0 . (2.1.34)

Hence, σ̃, ω̃ correspond to the exterior Dirichlet problem in Section 1.4.1.
Therefore, in contrast to the (IDP), here ω̃ �= 0, in general. Again, σ̃1, ω̃1 are
solutions of equations (2.1.30). In contrast to the (IDP), the coefficient α1(k)
is explicitly given by

α1(k) = −ω̃

{
1
π

(log k + γ0) + ω̃1

}−1

,

which is not identically equal to zero, in general. The remainders σR, ωR

satisfy equations similar to (2.1.31) and are of order O(k2 log k).
For the case n = 3, the integral equation(1) for (EDP) is of the form

V σ + ik
1
4π

∫

Γ

σds + Skσ = − 1
2ϕ + Kϕ + Rkϕ

and σ is of the form
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σ = σ̃ + kσ̃1 + σR .

This yields
V σ̃ = − 1

2ϕ + Kϕ

for σ̃ corresponding to the (EDP) for the Laplacian . For the next term σ̃1

we have

V σ̃1 = − i

4π

∫

Γ

σ̃ds .

Therefore, σ̃1 is proportional to the natural charge q which is the unique
eigensolution of

1
2q + K ′q = 0 on Γ with

∫

Γ

qds = 1 .

Note that the corresponding simple layer potential satisfies

V q(x) = c0 = const. for all x ∈ Ω . (2.1.35)

For n = 3, a simple contradiction argument shows c0 �= 0. Hence,

σ̃1(x) = −
( i

4πc0

∫

Γ

σ̃ds
)
q(x) .

The remainder term σR is of order k2 which follows easily from

V σR + SkσR = −Sk(σ̃ + kσ̃1)− k2 i

4π

∫

Γ

σ̃1ds−Rkϕ ,

which is a regular perturbation of (1.4.12).
For the integral equation of the second kind (2) of the (EDP) and k = 0,

the homogeneous reduced integral equation reads

1
2
q + K ′q = 0 (2.1.36)

with the natural charge q as an eigensolution. We therefore modify boundary
integral equation (2) by using a method by Wielandt [320] (see also Werner
[318]). Using Equation (1), we obtain a normalization condition for σ,

∫

Γ

σds = lk(ϕ) + l̃k(σ) ,



2.1 The Helmholtz Equation 37

where the linear functionals lk and l̃k are given by

lk(ϕ) =

⎧
⎪⎨

⎪⎩

(
1
2π (log k + γ0)− c0

)−1
{∫

Γ

ϕqds +
∫

Γ

(Rkϕ)qds
}

for n = 2,

(c0 + k i
4π )−1

{∫

Γ

ϕqds +
∫

Γ

(Rkϕ)qds
}

for n = 3;

and

l̃k(σ) =

⎧
⎪⎨

⎪⎩

(
1
2π (log k + γ0)− c0

)−1 ∫

Γ

(Skσ)qds for n = 2,
(
c0 + k i

4π

)−1 ∫

Γ

(Skσ)qds for n = 3.

The modified boundary integral equation of the second kind reads

( 1
2I + K ′)σ + q

∫

Γ

σds + R′
kσ − ql̃k(σ) = −Dkϕ + qlk(ϕ) , (2.1.37)

which is a regular perturbation of the equation

(1
2I + K ′)σ̃ + q

∫

Γ

σ̃ds = −Dϕ + ql0(ϕ) .

The latter is uniquely solvable. The next term σ̃1 satisfies the equation

( 1
2I + K ′)σ̃1 + q

∫

Γ

σ̃1ds =
∫

Γ

ϕqds.

It is not difficult to see that both boundary integral equations (2.1.33) and
(2.1.37) provide the same asymptotic solutions

σ =

{
σ̃ + α1(k)σ̃1 + O(k2 log k) for n = 2,
σ̃ + kσ̃1 + O(k2) for n = 3.

INP: Since the boundary integral equation of the second kind (see (2) in
Table 2.1.1) for the (INP) and k = 0 has the constant functions as eigensolu-
tions, we need an appropriate modification of (2). This modification can be
derived from the Helmholtz equation (2.1.1) in Ω together with the Neumann
boundary condition

∂u

∂n
|Γ = ψ on Γ , (2.1.38)

namely from the solvability condition (Green’s formula for the Laplacian)
∫

Ω

u(x)dx = − 1
k2

∫

Γ

ψds . (2.1.39)
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This condition can be rewritten in terms of the representation formula (2.1.5),
∫

Ω

Wku(x)dx =
∫

Ω

Vkψ(x)dx +
1
k2

∫

Γ

ψds , (2.1.40)

the left–hand side of which actually depends on the boundary values u|Γ .
It is not difficult to replace the domain integration on the left–hand side
by appropriate boundary integrals. With the help of (2.1.40), the boundary
integral equation of the second kind (see (2) in Table 2.1.1) for (INP) can be
modified,

1
2
u + Ku− 1

|Ω|

∫

Ω

Wu(x)dx + Rku−
1
|Ω|

∫

Ω

Rku(x)dx

= − 1
|Ω|k2

∫

Γ

ψds + V ψ − 1
|Ω|

∫

Ω

V ψ(x)dx (2.1.41)

+ Skψ −
1
|Ω|

∫

Ω

Skψ(x)dx on Γ

where |Ω| = meas(Ω). Note, that the constant term of order log k in Vk for
n = 2 and of order k for n = 3, respectively, has been canceled in (2.1.41)
due to (2.1.40).

The boundary integral operator on the left–hand side in (2.1.41) is a
regular perturbation of the reduced modified operator

A := 1
2I + K − 1

|Ω|

∫

Ω

W • dx on Γ

due to (2.1.20) and (2.1.21). Moreover, we will see that the reduced homoge-
neous equation

Av0 = 0 on Γ

admits only the trivial solution v0 = 0, since for the equivalent equation,

1
2v0 + Kv0 =

1
|Ω|

∫

Ω

Wv0dx = κ = const, (2.1.42)

the orthogonality condition for the original reduced operator on the left–hand
side reads ∫

Γ

qκds = κ = 0 .

This implies from (2.1.42) that v0 = const as the eigensolution discussed in
Section 1.3.2. Hence, with (1.1.7), we have

0 = κ =
1
|Ω|

∫

Ω

Wv0dx = −v0 .
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Consequently, A−1 exists in the classical function space Cα(Γ ) due to the
Fredholm alternative.

As for the asymptotic behaviour of u, it is suggested from (2.1.40) or
(2.1.41) that u admits the form

u =
1
k2

α + ũ + uR . (2.1.43)

The first term α satisfies the equation

Aα = 1
2α + Kα− 1

|Ω|

∫

Ω

Wαdx = − 1
|Ω|

∫

Γ

ψds

which has the unique solution

α = − 1
|Ω|

∫

Γ

ψds = const. (2.1.44)

The second term ũ is the unique solution of the equation

Aũ = V ψ − 1
|Ω|

∫

Ω

V ψdx− α lim
k→0

1
k2

{
Rk1−

1
|Ω|

∫

Ω

Rk1dx
}
. (2.1.45)

Now we investigate the last term in (2.1.45).
For n = 2, we have

Rk1 =
|Ω|
2π

(log k + γ0)k2 +
k2

2π

∫

Ω

log |x− y|dy + O(k4 log k).

This implies

1
k2

{
Rk1−

1
|Ω|

∫

Ω

Rk1dx
}
,

=
1
2π

{∫

Ω

log |x− y|dy − 1
|Ω|

∫

Ω

∫

Ω

log |x− y|dydx
}

+ O(k2 log k) .

Hence, the limit on the right–hand side in (2.1.45) exists.
For n = 3, the limit is a well defined function in Cα(Γ ) due to (2.1.21).

The remainder uR satisfies the equation

AuR + RkuR −
1
|Ω|

∫

Ω

RkuR(x)dx = fR on Γ (2.1.46)

where
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fR =

{
O(k2 log k) for n = 2,
O(k2) for n = 3.

Hence, uR is uniquely determined by (2.1.46) and is of the same order as fR.
For the first kind hypersingular equation (1) in (INP) we use the same

normalization condition (2.1.40) by subtracting it from the equation and
obtain the modified hypersingular equation

Du−
∫

Ω

Wu(z)dz − ∂

∂nx
Rku−

∫

Ω

Rkudz

= (1
2 −K ′)ψ −R′

kψ −
∫

Ω

V ψdz −
∫

Γ

Skψdz (2.1.47)

+ |Ω|
(
δn2

1
2π

(log k + γ0)− δn3
ik

4π

)∫

Γ

ψds− 1
k2

∫

Γ

ψds .

Again, the operator on the left-hand side is a regular perturbation of the
reduced operator

Bu := Du−
∫

Ω

Wu(z)dz,

which can be shown to be invertible, in the same manner as for A. From the
previous analysis, we write the solution in the form (2.1.43), namely

u =
α

k2
+ ũ + uR .

We note that
B1 = |Ω|,

and therefore (2.1.47) for k → 0 again yields (2.1.44) for α. We further note
that for n = 2, it can be verified from (2.1.20) that

∫

Ω

Rk

( α

k2

)
dz =

1
2π
|Ω|2α log k + O(1) for k → 0 ,

which shows that the choice of α from (2.1.44) cancels the term
1
2π
|Ω| log k

∫

Γ

ψds on the right–hand side of (2.1.47).

Consequently in both cases n = 2 and n = 3, ũ can be obtained as the
unique solution of the equation

Bũ =
1
2
ψ −K ′ψ −

∫

Ω

V ψdz + αχn ,

where
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χn =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

− γ0

2π
|Ω|2 + lim

k→0

{ 1
k2

∫

Ω

Rk1dz −
|Ω|2
2π

log k
}
, n = 2,

lim
k→0

1
k2
{ ∂

∂nx
Rk1 +

∫

Ω

Rk1dz} , n = 3.

Similarly, again we can show that uR is the unique solution of the equation

BuR −
∂

∂nx
RkuR −

∫

Ω

RkuR(z)dz = fR

with

fR = −R′
kψ −

∫

Ω

Skψdx +
∂

∂nx
Rkũ +

∫

Ω

Rkũdx

+
α

k2

{ ∂

∂nx
Rk1 +

∫

Ω

Rk1dx− δn2
|Ω|2
2π

k2 log k + δn3
|Ω|2
4π

ik3
}

−α lim
k→0

1
k2

{ ∂

∂nx
Rk1 +

∫

Ω

Rk1dx− δn2
|Ω|2
2π

k2 log k
}
.

For n = 2, the above relations show that fR = O(k2 log k), which implies
that uR = O(k2 log k), as well.

In case n = 3, by using the Gaussian theorem for the first two terms from
(2.1.21) we obtain explicitly

Rk1 =
∫

Γ

Rk(x, y)dsy = − 1
4π

k2

∫

Ω

1
|x− y|dy −

i

4π
k3|Ω|+ O(k4) .

Hence,

∂

∂nx
Rk1 = − 1

4π
k2

∫

Ω

∂

∂nx

1
|x− y|dy + O(k4) ,

∫

Ω

Rk1dx = − 1
4π

k2

∫

Ω

∫

Ω

1
|x− y|dydx−

i

4π
k3|Ω|2 + O(k4) .

Together with (2.1.44) this yields

fR = O(k2)

which implies that uR is of the same order as k → 0.

ENP: Finally, let us consider the boundary integral equations of (ENP) and
begin with the simplest case, i.e. the integral equation of the second kind (see
(2) in Table 2.1.1),
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1
2
u−Ku−Rku = −V ψ +

{
δn2

(
1
2π

log k + γ0

)
− δn3

ik

4π

}∫

Γ

ψds− Skψ .

(2.1.48)
The operator on the left–hand side is a regular perturbation of the reduced
invertible operator 1

2I −K (see Section 1.4.2).

For n = 2, Skψ is of order O(k2 log k) in view of (2.1.19). Hence, for u|Γ we
use the expansion

u =
1
2π

(log k + γ0)α + ũ + uR .

The highest order term
α =

∫

Γ

ψds

is the unique solution of the reduced equation

1
2α−Kα =

∫

Γ

ψds ;

the second term ũ is the unique solution of the reduced equation
1
2 ũ−Kũ = −V ψ . (2.1.49)

For the remainder uR we obtain the equation

1
2uR −KuR −RkuR =

α

2π
(log k + γ0)Rk1 + Rkũ− Skψ .

The dominating term on the right–hand side is defined by

Rk1 =
1
2π
|Ω|k2 log k + O(k2) ,

therefore uR is of order O((k log k)2).

For n = 3, Skψ in (2.1.48) is of order O(k2) in view of (2.1.19). Hence, now
u is of the form

u = ũ− α
ik

4π
+ uR

where ũ is the unique solution of the reduced equation (2.1.49) and α =∫
Γ
ψds. The remainder uR satisfies the equation

1
2uR −KuR −RkuR = Rkũ− Skψ −

ik

4π
Rkα ,

and, therefore, is of the order O(k2).
The hypersingular boundary integral equation (1) of the first kind in

Table 2.1.2 reads

Du− ∂

∂nx
Rku = −

(1
2
I + K ′

)
ψ −R′

kψ , (2.1.50)

where D has the constant functions as eigensolutions.
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Multiplying (2.1.48) by the natural charge q, integrating over Γ and using
(2.1.36) and Vq = c0, we obtain the relation

∫

Γ

uqds−
∫

Γ

q(Rku)ds

= −
{
c0 − δn2

1
2π

(log k + γ0) + δn3
ik

4π

}∫

Γ

ψds−
∫

Γ

q(Skψ)ds
(2.1.51)

with c0 given by (2.1.35). Now (2.1.51) can be used as a normalizing condition
by combining (2.1.50) and (2.1.51); we arrive at the modified equation

Du +
∫

Γ

uqds−
∫

Γ

(Rku)qds− ∂

∂nx
Rku

=
(
−c0 + δn2

1
2π

(log k + γ0)− δn3
ik

π

)∫

Γ

ψds (2.1.52)

−
(

1
2I + K ′)ψ −R′

kψ −
∫

Γ

q(Skψ)ds .

Again, we assume u in the form

u = δn2
1
2π

(log k + γ0 − 2πc0)α− δn3
ik

4π
α + ũ + uR ,

where k → 0 yields

α =
∫

Γ

ψds .

The term ũ is the unique solution of

Dũ +
∫

Γ

ũqds = −δn3c0

∫

Γ

ψds− ( 1
2I + K ′)ψ .

The remainder uR satisfies the equation

DuR +
∫

Γ

uRqds−
∫

Γ

q(RkuR)ds− ∂

∂nx
RkuR = fR ,

where

fR = α
{
δn2(log k + γ0 − 2πc0)− δn3

ik

4π

}{ ∂

∂nx
Rk1 +

∫

Γ

q(Rk1)ds
}

+
∂

∂nx
Rkũ +

∫

Γ

q(Rkũ)ds−R′
kψ −

∫

Γ

q(Skψ)ds



44 2. Boundary Integral Equations

is of order O
(
(k log k)2

)
for n = 2 and of order O(k2) for n = 3, which is in

agreement with the result from the previous analysis of the boundary integral
equation of the second kind.

With the solutions of the BIEs available, we now summarize the asymp-
totic behaviour of the solutions of the BVPs for small k by substituting the
boundary densities into the representation formula (2.1.5). In all the cases
we arrive at the following asymptotic expression

u(x) = ±[V σ̃(x)−Wũ(x)] + C(k;x) + R(k;x) (2.1.53)

where the ± sign corresponds to the interior and exterior domain and x ∈ Ω
or Ωc as in (2.1.5). For the Dirichlet problems, ũ|Γ = ϕ, and for the Neumann
problems, σ̃|Γ = ψ on Γ , are the given boundary data, respectively, whereas
the missing densities are the solutions of the corresponding BIEs presented
above. In Formula (2.1.53), C(k;x) denotes the highest order terms of the
perturbations in Ω or Ωc; whereas R(k;x) denotes the remaining boundary
potentials. The behaviour of C and R for k → 0 is summarized in Table 2.1.2
below.

The remainders R(x; k) are of the orders as given in the table, uniformly
in x ∈ Ω for the interior problems and in compact subsets of Ωc only, for the
exterior problems.

Table 2.1.2. Low frequency characteristics

BVP C(k; x) R(k; x) n

O((k log k)2) n = 2
IDP 0

O(k2) n = 3

−ω̃ O((k log k)2) 1 n = 2

EDP −k{V σ̃1(x) + i
4π

∫
Γ

σ̃ds} O(k2) n = 3

−{ 1
k2 − 1

2π

∫
Ω

log |x − y|dy} 1
|Ω|

∫
Γ

ψds O(k2 log k) n = 2

INP −{ 1
k2 + 1

4π

∫
Ω

1
|x−y|dy} 1

|Ω|
∫
Γ

ψds O(k2) n = 3

1
2π

(log k + γ0)
∫
Γ

ψds O((k log k)2) n = 2

ENP − ik
4π

∫
Γ

ψds O(k2) n = 3

1For this case a sharper result with O(k2) is given by MacCamy [194]
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2.2 The Lamé System

In linear elasticity for isotropic materials, the governing equations are

−∆∗v := −µ∆v − (µ + λ) graddiv v = f in Ω ( or Ωc) , (2.2.1)

where v is the desired displacement field and f is a given body force. The
parameters µ and λ are the Lamé constants which characterize the elastic
material. (See e.g. Ciarlet [42], Fichera [75], Gurtin [115], Kupradze et al
[177] and Leis [184]).

For n = 3, one also has the relation λ = 2µν/(1−2ν) with 0 ≤ ν < 1
2 , the

Poisson ratio. The latter relation is also valid for the plane strain problem
in two dimensions, where (2.2.1) is considered with n = 2. In the special
case of so–called generalized plane stress problems one still has (2.2.1) with
n = 2 for the first two displacement components (v1, v2)� but with a modified
λ = 2µν/(1 − 2ν) and a modified Poisson ratio ν = ν/(1 + ν). In this case
and in what follows, we will keep the same notation for λ.

For the Lamé system, the fundamental solution is given by

E(x, y) = λ+3µ
4π(n−1)µ(λ+2µ)

{
γn(x, y)I + λ+µ

λ+3µ
1
rn (x− y)(x− y)�

}
, (2.2.2)

a matrix–valued function, where I is the identity matrix, r = |x− y| and

γn(x, y) =

{
− log r for n = 2,
1
r for n = 3.

(2.2.3)

The boundary integral equations for the so–called fundamental boundary
value problems are based on the Green representation formula, which in elas-
ticity also is termed the Betti–Somigliana representation formula. For interior
problems, we have the representation

v(x) =
∫

Γ

E(x, y)Tv(y)dsy −
∫

Γ

(TyE(x, y))� v(y)dsy +
∫

Ω

E(x, y)f(y)dy

(2.2.4)
for x ∈ Ω. Here the traction on Γ is defined by

Tv|Γ =
(
λ(div v)n + 2µ

∂v

∂n
+ µn× curlv

) ∣∣∣
Γ

(2.2.5)

for n = 3 which reduces to the case n = 2 by setting u3 = 0 and the third
component of the normal n3 = 0. The subscript y in TyE(x, y) again denotes
differentiations in (2.2.4) with respect to the variable y.

The last term in the representation (2.2.4) is the volume potential (or
Newton potential) due to the body force f defining a particular solution vp

of (2.2.1). As in Section 2.1, we decompose the solution in the form
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v = vp + u

where u now satisfies the homogeneous Equation (2.2.1) with f = 0 and has
a representation (2.2.4) with f = 0, i.e.

u(x) = V σ(x)−Wϕ(x) . (2.2.6)

Here V and W are the simple and double layer potentials, now defined by

V σ(x) :=
∫

Γ

E(x, y)σ(y)dsy , (2.2.7)

Wϕ(x) :=
∫

Γ

(Ty(x, y)E(x, y))� ϕ(y)dsy ; (2.2.8)

and where in (2.2.6) the boundary charges are the Cauchy data ϕ(x) = u(x)|Γ ,
σ(x) = Tu(x)|Γ of the solution to

−∆∗u = 0 in Ω . (2.2.9)

For linear problems, because of the above decomposition, in the following, we
shall consider, without loss of generality, only the case of the homogeneous
equation (2.2.9), i.e., f = 0.

For the exterior problems, the representation formula for v needs to be
modified by taking into account growth conditions at infinity. For f = 0, the
growth conditions are

u(x) = −E(x, 0)Σ + ω(x) + O(|x|1−n) as |x| → ∞ , (2.2.10)

where ω(x) is a rigid motion defined by

ω(x) =

{
a + b(−x2, x1)� for n = 2,
a + b× x for n = 3.

(2.2.11)

Here, a, b and Σ are constant vectors; the former denote translation and
rotation, respectively. The representation formula for solutions of

−∆∗u = 0 in Ωc (2.2.12)

with the growth condition (2.2.10) has the form

u(x) = −V σ(x) + Wϕ(x) + ω(x) (2.2.13)

with the Cauchy data ϕ = u|Γ and σ = Tu|Γ and with

Σ =
∫

Γ

σds . (2.2.14)
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2.2.1 The Interior Displacement Problem

The Dirichlet problem for the Lamé equations (2.2.9) in Ω is called the dis-
placement problem since here the boundary displacement

u|Γ = ϕ on Γ (2.2.15)

is prescribed. The missing Cauchy datum on Γ is the boundary traction
σ = Tu|Γ . Applying the trace and the traction operator T (2.2.5) to both
sides of the representation formula (2.2.4), we obtain the overdetermined
system of boundary integral equations

ϕ(x) = (1
2I −K)ϕ(x) + V σ(x) , (2.2.16)

σ(x) = Dϕ + (1
2I + K ′)σ(x) on Γ . (2.2.17)

Here, the boundary integral operators are defined as in (1.2.3)–(1.2.6), how-
ever, it is understood that the fundamental solution now is given by (2.2.2)
and the differentiation ∂

∂n|Γ
(1.2.4)–(1.2.6) is to be replaced by the traction

operator T|Γ (2.2.5). Explicitly, we also have:

Lemma 2.2.1. Let Γ ∈ C2 and let ϕ ∈ Cα(Γ ),σ ∈ Cα(Γ ) with 0 < α < 1.
Then, for the case of elasticity, the limits (1.2.3)–(1.2.5) exist uniformly with
respect to all x ∈ Γ and all ϕ and σ with ||ϕ||Cα ≤ 1, ||σ||Cα ≤ 1. Further-
more, these limits can be expressed by

V σ(x) =
∫

y∈Γ\{x}

E(x, y)σ(y)dsy, x ∈ Γ , (2.2.18)

Kϕ(x) = p.v.
∫

y∈Γ\{x}

(TyE(x, y))� ϕ(y)dsy , x ∈ Γ , (2.2.19)

K ′σ(x) = p.v.
∫

y∈Γ\{x}

(TxE(x, y)) σ(y)dsy , x ∈ Γ . (2.2.20)

These results are originally due to Giraud [99], see also Kupradze [176, 177]
and the references therein. We remark that the integral in (2.2.18) is a weakly
singular improper integral, whereas the integrals in (2.2.19) and (2.2.20) are
to be defined as Cauchy principal value integrals, i.e.

p.v.
∫

y∈Γ\{x}

(TyE(x, y))� ϕ(y)dsy = lim
ε→0

∫

|y−x|≥ε>0∧y∈Γ

(TyE(x, y))� ϕ(y)dsy ,

since the operators K and K ′ have Cauchy singular kernels:
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(TyE(x, y))�

=
µ

2(n− 1)π(λ + 2µ)

{(
I +

n(λ + µ)
µ|x− y|2 (x− y)(x− y)�

)∂γn
∂ny

(x, y)

+
1

|x− y|n
(
(x− y)n�

y − ny(x− y)�
)}�

, (2.2.21)

(TxE(x, y))

=
µ

2(n− 1)π(λ + 2µ)

{(
I +

n(λ + µ)
µ|x− y|2 (x− y)(x− y)�

)∂γn
∂nx

(x, y)

− 1
|x− y|n

(
(x− y)n�

x − nx(x− y)�
)}

. (2.2.22)

We note that in case n = 2, the last term in (2.2.21) can also be written in
the form

1
|x− y|2

(
(x− y)n�

y − ny(x− y)�
)

=
(

0 , 1
−1 , 0

)
d

dsy
log |x− y| . (2.2.23)

The last terms in the kernels (2.2.21) and (2.2.22) are of the order O(r−n) as
r = |x− y| → 0 and, in addition, satisfy the Mikhlin condition (see Mikhlin
[213, Chap. 5] or [215, Chap. IX]) which is necessary and sufficient for the
existence of the above Cauchy principal value integrals for any x ∈ Γ . We
shall return to this condition later on. The proof of Lemma 2.2.1 can be found
in [213, Chap. 45 p. 210 ff].

It turns out that there exists a close relation between the single and double
layer operators of the Laplacian and the Lamé system based on the following
lemma and the Günter derivatives

mjk

(
∂y,n(y)

)
:= nk(y)

∂

∂yj
− nj(y)

∂

∂yk
= −mkj

(
∂y,n(y)

)
(2.2.24)

(see Kupradze et al [177, (4.7), p. 99]) which are particular tangential deriv-
atives; in matrix form

M
(
∂y,n(y)

)
:=

((
mjk

(
∂y,n(y)

)))
3×3

. (2.2.25)

Lemma 2.2.2. For the Günter derivatives there hold the identities

mj�

(
∂y,n(y)

)
γn =

nj(y� − x�)− n�(yj − xj)
|x− y|n , (2.2.26)

n∑

�=1

mj�

(
∂y,n(y)

) (y� − x�)(yk − xk)
|x− y|n

= −
(
δjk −

n(yj − xj)(yk − xk)
|x− y|2

) ∂

∂ny
γn. (2.2.27)
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The proof is straight forward by direct computation.
Inserting the identities (2.2.26) and (2.2.27) into (2.2.21) we arrive at

(
TyE(x, y)

)� =
1

2(n− 1)π

{ ∂

∂ny
γn(x, y) +M

(
∂y, (n(y)

)
γn(x, y)

}

+2µ
(
M

(
∂y,n(y)

)
E(x, y)

)�
. (2.2.28)

In the same manner we find
(
TxE(x, y)

)
=

1
2(n− 1)π

{ ∂

∂nx
γn(x, y)−M

(
∂x, (n(x)

)
γn(x, y)

}

+2µ
(
M

(
∂x,n(x)

)
E(x, y)

)
. (2.2.29)

As a consequence, we may write the double layer potential operator in (2.2.19)
after integration by parts in the form of the Stokes theorem as

Kϕ(x) =
1

2(n− 1)π

{∫

Γ

( ∂

∂ny
γn(x, y)

)
ϕ(y)dsy

−
∫

Γ

γn(x, y)M
(
∂y,n(y)

)
ϕ(y)dsy

}
(2.2.30)

+ 2µ
∫

Γ

E(x, y)M
(
∂y,n(y)

)
ϕ(y)dsy ,

see Kupradze et al [177, Chap. V Theorem 6.1].
Finally, the hypersingular operator D in (2.2.17) is defined by

Dϕ(x) = −TxWϕ(x)

:= − lim
z→x∈Γ,z �∈Γ

(
λ
(
divzWϕ(z)) + 2µ(gradzWϕ(z)

)
· nx

+ µnx × curlzWϕ(z)
)
. (2.2.31)

Lemma 2.2.3. Let Γ ∈ C2 and let ϕ be a Hölder continuously differentiable
function. Then in the case of elasticity, the limits (1.2.6) exist uniformly with
respect to all x ∈ Γ and all ϕ with ‖ϕ‖C1+α ≤ 1. Moreover, the operator D
can be expressed as a composition of tangential differential operators and the
simple layer operators of the Laplacian and the Lamé system:

For n = 2:

Dϕ(x) = − d

dsx
Ṽ

(
dϕ

ds

)
(x) (2.2.32)

where

Ṽ χ(x) :=
µ(λ + µ)
π(λ + 2µ)

∫

Γ

(
− log |x− y|+ (x− y)(x− y)�

|x− y|2
)

χ(y)dsy .

(2.2.33)
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For n = 3:

Dϕ(x) = − µ

4π
(nx ×∇x) ·

∫

Γ

1
|x− y| (ny ×∇y)ϕ(y)dsy

−M
(
∂x,n(x)

) ∫

Γ

{
4µ2E(x, y)− µ

2π
1

|x− y|I
}
M

(
∂y,n(y)

)
ϕ(y)dsy

+
µ

4π

( 3∑

�,k=1

m�k

(
∂x,n(x)

) ∫

Γ

1
|x− y|

(
mkj

(
∂y,n(y)

)
ϕ�

)
(y)dsy

)

j=1,2,3
.

(2.2.34)

Proof: The proof for n = 2 was given by Bonnemay [17] and Nedelec [233];
here we follow the proof given by Houde Han [118, 119] for n = 3. The proof
is based on a different representation of the traction operator T by employing
Günter’s derivatives M; more precisely we have:

T
(
∂x,n(x)

)
u(x) = (λ + µ)(divu)n(x) + µ

(∂u

∂n
+Mu

)
. (2.2.35)

We note
Mu =

∂u

∂n
− (divu)n(x) + n(x)× curlu . (2.2.36)

Now we apply T in the form (2.2.35) to the three individual terms in the
double layer potential K in (2.2.30) successively, and begin with

T
(
∂z,n(x)

) ∂

∂ny
γn(z, y)I

= µ(n(x) · ∇z)
∂

∂ny
γn(z, y)I + µM

(
∂z,n(x)

) ∂

∂ny
γn(z, y)I

+ (λ + µ)n(x)
(
gradz

∂

∂ny
γn(z, y)

)�
.

Next we apply T to the remaining two terms by using (2.2.29) to obtain

T
(
∂z,n(x)

)(
2µE(z, y)− 1

2(n− 1)π
γn(z, y)I

)

= M
(
∂z,n(x)

){
4µ2E(x, y)− 2µ

2(n− 1)π
γn(x, y)I

}

+
2µ

2(n− 1)π
n(x) · ∇zγn(z, y)I − T

(
∂z,n(x)

) 1
4π

γn(z, y)I .

Now we apply (2.2.35) to the last term in this expression and find
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T
(
∂z,n(x)

) 1
2(n− 1)π

γn(z, y)I

=
1

2(n− 1)π
(λ + µ)n(x)

(
∇zγn(z, y)

)� +
µ

2(n− 1)π
n(x) · ∇zγn(z, y)I

+
µ

2(n− 1)π
M

(
∂z,n(x)

)
γn(z, y)I .

Hence,

T
(
∂z, n(x)

)(
2µE(z, y) − 1

2(n − 1)π
γn(z, y)I

)

= M
(
z, n(x)

){
4µ2E(z, y) − 3µ

2(n − 1)π
γnI

}
− λ + µ

2(n − 1)π
n(x)

(
∇zγn(x, z)

)�

+
µ

2(n − 1)π
n(x) · ∇z(z, y)I .

Collecting these results we obtain

T
(
∂z,n(x)

)
(Kϕ)(z)

=
µ

2(n− 1)π
n(x) · ∇z

∫

Γ

∂

∂ny
γn(z, y)ϕ(y)dsy

+M
(
∂z,n(x)

) ∫

Γ

{
4µ2E(z, y)− 3µ

2(n− 1)π
γn(z, y)

}
M

(
∂y,n(y)

)
ϕ(y)dsy

+
λ + µ

2(n− 1)π

{
n(x)

∫

Γ

(
∇z

∂

∂ny
γn(z, y)

)
·ϕ(y)dsy

− n(x)
(
∇z

∫

Γ

γn(z, y) ·
(
M

(
∂y,n(y)

)
ϕ(y)

)
dsy

}

+
µ

2(n− 1)π

{
M

(
∂z,n(x)

) ∫

Γ

∂

∂ny
γn(z, y)ϕ(y)dsy

+ n(x) · ∇z

∫

Γ

γn(z, y)M
(
∂y,n(y)

)
ϕ(y)dsy

}

=
µ

2(n− 1)π
n(x) · ∇z

∫

Γ

( ∂

∂ny
γn(z, y)

)
ϕ(y)dsy

+M
(
∂z,n(x)

) ∫

Γ

{
4µ2E(z, y)− 3µ

2(n− 1)π
γn(z, y)

}
M

(
∂y,n(y)

)
ϕ(y)dsy

+
(λ + µ)

2(n− 1)π
J1ϕ(x) +

µ

2(n− 1)π
J2ϕ(x)
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where

J1ϕ(x) :=
∫

Γ

{
n(x)

(
∇z

∂

∂ny
γn(z, y) ·ϕ(y)

)

− n(x)
(
∇zγn(z, y)

)
·
(
M

(
∂y,n(y)

)
ϕ(y)

)}
dsy

and

J2ϕ(x) :=
∫

Γ

{
M

(
∂z,n(x)

) ∂

∂ny
γn(z, y)

+
(
n(x) · ∇zγn(z, y)

)
M

(
∂y,n(y)

)}
ϕ(y)dsy .

The product rule gives
(
M

(
∂y,n(y)

)
∇zγn(z, y)

)
·ϕ(y)

=
n∑

k,�=1

(
mk�

(
∂y,n(y)

) ∂

∂z�
γn(z, y)

)
ϕk(y)

=
n∑

k,�=1

(
mk�

(
∂y,n(y)

)( ∂

∂z�
γn(z, y)ϕk(y)

)

−
(
mk�

(
∂y,n(y)

)
ϕk(y)

) ∂

∂z�
γn(z, y)

)

=
n∑

k,�=1

(
−m�k

(
∂y,n(y)

)( ∂

∂z�
γn(z, y)ϕk(y)

)

+
( ∂

∂z�
γn(z, y)

)(
m�k

(
∂y,n(y)

))
ϕk(y)

)
. (2.2.37)

The symmetry of γn(z, y) and ∆yγn(z, y) = 0 for z �= y implies

n∑

k=1

mjk(y)
∂γn(z, y)

∂zk
=

n∑

k=1

nk(y)
∂2

∂yj∂zk
γn(z, y)− nj(y)

n∑

k=1

∂2

∂yk∂zk
γn(z, y)

=
n∑

k=1

nk(y)
∂2

∂yk∂zj
γn(z, y) + nj(y)∆yγn(z, y)

=
∂

∂zj

∂γn(z, y)
∂ny

,

i.e.,

∇z
∂γn(z, y)

∂ny
= M

(
∂y(y)

)
∇zγn(z, y) . (2.2.38)

Using (2.2.37) and (2.2.38) for the first term of the integrand of J1, we find
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J1ϕ(x) = n(x)
∫

Γ

{(
M

(
∂y,n(y)

)
∇zγn(z, y)

)
·ϕ(y)

−∇zγn(z, y) ·
(
M

(
∂y(y)

)
ϕ(y)

)}
dsy

= −n(x)
∫

Γ

n∑

�,k=1

m�k

(
∂y,n(y)

)( ∂

∂zk
γn(z, y)ϕk(y)

)
dsy = 0

for x �∈ Γ due to the Stokes theorem.
For the integral J2 we use

M
(
∂z,n(x)

) ∂

∂ny
γn(z, y)−M

(
∂y,n(y)

)(
∇z · n(x)

)
γn(z, y)I

=
{
M

(
∂y,n(y)

)
M

(
∂z,n(x)

)
−M

(
∂z,n(x)

)
M

(
∂y,n(y)

)}
γn(z, y)I

to obtain

J2ϕ(x) =
∫

Γ

(
M

(
∂z,n(x)

)
γn(z, y)IM

(
∂y,n(y)

)�
ϕ(y)dsy

+M
(
∂z,n(x)

) ∫

Γ

γn(z, y)M
(
∂y,n(y)

)
ϕ(y)dsy .

The final result is then with (2.2.36):

−T
(
∂z,n(x)

) ∫

Γ

K(z, y)ϕ(y)dsy

= − µ

2(n− 1)π
(
n(x)×∇z

)
·
∫

Γ

γn(z, y)
(
n(y)×∇y

)
ϕ(y)dsy

−M
(
∂z,n(x)

) ∫

Γ

{
4µ2E(z, y)− 2µ

2(n− 1)π
γn(z, y)I

}
M

(
∂y,n(y)

)
ϕdsy

+
µ

2(n− 1)π

∫

Γ

(
M

(
∂z,n(x)

)
γn(z, y)M

(
∂y,n(y)

))�
ϕ(y)dsy ,

where z �∈ Γ .
As can be seen, this is a combination of applications of tangential deriv-

atives to weakly singular operators operating on tangential derivatives of ϕ.
Therefore, the limits z → x ∈ Γ with z ∈ Ω or z ∈ Ωc exist, which leads
to the desired result involving Cauchy singular integrals (see Hellwig [123,
p. 197]). Note that for n = 2 we have

(
n(x)×∇x

)
|Γ = d

dsx
. �

The singular behaviour of the hypersingular operator now can be regular-
ized as above. This facilitates the computational algorithm for the Galerkin
method (Of et al [243]).
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As for the hypersingular integral operator associated with the Laplacian in
Section 1.2, here we can apply a more elementary, but different regularization.
Based on (2.2.31), we get

Dϕ(x) = − lim
Ω�z→x∈Γ

{Tz

∫

Γ

(TyE(x, y)�(ϕ(y)−ϕ(x))dsy

+ Tz

∫

Γ

(TyE(x, y))�ϕ(x)dsy} .

Here, in the neighborhood of Γ , the operator Tz is defined by (2.2.22) where
we identify nz = nx for z �∈ Γ . If we apply the representation formula (2.2.4)
to any constant vector field a, representing a rigid displacement, then we
obtain

a = −
∫

Γ

(TyE(z, y))�adsy for z ∈ Ω,

which yields for z ∈ Ω in the neighborhood of Γ

Tz

∫

Γ

(TyE(z, y))�dsyϕ(x) = 0 .

Hence,

Dϕ(x) = − lim
Ω�z→x∈Γ

Tz

∫

Γ

(TyE(z, y))� (ϕ(y)−ϕ(x))dsy ,

from which it can finally be shown that

Dϕ(x) = −p.v.

∫

Γ

Tx (TyE(x, y))� (ϕ(y)−ϕ(x)) dsy , (2.2.39)

(see Kupradze et al [177, p.294], Schwab et al [274]).
If the boundary potential operators in (1.2.18) and (1.2.19) are replaced

by the corresponding elastic potential operators, then the Calderón projector
CΩ for solutions u of (2.2.9) in Ω again is given in the form of (1.2.20) with
the corresponding elastic potential operators.
Also, Theorem 1.2.3. and Lemma 1.2.4. remain valid for the corre-
sponding elastic potentials V,K,K ′ and D.

For the solution of the interior displacement problem we now may solve
the Fredholm boundary integral equation of the first kind

V σ = 1
2ϕ + Kϕ on Γ , (2.2.40)

or the Cauchy singular integral equation of the second kind
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1
2σ −K ′ϕ = Dϕ on Γ , (2.2.41)

which both are equations for σ.
The first kind integral equation (2.2.40) may have eigensolutions for spe-

cial Γ similar to (1.3.4) for the Laplacian (see Steinbach [291]). Again we
can modify (2.2.40) by including rigid motions (2.2.11). More precisely, we
consider the system

V σ − ω0 = 1
2ϕ + Kϕ on Γ ,

∫

Γ

σds = 0 (2.2.42)

together with
∫

Γ

(−σ1x2 + σ2x1)ds = 0 for n = 2 or

∫

Γ

(σ × x)ds = 0 for n = 3 ,
(2.2.43)

where σ and the unknown constant vector ω0 are to be determined. As was
shown in [142], the rotation b in (2.2.11) can be prescribed as b = 0; in this
case the side conditions (2.2.43) will not be needed. For n = 3, many more
choices in ω0 can be made (see [142] and Mikhlin et al [214]). The modified
system (2.2.42) and (2.2.43) is always uniquely solvable in the Hölder space,
σ ∈ Cα(Γ ) for given ϕ ∈ C1+α(Γ ).

For the special Cauchy singular integral equation of the second kind
(2.2.41), Mikhlin showed in [210] that the Fredholm alternative, originally
designed for compact operators K, remains valid here. Therefore, (2.2.41)
admits a unique classical solution σ ∈ Cα(Γ ) provided ϕ ∈ C1+α(Γ ), 0 <
α < 1. (See Kupradze et al [177, Chap. VI], Mikhlin et al [215, p. 382 ff]).

2.2.2 The Interior Traction Problem

The Neumann problem for the Lamé system (2.2.9) in Ω is called the traction
problem, since here the boundary traction

Tu|Γ = ψ on Γ (2.2.44)

is given, whereas the missing Cauchy datum u|Γ needs to be determined.
Corresponding to (2.2.16) and (2.2.17), we have the overdetermined system

(
1
2I + K

)
u = V ψ , (2.2.45)

Du =
(

1
2I −K ′)ψ on Γ (2.2.46)

for the unknown boundary displacemant u|Γ .
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As for the Neumann Problem for the Laplacian, here ψ needs to satisfy
certain equilibrium conditions for a solution to exist. These can be obtained
from the Betti formula, which for u and any rigid motion ω(x) reads

0 =
∫

Ω

(ω ·∆∗u)− (u ·∆∗ω)dx

=
∫

Γ

ω · Tuds−
∫

Γ

u · Tωds .

This implies, with Tω = 0, the necessary compatibility conditions for the
given traction ψ, namely

∫

Γ

ω ·ψds = 0 for all rigid motions ω (2.2.47)

given by (2.2.11). This condition turns out to be also sufficient for the ex-
istence of u in the classical Hölder function spaces. If ψ ∈ Cα(Γ ) with
0 < α < 1 is given satisfying (2.2.47), then the right–hand side, V ψ in
(2.2.45), automatically satisfies the orthogonality conditions from Fredholm’s
alternative; and the Cauchy singular integral equation (2.2.45) admits a
solutionu ∈ C1+α(Γ ). The solution, however, is unique only up to all rigid
motions ω, which are eigensolutions. For further details see [142].

The hypersingular integral equation of the first kind (2.2.46) also has
eigensolutions which again are given by all rigid motions (2.2.11). As will be
seen, the classical Fredholm alternative even holds for (2.2.46), and the right–
hand side 1

2ψ − K ′ψ satisfies the corresponding orthogonality conditions,
provided, ψ ∈ Cα(Γ ) satisfies the equilibrium conditions (2.2.47). In both
cases, the integral equations , together with appropriate side conditions, can
be modified so that the resulting equations are uniquely solvable (see [141]).

2.2.3 Some Exterior Fundamental Problems

In this section we shall summarize the approach from [142]. For the exterior
displacement problem for u satisfying the Lamé system (2.2.12) and the
Dirichlet condition (2.2.15),

u|Γ = ϕ on Γ ,

we require at infinity appropriate conditions according to (2.2.10); namely
that there exist Σ and some rigid motion ω such that

u(x) + E(x, 0)Σ − ω = O(|x|1−n) as |x| → ∞ .

In general, the constants in Σ and ω are related to each other. However,
some of them can still be specified.
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For n = 2, we consider the following two cases. In the first case,

b in ω = a + b(−x2, x1)T is given .

In addition, the total forces Σ in (2.2.14) are also given, often as Σ = 0 due to
equilibrium. Then a in ω is an additional unknown vector. The representation
formula (2.2.13) for the Dirichlet problem (2.2.12) with (2.2.14) yields the
modified boundary integral equation of the first kind

V σ − a = − 1
2ϕ(x) + Kϕ(x) + b(−x2,+x1)� on Γ , (2.2.48)

∫

Γ

σds = Σ . (2.2.49)

Here, ϕ,Σ and b are given and σ,a are the unknowns. As we will see,
these equations are always uniquely solvable. In particular, for any given
ϕ ∈ C1+α(Γ ),Σ and b, one finds in the classical Hölder–spaces σ ∈ Cα(Γ ).

In the second case, in addition to the total force Σ, the total momentum
∫

Γ

(−x2σ1 + x1σ2)dsx = Σ3

is also given, whereas b is now an additional unknown. Now the modified
boundary integral equation of the first kind reads

V σ(x)− a− b(−x2,+x1)� =
1
2
ϕ(x) + Kϕ(x) on Γ , (2.2.50)

∫

Γ

σds = Σ,

∫

Γ

(−x2σ1 + x1σ2)dsx = Σ3 , (2.2.51)

where ϕ ∈ C1+α(Γ ),Σ, Σ3 are given and σ,a and b are to be determined.
The system (2.2.50), (2.2.51) always has a unique solution σ ∈ Cα(Γ ),a, b.

Both these problems can also be reduced to Cauchy singular integral equa-
tions by applying the traction operator to (2.2.13). This yields the singular
integral equation

1
2σ(x) + K ′σ(x) = −Dϕ(x) for x ∈ Γ , (2.2.52)

with the additional equation (2.2.49) in the first case or the additional
equations (2.2.51) in the second case, respectively. The operator 1

2I + K ′

is adjoint to 1
2I +K in (2.2.17). Due to Mikhlin [210], for these special oper-

ators, Fredholm’s classical alternative is still valid in the space Cα(Γ ). Since

1
2ω + Kω = 0 on Γ

for all rigid motions ω, the adjoint equation (2.2.52) has an 3(n − 1)–
dimensional eigenspace, as well. Moreover, Dω = 0 for all rigid motions;
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hence, the right–hand side of (2.2.52) always satisfies the orthogonality con-
ditions for any given ϕ ∈ C1+α(Γ ). This implies that equation (2.2.52) always
admits a solution σ ∈ Cα(Γ ) which is not unique. If, for n = 2, the total force
and total momentum in addition are prescribed by (2.2.51), i.e. in the second
case, then these equations determine σ(x) uniquely. For finding a and b we
first determine three vector–valued functions λj(x), j = 1, 2, 3, satisfying on
Γ the equations

∫

Γ

a · λjds = aj and
∫

Γ

(−x2, x1) · λj(x)ds = 0 for j = 1, 2 ,

∫

Γ

a · λ3ds = 0 and
∫

Γ

(−x2, x1) · λ3ds = 1 .

(2.2.53)
Since σ(x) on Γ is already known from solving (2.2.52), equation (2.2.50)
can now be used to find a and b; namely

for j = 1, 2 : aj
for j = 3 : b

}
=

∫

Γ

V σ(x) · λj(x)dx −
1
2

∫

Γ

ϕ · λjds−
∫

Γ

(Kϕ) · λjds .

(2.2.54)
If, as in the first case, b and Σ are given, then the additional equations

∫

Γ

σds = Σ and

∫

Γ

λ3(x) · V σ(x)dsx = b− 1
2

∫

Γ

λ3 ·ϕds +
∫

Γ

λ3 ·Kϕds

determine σ uniquely; and a1, a2 can be found from (2.2.54), afterwards.
In the case n = 3, there are many more possible choices of additional

conditions. To this end, we write the rigid motions (2.2.11) in the form

ω(x) =
3∑

j=1

ajmj(x) +
6∑

j=4

bj−3mj(x) =:
6∑

j=1

ωjmj(x)

where mj(x) is the j–th column vector of the matrix
⎛

⎝
1 , 0 , 0 , 0 , x3 , −x2

0 , 1 , 0 , x2 , 0 , x1

0 , 0 , 1 , −x3 , −x1 , 0 .

⎞

⎠ . (2.2.55)

Let J ⊂ F := {1, 2, 3, 4, 5, 6} denote any fixed set of indices in F . Then we
may prescribe aj−3, bj for j ∈ J , i.e., some of the parameters in ω subject
to the behavior of (2.2.10) at infinity. If J is a proper subset of F then we
must include additional normalization conditions,
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∫

Γ

mk(y) · σ(y)dsy = Σk for k ∈ F \ J . (2.2.56)

By taking the representation formula (2.2.13) on Γ , we obtain from the direct
formulation the boundary integral equation of the first kind on Γ ,

V σ(x)−
∑

k∈F\J
ωkmk(x) = −1

2
ϕ(x) + Kϕ(x) +

∑

j∈J
ωjmj(x) , (2.2.57)

together with the additional equations,
∫

Γ

mk(y) · σ(y)dsy = Σk for k ∈ F \ J . (2.2.58)

In the right–hand side of (2.2.57), the ωj are given, whereas the ωk in the
left–hand side are unknown. For given ϕ ∈ Cα(Γ ), 0 < α < 1, and given
constants ωj , j ∈ J , the unknowns are σ ∈ Cα(Γ ) together with ωk for
k ∈ F \ J .

Again, we may take the traction of (2.2.13) on Γ to obtain a Cauchy
singular boundary integral equation instead of (2.2.57) and (2.2.58), namely
(2.2.52) together with (2.2.58). Since (2.2.52) is always solvable for any given
ϕ ∈ C1+α(Γ ) due to the special form of the right–hand side, and since the
eigenspace of 1

2I + K ′ is the linear space of all rigid motions, the linear
equations (2.2.58) need to be completed by including (card J ) additional
equations which resembles the required behavior of u(x) at infinity for those
ωj given already with j ∈ J . For these constraints, we again choose the
vector–valued functions, λ� on Γ , � ∈ F , (e.g. linear combinations of m�|Γ )
which are orthonormalized to mj |Γ , i.e.,

∫

Γ

mj(x) · λ�(x)dsx = δj,�, j, � ∈ F . (2.2.59)

Now, the complete system of equations for the modified Dirichlet problem can
be formulated as

1
2
σ(x) + K ′σ(x)−

∑

�∈F
α�m�(x) = −Dϕ(x) for x ∈ Γ

∫

Γ

mk · σk(y)dsy = Σk, k ∈ F \ J ,
(2.2.60)

together with
∫

Γ

λj(x) · V σds =
∫

Γ

λj ·
{

1
2
ϕ(x) + K ′ϕ(x)

}
ds + ωj for j ∈ J .
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The desired displacement u(x)|Γ then is obtained from (2.2.13) with σ(x)
determined from (2.2.60) and ωk given by

ωk =
∫

Γ

λk · V σds +
∫

Γ

λk ·
{

1
2
ϕ−Kϕ

}
ds for k ∈ F \ J .

Note that we have included the extra unknown term
∑

α�m�(x) in (2.2.60)
so that the number of unknowns and equations coincide. One can show that
in fact α� = 0 for � ∈ F . The last set of equations has been obtained from
(2.2.50) with (2.2.59).

For the exterior traction problem, the Neumann datum is given by

Tu|Γ = ψ on Γ ,

and the total forces and momenta by
∫

Γ

ψ ·mkds = Σk, k ∈ F .

Here, the standard direct approach with x→ Γ in (2.2.13) yields the Cauchy
singular boundary integral equation for u|Γ ,

1
2u(x)−Ku(x) = V ψ(x) + ω(x) for x ∈ Γ . (2.2.61)

As is well known, (2.2.61) is always uniquely solvable for any given ψ ∈ Cα(Γ )
and given ω with u ∈ C1+α(Γ ); we refer for the details to Kupradze [176,
p. 118].

If we apply T to (2.2.13) then we obtain the hypersingular boundary
integral equation

Du(x) = − 1
2ψ(x)−K ′ψ(x) for x ∈ Γ . (2.2.62)

It is easily seen that the rigid motions ω(y) on Γ are eigensolutions of
(2.2.62). Therefore, in order to guarantee unique solvability of the boundary
integral equation , we modify (2.2.62) by including restrictions and adding
unknowns, e.g.,

Du0(x) = −1
2
ψ(x)−K ′ψ(x) +

3(n−1)∑

�=1

α�m�(x) for x ∈ Γ and

∫

Γ

mk(y) · u0(y)dsy = 0 , k = 1, · · · , 3(n− 1) .
(2.2.63)

Also here, the unknowns α� are introduced for obtaining a quadratic system.
For the Neumann problem, they all vanish because of the special form of
the right–hand side. As we will see, the system (2.2.63) is always uniquely
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solvable; for any given ψ ∈ Cα(Γ ) we find exactly one u0 ∈ C1+α(Γ ). In
(2.2.63), the additional compatibility conditions can also be incorporated
into the first equation of (2.2.63) which yields the stabilized uniquely solvable
version

D̃u0(x) := Du0(x) +
3(n−1)∑

k=1

∫

Γ

mk(y)u0(y)dsymk(x)

= − 1
2ψ(x)−K ′ψ(x) for x ∈ Γ .

(2.2.64)

Once u0 is known, the actual displacement field u(x) is then given by

u(x) = −V ψ(x) + Wu0(x) for x ∈ Ωc . (2.2.65)

Note that the actual boundary values of u|Γ may differ from u0 by a rigid
motion. u|Γ can be expressed via (2.2.65) in the form

u(x)|Γ =
1
2
u0(x) + Ku0(x)− V ψ(x) . (2.2.66)

In concluding this section we remark that the boundary integral equa-
tions on Hölder continuous charges are considered in most of the more clas-
sical works on this topic with applications in elasticity (e.g., Ahner et al [5],
Balaš et al [11], Bonnemay [18], Kupradze [175, 176], Muskhelishvili [223]
and Natroshvili [225]). However, as mentioned before, we shall come back to
these equations in Chapters 5–10.

Now we extend our approach to incompressible materials.

2.2.4 The Incompressible Material

If the elastic material becomes incompressible, the Poisson ratio
ν := λ/2(λ + µ) tends to 1/2 or λ = 2µν/(1 − 2ν) → ∞ for n = 3 and
for the plane strain case where n = 2. However, for the plane stress case we
have ν → 1/3 and λ→ 2µ if the material is incompressible; and our previous
analysis remains valid without any restriction.

In order to analyze the incompressible case, we now rewrite the Lamé
equation (2.2.1) in the form of a system

−∆u +∇p = 0 ,

div u = −cp where p = −λ + µ

µ
divu

(2.2.67)

and c = 1 − 2ν = µ
λ+µ → 0+ (see Duffin and Noll [66]). This system corre-

sponds to the Stokes system. In terms of the parameter c, the fundamental
solution (2.2.2) now takes the form
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E(x, y) =
1 + 2c

4π(n− 1)µ(1 + c)

{
γn(x, y)I + 1

(1+2c)rn (x− y)(x− y)�
}

(2.2.68)
which is well defined for c = 0, as well. Consequently, the Betti–Somigliana
representation formula (2.2.4) remains valid, where the double layer potential
kernel now reads as

(TyE(x, y))� =
1

2π(n− 1)(1 + c)

{
(cI +

n

r2
(x− y)(x− y)�)

∂γ

∂ny

+
c

rn
(
(x− y)n�

y − ny(x− y)�
)}�

, (2.2.69)

which again is well defined for the limiting case c = 0. However, the limiting
case of the differential equations (2.2.63) leads to the more complicated Stokes
system involving a mixed variational formulation (see Brezzi and Fortin [25])
whereas the associated boundary integral equations remain valid. In fact,
from (2.2.65) and (2.2.66) it seems that the case c = 0 does not play any
exceptional role. However, for small c > 0, a more detailed analysis is re-
quired. We shall return to this point after discussing the Stokes problem in
Section 2.3.

2.3 The Stokes Equations

The linearized and stationary equations of the incompressible viscous fluid
are modeled by the Stokes system consisting of the equations in the form

−µ∆u +∇p = f ,

div u = 0 in Ω (or Ωc) .
(2.3.1)

Here u and p are the velocity and pressure of the fluid flow, respectively,
which are the unknowns; f corresponds to a given forcing term, while µ is
the given dynamic viscosity of the fluid. We have already seen this system
previously in (2.2.67) for the elastic material when it becomes incompressible,
although for viscous flow with given fluid density ρ, one introduces

ν :=
µ

ρ
� 1

which is usually referred to as the kinematic viscosity of the fluid, not the
Poisson ratio as in the case of elasticity. The fundamental solution of the
Stokes system (2.3.1) is defined by the pair of distributions vk, and qk satis-
fying

−{µ∆xv
k(x, y)−∇xq

k(x, y)} = δ(x, y)ek ,

divx vk = 0 ,
(2.3.2)

where ek denotes the unit vector along the xk-axis, k = 1, ., n with n = 2 or 3
(see Ladyženskaya [179]). By using the Fourier transform, we may obtain the
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fundamental solution explicitly:
For n = 2,

vk(x, y) =
1

4πµ

{
log

1
|x− y|e

k +
2∑

j=1

(xk − yk)(xj − yj)ej

|x− y|2
}
,

qk(x, y) =
∂

∂xk
{− 1

2π
log

1
|x− y| } ;

(2.3.3)

and for n = 3,

vk(x, y) =
1

8πµ

{ 1
|x− y|e

k +
3∑

j=1

(xk − yk)(xj − yj)ej

|x− y|3
}
,

qk(x, y) =
∂

∂xk
{− 1

4π
1

|x− y| }.
(2.3.4)

We note that from their explicit forms, vk(x, y) and qk(x, y) also satisfy the
adjoint system in the y–variables, namely

−{µ∆yv(x, y) +∇yq
k(x, y)} = δ(x, y)ek ,

−divy vk = 0 .
(2.3.5)

This means that we may use the same fundamental solution for the Stokes
system and for its adjoint depending on which variables are differentiated.
As will be seen, we do not need to switch the variables x and y in the repre-
sentation of the solution of (2.3.1) from Green’s formula (see [179]). For the
flow (u, p), we define the stress operators as in elasticity,

T (u) := −pn + µ(∇u +∇u�)n (2.3.6)
= σ(u, p)n ,

T ′(u) := pn + µ(∇u +∇u�)n
= σ(u,−p)n ,

where
σ := −pI + µ(∇u +∇u�)

denotes the stress tensor in the viscous flow. We remark that it is understood
that the stress operator T is always defined for the pair (u, p). For smooth
(u, p) and (v, q), we have the second Green formula

∫

Ω

u · {−µ∆v −∇q)} dx−
∫

Ω

{−µ∆u +∇p} · vdy

=
∫

Γ

[T (u) · v − u · T ′(v)] ds
(2.3.7)
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provided
div u = div v = 0 .

Now replacing (v, q) by (vk, qk), and by following standard arguments, the
velocity component of the nonhomogeneous Stokes system (2.3.1) has the
representation

uk(x) =
∫

Γ

[
Ty(u) · vk(x, y)− u · T ′

y(v
k)(x, y)

]
dsy +

∫

Ω

f ·vkdy for x ∈ Ω .

(2.3.8)
To obtain the representation of the pressure, we may simply substitute the
relation

∂p

∂xk
= µ∆uk + fk

into (2.3.8). To simplify the representation, we now introduce the funda-
mental velocity tensor E(x, y) and its associated pressure vector Q(x, y),
respectively, as

E(x, y) = [v1, ·,vn], and Q(x, y) = [q1, ·, qn] ,

which satisfy
−µ∆xE +∇xQ = δ(x, y)I ,

divxE = 0�.
(2.3.9)

As a result of (2.3.4) and (2.3.5), we have explicitly

E(x, y) =
1

4(n− 1)πµ

(
γnI +

(x− y)(x− y)�

|x− y|n
)
,

Q(x, y) =
1

2(n− 1)π
(−∇xγn)� =

1
2(n− 1)π

(∇yγn)�
(2.3.10)

with

γn(x, y) =

{
− log |x− y| for n = 2,

1
|x−y| for n = 3

as in (2.2.2). In terms of E(x, y) and Q(x, y), we finally have the representa-
tion for solutions in the form:

u(x) =
∫

Γ

E(x, y)T (u)(y)dsy −
∫

Γ

(
T ′
yE(x, y)

)�
u(y)dsy

+
∫

Ω

E(x, y)f(y)dy for x ∈ Ω , (2.3.11)

p(x) =
∫

Γ

Q(x, y) · T (u)(y)dsy − 2µ
∫

Γ

(
∂Q

∂ny
(x, y)) · u(y)dsy

+
∫

Ω

Q(x, y) · f(y)dy for x ∈ Ω . (2.3.12)
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It is understood that the representation of p is unique only up to an additive
constant. Also, as was explained before,

T ′
yE(x, y) := σ

(
E(x, y),−Q(x, y)

)
n(y) .

2.3.1 Hydrodynamic Potentials

The last terms in the representation (2.3.11) and (2.3.12) corresponding to
the body force f define a particular solution (U , P ) of the nonhomogeneous
Stokes system (2.3.1). As in elasticity, if we decompose the solution in the
form

u = uc + U , p = pc + P,

then the pair (uc, pc) will satisfy the corresponding homogeneous system of
(2.3.1). Hence, in the following, without loss of generality, we shall confine
ourselves only to the homogeneous Stokes system. The solution of the homo-
geneous system now has the representation from (2.3.11) and (2.3.12) with
f = 0, i.e.,

u(x) = V τ (x)−Wϕ(x) , (2.3.13)
p(x) = Φτ (x)−Πϕ(x). (2.3.14)

(The subscript c has been suppressed.) Here the pair (V, Φ) and (W,Π) are
the respective simple– and double layer hydrodynamic potentials defined by

V τ (x) :=
∫

Γ

E(x, y)τ (y)dsy ,

Φτ (x) :=
∫

Γ

Q(x, y) · τ (y)dsy ;
(2.3.15)

Wϕ(x) :=
∫

Γ

(
T ′
y(E(x, y))

)�
ϕ(y)dsy ,

Πϕ(x) := 2µ
∫

Γ

( ∂

∂ny
Q(x, y)

)
·ϕ(y)dsy for x �∈ Γ .

(2.3.16)

In (2.3.13) and (2.3.14) the boundary charges are the Cauchy data ϕ =
u(x)|Γ and τ (x) = Tu(x)|Γ of the solution to the Stokes equations

−µ∆u +∇p = 0 ,

div u = 0 in Ω .
(2.3.17)

For the exterior problems, the representation formula for u needs to be
modified by taking into account the growth conditions at infinity. Here proper
growth conditions are
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u(x) =

{
Σ log |x|+ O(1) for n = 2,
O(|x|−1) for n = 3;

(2.3.18)

p(x) = O(|x|1−n) as |x| → ∞. (2.3.19)

In the two–dimensional case Σ is a given constant vector. The representation
formula for solutions of the Stokes equations (2.3.17) in Ωc with the growth
conditions (2.3.18) and (2.3.19) has the form

u(x) = −V τ (x) + Wϕ(x) + ω , (2.3.20)
p(x) = −Φτ (x) + Πϕ(x) (2.3.21)

with the Cauchy data ϕ = u|Γ and τ = T (u)|Γ satisfying

Σ =
∫

Γ

τds ; (2.3.22)

and ω is an unknown constant vector which vanishes when n = 3.

2.3.2 The Stokes Boundary Value Problems

We consider two boundary value problems for the Stokes system (2.3.17) in
Ω as well as in Ωc. In the first problem (the Dirichlet problem), the boundary
trace of the velocity

u|Γ = ϕ on Γ (2.3.23)

is specified, and in the second problem (the Neumann problem), the hydro-
dynamic boundary traction

T (u)|Γ = τ on Γ (2.3.24)

is given. As consequences of the incompressible flow equations and the Green
formula for the interior problem, the prescribed Cauchy data need to satisfy,
respectively, the compatibility conditions

∫

Γ

ϕ · n ds = 0 ,

∫

Γ

τ · (a + b× x) ds = 0 for all a ∈ IRn and b ∈ IR1+2(n−2) ,

(2.3.25)

with b× x := b(x2,−x1)� for n = 2.
For the exterior problem we require the decay conditions (2.3.18) and

(2.3.19). We again solve these problems by using the direct method of bound-
ary integral equations.

Since the pressure p will be completely determined once the Cauchy data
for the velocity are known, in the following, it suffices to consider only the
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boundary integral equations for the velocity u. We need, of course, the rep-
resentation formula for p implicitly when we deal with the stress operator.
In analogy to elasticity, we begin with the representation formula (2.3.13)
for the velocity u in Ω and (2.3.20) and (2.3.21) in Ωc. Applying the trace
operator and the stress operator T to both sides of the representation for-
mula, we obtain the overdetermined system of boundary integral equations
(the Calderón projection) for the interior problem

ϕ(x) = (1
2I −K)ϕ(x) + V τ (x) , (2.3.26)

τ (x) = Dϕ + (1
2I + K ′)τ (x) on Γ . (2.3.27)

Hence, the Calderón projector for Ω can also be written in operator matrix
form as

CΩ =
(

1
2I −K V

D 1
2I + K ′

)
.

Here V,K,K ′ and D are the four corresponding basic boundary integral op-
erators of the Stokes flow. Hence, the Calderón projector CΩ for the interior
domain has the same form as in (1.2.20) with the corresponding hydrody-
namic potential operators.

For the exterior problem, the Calderón projector on solutions having the
decay properties (2.3.18) and (2.3.19) with Σ given by (2.3.22) is also given
by (1.4.11), i.e.,

CΩc = I − CΩ =
(

1
2I + K −V
−D 1

2I −K ′

)
. (2.3.28)

As always, the solutions of both Dirichlet problems as well as both Neumann
problems in Ω and Ωc can be solved by using the boundary integral equations
of the first as well as of the second kind by employing the relations between
the Cauchy data given by the Calderón projectors.

The four basic operators appearing in the Calderón projectors for the
Stokes problem are defined in the same manner as in elasticity (see Lemmata
2.3.1 and 2.2.3) but with appropriate modifications involving the pressure
terms. More specifically, the double layer operator is defined as

Kϕ(x) :=
1
2
ϕ(x) + lim

Ω�z→x∈Γ

∫

Γ

(
T ′
yE(z, y)

)�
ϕ(y)dsy (2.3.29)

=
∫

Γ\{x}

(
T ′
yE(x, y)

)�
ϕ(y)dsy

=
∫

Γ\{x}

n∑

i,j,k,=1

{
Qk(x, y)δij + µ

(∂Eik(x, y)
∂yj

+
∂Ejk(x, y)

∂yi

)}
nj(y)ϕi(y)dsy

=
n

2(n− 1)π

∫

Γ\{x}

(
(x− y) · n(y)

)(
(x− y) ·ϕ(y)

)
(x− y)

|x− y|n+2
dsy
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having a weakly singular kernel for Γ ⊂ C2, and, hence, defines a continu-
ous mapping K : Cα(Γ ) → C1+α(Γ ) (see Ladyženskaya [179, p. 35] where
the fundamental solution and the potentials carry the opposite sign). The
hypersingular operator D is now defined by

Dϕ = −TxWϕ(x)
:= − lim

Ω�z→x∈Γ
Tz(∂z, x)

(
Wϕ(z)

)
(2.3.30)

= lim
Ω�z→x∈Γ

{(
Πϕ(z)

)
n(x)− µ

(
∇zWϕ(z) +

(
∇zWϕ(z)

)�)
n(x)

}
.

With the standard regularization this reads

Dϕ(x) = −p.v.
∫

Γ

{
Tx

(
T ′
yE(x, y)

)�}(
ϕ(y)−ϕ(x)

)
dsy (2.3.31)

=
−µ

2(n− 1)π
p.v.

∫

Γ

{
2

1
|x− y|nn(y) ·

(
ϕ(y)−ϕ(x)

)

+
n

|x− y|n+2
n(y) · n(x)

[
(x− y) ·

(
ϕ(y)−ϕ(x)

)]
(x− y)

}
dsy

+
µ

2(n− 1)π

∫

Γ

{ 2n(n + 2)
|x− y|n+4

[
(x− y) · n(x)

]

×
[
(x− y) · n(y)

][
(x− y) ·

(
ϕ(y)−ϕ(x)

)]
(x− y)

− n

|x− y|n+2

([
(x− y) · n(x)

][
(x− y) ·

(
ϕ(y)−ϕ(x)

)]
n(y)

+ n(x) ·
(
ϕ(y)−ϕ(x)

)[
(y − x) · n(y)

]
(x− y)

+
[
(x− y) · n(x)

][
(x− y) · n(y)

](
ϕ(y)−ϕ(x)

))}
dsy .

Again, as in Lemma 2.2.3, the hypersingular operator can be reformulated.

Lemma 2.3.1. Kohr et al [164] Let Γ ∈ C2 and let ϕ be a Hölder continu-
ously differentiable function. Then the operator D in (2.3.30) can be expressed
as a composition of tangential differential operators and simple layer poten-
tials as in (2.2.32)–(2.2.34) where in the case n = 2 set λ+µ

λ+2µ = 1 in (2.2.33)
and in the case n = 3 take E(x, y) from (2.3.10) in (2.2.34).

Now let us assume that the boundary Γ =
L⋃

�=1

Γ� consists of L separate,

mutually non intersecting compact boundary components Γ1, . . . , ΓL.
Before we exemplify the details of solvability of the boundary integral

equations, we first summarize some basic properties of their eigenspaces.

Theorem 2.3.2. (See also Kohr and Pop [163].) Let n = 3. Then we have
the following relations.
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i) The normal vector fields n� ∈ Cα(Γ ) where n�|Γj
= 0 for � �= j generate

exterior to Ω on Γ =
L⋃

�=1

Γ� the L–dimensional eigenspace or kernel of the

simple layer operator V as well as of ( 1
2I − K ′). Then the operator ( 1

2I −
K) also has an L–dimensional eigenspace generated by ϕ0� ∈ C1+α(Γ ) with
ϕ0�|Γj

= 0 for � �= j satisfying the equations

n� = Dϕ0� for � = 1, L . (2.3.32)

Any eigenfunction
L∑

j=1

γjnj generates a solution

0 ≡
L∑

j=1

γjV nj and p0 = γ1 in Ω

(see Kohr and Pop [163], Reidinger and Steinbach [260]).
ii) On each component Γ� of the boundary, the boundary integral operators
D|Γ�

as well as ( 1
2I + K)|Γ�

have the 6–dimensional eigenspace v� = (a� +
b� × x)|Γ for all a� ∈ IR3 with b� ∈ IR3.

If vj,� with j = 1, . . . , 6 and � = 1, . . . , L denotes a basis of this eigenspace
then there exist 6L linearly independent eigenvectors τj,� ∈ Cα(Γ ) of the
adjoint operator (1

2I + K ′)|Γ�
; and there holds the relation

vj,� = V |Γ�
τj,� (2.3.33)

between these two eigenspaces.
Any of the eigenfunctions vj,� on Γ generates a solution

u0j,�(x) = −
∫

Γ�

K(x, y)vj,�(x)dsx =

{
0 for x ∈ Ω if � = 2, L,
vj,1(x) for x ∈ Ω if � = 1

p0j,�(x) =

⎧
⎨

⎩

0 for x ∈ Ω if � = 2, L,

divx
µ

π(n−1)

∫

Γ1

(
∂

∂ny
γn(x, y)

)
vj,1(y)dsy for x ∈ Ω if � = 1.

In the case n = 2, the operator V needs to be replaced by

Ṽ τ := V τ + α(
∫

Γ

τds) with α > 0

an appropriately large chosen scaling constant α and a + b × x replaced by
a + b(x2,−x1)� and 6 by 3 in ii).

Proof: Let n = 3 and, for brevity, L = 1.
i) It is shown by Ladyženskaya in [179, p.61] that n is the only eigensolution
of (1

2I−K ′). Therefore, due to the classical Fredholm alternative, the adjoint
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operator ( 1
2I −K) has only one eigensolution ϕ0, as well. It remains to show

that n is also the only linear independent eigensolution to V and satisfies
(2.3.32).

As we will show later on, for V , the Fredholm theorems are also valid and
V : Cα(Γ ) → Cα+1(Γ ) has the Fredholm index zero. Let τ0 be any solution
of V τ0 = 0. Then the single layer potential

u0 = V τ0 with p0 = Φτ0

is a solution of the Stokes system in Ω as well as in Ωc with u0|Γ = 0. Then
u0 ≡ 0 in IR3 and the associated pressure is zero in Ωc and p0 = β = constant
in Ω. As a consequence we have from the jump relations

Tx(u0−, p0)− Tx(u0+, 0) =
[
σ(u0, p0)n

]
|Γ = −βn ,

therefore τ0 = −βn.
On the other hand, V n|Γ = 0 follows from the fact that u := V n and

p := Πn is the solution of the exterior homogeneous Neumann problem of
the Stokes system since

T (V u)|Γ = (− 1
2I + K ′)n = 0 .

and therefore vanishes identically (see [179, Theorem 1 p.60]).
In order to show (2.3.32), we consider the solution of the exterior Dirichlet

Stokes problem with u+|Γ = ϕ0 �= 0 which admits the representation

u(x) = Wϕ0 − V τ .

Then it follows that the corresponding simple layer term has vanishing bound-
ary values,

−V τ |Γ = ϕ0 − ( 1
2I + K)ϕ0 = (1

2I −K)ϕ0 = 0 .

Hence, τ = βn with some constant β ∈ IR. Application of Tx|Γ gives

τ = βn = −Dϕ0 + (1
2I −K ′)βn = −Dϕ0 .

The case β = 0 would imply τ = 0 and then u(x) solved the homogeneous
Neumann problem which has only the trivial solution [179, p. 60] implying
ϕ0 = 0 which is excluded. So, β �= 0 and scaling of ϕ0 implies (2.3.32).
ii) For the operator (1

2I+K) having the eigenspace (a+b×x)|Γ of dimension
6 we refer to [179, p. 62]. Hence, the adjoint operator (1

2I + K ′) also has a
6–dimensional eigenspace due to the classical Fredholm theory since K is a
compact operator. For the operator D let us consider the potential u(x) =
Wv(x) in Ωc with v = a+b×x|Γ . Then u is a solution of the Stokes problem
and on the boundary we find

u+|Γ = (1
2I + K)v = 0 .



2.3 The Stokes Equations 71

Therefore u(x) = 0 for all x ∈ Ωc and, hence,

TWv = −Dv = 0 and v ∈ kerD .

Conversely, if Dv = 0 then let u be the solution of the interior Dirichlet
problem with u−|Γ = v which has the representation

u(x) = V τ −Wτ for x ∈ Ω

with an appropriate τ . Then applying T we find

τ = (1
2I + K ′)τ + Dv = (1

2I + K ′)τ .

Therefore τ satisfies ( 1
2I−K ′)τ = 0 which implies τ = βn with some β ∈ IR.

Hence,
u(x) = βV n(x)−Wv(x) = −Wv(x)

and its trace yields
(1
2I + K)v = 0 on Γ .

Therefore v = a + b× x with some a, b ∈ IR3.
Now let τ0 ∈ ker(1

2I + K ′) , τ0 �= 0. Then u(x) := V τ0(x) in Ω is a
solution of the homogeneous Neumann problem in Ω since Tu|Γ = (1

2I +
K ′)τ0 = 0. Therefore u = a + b× x with some a, b ∈ IR3 and

V τ0 ∈ ker(1
2I + K) .

The mapping V : ker(1
2I + K ′) → ker(1

2I + K) is also injective since for
τ0 �= 0,

V τ0 = 0 would imply τ0 = βn

and, hence,

(1
2I + K ′)τ0 = 0 = β( 1

2I + K ′)n = βn− ( 1
2I −K ′)βn = βn .

So, β = 0, which is a contradiction. The case L > 1 we leave to the reader
(see [143]).

For n = 2 the proof follows in the same manner and we omit the details.
�

In the Table 2.3.3 below we summarize the boundary integral equations
of the first and second kind for solving the four fundamental boundary value
problems together with the corresponding eigenspaces as well as the compat-
ibility conditions. We emphasize that, as a consequence of Theorem 2.3.2, the
orthogonality conditions for the right–hand side given data in the boundary
integral equations will be automatically satisfied provided the given Cauchy
data satisfy the compatibility conditions if required because of the direct
approach.

In the case of n = 2 in Table 2.3.3, replace V by Ṽ and b × x by
(bx2,−x1)� , b ∈ IR , a ∈ IR2.
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(1
) V

τ
+

L ∑ �
=

1

ω
�
n

�
=

(−
1 2
I

+
K

)ϕ
a
n
d

∫ Γ
�

τ
·n

�
d
s

=
0

V
τ

+
L ∑ �
=

1

∫ Γ
�

τ
·n

�
d
s n

�
=

(−
1 2
I

+
K

)ϕ

E
D

P
(2

)(
1 2
I
−

K
′ )
τ

+
L ∑ �
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1

3
(n

−
1
)

∑ j
=

1

ω
j
,�
τ

j
,�

=
−

D
ϕ

a
n
d

∫ Γ
�

τ
·v

j
,�
d
s

=
0

(
1 2
I
−

K
′ )
τ

+
L ∑ �
=

1

3
(n

−
1
)

∑ j
=

1

∫ Γ
�

τ
·v

j
,�
d
sτ

j
,�

=
−

D
ϕ

(1
) D

u
+

L ∑ �
=

1

3
(n

−
1
)

∑ j
=

1

ω
j
,�
v

j
,�

=
−

(
1 2
I

+
K

′ )
ψ

a
n
d

∫ Γ
�

u
·v

j
,�
d
s

=
0
,

D
u

+
L ∑ �
=

1

3
(n

−
1
)

∑ j
=

1

∫ Γ
�

u
·v

j
,�
d
s v

j
,�

=
−

(
1 2
I

+
K

′ )
ψ

E
N

P
(2

)(
1 2
I
−

K
)u

+
L ∑ �
=

1

ω
�
n

�
=

−
V

ψ
a
n
d

∫ Γ
�

u
·D

u
0
�
d
s

=
∫ Γ
�

u
·n

�
d
s

=
0

(
1 2
I
−

K
)u

+
L ∑ �
=

1

∫ Γ
�

u
·n

�
d
s n

�
=

−
V

ψ



74 2. Boundary Integral Equations

Since each of the integral equations in Table 2.3.3 has a nonempty kernel,
we now modify these equations in the same manner as in elasticity by incor-
porating eigenspaces to obtain uniquely solvable boundary integral equations.
Again, in order not to be repetitious, we summarize the modified equations
in Table 2.3.4.

A few comments are in order.
In the two–dimensional case, it should be understood that V should be

replaced by Ṽ and that kerD = span {vj,�} with vj,� a basis of {a+b
(

x2
−x1

)
}|Γ�

with a ∈ IR2 , b ∈ IR. Moreover, as in elasticity in Section 2.2, one has to
incorporate

∫

Γ

σds appropriately, in order to take into account the decay

conditions (2.3.18).
For exterior problems, special attention has to be paid to the behavior at

infinity. In particular, u has the representation (2.3.20), i.e.,

u = Wϕ− V τ + ω in Ωc .

Then the Dirichlet condition leads on Γ to the system

V τ − ω = −(1
2I −K)ϕ and

∫

Γ

τds = Σ , (2.3.34)

where in the last equation Σ is a given constant vector determining the log-
arithmic behavior of u at infinity (see (2.3.18)). For uniqueness, this system
is modified by adding the additional conditions

∫

Γ

τ · n�ds = 0 � = 1, L .

Then the system (2.3.34) is equivalent to the uniquely solvable system

V τ − ω +
L∑

�=1

ω3�n� = −( 1
2I −K)ϕ ,

∫

Γ

τ · n�ds = 0 ,
∫

Γ

σds = Σ , � = 1, L , or (2.3.35)

V τ − ω +
L∑

�=1

∫

Γ

τ · n�dsn� = −( 1
2I −K)ϕ ,

∫

Γ

σds = Σ . (2.3.36)

These last two versions (2.3.35) and (2.3.36) correspond to mixed for-
mulations and have been analyzed in detail in Fischer et al [80] and
[134, 135, 137, 139].

In the same manner, appropriate modifications are to be considered for
other boundary co nditions and the time harmonic unsteady problems and
corresponding boundary integral equations as well [137, 139], Kohr et al [163,
162] and Varnhorn [310]. There, as in this section, the boundary integral
equations are considered for charges in Hölder spaces. We shall come back to
these problems in a more general setting in Chapter 5.
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Note that for the interior Neumann problem, the modified integral equa-
tions will provide specific uniquely determined solutions of the integral equa-
tions, whereas the solution of the original Stokes Neumann problem still has
the nullspace a + b× x for n = 3 and {a + b(x2,−x1)�} for n = 2.

Finally, the second versions of the modified integral equations (II) in
Table 2.3.4 are often referred to as stabilized versions in scientific computing.
Clearly, the two versions are always equivalent Fischer et al [79].

2.3.3 The Incompressible Material — Revisited

With the analysis of the Stokes problems available, we now return to the
interior elasticity problems in Section 2.2.4 for almost incompressible mate-
rials, i.e., for small c ≥ 0, but restrict ourselves to the case that Γ is one
connected compact manifold (see also [143], and Steinbach [289]). The case

of Γ =
L⋃

�=1

Γ� as in Theorem 2.3.2 is considered in [143].

For the interior displacement problem, the unknown boundary traction σ
satisfies the boundary integral equation (2.2.40) of the first kind,

Ve�σ = (1
2I + Ke�)ϕ on Γ . (2.3.37)

where the index e� indicates that these are the operators in elasticity where
the kernel Ee�(x, y) can be expressed via (2.2.68). Then with the simple layer
potential operator Vst of the Stokes equation and its kernel given in (2.3.10)
we have the relation

Ve� =
1

1 + c
Vst +

2c
1 + c

1
µ
V∆I (2.3.38)

where V∆ denotes the simple layer potential operator (1.2.1) of the Laplacian.
Inserting (2.3.38) into (2.3.37) yields the equation

Vstσ = (1 + c)(1
2I + Ke�)ϕ− c

2
µ
V∆σ , (2.3.39)

which corresponds to the equation (1) of the interior Stokes problem in
Table 2.3.3.

As was shown in Theorem 2.3.2, the solution of (2.3.39) can be decom-
posed in the form

σ = σ0 + αn with
∫

Γ

σ0 · nds = 0 and α ∈ IR . (2.3.40)

Hence,

Vstσ0 = (1 + c)(1
2I + Ke�)ϕ− c

2
µ
V∆(σ0 + αn) ,

∫

Γ

σ0 · nds = 0 .
(2.3.41)
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A necessary and sufficient condition for the solvability of this system is
the orthogonality condition

∫

Γ

{
(1 + c)(1

2I + Ke�)ϕ− c
2
µ
V∆σ0 − αc

2
µ
V∆n

}
· nds = 0 .

Now we combine (2.2.68) with (2.3.29) and obtain the relation

(1 + c)Ke�ϕ = Kstϕ + c(K∆ϕ + L1ϕ) (2.3.42)

between the double layer potential operators of the Lamé and the Stokes sys-
tems where K∆ is the double layer potential operator (1.2.8) of the Laplacian
and L is the linear Cauchy singular integral operator defined by

L1ϕ =
1

2π(n− 1)
p.v.

∫

Γ\{x}

(n(y) ·ϕ(y)(x− y)− (x− y) ·ϕ(y)n(y)
|x− y|n

)
dsy .

(2.3.43)
Therefore the orthogonality condition becomes

∫

Γ

{( 1
2I + Kst)ϕ} · nds + c

[∫

Γ

{( 1
2I + K∆ + L1)ϕ} · nds

− 2
µ

∫

Γ

(V∆σ0) · nds− α
2
µ
β∆

]
= 0

where β∆ :=
∫

Γ

(V∆n) · nds. Since
∫

Γ

nds = 0, it can be shown that β∆ > 0

(see [138], [141, Theorem 3.7]). In the first integral, however, we interchange
orders of integration and obtain

∫

Γ

(
( 1
2I + Kst)ϕ

)
· nds =

∫

Γ

ϕ ·
(
( 1
2I + K ′

st)n
)
ds =

∫

Γ

ϕ · nds

from Theorem 2.3.2. Hence, the orthogonality condition implies that α must
be chosen as

α =
1
c

µ

2β∆

∫

Γ

ϕ ·nds +
µ

2β∆

∫

Γ

{( 1
2I + K∆ + L1)ϕ} ·nds− 1

β∆

∫

Γ

(V∆σ0) ·nds.

(2.3.44)
Replacing α from (2.3.44) in (2.3.41) we finally obtain the corresponding
stabilized equation,

Vstσ0 +
∫

Γ

σ0 · ndsn + cBσ0 = f (2.3.45)

where the linear operator B is defined by

Bσ0 :=
2
µ

(
V∆σ0 −

1
β∆

∫

Γ

(V∆σ0) · ndsV∆n
)
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and the right–hand side f is given by

f = (1
2I + Kst)ϕ−

1
β∆

∫

Γ

ϕ · ndsV∆n

+c
[
(1
2I + K∆ + L1)ϕ−

1
β∆

∫

Γ

{( 1
2I + K∆ + L1)ϕ} · ndsV∆n

]
.

Since for c = 0 the equation (2.3.45) is uniquely solvable, the regularly per-
turbed equation (2.3.45) for small c but c �= 0 is still uniquely solvable.

With σ0 available, α can be found from (2.3.44) and, finally, the bound-
ary traction σ is given by (2.3.40). Then the representation formula (2.2.6)
provides us with the elastic displacement field u and the solution’s behavior
for the elastic, but almost incompressible materials, which one may expand
with respect to small c ≥ 0, as well. In particular we see that, for the almost
incompressible material

ue� = ust + 1
β∆

∫

Γ

ϕ · ndsV∆n + O(c) as c→ 0

where ust is the unique solution of the Stokes problem with

ust|Γ = ϕ− 1
β∆

∫

Γ

ϕ · ndsV∆n + O(c) .

We also have the relation
∫

Γ

ϕ · nds =
∫

Ω

divudx = −c
∫

Ω

pdx .

This shows that only if the given datum
∫

Γ

ϕ · nds = O(c) then we have

ue� = ust + O(c) .

Next, we consider the interior traction problem for the almost incompress-
ible material. For simplicity, we now employ Equation (2.2.46),

De�u = (1
2I −K ′

e�)ψ on Γ (2.3.46)

where now ψ, the boundary stress, is given on Γ satisfying the compatibility
conditions (2.2.47), and the boundary displacement u is the unknown.

With (2.3.38), i.e.,

Ee�(x, y) =
1

1 + c
Est(x, y) +

c

1 + c

1
2(n− 1)πµ

γn(x, y)I (2.3.47)

and with Lemma 2.3.1 we obtain for the hypersingular operators

De�ϕ = Dstϕ + cL2ϕ (2.3.48)
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where for n = 3

L2ϕ(x) = Mx

∫

Γ\{x}

4µ2 1
1 + c

(
Est(x, y)− 1

2(n− 1)µπ
γn(x, y)I

)
Myϕ(y)dsy ,

(2.3.49)
and for n = 2 the differential operators can be replaced as Mx = d

dsx
and

My = d
dsy

. Hence, (2.3.46) can be written as

Dstu = (1
2I −K ′

e�)ψ − cL2u . (2.3.50)

In view of Theorem 2.3.2, one may decompose the solution u in the form

u(x) = u0(x) +
M∑

j=1

αjmj(x) (2.3.51)

where
∫

Γ

u0 ·mjds = 0 for j = 1, . . . ,M with M := 1
2n(n + 1) ,

and mj(x) are the traces of the rigid motions given in (2.2.55). These vector
valued functions form a basis of the kernel to De� as well as to Dst which
implies also that

L2mj = 0 for j = 1, . . . ,M and c ∈ IR . (2.3.52)

Substituting (2.3.51) into (2.3.50) yields the uniquely solvable system of equa-
tions

Dstu0 + cL2u0 = (1
2I −K ′

e�)ψ ,∫

Γ

u0 ·mjds = 0 for j = 1, . . . ,M ; (2.3.53)

or, in stabilized form

Dstu0 +
M∑

j=1

∫

Γ

u0 ·mjdsmj + cL2u0 = (1
2I −K ′

e�)ψ . (2.3.54)

The right–hand side in (2.3.53) satisfies the orthogonality conditions
∫

Γ

(
( 1
2I −K ′

e�)ψ
)
·mjds = 0 for j = 1, . . . ,M

since the given ψ satisfies the compatibility conditions
∫

Γ

ψ ·mjds = 0 for j = 1, . . . ,M

and the vector valued function mj satisfies

( 1
2I + Ke�)mj = 0 on Γ .
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The equations (2.3.53) or (2.3.54) are uniquely solvable for every c ∈
[0,∞) and so, the general elastic solution ue� for almost incompressible ma-
terial has the form

ue�(x) = Ve�ψ(x)−We�u0(x) +
M∑

j=1

αjmj(x)

=
1

1 + c

{
ust +

2c
µ

V∆ψ − c(W∆u0 + L1u0

}
(x) +

M∑

j=1

αjmj(x)

for x ∈ Ω with arbitrary αj ∈ IR and where ust is the solution of the Stokes
problem with given boundary tractions ψ, and L1 is defined in (2.3.43). For
c→ 0 we see that for the elastic Neumann problem

ue� = ust + O(c)

up to rigid motions, i.e., a regular perturbation with respect to the Stokes
solution.

2.4 The Biharmonic Equation

In both problems, plane elasticity and plane Stokes flow, the systems of partial
differential equations can be reduced to a single scalar 4th–order equation,

∆2u = 0 in Ω (or Ωc) ⊂ IR2, (2.4.1)

kwown as the biharmonic equation. In the elasticity case, u is the Airy stress
function, whereas in the Stokes flow u is the stream function of the flow. The
Airy function W (x) is defined in terms of the stress tensor σij(u) for the
displacement field u as

σ11(u) =
∂2W

∂x2
2

, σ12(u) = − ∂2W

∂x1∂x2
, σ22(u) =

∂2W

∂x2
1

,

which satisfies the equilibrium equation divσ(u) = 0 automatically for any
smooth function W . Then from the stress-strain relation in the form of
Hooke’s law, it follows that

∆W = σ11(u) + σ22(u) = 2(λ + µ)divu ;

and thus, W satisfies (2.4.1) since ∆(div u) = 0 from the Lamé system. On
the other hand, the stream function u is defined in terms of the velocity u in
the form

u = (∇u)⊥.

Here ⊥ indicates the operation of rotating a vector counter–clockwise by
a right angle. From the definition, the continuity equation for the velocity
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is satisfied for any choice of a smooth stream function u. One can verify
directly that u satisfies (2.4.1) by taking the curl of the balance of momentum
equation in the Stokes system. We note that in terms of the stream function,
the vorticity is equal to ωk = ∇ × u = ∆uk, where k is the unit vector
perpendicular to the (x1, x2)− plane of the flow. For the homogeneous Stokes
system, the vorticity is a harmonic function, and as a consequence, u satisfies
the biharmonic equation (2.4.1).

To discuss boundary value problems for the biharmonic equation (2.4.1),
it is best to begin with Green’s formula for the equation in Ω. As is well
known, for fourth-order differential equations, the Green formula generally
varies and depends on the choice of boundary operators, i.e., how to apply
the integration by parts formulae. In order to include boundary conditions
arising for the thin plate, we rewrite ∆2u in terms of the Poisson ratio ν in
the form

∆2u =
∂2

∂x2
1

(∂2u

∂x2
1

+ν
∂2u

∂x2
2

)
+2(1−ν)

∂2

∂x1∂x2

( ∂2u

∂x1∂x2

)
+

∂2

∂x2
2

(∂2u

∂x2
2

+ν
∂2u

∂x2
1

)
.

Now integration by parts leads to the first Green formula in the form
∫

Ω

(∆2u) vdx = a(u, v)−
∫

Γ

{ ∂v

∂n
Mu + vNu

}
ds , (2.4.2)

where the bilinear form a(u, v) is defined by

a(u, v) :=
∫

Ω

{
ν∆u ∆v + (1− ν)

2∑

i,j=1

( ∂2u

∂xi∂xj

∂2v

∂xi∂xj

)}
dx ; (2.4.3)

and M and N are differential operators defined by

Mu := ν∆u + (1− ν)
(
(n(z) · ∇x)2u)|z=x

)
, (2.4.4)

Nu := −
{ ∂

∂n
∆u + (1− ν)

d

ds

(
(n(z) · ∇x)(t(z) · ∇x)u(x)

)}

|z=x

(2.4.5)

where t = n⊥ is the unit tangent vector, i.e. t1 = −n2 , t2 = n1. Then

Mu = ν∆u + (1− ν)
[∂2u

∂x2
1

n2
1 + 2

∂2u

∂x1∂x2
n1n2 +

∂2u

∂x2
2

n2
2

]
,

Nu = − ∂

∂n
∆u + (1− ν)

d

ds

{(∂2u

∂x2
1

− ∂2u

∂x2
2

)
n1n2 −

∂2u

∂x1∂x2
(n2

1 − n2
2)

}
.

For the interior boundary value problems for (2.4.1), the starting point is the
representation formula

u(x) =
∫

Γ

{E(x, y)Nu(y) +
( ∂E

∂ny
(x, y)

)
Mu(y)}dsy (2.4.6)

−
∫

Γ

{
(
MyE(x, y)

) ∂u

∂ny
+

(
NyE(x, y)

)
u(y)}dsy for x ∈ Ω ,
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where E(x, y) is the fundamental solution for the biharmonic equation
given by

E(x, y) =
1
8π
|x− y|2 log |x− y| (2.4.7)

which satisfies
∆2

xE(x, y) = δ(x− y) in IR2 .

As in case of the Laplacian, we may rewrite u in the form

u(x) = V (Mu,Nu)−W
(
u,

∂u

∂n

)
(2.4.8)

where

V (Mu,Nu) :=
∫

Γ

{E(x, y)Nu(y) +
( ∂E

∂ny
(x, y)

)
Mu(y)}dsy , (2.4.9)

W
(
u,

∂u

∂n

)
:=

∫

Γ

(
MyE(x, y)

)∂u
∂n

(y) +
(
NyE(x, y)

)
u(y)}dsy (2.4.10)

are the simple and double layer potentials, respectively, and u|Γ , ∂u
∂n |Γ ,Mu|Γ

and Nu|Γ are the (modified) Cauchy data. This representation formula
(2.4.6) suggests two basic types of boundary conditions:
The Dirichlet boundary condition, where u|Γ and ∂u

∂n |Γ are prescribed
on Γ , and the Neumann boundary condition, where Mu|Γ and Nu|Γ
are prescribed on Γ . In thin plate theory, where u stands for the deflection
of the middle surface of the plate, the Dirichlet condition specifies the dis-
placement and the angle of rotation of the plate at the boundary, whereas
the Neumann condition provides the bending moment and shear force at
the boundary. Clearly, various linear combinations will lead to other mixed
boundary conditions, which will not be discussed here.

From the bilinear form (2.4.2), we see that

a(u, v) = 0 for v ∈ R := {v = c1x1 + c2x2 + c3 | for all c1, c2, c3 ∈ IR} .
(2.4.11)

This implies that the Neumann data need to satisfy the compatibility
condition ∫

Γ

{ ∂v

∂n
Mu + vNu

}
ds = 0 for all v ∈ R . (2.4.12)

We remark that looking at (2.4.2), one might think of choosing ∆u and
− ∂

∂n∆u as the Neumann boundary conditions which correspond to the Pois-
son ratio ν = 1. This means that the compatibility condition (2.4.12) requires
that it should hold for all harmonic functions v. However, the space of har-
monic functions in Ω has infinite dimension, and this does not lead to a
regular boundary value problem in the sense of Agmon [2, p. 151].
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As for the exterior boundary value problems, in order to ensure the
uniqueness of the solution of (2.4.1) in Ωc, we need to augment (2.4.1) with
an appropriate radiation condition (see (2.3.18)). We require that

u(x) =
(
A0r +

A1 · x
|x|

)
r log r + O(r) as r = |x| → ∞ (2.4.13)

for given constant A0 and constant vector A1. Under the condition (2.4.9),
we then have the representation formula for the solution of (2.4.1) in Ωc,

u(x) = −V (Mu,Nu) + W
(
u,

∂u

∂n

)
+ p(x), (2.4.14)

where p ∈ R is a polynomial of degree less than or equal to one.
Before we formulate the boundary integral equations we first summarize

some classical basic results.

Theorem 2.4.1. (Gakhov [90], Mikhlin [208, 209, 211] and Muskhelishvili
[223]). Let Γ ∈ C2,α , 0 < α < 1.
i) Let

ϕ = (ϕ1, ϕ2)� =
(
u|Γ ,

∂u

∂n
|Γ

)
∈ C3+α(Γ )× Γ 2+α(Γ )

be given. Then there exists a unique solution u ∈ C3+α(Ω) ∩ C4(Ω) of the
interior Dirichlet problem satisfying the Dirichlet conditions

u|Γ = ϕ1 and
∂u

∂n
|Γ = ϕ2 . (2.4.15)

For given A0 ∈ IR and A1 ∈ IR2 there also exists a unique solution
u ∈ C3+α(Ωc ∪ Γ ) ∩ C4(Ωc) of the exterior Dirichlet problem which behaves
at infinity as in (2.4.13).
ii) For given

ψ = (ψ1, ψ2)� ∈ C1+α(Γ )× Cα(Γ )

satisfying the compatibility conditions (2.4.12), i.e.,
∫

Γ

{
ψ1

∂v

∂n
+ ψ2v

}
ds = 0 for all v ∈ R , (2.4.16)

the interior Neumann problem consisting of (2.4.1) and the Neumann condi-
tions

Mu|Γ = ψ1 and Nu|Γ = ψ2 (2.4.17)

has a solution u ∈ C3+α(Ω)∩C4(Ω) which is unique up to a linear function
p ∈ R.

If, for the exterior Neumann problem in Ωc, in addition to ψ the linear
function p ∈ R is given, then it has a unique solution u ∈ C3+α(Ωc ∪ Γ ) ∩
C4(Ω) with the behaviour (2.4.13), (2.4.14) where
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A0 = −
∫

Γ

ψ2ds and A1 =
∫

Γ

(ψ1n + ψ2x)ds . (2.4.18)

As a consequence of Theorem 2.4.1 one has the useful identity of Gaussian
type,

−W
(
p,

∂p

∂n

)
=

⎧
⎨

⎩

p for x ∈ Ω ,
1
2p for x ∈ Γ ,
0 for x ∈ Ωc ,

for any p ∈ R . (2.4.19)

2.4.1 Calderón’s Projector

(See also [144].) In order to obtain the boundary integral operators as x
approaches Γ , from the simple– and double–layer potentials in the represen-
tation formulae (2.4.8) and (2.4.14), we need explicit information concerning
the kernels of the potentials. A straightforward calculation gives

V (Mu,Nu)(x) =
∫

Γ

E(x, y)Nu(y)dsy +
∫

Γ

( ∂E

∂ny
(x, y)

)
Mu(y)dsy

=
1
8π

∫

Γ

|x− y|2 log |x− y|Nu(y)dsy (2.4.20)

+
1
8π

∫

Γ

n(y) · (y − x)(2 log |x− y|+ 1)Mu(y)dsy

W
(
u,

∂u

∂n

)
(x) =

∫

Γ

(
MyE(x, y)

)∂u(y)
∂n

dsy +
∫

Γ

(
NyE(x, y)

)
u(y)dsy

=
1
8π

∫

Γ

{
(2 log |x− y|+ 1) + ν(2 log |x− y|+ 3)

+2(1− ν)
((y − x) · n(y))2

|x− y|2
}∂u(y)

∂n
dsy (2.4.21)

+
1
2π

∫

Γ

{ ∂

∂ny
log(

1
|x− y| )

− 1
2
(1− ν)

d

dsy

( (x− y) · t(y)(x− y) · n(y)
|x− y|2

)}
u(y)dsy .

This leads to the following 16 boundary integral operators.
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Some more explanations are needed here. In order to maintain consistency
with our notations for the Laplacian, we have adopted the notations Vij ,Kij

and Dij for the weakly and hypersingular boundary integral operators ac-
cording to our terminology. These boundary integral operators are obtained
by taking limits of the operations ∇z(•) ·nx,Mz, Nz, respectively on the cor-
responding potentials V and W as Ω 
 z → x ∈ Γ . As in the case of the
Laplacian, for any solution of (2.4.1), the Cauchy data (u, ∂u

∂n ,Mu,Nu)Γ on Γ
are reproduced by the matrix operators in (2.4.23), and CΩ is the Calderón
projector corresponding to the bi–Laplacian. In the classical Hölder function
spaces, we have the following lemma.

Lemma 2.4.2. Let Γ ∈ C2,α , 0 < α < 1. Then CΩ maps
∏3

k=0 C3+α−k(Γ )
into itself continuously. Moreover,

C2
Ω = CΩ . (2.4.24)

As a consequence of this lemma, one finds the following specific identities:

V12D21 + V13D31 + V14D41 = (1
4I −K2

11),

D21V12 + V23D32 + V24D42 = (1
4I −K2

22),

D31V13 + D32V23 + V34D43 = (1
4I −K2

33),

D41V14 + D42V24 + D43V34 = (1
4I −K2

44).

Clearly, from (2.4.24) one finds 12 more identities between these operators.
In the same manner as in the case for the Laplacian, for any solution u

of (2.4.1) in Ωc with p = 0, we may introduce the Calderón projection CΩc

for the exterior domain for the biharmonic equation. Then clearly, we have

CΩc = I − CΩ ,

where I denotes the identity matrix operator. This relation then provides the
corresponding boundary integral equations for exterior boundary value prob-
lems. As will be seen, the boundary integral operators in CΩ are pseudodif-
ferential operators on Γ and their orders are summarized systematically in
the following:

Ord(CΩ) :=

⎛

⎜⎜⎝

0 −1 −3 −3
+1 0 −1 −3
+1 +1 0 −1
+3 +1 +1 0

⎞

⎟⎟⎠ (2.4.25)

The orders of these operators can be calculated from their symbols and
provide the mapping properties in the Sobolev spaces to be discussed in
Chapter 10.

2.4.2 Boundary Value Problems and Boundary Integral Equations

We begin with the boundary integral equations for the Dirichlet problems.
For the integral equations of the first kind we employ the second and the
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first row of CΩ which leads to the following system for the interior Dirichlet
problem,

V σ :=

(
V23 V24

V13 V14

)(
σ1

σ2

)
=

(
−D21

1
2I −K22

1
2I + K11 −V12

)(
ϕ1

ϕ2

)
=: f i .

(2.4.26)

The solution of the interior Dirichlet problem has associated Cauchy data σ
which satisfy the three compatibility conditions:

∫

Γ

(σ1n + σ2x)dsx = 0 , −
∫

Γ

σ2ds = 0 . (2.4.27)

As we shall see in Chapter 10 , V is known as a strongly elliptic operator
for which the classical Fredholm alternative holds. Hence uniqueness will
imply the existence of exactly one solution σ ∈ C1+α(Γ )× Cα(Γ ).

For the exterior Dirichlet problem, by using CΩc and the representation
(2.4.13) we obtain the system with integral equations of the first kind,

V σ + Rω = −
(

D21
1
2I + K22

1
2I −K11 V12

)(
ϕ1

ϕ2

)
=: fe ,

∫

Γ

(σ1n + σ2x) = A1 , −
∫

Γ

σ2ds = A0 (2.4.28)

where

R(x) = −
(

0 n1 n2

1 x1 x2

)
and ω = (ω0, ω1, ω2)� ∈ IR3 .

Lemma 2.4.3. The homogeneous system corresponding to (2.4.28) has only
the trivial solution in C1+α(Γ )× C

α(Γ )× IR3.

Proof: Let σ0,ω0 be any solution of

V σ0 + Rω0 = 0 on Γ ,
∫

Γ

( ∂v

∂n
, v

)
σ0ds = 0 for all v ∈ � (2.4.29)

and consider the solution of (2.4.1),

u0(x) := V σ0(x) + p0(x) with p0(x) =
◦
ω0 +

◦
ω1x1 +

◦
ω2x2 for x ∈ Ωc .

Then A0 = 0 , A1 = 0 because of (2.4.29) and (2.4.18), hence u0 = O(|x|)at
infinity due to (2.4.13) which implies u0(x) = p0(x) for all x ∈ Ωc ∪ Γ . On
the other hand, u0(x) is also a solution of (2.4.1) in Ω and is continuous
across Γ where u0|Γ = 0. Hence, due to Theorem 2.4.1, u0(x) = 0 for all x
in Ω. Consequently, Mu±

0 |Γ = 0 and Nu±
0 |Γ = 0. Then the jump relations

corresponding to CΩc − CΩ imply σ0 = ([Mu]|Γ , [Nu]|Γ )� = 0 on Γ and
0 = u−

0 |Γ = u+
0 |Γ = p0 implies p0(x) = 0 for all x, i.e.,

◦
ω = 0. �
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As a consequence, both, interior and exterior Dirichlet problems lead to
the same uniquely solvable system (2.4.28) where only the right–hand sides
are different and, for the interior Dirichlet problem, ω = 0.

Clearly, the solution of the Dirichlet problems can also be treated by using
the boundary integral equations of the second kind. To illustrate the idea we
consider again the interior Dirichlet problem where u|Γ = ϕ1 and ∂u

∂n |Γ = ϕ2.
From the representation formula (2.4.6) we obtain the following system for
the unknown σ = (Mu,Nu)� on Γ :

(
1
2I + K33 −V34

−D43
1
2I −K44

)(
σ1

σ2

)
=

(
D31 D32

D41 D42

)(
ϕ1

ϕ2

)
=: Dϕ . (2.4.30)

This system (2.4.30) of integral equations has a unique solution. As we shall
see in Chapter 10, for 0 ≤ ν < 1 the Fredholm alternative is still valid for
these integral equations and σ ∈ C1+α(Γ ) × Cα(Γ ). So, uniqueness implies
existence.

Lemma 2.4.4. Let
◦
σ ∈ Cα(Γ ) × C1+α(Γ ) be the solution of the homoge-

neous system
( 1
2I + K33)

◦
σ1 − V34

◦
σ2 = 0

−D34
◦
σ1 + (1

2I −K44)
◦
σ2 = 0 on Γ .

(2.4.31)

Then
◦
σ = 0.

Proof: For the proof we consider the simple layer potential

u0(x) = V
◦
σ

which is a solution of (2.4.1) for x �∈ Γ . Then for x ∈ Ω we obtain with
(2.4.31):

Mu−
0 |Γ = (1

2I −K33)
◦
σ1 + V34

◦
σ2 =

◦
σ1 ,

Nu−
0 |Γ = (1

2I + K44)
◦
σ2 + D43

◦
σ1 =

◦
σ2 .

Then the Green formula (2.4.2) implies

∫

Γ

( ◦
σ1

∂v

∂u
+

◦
σ2v

)
ds = 0 for all v ∈ � . (2.4.32)

For x ∈ Ωc, we find Mu+
0 |Γ = 0 and Nu+

0 |Γ = 0 due to (2.4.31). Then
Theorem 2.4.1 implies with (2.4.32) that

u0(x) = p(x) for x ∈ Ωc ∪ Γ with some p ∈ � .

But u0(x) is continuously differentiable across Γ and satisfies (2.4.1) in Ω

with boundary conditions u−
0 |Γ = p|Γ and ∂u−

0
∂n |Γ = ∂p

∂n |Γ . Hence, with
Theorem 2.4.1 we find



88 2. Boundary Integral Equations

V
◦
σ(x) = u0(x) = p(x) for x ∈ IR2 .

Then
◦
σ1 = [Mu0]|Γ = 0 and

◦
σ2 = [Nu0]|Γ = 0 .

�

We now conclude this section by summarizing the boundary integral equa-
tions associated with the two boundary value problems of the biharmonic
equation considered here in the following Tables 2.4.5 and 2.4.6. However,
the missing details will not be pursued here. We shall return to these equa-
tions in later chapters.

We remark that in Table 2.4.5 we did not include orthogonality conditions
for the right–hand sides in the equations INP (1) and (2), EDP (2) and ENP
(1) since due to the direct approach it is known that the right–hand sides
always lie in the range of the operators. Hence, we know that the solutions
exist due to the basic results in Theorem 2.4.1, and, moreover, the classical
Fredholm alternative holds for the systems in Table 2.4.5. From this table we
now consider the modified systems so that the latter will always be uniquely
solvable. The main idea here is to incorporate additional side conditions as
well as eigensolutions. These modifications are collected in Table 2.4.6. In
particular, we have augmented the systems by including additional unknowns
ω ∈ IR3 in the same manner as in Section 2.2 for the Lamé system. Note that
in Table 2.4.6 the matrix valued function S is defined by

S(x) :=
( ◦
σ1(x),

◦
σ2(x),

◦
σ3(x)

)

where the columns of S are the three linearly independent eigensolutions of
the operator on the left–hand side of EDP (2) in Table 2.4.5. If we solve the
exterior Neumann problem with the system ENP (1) in Table 2.4.6, then we
obtain a particular solution with p(x) = 0 in Ωc, and for given p(x) �= 0, the
latter is to be added to the representation formula (2.4.14). For the interior
Neumann problem, the modified boundary integral equation INP (1) and (2)
provide a particular solution which presents the general solution only up to
linear polynomials.

Note that here we needed Γ ∈ C2,α and even jumps of the curvature
are excluded. For piecewise Γ ∈ C2,α–boundary, Green’s formula, the rep-
resentation formula as well as the boundary integral equations need to be
modified appropriately by including certain functionals at the discontinuity
points (Knöpke [160]).
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Table 2.4.6. Modified Systems for the Biharmonic Equation

BVP

(1)

(
V23 V24

V13 V14

) (
σ1

σ2

)
+Rω =

(
−D21

1
2
I − K22

1
2
I + K11 −V12

) (
ϕ1

ϕ2

)

∫
Γ

σ2ds = 0 ,
∫
Γ

(σ1n + σ2x)dsx = 0
IDP

(2)

(
1
2
I + K33 −V34

−D43
1
2
I − K44

) (
σ1

σ2

)
=

(
D31 D32

D41 D42

) (
ϕ1

ϕ2

)

(1)

(
D41 D42

D31 D32

) (
u
∂u
∂n

)
+Rω =

(
−D43

1
2
I − K44

1
2
I + K33 −V34

) (
ψ1

ψ2

)

∫
Γ

uds = 0 ,
∫
Γ

(
ux1 + n1

∂u
∂n

)
ds = 0 ,

∫
Γ

(
ux2 + n2

∂u
∂n

)
ds = 0

INP

(2)

(
1
2
I + K11 −V12

−D21
1
2
I − K22

) (
u
∂u
∂n

)
+Sω =

(
V13 V14

V23 V24

) (
ψ1

ψ2

)

∫
Γ

uds = 0 ,
∫
Γ

(
ux1 + n1

∂u
∂n

)
ds = 0 ,

∫
Γ

(
ux2 + n2

∂u
∂n

)
ds = 0

(1)

(
V23 V24

V13 V14

) (
σ1

σ2

)
+Rω = −

(
D21

1
2
I + K22

1
2
I − K11 V12

) (
ϕ1

ϕ2

)

−
∫
Γ

σ2ds = A0 ,
∫
Γ

(σ1n + σ2x)ds = A1

EDP

(2)

(
1
2
I − K33 V34

D43
1
2
I + K44

) (
σ1

σ2

)
+

(
1 x1 x2

0 n1 n2

)
ω

= −
(

D31 D32

D41 D42

) (
ϕ1

ϕ2

)
−

∫
Γ

σ2ds = A0 ,
∫
Γ
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(1)
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∂up

∂n

)
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1
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) (
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)

∫
Γ

upds = 0 ,
∫
Γ

(
upn1 +

∂up

∂n
x1

)
ds = 0 ,

∫
Γ
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∂up
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x2

)
ds = 0
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)
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2.5 Remarks

Very often in applications, on different parts of the boundary, different bound-
ary conditions are required or, as in classical crack mechanics (Cruse [58]),
the boundaries are given as transmission conditions on some bounded mani-
fold, the crack surface, in the interior of the domain. A similar situation can
be found for screen problems (see also Costabel and Dauge [52] and Stephan
[293]).

As an example of mixed boundary conditions let us consider the Lamé
system with given Dirichlet data on ΓD ⊂ Γ and given Neumann data on
ΓN ⊂ Γ where Γ = ΓD ∪ ΓN ∪ γ with the set of collision points γ of the two
boundary conditions (which might also be empty if ΓD and ΓN are separated
components of Γ ) (see e.g. Fichera [76], [145], Kohr et al [164], Maz‘ya [202],
Stephan [295]) where meas (ΓD) > 0.

For n = 2, where Γ is a closed curve, we assume that either γ = ∅ or
consists of finitely many points; for n = 3, the set γ is either empty or a
closed curve and as smooth as Γ . For the Lamé system (2.2.1) the classical
mixed boundary value problem reads:

Find u ∈ C2(Ω) ∩ Cα(Ω) , 0 < α < 1, satisfying

−∆∗u = f in Ω with

γ0u = ϕD on ΓD and Tu = ψN on ΓN .
(2.5.1)

For reformulating this problem with boundary integral equations we first ex-
tend ϕD from ΓD and ψN from ΓN onto the complete boundary Γ such that

ϕD = ϕ|ΓD
and ψN = ψ|ΓN

(2.5.2)

with ϕ ∈ Cα(Γ ) , 0 < α < 1 and appropriate ψ. Then

γ0u = ϕ + ϕ̃ , Tu = ψ + ψ̃ (2.5.3)

where now
ϕ̃ ∈ Cα

0 (ΓN ) = {ϕ ∈ Cα(Γ ) | suppϕ ⊂ ΓN} (2.5.4)

and ψ̃ with supp ψ̃ ⊂ ΓD are the yet unknown Cauchy data to be determined.
With (2.5.3), the representation formula (2.2.4) reads

v(x) =
∫

Γ

E(x, y)ψ(y)dsy −
∫

Γ

(
TyE(x, y)

)�
ϕ(y)dsy

+
∫

Γ

E(x, y)ψ̃(y)dsy −
∫

Γ

(
TyE(x, y)

)�
ϕ̃(y)dsy (2.5.5)

+
∫

Ω

E(x, y)f(y)dy for x ∈ Ω .
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As is well known, even if ψ ∈ Cα(Γ ) then ψ̃ will have singularities at γ which
need to be taken into account either by {dist (x, γ)}− 1

2 ψ̃1 with ψ̃1 ∈ Cα(ΓD)
or by adding singular functions at γ.

Taking the trace and the traction of (2.5.5) on Γ leads with (2.5.3) to the
system of boundary integral equations

V ψ̃(x)−Kϕ̃(x) = 1
2ϕ(x) + Kϕ(x)− V ψ(x)−Nf(x) for x ∈ ΓD ,

K ′ψ̃(x) + Dϕ̃(x) = 1
2ψ(x)−K ′ψ(x)−Dϕ(x)− TxNf(x) for x ∈ ΓN .

(2.5.6)

As will be seen in Chapter 5, the system (2.5.6) is uniquely solvable for
ϕ̃ ∈ Cα

0 (ΓN ) and ψ̃ either in the space with the weight {dist (x, γ)}− 1
2 or

in an augmented space according to the asymptotic behaviour of the solu-
tion and involving the stress intensity factors (Stephan et al [297] provided
meas(ΓD) > 0.

In a similar manner one might also use the system of integral equations
of the second kind

1
2 ϕ̃(x) + Kϕ̃(x)− V ψ̃(x) = V ψ(x)− 1

2ϕ(x)−Kϕ(x) + Nf(x)
for x ∈ ΓN ,

1
2 ψ̃(x)−K ′ψ̃(x)−Dϕ̃(x) = − 1

2ψ(x) + K ′ψ(x) + Dϕ(x) + TxNf(x)
for x ∈ ΓD . (2.5.7)

For the Laplacian and the Helmholtz equation and mixed boundary value
problems as well as for the Stokes system one may proceed in the same man-
ner. As will be seen in Chapter 5, the variational formulation for the mixed
boundary conditions provides us with the right analytical tools for show-
ing the well–posedness of the formulation (2.5.6) (see e.g., Kohr et al [164],
Sauter and Schwab [266] and Steinbach [290]). In the engineering literature,
usually the system (2.5.7) is used for discretization and then the equations
corresponding to (2.5.7) are obtained by assembling the discrete given and
unknown Cauchy data appropriately (see e.g., Bonnet [18], Brebbia et al
[23, 24] and Gaul et al [94]).

For crack and insertion problems let us again consider just the example
of classical linear theory without volume forces. Let us consider a bounded
open domain Ω ⊂ IRn with n = 2 or 3 enclosing a given bounded crack
or insertion surface as an oriented piece of a curve Γc ∈ Cα, if n = 2 or,
if n = 3, as an open piece of an oriented surface Γc ∈ Cα, with a simple,
closed boundary curve ∂Γc = γ ∈ Cα. Further the crack should not reach
the boundary ∂Ω = Γ of Ω, i.e., Γ c ⊂ Ω. The annulus Ωc := Ω \ Fc is not a
Lipschitz domain anymore but if we distinguish the two sides of Γc assigning
with + the points near Γc on the side of the normal vector nc given due to
the orientation of Γc and the points of the opposite side with −, the traces
from either side are still defined. For the crack or insertion problem, an elastic
field u ∈ C2(Ωc) is sought which satisfies the homogeneous Lamé system
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−∆∗u = 0 in Ωc , (2.5.8)

in Cα(Ωc ∪ Γ ) and up to Γc from either side with possibly different
traces at Γc,

γ±
0 u|Γc

= ϕ± and T±
c u = ψ± (2.5.9)

where we have the transmission properties

[γ0u]|Γc
:= (γ+

0 u− γ−
0 u)|Γc

= [ϕ]|Γc
= (ϕ+ −ϕ−)|Γc

∈ Cα
0 (Γc) (2.5.10)

and

[Tcu]|Γc
:= (T+

c u− T−
c u)|Γc

= [ψ]|Γc
:= (ψ+ −ψ−)|Γc

∈ Cα
1 (Γc) (2.5.11)

with

Cα
0 (Γc) := {v ∈ Cα(Γ c) | (γ+

0 v − γ−
0 v)|γ = 0} , (2.5.12)

and

Cα
1 (Γc) := {ψ = {dist (x− γ)}− 1

2 ψ1(x) |ψ1 ∈ Cα(Γ c)} . (2.5.13)

For the classical insertion problem with Dirichlet conditions γ0u = ϕ ∈
Cα(Γ ) on Γ the functions ϕ± ∈ Cα

0 (Γc) are given. The unknown field u then
has to satisfy the boundary conditions

γ0u|Γ = ϕ on Γ and with (ϕ+ −ϕ−)|γ = 0 ,

γ+
0 u|Γc

= ϕ+ and γ−
0 u|Γc

= ϕ− on Γc

(2.5.14)

as well as the transmission conditions (2.5.10) and (2.5.11).
By extending Γc up to the boundary Γ ficticiously and applying the Green

formula to the two ficticiously separated subdomains of Ω one finds the rep-
resentation formula

u(x) =
∫

Γ

E(x, y)ψ(y)dsy −
∫

Γ

(
TyE(x, y)

)�
ϕ(y)dsy

−
∫

y∈Γc

E(x, y)[ψ]|Γc
(y)dsy +

∫

Γc

(
T c
yE(x, y)

)�[ϕ]|Γc
(y)dsy

(2.5.15)

for x ∈ Ωc.
By taking the traces of (2.5.15) at Γ and at Γc one obtains the following

system of equations on Γ and on Γc:
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∫

y∈Γ

E(x, y)ψ(y)dsy −
∫

y∈Γc

E(x, y)[ψ](y)dsy

= 1
2ϕ(x) + Kϕ(x)−

∫

y∈Γc

(
T c
yE(x, y)

)�[ϕ]dsy for x ∈ Γ ,

−
∫

y∈Γ

E(x, y)ψ(y)dsy +
∫

Γc

E(x, y)[ψ](y)dsy

= − 1
2

(
ϕ+(x) + ϕ−(x)

)
+

∫

Γc

(
T c
yE(x, y)

)�[ψ]dsy for x ∈ Γc .

(2.5.16)

This is a coupled system for ψ ∈ Cα(Γ ) on Γ and [ψ] ∈ Cα
1 (Γc) on Γc, which,

in fact, is uniquely solvable for any given triple (ϕ,ϕ+,ϕ−) with the required
properties.

For the classical crack problem with Dirichlet conditions on Γ , e.g. as
ψ+ ∈ Cα(Γ c) and ψ− ∈ Cα(Γ c) are given with (ψ+ − ψ−)|γ = 0; the
desired fields u has to satisfy (2.5.8) and the boundary conditions

γ0u|Γ = ϕ on Γ and T+
c u|Γc

= ψ+ , T−
c u|Γc

= ψ− on Γc (2.5.17)

as well as the transmission conditions (2.5.10), (2.5.11).
Again from the representation formula (2.5.15) we now obtain the coupled

system
∫

y∈Γ

E(x, y)ψ(y)dsy +
∫

y∈Γc

(
T c
yE(x, y)

)�[ϕ](y)dsy

= 1
2ϕ(x) + Kϕ(x) +

∫

y∈Γc

E(x, y)[ψ]|Γc
(y)dsy for x ∈ Γ ,

Dc[ϕ](x)−
∫

y∈Γ

T c
xE(x, y)ψ(y)dsy

= 1
2

(
ψ+(x) + ψ−(x)

)
−Kc | ([ψ]|Γc

)(x)

−
∫

y∈Γ

T c
x

(
TyE(x.y)

)�
ϕ(y)dsy for x ∈ Γc

(2.5.18)

for the unknowns ψ ∈ Cα(Γ ) and [ϕ] ∈ Cα
0 (Γc). As it turns out, this sys-

tem always has a unique solution for any given triple (ϕ,ψ+,ψ−) with the
required properties.

The desired displacement field in Ωc is in both cases given by (2.5.15).



3. Representation Formulae, Local Coordinates
and Direct Boundary Integral Equations

In order to generalize the direct approach for the reduction of more general
boundary value problems to boundary integral equations than those pre-
sented in Chapters 1 and 2 we consider here the 2m–th order positive elliptic
systems with real C∞–coefficients. We begin by collecting all the necessary
machinery. This includes the basic definitions and properties of classical func-
tion spaces and distributions, the Fourier transform and the definition of
Hadamard’s finite part integrals which, in fact, represent the natural regu-
larization of homogeneous distributions and of the hypersingular boundary
integral operators. For the definition of boundary integral operators one needs
the appropriate representation of the boundary manifold Γ involving local
coordinates. Moreover, the calculus of vector fields on Γ requires some basic
knowledge in classical differential geometry. For this purpose, a short excur-
sion into differential geometry is included. Once the fundamental solution
is available, the representation of solutions to the boundary value problems
is based on general Green’s formulae which are formulated in terms of dis-
tributions and multilayer potentials on Γ . The latter leads us to the direct
boundary integral equations of the first and second kind for interior and
exterior boundary value problems as well as for transmission problems. As
expected, the hypersingular integral operators are given by direct values in
terms of Hadamard’s finite part integrals.

The results obtained in this chapter will serve as examples of the class of
pseudodifferential operators to be considered in Chapters 6–10.

3.1 Classical Function Spaces and Distributions

For rigorous definitions of classical as well as generalized function spaces we
first collect some standard results and notations.
Multi–Index Notation

Let IN0 be the set of all non–negative integers and let INn
0 be the set of

all ordered n–tuples α = (α1, · · · , αn) of non–negative integers αi ∈ IN0.
Such an n–tuple α is called a multi–index. For all α ∈ INn

0 , we denote by
|α| = α1+α2+· · ·+αn the order of the multi-index α. If α, β ∈ INn

0 , we define
α + β = (α1 + β1, · · · , αn + βn). The notation α ≤ β means that αi ≤ βi for
1 ≤ i ≤ n. We set
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α! = α1! · · ·αn!

and (
β

α

)
=

β!
(β − α)!α!

=
(
β1

α1

)
. . .

(
βn

αn

)
.

We use the usual compact notation for the partial derivatives: If
α = (α1, · · · , αn) ∈ INn

0 , we denote by Dαu the partial derivatives

Dαu =
∂|α|u

∂xα1
1 , ∂xα2

2 . . . ∂xαn
n

of order |α|. In particular, if |α| = 0, then Dαu = u.

Functions with Compact Support
Let u be a function defined on an open subset Ω ⊂ IRn. The support of

u, denoted by suppu, is the closure in IRn of the set

{x ∈ Ω : u(x) �= 0}.

In other words, the support of u is the smallest closed subset of Ω outside of
which u vanishes. We say that u has a compact support in Ω if its support
is a compact (i.e. closed and bounded) subset of Ω. By the notation K � Ω,
we mean not only that K ⊂ Ω but also that K is a compact subset of Ω.
Thus, if u has a compact support in Ω, we may write suppu � Ω.

The Spaces Cm(Ω) and C∞
0 (Ω)

We denote by Cm(Ω),m ∈ IN0, the space of all real– (or complex–)valued
functions defined in an open subset Ω ⊂ IRn having continuous derivatives of
order ≤ m. Thus, for m = 0, C0(Ω) is the space of all continuous functions
in Ω which will be simply denoted by C(Ω). We set

C∞(Ω) =
⋂

m∈IN0

Cm(Ω),

the space of functions defined in Ω having derivatives of all orders, i.e., the
space of functions which are infinitely differentiable.

We define C∞
0 (Ω) to be the space of all infinitely differentiable functions

which, together with all of their derivatives, have compact support in Ω. We
denote by Cm

0 (Ω) the space of functions u ∈ Cm(Ω) with suppu � Ω. The
spaces Cm

0 (Ω) as well as C∞
0 (Ω) are linear function spaces.

On the linear function space C∞
0 (Ω) one can introduce the notion of

convergence ϕj → ϕ in C∞
0 (Ω) if to the sequence of functions {ϕj}∞j=1 there

exists a common compact subset K � Ω with suppϕj ⊂ K for all j ∈
IN and Dαϕj → Dαϕ uniformly for every multi–index α. This notation of
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convergence defines a locally convex topology on C∞
0 (Ω) (see Treves [305]).

With this concept of convergence, C∞
0 (Ω) is a locally convex topological

vector space called D(Ω).
Similarly, one can define Cm(Ω) to be the space of functions in Cm(Ω)

which, together with their derivatives of order ≤ m, have continuous exten-
sions to Ω = Ω ∪ ∂Ω. If Ω is bounded and m <∞, then Cm(Ω) is a Banach
space with the norm

‖u‖Cm(Ω) =
∑

|α|≤m

sup
x∈Ω

|Dαu(x)|.

The Spaces Cm,α(Ω)
In Section 1.2, we have already introduced Hölder spaces, however, for

completeness, we restate the definition here again. Let Ω be a subset of IRn

and 0 < α ≤ 1. A function u defined on Ω is said to be Hölder continuous
with exponent α in Ω if 0 < α < 1 and if there exists a constant c ≥ 0
such that

|u(x)− u(y)| ≤ c|x− y|α

for all x, y,∈ Ω. The quantity

[u]α;Ω := sup
x,y∈Ω

x�=y

|u(x)− u(y)|
|x− y|α

is called the Hölder modulus of u. For α = 1, u is called Lipschitz continuous
and [u]1;Ω is called the Lipschitz modulus. We say that u is locally Hölder
or Lipschitz continuous with exponent α on Ω if it is Hölder or Lipschitz
continuous with exponent α on every compact subset of Ω, respectively. By
Cm,α(Ω),m ∈ IN0, 0 < α ≤ 1, we denote the space of functions in Cm(Ω)
whose m–th order derivatives are locally Hölder or Lipschitz continuous with
exponent α on the open subset Ω ⊂ IRn. We remark that Hölder continuity
may be viewed as a fractional differentiability.

Further, by Cm,α(Ω) we denote the subspace of Cm(Ω) consisting of
functions which have m–th order Hölder or Lipschitz continuous derivatives
of exponent α in Ω. If Ω is bounded, we define the Hölder or Lipschitz
norm by

‖u‖Cm,α(Ω) := ‖u‖Cm(Ω) +
∑

|β|=m

sup
y∈Ω

x�=y

|Dβu(x)−Dβu(y)|
|x− y|α (3.1.1)

The space Cm,α(Ω) equipped with the norm || · ||Cm,α(Ω) is a Banach space.

Distributions
Let v be a linear functional on D(Ω). Then we denote by 〈v, ϕ〉 the image

of ϕ ∈ D(Ω).
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Definition 3.1.1. A linear functional v on D(Ω) is called a distribution
if, for every compact set K � Ω, there exist constants cK ≥ 0 and N ∈ IN0

such that

|〈v, ϕ〉| ≤ cK
∑

|α|≤N

‖Dαϕ‖C0(Ω) := cK
∑

|α|≤N

sup
α∈Ω

|Dαϕ(x)| (3.1.2)

for all ϕ ∈ D(Ω) with suppϕ ⊂ K. The vector space of distributions is called
D′(Ω). For Ω = IRn we set D := D(IRn) and D′ := D′(IRn).

For a distribution v ∈ D′(Ω), (3.1.2) implies that 〈v, ϕj〉 → 〈v, ϕ〉 for v ∈
D′(Ω) if ϕj → ϕ in D(Ω). Correspondingly, we equip D′(Ω) by the weak
topology; i.e., vj ⇀ v in D′(Ω) if and only if 〈vj , ϕ〉 → 〈v, ϕ〉 as j → ∞ for
every ϕ ∈ D(Ω).

For v, w ∈ D′(Ω), we say that v = w on an open set Θ ⊂ Ω if and only if
〈v, ϕ〉 = 〈w,ϕ〉 for all ϕ ∈ C∞

0 (Θ). The support of a distribution v ∈ D′(Ω)
is the complement of the largest open set on which v = 0.

The function space C∞(Ω) equipped with the family of seminorms
‖ • ‖Cm(K) for all compact subsets K � Ω is denoted by E(Ω). The space
of distributions with compact supports in Ω is denoted by E ′(Ω) and for
Ω = IRn we set E := E(IRn) and E ′ := E ′(IRn). As a consequence of this
definition, one obtains the following characterization of E ′(Ω).

Proposition 3.1.1. A linear functional w on E is an element of E ′(Ω) if
and only if there exist a compact set K � Ω and constants c and N ∈ IN0

such that
|〈w,ϕ〉| ≤ c‖ϕ‖CN (K) for all ϕ ∈ E(Ω) . (3.1.3)

We remark that the standard operations, such as the multiplication by a
function and differentiation can be extended to distributions in the following
way. Let T be any linear continuous operator on D(Ω), i.e., Tϕj → Tϕ in
D(Ω) if ϕj → ϕ in D(Ω). Then the operator T on D′(Ω) is defined by

〈Tv, ϕ〉 = 〈v, T ′ϕ〉 for v ∈ D′(Ω) and ϕ ∈ D(Ω) (3.1.4)

where the dual operator T ′ is given by
∫

IRn

(Tϕ)ψdx =
∫

IRn

ϕ(T ′ψ)dx for all ϕ,ψ ∈ D(Ω) . (3.1.5)

Therefore, the linear functional (Tv) in (3.1.4) is continuous on D(Ω) pro-
vided T ′ is continuous on D(Ω).

If f ∈ E(Ω), then for v ∈ D′(Ω) we can define the product (fv) ∈ D′(Ω)
via the continuous linear functional given by

〈(fv), ϕ〉 := 〈v, fϕ〉 . (3.1.6)
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For the differential operator Dα = T , which is continuous on D(Ω),
(−1)|α|Dα = T ′ is also continuous on D(Ω), hence, for v ∈ D′(Ω) we
define Dαv by

〈Dαv, ϕ〉 := 〈v, (−1)|α|Dαϕ〉 for all ϕ ∈ D(Ω) . (3.1.7)

Next, we collect the basic definitions of the rapidly decreasing functions
and corresponding tempered distributions IRn.

Definition 3.1.2. A function ϕ ∈ C∞(IRn) is called rapidly decreasing if

‖ϕ‖α,β := sup
x∈IRn

|xαDβϕ| <∞ (3.1.8)

for all pairs of multi–indices α, β.
The vector space of the rapidly decreasing functions equipped with this

family of seminorms is called Schwartz space S.
A sequence of functions {ϕk}∞k=1 ⊂ S converges to ϕ ∈ S if and only if

‖ϕ− ϕj‖α,β → 0 as j → 0

for all pairs of multi–indices α, β.

Definition 3.1.3. By S ′ ⊂ D′ we denote the space of all continuous linear
functionals on S, i.e., to v ∈ S ′ there exist constants cv ≥ 0 and N ∈ IN0

such that

|〈v, ϕ〉| ≤ cv
∑

|α|,|β|≤N

sup |xαDβϕ| for all ϕ ∈ S . (3.1.9)

The distribution space S ′ is usually referred to as the space of tempered
distributions on IRn. A sequence {vj}∞j=1 ⊂ S ′ is said to converge to v ∈ S ′

in S ′ if and only if

〈vj , ϕ〉 → 〈v, ϕ〉 for all ϕ ∈ S as j →∞ . (3.1.10)

Remark 3.1.1: For the above spaces we have the following inclusions:

D ⊂ E ′ , S ⊂ S ′ , E ⊂ D′ , D ⊂ S ⊂ E and E ′ ⊂ S ′ ⊂ D′ . (3.1.11)

As will be seen, the Fourier transform will play a crucial role in the analysis
of integral– and pseudodifferential operators. It is defined as follows.

Fourier Transform
On the function space D of functions in C∞

0 (IRn), the Fourier transform
is defined by
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Fx�→ξu(x) := û(ξ) := (2π)−n/2

∫

IRn

e−ix·ξu(x)dx for u ∈ D . (3.1.12)

Clearly, F : D → E is a continuous linear mapping. By using Definition
(3.1.4), we extend the Fourier transform to distributions v ∈ E ′ by

〈Fv, ϕ〉 := 〈v,Fϕ〉 for all ϕ ∈ D . (3.1.13)

Then the linear map F : E ′ → D′ is also continuous. If u ∈ S then F is also
well defined by (3.1.12) and the following theorem is valid.

Theorem 3.1.2. The Fourier transform is a topological isomorphism from
S onto itself and the following identity holds:

u(x) = (2π)−n/2

∫

IRn

eix·ξFu(ξ)dξ for all ϕ ∈ S . (3.1.14)

This is the inverse Fourier transform F∗v for v = Fu.
In addition, we have for u, v ∈ S:

Fx�→ξ

(
Dα

xu(x)
)

= (iξ)αû(ξ) and
(
Dβ

ξ û(ξ)
)

= Fx�→ξ

(
(−ix)βu(x)

)
(3.1.15)

〈u,Fv〉 = 〈Fu, v〉 and 〈Fu,Fv〉 = 〈u, v〉 . (3.1.16)

(Formula (3.1.16) is called Parseval’s formula.)
Similar to the extension of F from D to E ′, we now extend F from S to

S ′ by the formula

〈Fu, ϕ〉 := 〈u,Fϕ〉 for all ϕ ∈ S (3.1.17)

which defines a continuous linear functional on S since F : S → S is an
isomorphism. The inverse Fourier transform F∗v for v ∈ S ′ is then defined by

〈F∗v, ϕ〉 = 〈v,F∗ϕ〉 for all ϕ ∈ S . (3.1.18)

With these definitions,
Theorem 3.1.2 remains valid for S′.

A useful characterization of E ′ in terms of the Fourier transformed distri-
butions is given by the fundamental Paley–Wiener–Schwartz theorem.

Theorem 3.1.3.

(i) If u ∈ E ′(IRn) then its Fourier transform

û(ξ) = Fx�→ξu := (2π)−n/2

∫

IRn

u(x)e−ix·ξdx

is analytic in ξ ∈ C
n. Here, the integration is understood in the distrib-

utional sense.
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(ii) For u ∈ E ′(IRn) and suppu ⊂ {x ∈ IRn | |x| ≤ a} with a > 0, there exist
constants c,N ≥ 0, such that

|û(ξ)| ≤ c(1 + |ξ|)Nea|Imξ| for ξ ∈ C
n .

(iii) If u ∈ C∞
0 (IRn) and suppu ⊂ {x ∈ IRn | |x| ≤ a} then for every m ∈ IN0

exists a constant cm ≥ 0 such that

|û(ξ)| ≤ cm(1 + |ξ|)−mea|Imξ| for all ξ ∈ C
n .

(see e. g. Schwartz [276] or Friedlander [84, Theorem 10.2.1]).

3.2 Hadamard’s Finite Part Integrals

We now consider a subclass of S ′ which contains distributions defined by
functions having isolated singularities of finite order. In order to give the pre-
cise definition of such distributions, we introduce the concept of Hadamard’s
finite part integrals. Since our boundary integral operators have kernels de-
fined by functions with singularities of this type, we confine ourselves to the
following classes of functions.

Definition 3.2.1.
A function hq(z) is a C∞(IRn \ {0}) pseudohomogeneous function of
degree q ∈ IR if

hq(tz) = tqhq(z) for every t > 0 and z �= 0 if q �∈ IN0 ;
hq(z) = fq(z) + log |z|pq(z) if q ∈ IN0 ,

(3.2.1)

where pq(z) is a homogeneous polynomial in z of degree q and where the
function fq(z) satisfies

fq(tz) = tqfq(z) for every t > 0 and z �= 0 .

In short, we denote the class of pseudohomogeneous functions of degree
q ∈ IR by Ψhfq.

We note that for q > −n, the integral
∫

Ω

hq(z)u(z)dz (3.2.2)

for u ∈ C∞
0 (Ω) is well defined as an improper integral. For q ≤ −n, however,

hq(z) is non integrable except that u(y) and its derivatives up to the order
κ := [−n − q] vanish at the origin1. Hence, (3.2.2) defines a homogeneous

1As usual, [p] := max{m ∈ Z |m ≤ p} with Z the integers, denotes the Gaussian
bracket for p ∈ IR.
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distribution on C∞
0 (Ω \ {0}). In order to extend this distribution to all of

C∞
0 (Ω), we use the Hadamard finite part concept which is the most natural

extension. It is based on the idea of integration by parts. Consider first the
family of regular integrals:

Iqε (u) :=
∫

Ω\Ω0

hq(z)u(z)dz +
∫

Ω0\{|z|<ε}

hq(z)u(z)dz (3.2.3)

depending on ε > 0 where u ∈ C∞
0 (Ω) and Ω0 is any fixed star–shaped

domain with respect to the origin, satisfying Ω0 ⊂ Ω. The first integrals on
the right–hand side has C∞–integrands and exists. With the decomposition
of the second integral we have

Iqε (u) =
∫

Ω0\{|z|<ε}

hq(z)
{
u(z)−

∑

|α|≤κ

1
α!

zα
∂αu

∂xα
(0)

}
dz

+
∑

|α|≤κ

1
α!

∂αu

∂xα
(0)

∫

Ω0\{|z|<ε}

hq(z)zαdz .

(3.2.4)

We note that the first integral on the right–hand side has a singularity of
order |z|−� where

0 ≤ � := −(q + n)− κ < 1 .

We shall see that the last term on the right–hand side can be written in the
form

∑

0≤|α|≤κ

dα
∂αu

∂xα
(0) +

κ∑

j=0

Cj(u)ε−j−� (3.2.5)

if � > 0. For � = 0 one gets the same expansion as in (3.2.5) except that
C0(u)ε0 is replaced by C0(u) log ε. The constants Cj(u) and dα will be given
explicitly later on. We note that for ε→ 0, the terms C0 log ε+

∑κ
j=1 Cjε

−j−�

diverge. These are the terms causing the non–existence of the limit value of
the integral on the left–hand side in (3.2.4). More precisely, the coefficients dα
and the functionals Cj(u) in (3.2.5) are computed from (3.2.4). To illustrate
the idea, we now compute a typical term where q + |α|+n = −�− j < 0 and
|α| = κ− j:
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∑

|α|=κ−j

1
α!

∂αu

∂xα
(0)

∫

Ω0\{|z|<ε}

hq(z)zαdz

=
∑

|α|=κ−j

1
α!

∂αu

∂xα
(0)

∫

|Θ̂|=1

R(Θ̂)∫

r=ε

rqhq(Θ̂)r|α|Θ̂αrn−1drdω

=
∑

|α|=κ−j

1
α!

∂αu

∂xα
(0)

{ ∫

|Θ̂|=1

(R(Θ̂)q+|α|+n − εq+|α|+n)
(q + |α|+ n)

Θ̂αhq(Θ̂)dω
}

= −
∑

|α|=κ−j

1
α!

∫

|Θ̂|=1

R(Θ̂)−j−�

(j + �)
Θ̂αhq(Θ̂)dω

∂αu

∂xα
(0)

+ ε−j−�
∑

|α|=κ−j

1
α!

∫

|Θ̂|=1

Θ̂α

(j + �)
hq(Θ̂)dω

∂αu

∂xα
(0)

=:
∑

|α|=κ−j

{
dα −

∫

Ω\Ω0

hq(z)zαdz
} ∂αu

∂xα
(0) + Cj(u)ε−j−�

provided j + � > 0. The coefficients dα and the functional Cj are defined in
an obvious manner. Here, Θ̂ = z/|z|, and dω is the surface element on the
unit sphere. R(Θ̂) describes the boundary of Ω0 in polar coordinates. For
j + � = 0 one may proceed similarly; we omit the details.

The Hadamard finite part integral as an extension of the homogeneous
distribution is now defined by neglecting the divergent terms in (3.2.4) given
in (3.2.5) (see also Sellier [280]).

Definition 3.2.2. Hadamard’s finite part integral is defined by

p.f.
∫

Ω

hq(z)u(z)dz :=
∫

Ω\Ω0

hq(z)u(z)dz

+
∫

Ω0

hq(z)
{
u(z)−

∑

|α|≤κ

1
α!

zα
∂αu

∂xα
(0)

}
dz +

∑

|α|≤κ

dα
∂αu

∂xα

(3.2.6)

where, for 0 < � < 1 and for all multi–indices α with |α| = κ − j and
j = 0, . . . , κ,

dα = − 1
(j + �)

1
α!

∫

|Θ̂|=1

R−j−�(Θ̂)Θ̂αhq(Θ̂)dω (3.2.7)

if n ≥ 2 and where for the case n = 1 we set Ω0 := [−R0, R0] and identify
∫

|Θ̂|=1

R−j−�(Θ̂)Θ̂αhq(Θ̂)dω := R−j−�
0

(
hq(1) + (−1)αhq(−1)

)
. (3.2.8)
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If � = 0 and |α| < κ, i.e., j = 1, . . . , κ, then dα is still given by (3.2.7),
(3.2.8), respectively.

For � = 0 and |α| = κ, i.e. j = 0, then

dα :=
1
α!

∫

|Θ̂|=1

logR(Θ̂)Θ̂αhq(Θ̂)dω if n ≥ 2 (3.2.9)

and for n = 1 we identify
∫

|Θ̂|=1

logR(Θ̂)Θ̂αhq(Θ̂)dω := (logR0)
(
hq(1) + (−1)αhq(−1)

)
. (3.2.10)

The Hadamard finite part integral is also often denoted by
∫
=
Ω

hq(z)u(z)dz = p.f.
∫

Ω

hq(z)u(z)dz .

Alternatively, by subtracting the singular terms in (3.2.5), the value of
Hadamard’s finite part integral is also given by the limiting procedure

p.f.
∫

Ω

hq(z)u(z)dz =

lim
ε→0

{ ∫

Ω\{|z|<ε}

hq(z)u(z)dz −
κ∑

j=0

Cj(u)ε−j−�
} (3.2.11)

where C0(u)ε0 is to be replaced by C0(u) log ε for � = 0 and where the
functionals Cj(u) are given as follows:
For 0 < � < 1 we have for j = 0, . . . , κ:

Cj(u) =
1

(j + �)

∑

|α|=κ−j

1
α!

∂αu

∂xα
(0)

∫

|Θ̂|=1

Θ̂αhq(Θ̂)dω . (3.2.12)

If � = 0, then for j = 0 we have

C0(u) = −
∑

|α|=κ

1
α!

∂αu

∂xα

∫

|Θ̂|=1

Θ̂αhq(Θ̂)dω , (3.2.13)

whereas for j = 1, . . . , κ, the functionals are still given by (3.2.12) with � = 0.
In the sequel it is understood, that for n = 1 the surface integral in

(3.2.13) should always be replaced by
∫

|Θ̂|=1

Θ̂αhq(Θ̂)dω :=
(
hq(1) + (−1)αhq(−1)

)
. (3.2.14)
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Remarks 3.2.1: We observe that the functionals Cj in (3.2.12) and
(3.2.13) are independent of the choice of Ω0. Thus, the equation (3.2.11)
of Hadamard’s finite part integral is independent of the choice of Ω0.

On the other hand, since Definition 3.2.2 and (3.2.11) are equivalent, non
of the coefficients dα in (3.2.7) dependent on the choice of Ω0.

The advantage of Definition 3.2.2 is that it provides a constructive pro-
cedure for the evaluation of the Hadamard finite part integrals in terms of
the weakly singular and regular integrals. Furthermore, one has the freedom
to choose Ω0 as one wishes. This freedom is very handy from a practical
computational point of view. Moreover, we may decompose the integral

I(ε) :=
∫

Ω\{|z|<ε}

hq(z)u(z)dz

in the form

I(ε) = Ĩ +
κ∑

j=0

Cjε
−j−� + o(1) , (3.2.15)

(where for � = 0 we replace ε0 by log ε) and where Ĩ is the finite part of the
integral due to (3.2.11). Conversely, if such an expansion is available then the
finite part is simply given by Ĩ.

Definition 3.2.3. A Hadamard finite part integral is called the Cauchy
principal value integral if in (3.2.15)

Cj = 0 for j = 0, . . . , κ . (3.2.16)

In particular, we obtain a Cauchy principal value integral if
∫

|Θ̂|=1

Θ̂αhq(Θ̂)dω = 0 (3.2.17)

for all multiindices α with |α| = κ− j , j = 0, . . . , κ . We then denote by

p.v.
∫

Ω

hq(z)u(z)dz = lim
ε→0

∫

Ω\{|z|<ε}

hq(z)u(z)dz (3.2.18)

the Cauchy principal value of the integral, whenever it exists.

With the definition of Hadamard’s finite part integral available, every
pseudohomogeneous function hq(z) defines a distribution.

Lemma 3.2.1. Let hq(z) ∈ ψhfq then

p.f.
∫

IRn

hq(z)u(z)dz =: 〈hq, u〉 for all u ∈ D (3.2.19)
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defines a distribution hq ∈ D′. This distribution can be extended to u ∈ S,
hence, hq ∈ S ′.

Proof: The first claim follows from Definition 3.2.2 since the right–hand side
of (3.2.6) can be bounded by cK‖u‖Cκ(K) for u ∈ C∞

0 (K) for any compact
set K � IRn.

If u ∈ S, then we write

p.f.
∫

IRn

hq(z)u(z)dz =
∫

|z|≤1

hq(z)
{
u(z)−

∑

|α|≤κ

1
α!

zα
∂αu

∂zα
(0)

}
dz

+
∑

|α|≤κ

dα
∂αu

∂zα
(0) +

∫

|z|≥1

hq(z)u(z)dz ,

where the dα are defined by (3.2.7) with Ω = Ω0 = {z| |z| ≤ 1}. Let q �∈
IN0. Then the integrand of the first integral is of order |z|κ+1+q, hence, this
integral is dominated by c‖u‖Cκ+1(IRn) for κ > −q − n− 1. The last integral
is dominated by c sup |zq+n+1u(z)|. Hence,

|〈hq, u〉| ≤ c sup
|α|,|β|≤N

|zαDβ(z)|

for N ≥ |q + n|+ 1; and Definition 3.1.3 ensures hq ∈ S ′.
If q ∈ IN0 then the first integral exists already for κ = 0, whereas the

additional logarithmic growth does not effect the estimate of the integral for
|z| ≥ 1. �

Remark 3.2.2: Let χ ∈ L∞(IRn) with compact suppχ =: K. Then
∫

IRn

χ(z)hq(z)u(z)dz =: 〈χhq, u〉 for u ∈ E (3.2.20)

defines a distribution χhq ∈ E ′ since χhq also has support K.

As an example of the Hadamard’s finite part integral we consider the
hypersingular operator D of the Laplacian defined in (1.2.16) for n = 2. We
shall show that for Γ ∈ C2+α and ϕ ∈ C1+α , 0 < α < 1, we are able to
express the hypersingular operator in terms of a finite part integral, more
precisely,

Dϕ(x) = − lim
z→x∈Γ,z∈Ω

nx • ∇z

∫

Γ

( ∂

∂ny
E(z, y)

)
ϕ(y)dsy

= − p.f.
∫

Γ

∂2E

∂nx∂ny
(x, y)ϕ(y)dsy , x ∈ Γ ,
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where the finite part integral is defined by the limit

p.f.
∫

Γ

∂2E

∂nx∂ny
(x, y)ϕ(y)dsy = lim

ε→0

{∫

Γε

∂2E

∂nx∂ny
(x, y)ϕ(y)dsy −H(x; ε;σ)

}

by using Formula (3.2.11) with Γε = Γ ∩ {y | |x− y| ≥ ε} and,

H(x; ε;σ) =
∫

Γε

d

dsx

d

dsy

(
E(x, y)ϕ(y)

)
dsy = −ϕ(x)

πε
+ O(εα) . (3.2.21)

To show (3.2.21), we first use formula (1.2.14), i.e.,

Dϕ(x) = − d

dsx
V
( dϕ

dsy

)
(x)

and, with the well known result for singular integrals of Cauchy type, (see
e.g. Muskhelishvili [222, p. 31]) we can interchange d

dsx
with integration, to

obtain the principal value integral

Dσ(x) = −p.v.
∫

Γ

d

dsx
E(x, y)

dϕ

dsy
(y)dsy = − lim

ε→0

∫

Γε

d

dsx
E(x, y)

dϕ

dsy
(y)dsy .

Here we see that the above limit depends on the special choice of Γε. If Γε

were not chosen symmetrically with respect to x and the arclength distance
from x, the interchange of d

dsx
and the integration needs to be modified. Now,

for fixed ε > 0 we have
∫

Γε

d

dsx
E(x, y)

dϕ

dsy
dsy =

∫

Γε

d

dsx

d

dsy

(
E(x, y)ϕ(y)

)
dsy

−
∫

Γε

( d

dsx

d

dsy
E(x, y)

)
ϕ(y)dsy .

Note that with our assumptions, the limit on the left–hand side exists for
ε→ 0, so does the difference on the right–hand side whereas each of the two
terms blows up individually. In particular, the first term can be simplified
with integration by parts, i.e.

∫

Γε

d

dsx

d

dsy

(
E(x, y)ϕ(y)

)
dsy =

d

dsx
E(x, y)ϕ(y)

∣∣p2

p1

where p1 = y(sx + ε1) and p2 = y(sx − ε2) with ε1 > 0 and ε2 > 1 which
are defined by |x− p1| = ε = |x− p2|. If we use the Taylor expansion of the
curve Γ about x, we have
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p1 = x + εtx − κxnx
ε2

2
+ O(ε2+α) and

p2 = x− εtx − κxnx
ε2

2
+ O(ε2+α)

where κx denotes the curvature of Γ at x. Hence, from (1.1.2) we find

d

dsx
E(x; y)ϕ(x)(y)

∣∣∣
p2

p1

= − 1
2π

tx · (x− y)ϕ(y)
|x− y|2

∣∣∣
p2

p1

= − 1
2πε2

{(
2ε + O(ε2+α)

)(
ϕ(x) + O(ε1+α)

)}

= −ϕ(x)
επ

+ O(εα) ,

which is (3.2.21).
Alternatively, the same result can be achieved according to Definition

3.2.2 by chosing Ω0 = Γ ∩ {y | |y − x| < ε}. Then n = 1 , q = −2 and κ = 1;
d0 = − 1

2π is given by (3.2.7) with (3.2.8) and d1 = 0 is given by (3.2.9); and
the regularized part in (3.2.6) satisfies

∫

|x−y|≤ε

h−2(x− y){. . . }dsy = O(εα) .

3.3 Local Coordinates

In order to introduce the notion of a boundary surface Γ of a bounded domain
Ω ⊂ IRn, we shall first define its regularity in the classes Ck,κ, k ∈ IN0, κ ∈
[0, 1] by following Nedelec [229] and Grisvard [108], see also Adams [1, p.67]
and Wloka [322]. Given a point y = (y1, · · · , yn) ∈ IRn, we shall write

y = (y′, yn) , (3.3.1)
where

y′ = (y1, · · · , yn−1) ∈ IRn−1 . (3.3.2)

Definition 3.3.1. A bounded domain Ω in IRn is said to be of class Ck,κ

(in short Ω ∈ Ck,κ) if the following properties are satisfied:

i. There exists a finite number p of orthogonal linear transformations T(r)

(i.e. n× n orthogonal matrices) and the same number of points x(r) ∈ Γ
and functions a(r)(y′), r = 1, . . . , p, defined on the closures of the (n−1)-
dimensional ball,

Q = {y′ ∈ IRn−1| |y′| < δ}
where δ > 0 is a fixed constant. For each x ∈ Γ there is at least one
r ∈ {1, . . . , p} such that

x = x(r) + T(r)(y′, a(r)(y′)) . (3.3.3)



3.3 Local Coordinates 109

ii. The functions a(r) ∈ Ck,κ(Q).
iii. There exists a positive number ε such that for each r ∈ {1, . . . , p} the

open set

B(r) := {x = x(r) + T(r)y | y = (y′, yn), y′ ∈ Q and |yn| < ε}

is the union of the sets

U−
(r) = B(r) ∩Ω = {x = x(r) + T(r)y | y = (y′, yn), y′ ∈ Q

and a(r)(y′)− ε < yn < a(r)(y′)} ,
U+

(r) = B(r) ∩ (IRn\Ω) = {x = x(r) + T(r)y | y = (y′, yn), y′ ∈ Q

and a(r)(y′) < yn < a(r)(y′) + ε} , (3.3.4)

and

Γ(r) = B(r) ∩ ∂Ω = {x = x(r) + T(r)(y′, a(r)(y′)) | y′ ∈ Q} . (3.3.5)

The boundary surface Γ = ∂Ω is said to be in the class Ck,κ if Ω ∈ Ck,κ; and
in short we also write Γ ∈ Ck,κ. The collection of the above local parametric
representations is called a finite atlas and each particular mapping (3.3.3) a
chart of Γ . For the geometric interpretation see Figure 3.3.1.

Fig. 3.3.1. The local coordinates of a Ck,κ domain

Remark 3.3.1: Note that we have a special open covering of Γ by the open
sets B(r),

Γ ⊂
p⋃

r−1

B(r).
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Moreover, the mappings

y = (y′, yn) = Φ(r)(x) where x ∈ B(r) and

y′ :=
(
T−1

(r) (x− x(r))
)′

, yn =
(
T−1

(r) (x− x(r))
)

n
− a(r)

(
(T−1

(r) (x− x(r)))′
)

are one–to–one mappings from B(r) onto Q×(−ε, ε) ⊂ IRn having the inverse
mappings

x = Ψ(r)(y) := x(r) + T(r)(y′, a(r)(y′) + yn)

from Q× (−ε, ε) onto B(r) as considered by Grisvard in [108] (see also Wloka
[322]). Correspondingly, we write Γ ∈ C∞ if Γ ∈ ∩∞

k=1C
k.

In the special case, when Γ ∈ C0,1, the boundary is called a Lipschitz
boundary with a strong Lipschitz property and Ω is called a strong Lipschitz
domain (see Adams [1, p.67]). That means in particular that the local para-
metric representation (3.3.3) is given by a Lipschitz continuous function a(r).
Such a boundary can contain conical points or edges (see e.g. in Kufner et al
[173]). Note that the domains shown in Figure 3.3.2 are not strong Lipschitz
domains.

It was shown by Gagliardo [87] and Chenais [41] that every strong
Lipschitz domain has the uniform cone property and conversely, every do-
main having the uniform cone property, is a strong Lipschitz domain (Gris-
vard [108, Theorem 1.2.2.2]).

A domain Ω ∈ C1,κ with 0 < κ < 1 is a Lyapounov surface as introduced
in Section 1.5. In fact, we have C2,0 ⊂ C1,1 ⊂ C1,α ⊂ C0,1 where 0 < α ≤ 1.

If f ∈ C∞(IRn) then, with our definitions, the restriction of f to the
boundary Γ ∈ C∞ will be denoted by f|Γ , and it defines by f(x(y′)) a C∞–
function of y′ in Q. The mapping γ0 : f �→ f|Γ defines the linear continuous
trace operator from C∞(IRn) into C∞(Γ ).

Fig. 3.3.2. Two Lipschitzian domains
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These local coordinates are necessary for obtaining explicit representations
of the corresponding boundary integral operators on Γ . For this purpose we
are going to rewrite the representation formulae.

According to (3.3.3), let Γ be given locally by the regular parametric
representation

Γ : x|Γ = y(σ′) (3.3.6)

in the vicinity of a fixed point x(r) ∈ Γ , where σ′ = (σ1, . . . , σn−1) are the
parameters and x(r) = y(0). In the following, we require only that the tangent
vectors

∂y

∂σλ
(σ′) for λ = 1, . . . , n− 1 are linearly independent

and sufficiently smooth but not necessarily orthonormal. We note that in
(3.3.3) a particular representation was given by

y(σ′) = x(r) + T(r)(σ′, a(r)(σ′)) .

For x �∈ Γ but near to Γ , we introduce a spatial transformation

x(σ′, σn) := y(σ′) + σnn(σ′) , (3.3.7)

where n(σ′) = n is the exterior normal to Γ at y(σ′) and σn is an additional
parameter. (The coordinates (σ′

1, σn) and (3.3.7) are often called “Hadamard
coordinates”.) For Γ sufficiently smooth, it can easily be shown that (3.3.7)
defines a diffeomorphism between x ∈ IRn and σ = (σ′, σn) ∈ IRn in ap-
propriate neighbourhoods of x = x(r) and σ = 0. However, note that for
x(σ) ∈ C�,κ, the surface Γ must be given in C�+1,κ. We shall come back to
this point more specifically in Section 3.7.

3.4 Short Excursion to Elementary Differential
Geometry

For the local analysis of differential as well as boundary integral opera-
tors on the boundary manifold we need some corresponding calculus in the
form of elementary differential geometry. For straightforward introductions
to this area we refer to the presentations in Berger and Gostiaux [15], Bishop
and Goldberg [16], Klingenberg [159], Millman and Parker [216] and Sokol-
nikoff [286]. We begin with the differential operator ∂

∂xq
which can be trans-

formed by
∂u

∂xq
=

n∑

�=1

∂σ�

∂xq

∂u

∂σ�
(3.4.1)
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where the Jacobian ∂σ�

∂xq
is to be expressed in terms of the transformation

(3.3.7). To this end, let us define the coefficients of the associated Riemannian
metric

gik(σ) = gki :=
∂x

∂σi
• ∂x

∂σk
for i, k,= 1, . . . , n . (3.4.2)

The diffeomorphism defined by (3.3.7) is said to be regular if the determinant
does not vanish,

g := det (gik) �= 0 . (3.4.3)

For a regular diffeomorphism, the inverse gm� of gik is well defined by

n∑

m=1

gjmgm� =
n∑

k=1

n∑

m=1

∂xk

∂σm
gm� ∂xk

∂σj
= δj� ; (3.4.4)

and from
n∑

k=1

∂σ�

∂xk

∂xk

∂σj
= δj� ,

one gets
∂σ�

∂xk
=

n∑

m=1

∂xk

∂σm
gm� . (3.4.5)

Hence, (3.4.1) becomes

∂u

∂xq
=

n∑

�,m=1

∂xq

∂σm
gm� ∂u

∂σ�
. (3.4.6)

This equation can be rewritten as follows.

Lemma 3.4.1. Let (3.3.7) be a regular, sufficiently smooth transformation.
Then

∂u

∂xq
=

1
√
g

n∑

m=1

∂

∂σm

(√
g

n∑

�=1

∂xq

∂σ�
g�mu

)
. (3.4.7)

Proof: In order to show (3.4.7) we need to introduce the Christoffel symbols
Gr

pq of the diffeomorphism (3.3.7) defined by2

∂2xi

∂σq∂σp
=

n∑

r=1

Gr
pq

∂xi

∂σr
for i, p, q = 1, . . . , n . (3.4.8)

For the Christoffel symbols, the following relations are easily established
(Sokolnikoff [286, p.80 ff.]):

2In Millman and Parker [216, (32.6)] one finds the additional term

y

{
i
st

}
∂xs

∂σp

∂xt

∂σq
which can be shown to be zero after some manipulations.
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∂g�k
∂σq

=
n∑

m=1

Gm
�qgmk +

n∑

m=1

Gm
kqgm� , (3.4.9)

n∑

q=1

∂gpq

∂σq
= −

n∑

q,�=1

Gp
q�g

�q −
n∑

q,�=1

Gq
q�g

�p , (3.4.10)

n∑

p,q=1

∂

∂σq

(
∂xi

∂σp
gpq

)
= −

n∑

p,q,r=1

∂xi

∂σp
Gr

rqg
pq , (3.4.11)

∂g

∂σq
= 2g

n∑

r=1

Gr
rq . (3.4.12)

The right–hand side of (3.4.6) can be written as

∂u

∂xq
=

1
√
g

n∑

�,m=1

∂

∂σ�

(
√
g
∂xq

∂σm
gm�u

)

− 1
√
g

n∑

�,m=1

(
∂

∂σ�

(√
g
∂xq

∂σm
gm�

))
u .

Then the second term on the right–hand side vanishes, since

1
√
g

n∑

�,m=1

∂

∂σ�

(
√
g
∂xq

∂σm
gm�

)

=
1
√
g

n∑

�,m=1

{
1

2
√
g

∂g

∂σ�

∂xq

∂σm
gm� +

√
g

∂2xq

∂σ�∂σm
gm� +

√
g
∂xq

∂σm

∂

∂σ�
gm�

}

=
1
√
g

n∑

�,m=1

1
2
√
g
2g

n∑

r=1

Gr
r�

∂xq

∂σm
gm� +

n∑

r,m,�=1

Gr
�m

∂xq

∂σr
gm�

−
n∑

m,�,t=1

∂xq

∂σm
Gm

�tg
t� −

n∑

m,�,t=1

∂xq

∂σm
G�

�tg
tm

= 0 , (3.4.13)

which gives (3.4.7). �

Our coordinates (3.3.7) are closely related to the surface Γ which corre-
sponds to σn = 0, i.e. x = x(σ′, 0) = y(σ′).

In the following, we refer to these coordinates (3.3.7) as Hadamard’s tubu-
lar coordinates. The metric coefficients of the surface Γ are given by

γνµ(σ′) = γµν(σ′) :=
∂y

∂σν
· ∂y

∂σµ
for ν, µ = 1, . . . , n− 1 . (3.4.14)

As usual, we denote by
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γ = det (γνµ) (3.4.15)

the corresponding determinant and by γλκ the coefficients of the inverse to
γνµ. Then

ds = γ
1
2 dσ′ (3.4.16)

is the surface element of Γ in terms of the local coordinates.
In order to express gik in terms of the surface geometry we will need the

Weingarten equations (Klingenberg [159], Millman and Parker [216, p. 126]),

∂n

∂σλ
= −

n−1∑

ν=1

Lν
λ

∂y

∂σν
for λ = 1, . . . , n− 1 (3.4.17)

where the coefficients Lν
λ of the second fundamental form of Γ describe the

curvature of Γ and are given by

Lµ
λ =

n−1∑

ν=1

Lλνγ
νµ , Lλν =

∂2y

∂σλ∂σν
• n(σ′) . (3.4.18)

In addition, we have

2H =
n−1∑

λ=1

Lλ
λ = −(∇ • n) (3.4.19)

with the mean curvature H of Γ and

K = det (Lµ
λ) ,

n−1∑

λ=1

LνλL
λ
µ = 2HLνµ −Kγνµ (3.4.20)

where K is the Gaussian curvature of Γ . With (3.4.2) we obtain from (3.3.7)

gνµ =
(

∂y

∂σν
+ σn

∂n

∂σν

)
•
(

∂y

∂σµ
+ σn

∂n

∂σµ

)

and with (3.4.17) and (3.4.20),

gνµ = γνµ − 2σnLνµ + σ2
n

n−1∑

λ=1

LνλL
λ
µ

= (1− σ2
nK)γνµ − 2σn(1− σnH)Lνµ

(3.4.21)

for ν, µ = 1, . . . , n− 1 . Furthermore, we see immediately

gνn =
∂x

∂σν
• n(σ′) =

(
∂y

∂σν
− σn

n−1∑

κ=1

Lκ
ν

∂y

∂σκ

)
• n(σ′)

= 0 for ν = 1, . . . , n− 1 ; and (3.4.22)

gnn = 1 .
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From (3.4.21) one obtains

det

(
n−1∑

µ=1

gνµγ
µλ

)
= (1− 2σnH + σ2

nK)2

and, hence,
g = γ(1− 2σnH + σ2

nK)2 . (3.4.23)

Equations (3.4.21), (3.4.22) and (3.4.23) imply in particular that for σn = 0
one has

gνµ(σ′, 0) = γνµ(σ′) and gνµ(σ′, 0) = γνµ(σ′) . (3.4.24)

Similar to (3.4.22), by computing the left–hand side in (3.4.8), we find
that some of the Christoffel symbols in (3.4.8) take special values, namely:

Gr
nn = 0 for r = 1, . . . , n;

Gn
λn = 0 for λ = 1, . . . , n− 1 .

(3.4.25)

We also find for our special coordinates (3.3.7) with (3.4.25) and (3.4.17),

n−1∑

ν=1

Gν
nλ

∂x

∂σν
=

∂2x

∂σn∂σλ
=

∂n

∂σλ
= −

n−1∑

ν=1

Lν
λ

∂y

∂σν
.

As a consequence from (3.3.7) with (3.4.17) we have

n−1∑

ν=1

Gν
nλ

(
∂y

∂σν
− σn

n−1∑

κ=1

Lκ
ν

∂y

∂σκ

)
= −

n−1∑

ν=1

Lν
λ

∂y

∂σν

from which we obtain the relations

−Lν
λ = Gν

nλ − σn

n−1∑

�=1

G�
nλL

ν
� (3.4.26)

for ν, λ = 1, . . . , n− 1. Note that on Γ , for σn = 0 we have

Gν
nλ(σ′, 0) = −Lν

λ(σ′) .

For the Jacobian ∂σ�

∂xk
of our special diffeomorphism (3.3.7), we find from

(3.4.5) and (3.4.22) the equations

∂σλ

∂xk
=

n−1∑

µ=1

∂xk

∂σµ
gµλ + nkg

nλ for k = 1, . . . , n , λ = 1, . . . , n− 1 . (3.4.27)

Multiplying by nk we obtain
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0 =
n∑

k=1

∂σλ

∂xk

∂xk

∂σn
=

n∑

k=1

∂σλ

∂xk
nk = 1 · gnλ .

Hence,

gnλ = 0 and
∂σλ

∂xk
=

n−1∑

µ=1

∂xk

∂σµ
gµλ (3.4.28)

for k = 1, . . . , n ; λ = 1, . . . , n−1. Moreover, with ∂xk

∂σn
= nk from (3.3.7), the

relation
∂σn

∂xk
=

n−1∑

µ=1

∂xk

∂σµ
gµn + nkg

nn = nkg
nn

yields

gnn = 1 and
∂σn

∂xk
= nk for k = 1, . . . , n . (3.4.29)

We also note that for any function u,

∂u

∂σn
=

n∑

k=1

∂u

∂xk

∂xk

∂σn
=

n∑

k=1

∂u

∂xk
nk =

∂u

∂n
. (3.4.30)

With (3.4.28), (3.3.7) and (3.4.30) one obtains from (3.4.7), in addition to
(3.4.19), the equation

∇ · n =
1
√
g

∂

∂σn

√
g =

1
√
g

∂

∂n

√
g . (3.4.31)

Finally, by collecting (3.4.27), (3.4.30) we obtain from (3.4.7)

∂u

∂xq
= (Dq + nq

∂

∂n
)u , (3.4.32)

where

Dq :=
n−1∑

λ,µ=1

∂xq

∂σµ
gµλ

∂

∂σλ

=
n−1∑

λ,µ=1

(
∂yq
∂σµ

− σn

n−1∑

κ=1

Lκ
µ

∂yq
∂σκ

)
gµλ

∂

∂σλ

(3.4.33)

is a tangential operator on the surface σn = const, parallel to Γ . We note that
the tangential operator Dq can be written in terms of the Günter derivatives
(2.2.24) in the tubular coordinates, i.e.,

mjk

(
∂x, n(σ′)

)
:= nk(σ′)

∂

∂xj
− nj(σ′)

∂

∂xk

as
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Dq = −
n∑

q=1

nq(σ′)mqk

(
∂x, n(σ′)

)
(3.4.34)

Now, from (3.4.32), (3.4.33) we have on Γ , i.e. for σn = 0,

∂u

∂xq
|Γ =

n−1∑

µ,λ=1

∂yq
∂σµ

γµλ ∂u

∂σλ
+ nq

∂u

∂n
|Γ , (3.4.35)

or from (3.4.7),

∂u

∂xq
=

1
√
g

{ n−1∑

µ,λ=1

∂

∂σλ

(
√
g
∂xq

∂σµ
gµλu

)
+

∂

∂n
(
√
gnqu)

}
,

and with (3.4.23),

∂u

∂xq
=

1
√
g

n−1∑

µ,λ=1

∂

∂σλ

(√
g
∂xq

∂σµ
gµλu

)

+ 2
√
γ

√
g
(σnK −H)nqu + nq

∂u

∂n
,

which becomes on Γ , i.e. for σn = 0,

∂u

∂xq
|Γ =

1
√
γ

n−1∑

µ,λ=1

∂

∂σλ

(
√
γ
∂yq
∂σµ

γµλu

)
− 2Hnqu + nq

∂u

∂n
. (3.4.36)

Correspondingly, the so–called surface gradient GradΓu is defined by

GradΓu =
n−1∑

λ,µ=1

∂y

∂σµ
γµλ ∂u

∂σλ
, (3.4.37)

which yields from (3.4.32) and (3.4.33) with σn = 0 the relation

∇u|Γ = GradΓu + n
∂u

∂n
on Γ . (3.4.38)

Again, with the Günter derivatives (2.2.25) we have the relation

GradΓu = −(n�M|Γ )�u on Γ . (3.4.39)

In order to rewrite a differential operator Pu along Γ we further need
higher order derivatives:

Dαu =
(
D + n(σ′)

∂

∂n

)α

u :=
n∏

q=1

(
Dq(σ′, σn) + nq(σ′)

∂

∂n

)αq

u (3.4.40)
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where ∂
∂n = ∂

∂σn
due to (3.4.30). Note that only the operators np(σ′) ∂

∂n and
nq(σ′) ∂

∂n commute, whereas the tangential differential operators Dp and Dq

and the operators np(σ′) ∂
∂n mutually are noncommutative. However, due to

the Meinardi–Codazzi compatibility conditions, the operators

∂

∂xq
=

(
Dq + nq

∂

∂n

)
and

∂

∂xp
=

(
Dp + np

∂

∂n

)

do commute. Similar to the arrangement in (3.4.40) we now write

|α|∑

k=0

Cα,k
∂ku

∂nk
:=

(
D + n

∂

∂n

)α

u = Dα
xu (3.4.41)

with tangential differential operators

Cα,ku =
∑

|γ|≤|α|−k

cα,γ,k(σ′, σn)
(

∂

∂σ′

)γ

u , (3.4.42)

for γ = (γ1, . . . , γn−1) , k = 0, . . . , |α| and

Cα,ku = 0 for k ≤ −1 and for k > |α| . (3.4.43)

For convenience in calculations we set

cα,γ,k(σ′, σn) = 0 for any γj < 0 or for |γ| > |α| − k . (3.4.44)

Then, in particular, cα,γ,k = 0 for k > |α| in accordance with (3.4.42). The
tangential operators Cα,k can be introduced from (3.4.40) and (3.4.41) recur-
sively as follows: Set

C0,0 = 1 , hence C0,0u = u . (3.4.45)

Then we have for

β = (α1, . . . , α� + 1, . . . , αn) with |β| = |α|+ 1

the recursion formulae

Cβ,k = D�Cα,k + n�

(
∂

∂σn
Cα,k

)
+ n�Cα,k−1 (3.4.46)

and

cβ,�,k(σ′, σn) =
n−1∑

λ,µ=1

∂x�

∂σµ
gµλ

(
∂cα,�,k
∂σλ

+ cα,(�j−δjλ),k

)

+ n�

(
∂cα,�,k
∂σn

+ cα,�,k−1

)
.

(3.4.47)
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In particular, we have

Cβ,|β| = cβ,0,|β| = nβ(σ′) =
n∏

�=1

n�(σ′)β� . (3.4.48)

Finally, inserting (3.4.40)–(3.4.42) we can write along Γ

Pu(x) =
∑

|α|≤2m

aα(x)Dαu(x) =
∑

|α|≤2m

aα(x)
(
D + n

∂

∂n

)α

u

=
∑

|α|≤2m

aα(x)
|α|∑

k=0

Cα,k
∂ku

∂nk
(3.4.49)

=:
2m∑

k=0

Pk
∂ku

∂nk
,

where the tangential operators Pk of orders 2m− k are given by

Pk =
∑

|α|≤2m

aα(x)Cα,k

=
∑

|α|≤2m

∑

|γ|≤|α|−k

aα(x)cα,γ,k(σ′, σn)
(

∂

∂σ′

)γ

(3.4.50)

=
∑

|γ|≤2m−k

∑

|α|≤2m

aα(x)cα,γ,k(σ′, σn)
(

∂

∂σ′

)γ

in view of (3.4.44). With (3.4.43) and (3.4.48) we find

P2m =
∑

|α|≤2m

aα(x)Cα,2m =
∑

|α|=2m

aα(x(σ′, σn))nα(σ′) . (3.4.51)

The operator

P0 =
∑

|γ|≤2m

∑

|α|≤2m

aα(y)cα,γ,0(σ′, σn)
(

∂

∂σ′

)γ

(3.4.52)

is known as the Beltrami operator along Γ associated with P and Γ .

3.4.1 Second Order Differential Operators in Divergence Form

As a special example let us consider a second order partial differential oper-
ator in divergence form,

Pu(x) =
n∑

i,k=1

∂

∂xi

(
aik(x)

∂u

∂xk

)
+

n∑

k=1

bk(x)
∂u

∂xk
+ c(x)u(x) . (3.4.53)
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Then (3.4.6) yields

n∑

i,k=1

∂

∂xi

(
aik

∂u

∂xk

)
=

n∑

i,k,�,m=1

∂

∂xi

{
aik

∂xk

∂σm
gm� ∂u

∂σ�

}
.

Now applying formula (3.4.7) to the term {· · · }, we obtain

n∑

i,k=1

∂

∂xi

(
aik(x)

∂u

∂xk

)

=
1
√
g

n∑

p,�=1

∂

∂σp

({√
g

n∑

i,k,q,m=1

aik(x)
∂xi

∂σq

∂xk

∂σm
gm�gqp

} ∂u

∂σ�

)
.

By using the properties gnλ = 0 and gnn = 1 in (3.4.28) and (3.4.29), formula
(3.4.54) takes the form

n∑

i,k=1

∂

∂xi

(
aik(x)

∂u

∂xk

)

=
n−1∑

κ,λ=1

1
√
g

∂

∂σκ

({√
g

n∑

i,k=1

n−1∑

µ,ν=1

aik
∂xi

∂σν

∂xk

∂σµ
gµλgνκ

} ∂u

∂σλ

)
(3.4.54)

+
n−1∑

κ=1

1
√
g

∂

∂σκ

({√
g

n∑

i,k=1

n−1∑

ν=1

aik
∂xi

∂σν
nkg

νκ
}∂u

∂n

)

+
1
√
g

∂

∂n

( n−1∑

λ=1

{√
g

n∑

i,k=1

n−1∑

µ=1

aikni
∂xk

∂σµ
gµλ

} ∂u

∂σλ

)

+
1
√
g

∂

∂n

({ √
g

n∑

i,k=0

aiknink

}∂u

∂n

)
.

On the other hand, (3.4.6) gives

n∑

k=1

bk
∂u

∂xk
=

n−1∑

λ=1

{
n∑

k=1

n−1∑

µ=1

bk
∂xk

∂σµ
gµλ

}
∂u

∂σλ
+

(
n∑

k=1

bknk

)
∂u

∂n
. (3.4.55)

Substituting (3.4.54) and (3.4.55) into (3.4.53) yields

Pu = P0u + P1
∂u

∂n
+ P2

∂2u

∂n2
. (3.4.56)

For ease of reading, at the end of this section we shall show how these tan-
gential operators Pk for k = 0, 1, 2, can be derived explicitly:
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P2 =
n∑

i,k=1

aik(x(σ′, σn))ni(σ′)nk(σ′) . (3.4.57)

P1 =
n−1∑

λ=1

( n∑

i,k=1

n−1∑

ν=1

aik
∂xi

∂σν
nkg

νλ
) ∂

∂σλ
(3.4.58)

+
(
2
√
γ

√
g
(σnK −H)−

n−1∑

κ=1

Gκ
κn

) n∑

i,k=1

aiknink

−
n∑

i,k=1

n−1∑

�,λ,ν=1

aik
∂xi

∂σ�
Lν
λ

∂yk
∂σν

g�λ

+
n∑

i,k=1

∂aik
∂n

nink +
n∑

i,k,�=1

n−1∑

�,ν=1

∂aik
∂x�

∂x�

∂σ�

∂xi

∂σν
nkg

�ν +
n∑

k=1

bknk ,

P0 =
n−1∑

κ,λ=1

1
√
g

∂

∂σκ

({√
g

n∑

i,k=1

n−1∑

µ,ν=1

aik
∂xi

∂σν

∂xk

∂σµ
gνκgµλ

} ∂

∂σλ

)
(3.4.59)

+
n−1∑

λ=1

{ n∑

i,k=1

aikni

( n−1∑

µ=1

{2
√
γ

√
g

(σnK −H)
∂xk

∂σµ

−
n−1∑

ν=1

( ∂yk
∂σν

Lν
µ +

∂xk

∂σν
Gν

µn

)}
gµλ −

n−1∑

µ,λ=1

∂xk

∂σν
gµνGλ

µn

)

+
n−1∑

µ=1

{ n∑

k=1

( n∑

i=1

∂aik
∂n

ni + bk
∂xk

∂σµ

)}
gµλ

} ∂

∂σλ
+ c(x)

+ c(x) .

On Γ , where σn = 0, the operators further simplify due to (3.4.24) and
(3.4.26) and the definition of H. Moreover, we have the relation

∂

∂σn
gµλ

∣∣
σn=0

=
n−1∑

ν=1

γµνLλ
ν + γλνLµ

ν = 2Lλµ . (3.4.60)

The operators Pk on Γ now read explicitly as



122 3. Representation Formulae

P2 =
n∑

i,k=1

aik(y)ni(y)nk(y) , (3.4.61)

P1 =
n−1∑

λ=1

( n∑

i,k=1

n−1∑

ν=1

aik(y)
∂yi
∂σν

nk(y)γνλ
) ∂

∂σλ

−
n∑

i,k=1

n−1∑

�,ν=1

aik
∂yi
∂σ�

L�ν ∂yk
∂σν

+
n∑

i,k=1

{∂aik
∂n

nink +
n−1∑

�,ν=1

n∑

�=1

∂aik
∂x�

∂y�
∂σ�

∂yi
∂σν

nkγ
ν�

}

+
n∑

k=1

bknk , (3.4.62)

P0 =
n−1∑

κ,λ=1

1
√
γ

∂

∂σκ

({√
γ

n∑

i,k=1

n−1∑

µ,ν=1

aik
∂yi
∂σν

∂yk
∂σµ

γνκγµλ
} ∂

∂σλ

)

+
n−1∑

λ=1

{ n∑

i,k=1

aikni

n−1∑

µ=1

∂yk
∂σµ

(−2Hγµλ + Lµλ)

+
n−1∑

µ=1

n∑

k=1

( n∑

i=1

∂aik
∂n

ni + bk
∂yk
∂σµ

)
γµλ

} ∂

∂σλ

+ c(y) . (3.4.63)

Remark 3.4.1: In case of the Laplacian we have aik = δik, bk = 0, c = 0.
Then the expressions (3.4.60) and (3.4.62), (3.4.63) become

P2 = 1 ,

P1 = −
n−1∑

�,ν=1

γ�νL
�ν = −

n−1∑

�=1

L�
� = −2H ,

P0 =
n−1∑

λ,κ=0

1
√
γ

∂

∂σκ

({√
γ

n−1∑

ν=1

γµνγ
νκγµλ

} ∂

∂σλ

)

=
1
√
γ

n−1∑

λ,κ=1

∂

∂σκ

(√
γγκλ ∂

∂σλ

)
= ∆Γ , (3.4.64)

which is the Laplace–Beltrami operator on Γ . (See e.g. in Leis [185, p.38]).
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Derivation of P1 and P0:
We begin with the derivation of the P1 by collecting the corresponding

terms from (3.4.54) and (3.4.55) arriving at

P1 =
n−1∑

λ=1

( n∑

i,k=1

n−1∑

ν=1

aik(x(σ′, σn))
∂xi

∂σν
nk(σ′)gνλ

) ∂

∂σλ

+
1
√
g

{ ∂

∂n

(√
g

n∑

i,k=1

aiknink

)

+
n−1∑

κ=1

∂

∂σκ

(√
g

n∑

i,k=1

n−1∑

ν=1

aik
∂xi

∂σν
nkg

νκ
)}

+
n∑

k=1

bknκ .

The following formulae are needed when we apply the product rule to the
second term in the above expression.

∂

∂n

√
g = 2

√
γ(σnK −H) from (3.4.23) ,

∂

∂σκ

√
g =

√
g

n∑

r=1

Gr
rκ from (3.4.11) ,

∂2xi

∂σp∂σq
=

n∑

r=1

Gr
pq

∂xi

∂σr
from (3.4.8) ,

∂nk

∂σκ
= −

n−1∑

ν=1

Lν
κ

∂yk
∂σν

from (3.4.17) ,

n−1∑

κ=1

∂gνκ

∂σκ
+

∂gνn

∂σn
= −

n∑

q,�=1

Gν
q�g

�q −
n∑

q,�=1

Gq
q�g

�ν from (3.4.10) .

As a consequence, we find
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P1 =
n−1∑

λ=1

⎛

⎝
n∑

i,k=1

n−1∑

µ=1

aik
∂xi

∂σµ
nkg

µλ

⎞

⎠ ∂

∂σλ

+ 2
√
γ

√
g
(σnK −H)

n∑

i,k=1

aiknink +
n∑

i,k=1

∂aik
∂n

nink

+
n−1∑

ν,κ=1

n∑

i,k

(
aik

n∑

r=1

Gr
rκ +

n∑

�=1

∂aik
∂n�

∂x�

∂σκ

)
∂xi

∂σν
nkg

νκ

+
n∑

i,k,r=1

n−1∑

κ,ν=1

aik
∂xi

∂σr
nkG

r
κνg

νκ

−
n∑

i,k=1

n−1∑

µ,κ,ν=1

aik
∂xi

∂σν
Lµ
κ

∂yk
∂σµ

gκν

−
n∑

i,k,�,q=1

n−1∑

ν=1

aik
∂xi

∂σν
nk(Gν

q�g
�q + Gq

q�g
�ν)

+
n∑

k=1

bknk .

In addition, we see that with (3.4.28) and (3.4.29), i.e. gnκ = 0 and
gnn = 1 there holds

∂gnn

∂σn
+

n−1∑

κ=1

∂gnκ

∂σκ
= 0 =

n∑

p=0

∂gnp

∂σp

and (3.4.10) gives

0 = −
n−1∑

κ,ν=0

Gn
κνg

νκ −
n−1∑

κ=1

Gn
κng

nκ −Gn
nng

nn

−
n∑

�=1

Gn
n�g

�n −
n−1∑

κ,λ=1

Gκ
κλg

λn −
n−1∑

κ=1

Gn
κng

nn

= −
n−1∑

κ,ν=1

Gn
κνg

νκ −Gn
nn −

n∑

�=1

Gn
n�g

�n −
n−1∑

κ=1

Gκ
κn .

Using (3.4.25), we obtain

n−1∑

κ,ν=1

Gn
κνg

νκ = −
n−1∑

κ=1

Gκ
κn . (3.4.65)

A simple computation with the help of (3.4.65) and (3.4.25) yields
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P1 =
n−1∑

λ=1

( n∑

i,k=1

n−1∑

µ=1

aik
∂xi

∂σµ
nkg

µλ
) ∂

∂σλ

+ 2
√
γ

√
g
(σnK −H)

n∑

i,k=1

aiknink +
n∑

i,k=1

∂aik
∂σn

nink

+
n∑

i,k=1

aik

{
n−1∑

�,ν,κ=1

∂xi

∂σ�
nkG

�
κνg

νκ −
n−1∑

κ=1

ninkG
κ
κn

−
n−1∑

�,ν,κ=1

∂xi

∂σ�
nkGκ�g

νκ −
n−1∑

�=1

∂xi

∂σ�
nkG

�
nn

−
n−1∑

�,κ,ν=1

∂xi

∂σ�
Lν
κ

∂yk
∂σν

g�κ

}

+
n∑

i,k,�=1

n−1∑

ν,�=1

∂aik
∂x�

∂x�

∂σ�

∂xi

∂σν
nkg

�ν +
n∑

k=1

bknk .

With (3.4.25) and rearranging terms, the result (3.4.58) follows.
For P0 we collect from (3.4.54) the terms

P0 =
n−1∑

κ,λ=1

1
√
g

∂

∂σκ

({√
g

n∑

i,k=1

n−1∑

µ,ν=1

aik
∂xi

∂σν

∂xk

∂σµ
gµλgνκ

} ∂

∂σλ

)

+
1
√
g

n−1∑

λ=1

( ∂

∂σn

{√
g

n∑

i,k=1

n−1∑

µ=1

aikni
∂xk

∂σµ
gµλ

}) ∂

∂σλ

+
n−1∑

λ=1

{ n∑

k=1

n−1∑

µ=1

bk
∂xk

∂σµ
gµλ

} ∂

∂σλ
+ c(x) .

With the product rule and (3.4.23) we obtain
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P0 =
n−1∑

κ,λ=1

1
√
g

∂

∂σκ

({√
g

n∑

i,k=1

n−1∑

µ,ν=1

aik
∂xi

∂σν

∂xk

∂σµ
gµλgνκ

} ∂

∂σλ

)

+
n−1∑

λ=1

{2
√
γ

√
g

(σnK −H)
n∑

i,k=1

n−1∑

µ=1

aikni
∂xk

∂σµ
gµλ

+
n∑

i,k=1

n−1∑

µ=1

aikni

(∂nk

∂σµ
gµλ +

∂xk

∂σµ

( ∂

∂σn
gµλ

))

+
n∑

i,k=1

n−1∑

µ=1

∂aik
∂n

ni
∂xk

∂σµ
gµλ

+
n∑

k=1

n−1∑

µ=1

bk
∂xk

∂σµ
gλµ

} ∂

∂σλ
+ c(x) .

In the third term we insert ∂nk

∂σµ
from (3.4.17), whereas for ∂

∂σn
gµλ we use

(3.4.10), which yields

∂

∂σn
gµλ = −

n∑

�,p=1

gµ�
(

∂

∂σn
g�p

)
gpλ

= −
n∑

�=1

(gµ�Gλ
�n + gλ�Gµ

�n)

= −
n−1∑

ν=1

(gµνGλ
νn + gλνGµ

νn)

following from (3.4.25). On the surface Γ where σn = 0 we obtain again
(3.4.60).

3.5 Distributional Derivatives and Abstract Green’s
Second Formula

Let Γ be sufficiently smooth, say, Γ ∈ C∞ and let χΩ(x) be the characteristic
function for Ω, namely

χΩ(x) :=

{
1 for x ∈ Ω and
0 otherwise.

We begin with the distributional derivatives of χΩ, and claim

∂

∂xi
χΩ(x) = −ni(x)δΓ (3.5.1)
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where ni(x) is the i–th component of the exterior normal n(x) to Ω at x ∈
Γ = ∂Ω extended to a C∞

0 (IRn)–function, δΓ is the Dirac distribution of Γ
defined by

〈δΓ , ϕ〉IRn =
∫

IRn

δΓ (x)ϕ(x)dx :=
∫

Γ

ϕ(x)dsx (3.5.2)

for every ϕ ∈ C∞
0 (IRn). Equation (3.5.1) follows immediately from the defin-

ition of the derivative of distributions and the Gaussian divergence theorem
as follows:

〈( ∂

∂xi
χΩ

)
, ϕ

〉

IRn
= −

∫

IRn

χΩ
∂ϕ

∂xi
dx = −

∫

Ω

∂ϕ

∂xi
dx

= −
∫

Γ

ϕ(x)ni(x)dsx = −〈δΓ , niϕ〉IRn = −〈niδΓ , ϕ〉IRn

from (3.1.6).
Now we define the distribution δ

(1)
Γ (x) := ∂

∂nδΓ given by

〈δ(1)
Γ , ϕ〉IRn = 〈(n · ∇)δΓ , ϕ〉IRn =

〈 ∂

∂n
δΓ , ϕ

〉

IRn

which, by the definition of derivatives of distributions becomes

〈 ∂

∂n
δΓ , ϕ

〉

IRn
= 〈δ(1)

Γ , ϕ〉IRn = 〈−δΓ ,∇ · (nϕ)〉IRn for all ϕ ∈ C∞
0 (IRn) .

(3.5.3)
Consequently, we have

〈δ(1)
Γ , ϕ〉IRn = −

∫

Γ

( ∂

∂n
+ (∇ · n)

)
ϕdsx = −

〈
δΓ ,

∂ ′

∂n
ϕ
〉

IRn
(3.5.4)

which also defines the transpose of the operator ∂
∂n ,

∂

∂n

′
ϕ = −

( ∂

∂n
+∇ · n

)
ϕ = −

( ∂

∂n
− 2H

)
ϕ on Γ , (3.5.5)

where H = − 1
2∇ · n is the mean curvature of Γ (see (3.4.19)). With these

operators, the following relations of corresponding distributions can be de-
rived:

∇χΩ(x) = −n(x)δΓ (x) , (3.5.6)

∆χΩ =
∂

∂n

′
δΓ , (3.5.7)

∆(ϕχΩ) = (∆ϕ)χΩ − 2
∂ϕ

∂n
δΓ + ϕ

( ∂

∂n

′
δΓ

)
(3.5.8)
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for any ϕ ∈ C∞
0 . Here, the right–hand side in (3.5.7) is the composition of

the differential operator ∂
∂n

′
given in (3.5.5) with the distribution δΓ , and it

defines again a distribution. Correspondingly, (3.5.8) yields the Green identity
in the form:

〈ϕχΩ ,∆ψ〉IRn − 〈(∆ϕ)χΩ , ψ〉IRn =
〈
ϕ
( ∂

∂n

′
δΓ

)
, ψ

〉

IRn
− 2

〈∂ϕ

∂n
δΓ , ψ

〉

IRn

=
〈
δΓ

∂ψ

∂n
, ϕ

〉

IRn
−

〈∂ϕ

∂n
δΓ , ψ

〉

IRn
,

or, in the traditional form,
∫

Ω

(ϕ∆ψ − ψ∆ϕ)dx =
∫

Γ

(
ϕ
∂ψ

∂n
− ψ

∂ϕ

∂n

)
dsx . (3.5.9)

In order to formulate the Green identities for higher order partial differen-
tial operators, we also need a relation between the distribution’s derivatives
∂

∂xi
δΓ and δ

(1)
Γ which is given by

∂

∂xi
δΓ = ni(x)δ(1)

Γ . (3.5.10)

The derivation of this relation is not straight forward and needs the concept of
local coordinates near Γ , corresponding formulae from differential geometry
which are given by (3.4.29) and (3.4.30), and also the Stokes theorem on Γ .

For u, a sufficiently smooth p–vector valued function, e.g. u ∈ C∞(IRn)
and for a general 2m–th order differential operator P , we have

P (uχΩ) =
∑

|α|≤2m

aα(x)Dα(uχΩ)

=
∑

|α|≤2m

aα(x)
∑

0≤β≤α

α!
β!(α− β)!

Dα−βuDβχΩ (3.5.11)

= PuχΩ +
∑

1≤|α|≤2m

aα(x)
∑

0<β≤α

α!
β!(α− β)!

Dα−βuDβχΩ ,

where

DβχΩ = −
|β|−1∑

ν=0

cβνδ
(ν)
Γ for |β| ≥ 1 and D0χΩ = χΩ .

The distribution δ
(ν+1)
Γ is defined recursively by

δ
(ν+1)
Γ = (n · ∇)δ(ν)

Γ
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according to (3.5.3). Similarly to (3.5.10) is can be shown that

∂

∂xi
δ
(ν)
Γ = ni(x)δ(ν+1)

Γ . (3.5.12)

The coefficients cβν are given by the recursion relations

DβχΩ =
∂

∂x�
DαχΩ for β = (α1, . . . , α� + 1, . . . , αn) ,

and by

cβ,0 =
∂

∂x�
cα,0 ,

cβ,ν = cα,ν−1n� +
∂

∂x�
cα,ν for ν = 1, . . . , |α| − 1 , (3.5.13)

cβ,|β|−1 = cβ,|α| = cα,|α|−1n� .

For |α| = 1 with α� = 1 and αj = 0 for j �= � we find from (3.5.10)

cα,0 = n� . (3.5.14)

Hence, collecting and rearranging terms in (3.5.11), we obtain

P (uχΩ) = (Pu)χΩ −
∑

1≤|α|≤2m

aα(x)
∑

0<β≤α

α!
β!(α− β)!

Dα−βu

|β|−1∑

ν=0

cβ,νδ
(ν)
Γ .

(3.5.15)
By setting

cβ,ν := 0 for ν ≥ |β| , (3.5.16)

we can rewrite equation (3.5.15) in the form

P (uχΩ) = (Pu)χΩ −
2m−1∑

ν=0

Qνuδ
(ν)
Γ (3.5.17)

where

Qνu =
∑

1≤|α|≤2m

aα(x)
∑

0≤γ<α

α!
(α− γ)!γ!

cα−γ,ν(x)Dγu

=:
∑

|µ|≤2m−ν−1

qµ,ν(x)Dµu
(3.5.18)

and where the coefficients qµ,ν are defined in an obvious manner by (3.5.18).
In fact, for m = 1 and

aα(x) =

{
1 for α = α(j) with α

(j)
i = 2δij and i, j = 1, . . . , n,

0 otherwise.
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we recover formula (3.5.8) from (3.5.17). The latter is the second Green’s
formula in distributional form, namely by multiplying (3.5.17) with φ ∈(
C∞

0 (IRn)
)p and integrating, we get

〈P (uχΩ), φ〉IRn − 〈(Pu)χΩ , φ〉IRn = −
2m−1∑

ν=0

〈(Qνu)δ(ν)
Γ , φ〉IRn

and
∫

Ω

uP�φdy −
∫

Ω

φPudy (3.5.19)

= −
2m−1∑

ν=0

∫

Γ

( ∂

∂n

′)ν

(φQνu)dsy

= −
2m−1∑

ν=0

ν∑

k=0

(
ν

k

)∫

Γ

{( ∂

∂n

′)k

φ
}{( ∂

∂n

′)ν−k

Qνu
}
dsy

=
2m−1∑

ν=0

ν∑

k=0

(
ν

k

)∫

Γ

{( ∂

∂n

′)k

Q(�)
ν φ

}{( ∂

∂n

′)ν−k

u
}
dsy ,

where Q
(�)
ν corresponds to the transposed differential operator P� of P via

(3.5.18). Obviously, formula (3.5.19) is also valid for any φ ∈
(
C∞(Ω)

)
.

3.6 The Green Representation Formula

In this section we consider a scalar differential equation or a 2mth–order
uniformly strongly elliptic system, in the sense of Petrovski, in the domain
Ω or Ωc = IRn \Ω, respectively,

Pu :=
∑

|α|≤2m

aα(x)Dαu = f (3.6.1)

with real p× p coefficient matrices aα.

Definition 3.6.1. (see Mikhlin [210], Miranda [217, p.244] and Stephan et
al [296]). The linear operator P is called strongly elliptic in Ω if there
exists a smooth matrix–valued function Θ(x) and γ0(x) > 0 such that

Re{ζ�Θ(x)
∑

|α|=2m

aα(x)ξαζ} ≥ γ0|ξ|2m|ζ|2 (3.6.2)

for all ξ ∈ IRn and all ζ ∈ C
p is satisfied where p denotes the dimen-

sion of the vector valued functions u . If, in addition, γ0 > 0 is a con-
stant independent of x and (3.6.3) holds for all x ∈ Ω, then P is called
uniformly strongly elliptic.
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In many applications one has Θ(x) ≡ 1 with the unity matrix I. Note that
strongly elliptic real differential operators are of even order and are properly
elliptic (see Wloka [322, Def. 9.24]).

The formula (3.5.19) can be employed to obtain a general Green repre-
sentation formula for the solution of (3.6.1) by using a fundamental solution.

Definition 3.6.2. Let x ∈ IRn be any chosen point. Then the distribution
E(x, y) is called a fundamental solution of the differential operator P�

(in IRn) if it satisfies the equation

P�
y E(x, y) = δx(y) := δ(y − x) (3.6.3)

in the distributional sense where δx(y) is the Dirac distribution given by

〈δx, ϕ〉IRn = ϕ(x) for all ϕ ∈ C∞
0 (IRn) .

(As usual, the notation P�
y stands for differentiation with respect to y.)

For a general differential operator P�, the existence of a fundamental solution
is by no means trivial, see Section 6.3.

For strongly elliptic operators it can be shown with the Green formula
(3.5.19) that (3.6.3) implies

PxE(x, y)� = δy(x) for any fixed y ∈ IRn . (3.6.4)

Hence, if Ex(y) := E(x, y) is the fundamental solution of P�
y then Ey(x) =

E(x, y)� is the fundamental solution of Px.

Lemma 3.6.1. Let P be a uniformly strongly elliptic differential operator
of order 2m with real C∞ coefficients aα(x). Then for every compact region
Ω � IRn with ∂Ω = Γ ∈ C∞ there exists a local fundamental solution E(x, y)
which is a C∞ function of all variables for x �= y and x, y ∈ Ω.

We shall come back to this topic in Section 6.3 and also refer for the
interested reader to the proofs given by Hörmander [131, III Theorem 17.1.1].

Hence, in what follows we shall always assume that a fundamental solution
exists, either for Ω or the the whole space IRn. With the fundamental solu-
tion E of P� as test function φ in (3.5.19) we obtain a desired representation
formula for any fixed x ∈ Ω:

u(x) =
∫

Ω

E(x, y)�f(y)dy (3.6.5)

+
2m−1∑

ν=0

ν∑

k=0

(
ν

k

)∫

Γ

{( ∂

∂n

′)k

Q(�)
ν E(x, y)

}�{( ∂

∂n

′)ν−k

u
}
dsy .

This formula, however, still needs to be justified since E(x, y) is not in
C∞

0 (IRn). Therefore, let us introduce a cut–off function χ ∈ C∞
0 (Ω) with

the properties
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χ(y) =

{
1 for |y − x| ≤ δ0 ,

0 for |y − x| ≥ 2δ0

for fixed x ∈ Ω where δ0 > 0 is an appropriately chosen constant depending
on x and Ω. Then

E(x, y) = χE + (1− χ)E

and χE is a well defined distribution whereas φ(y) := (1 − χ)E ∈ C∞(IRn)
can be used in formula (3.5.19). This yields

∫

Ω

(1− χ)E�(Pu)dy −
∫

Ω

uP�(
(1− χ)E

)
dy (3.6.6)

+
2m−1∑

ν=0

ν∑

k=0

(
ν

k

)∫

Γ

{( ∂

∂ny

′)k

Q(�)
ν E(x, y)

}�{( ∂

∂n

′)ν−k

u
}
dsy = 0

since χ(y) ≡ 0 along Γ . On the other hand, by definition of distributional
derivatives and by χ ∈ C∞

0 (Ω), we have

〈χE,Pu〉 = 〈P�(χE), u〉 ,

i.e. ∫

Ω

(χE)�Pudy −
∫

Ω

uP�(χE)dy = 0 . (3.6.7)

Since χ ≡ 1 for |x− y| ≤ δ0 we find with P�
y E(x, y) = 0 for y �= x,

∫

Ω

uP�
y (χE)dy =

∫

|x−y|≤δ0

uP�
y E(x, y)dy +

∫

δ0≤|x−y|∧y∈Ω

uP�(χE)dy

= 〈P�E, u〉IRn +
∫

δ0≤|x−y|∧y∈Ω

uP�(χE)dy ,

formula (3.6.7) becomes
∫

Ω

(χE)�Pudy −
∫

δ0≤|x−y|∧y∈Ω

uP�(χE)dy = u(x) . (3.6.8)

Now, formula (3.6.5) follows immediately by adding (3.6.6) and (3.6.8) since
(1− χ) ≡ 0 for |x− y| ≤ δ0 and P�

y E = 0 for x �= y.
In order to use the Cauchy data ( ∂

∂n )νu|Γ in the representation formula
(3.6.5), we need to replace ( ∂

∂n

′
)λ by using (3.5.5) which yields

u(x) =
∫

Ω

E(x, y)�f(y)dy +
2m−1∑

λ=0

∫

Γ

{TλyE(x, y)�}
{(

∂

∂n

)λ

u(y)
}
dsy

(3.6.9)
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where the boundary operators Tλy are defined by the equations

2m−1∑

λ=0

(Tλφ)�
(

∂

∂n

)λ

u|Γ = (3.6.10)

2m−1∑

ν=0

ν∑

k=0

ν−k∑

�=0

(
ν
k

)
(−1)�

(
ν−k
�

)(( ∂

∂n

)ν−k−�

2H
)(( ∂

∂n

′)k

Q(�)
ν φ

)�( ∂

∂n

)�

u|Γ .

This formula will be used for defining general boundary potentials and
Calderón projectors as introduced in Chapters 1 and 2 for special differential
operators.

Now, let x ∈ Ωc. Then (3.6.3) yields

P�
y E(x, y) = 0 for y ∈ Ω

and from (3.5.19), in exactly the same manner as before, one obtains the
equation

0 =
∫

Ω

E(x, y)�Pu(y)dy

+
2m−1∑

ν=0

ν∑

k=0

(
ν

k

)∫

Γ

{( ∂

∂ny

′)k

Q(�)
νy E(x, y)

}�{( ∂

∂n

′)ν−k

u
}
dsy

=
∫

Ω

E(x, y)Pu(y)dy (3.6.11)

+
2m−1∑

λ=0

∫

Γ

(
TλyE(x, y)�

) (( ∂

∂n

)λ

u
)
dsy for every x ∈ Ωc

and for any u ∈ C∞(Ω).
For exterior problems one can proceed correspondingly. For u ∈ C∞(IRn),

one has with (3.5.17) the equation

P (uχΩc) = P (u(1− χΩ))

= Pu− P (uχΩ) (3.6.12)

= PuχΩ
c +

2m−1∑

ν=0

(Qνu)δ(ν)
Γ .

Hence, if R > 0 is chosen large enough such that

BR := {y ∈ IRn
∣∣|y| < R} ⊃ Ω

then (3.5.19) for Ω
c ∩BR gives
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∫

Ω
c∩BR

u�P�φdy −
∫

Ω
c∩BR

φ�Pudy

=
2m−1∑

ν=0

∫

Γ

( ∂

∂n

′)ν

(φQνu)dsy −
2m−1∑

ν=0

∫

∂BR

( ∂

∂n

′)ν

(φQν)dsy

for every test function φ ∈ C∞(IRn) and every R large enough. If φ ∈
C∞

0 (IRn) has compact support then the last integral over ∂BR vanishes for
suppφ ⊂ BR. In order to obtain the Green representation formula in Ωc, we
again use E(x, y) instead of φ(y) and in exactly the same manner as before
we now find

u(x) =
∫

Ω
c∩BR

E(x, y)�Pu(y)dy

−
2m−1∑

λ=0

∫

Γ

{TλyE(x, y)}�
{( ∂

∂n

)λ

u(y)
}
dsy (3.6.13)

+
2m−1∑

λ=0

∫

ΓR

{TλyE(x, y)}�
{( ∂

∂n

)λ

u(y)
}
dsy for x ∈ Ωc ∩BR

and for every u ∈ C∞(Ω
c
) and every R large enough, ΓR = ∂BR.

If the right–hand side f of the differential equation

Pu = f in Ωc (3.6.14)

has compact support then the limit of the volume integral in (3.6.13) exists
for R→∞ and, in this case, for any solution of (3.6.14) the existence of the
limit

M(x;u) := lim
R→∞

2m−1∑

λ=0

∫

ΓR

{TλyE(x, y)}�
{( ∂

∂n

)λ

u(y)
}
dsy (3.6.15)

follows from (3.6.13). Since all the operators in (3.6.13) are linear, for any
fixed x ∈ Ωc, the limit in (3.6.15) defines a linear functional of u. Its value
depends on the behaviour of u at ∞, i.e., on the radiation conditions im-
posed. For instance, from the exterior Dirichlet and Neumann problems for
the Helmholtz equation subject to the Sommerfeld condition we have

M(x;u) = ω(u)

as was explained in Chapter 2.2, whereas for exterior problems of elasticity
we have

M(x;u) =
3(n−1)∑

j=1

ωj(u)mj(x)

for n = 2 and 3 dimensions due to (2.2.11).
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An immediate consequence of (3.6.4) is

PxM(x;u) = 0 for all x ∈ IRn (3.6.16)

and for every solution of (3.6.14) with f having compact support. Collecting
the above arguments, we find in this case the representation formula for
exterior problems,

u(x) =
∫

Ωc

E(x, y)�f(y)dy + M(x;u) (3.6.17)

−
2m−1∑

λ=0

∫

Γ

{TλyE(x, y)}�
{( ∂

∂n

)λ

u(y)
}
dsy for x ∈ Ωc .

Finally, we find from (3.6.4) in the same manner the identity

0 =
∫

Ωc

E(x, y)�f(y)dy + M(x;u)

−
2m−1∑

λ=0

∫

Γ

{TλyE(x, y)}�
{( ∂

∂n

)λ

u(y)
}
dsy for x ∈ Ω .

(3.6.18)

3.7 Green’s Representation Formulae in Local
Coordinates

The differential operators Tλ in the representation formulae (3.6.9), (3.6.13)
and (3.6.17) and in the identities (3.6.11) and (3.6.18) can be rewritten in
terms of local coordinates in the neighbourhood of Γ by using the parametric
representation of Γ . This will allow us to obtain appropriate properties of
the corresponding Calderón projections as in the special cases considered in
Chapters 1 and 2.

In order to simplify the Green representation formulae introduced in Sec-
tion 3.6 we introduce tensor distributions subordinate to the local coordinates
σ = (σ′, σn) or τ = (τ ′, τn) of the previous sections.

For simplicity, we present here the case of Hadamard’s tubular local coor-
dinates (σ′, σn). Let Ω1 ⊂ IRn−1 and Ω2 ⊂ IR be open subsets. If ϕ ∈ C∞

0 (Ω1)
and ψ ∈ C∞

0 (Ω2), the tensor product ϕ⊗ ψ of ϕ and ψ is defined by

(ϕ⊗ ψ)(σ′, σn) := ϕ(σ′)ψ(σn) (3.7.1)

which is a C∞
0 (Ω1 × Ω2)–function. The corresponding space C∞

0 (Ω1) ⊗
C∞

0 (Ω2) is a sequentially dense linear subspace of C∞
0 (Ω1 ×Ω2), that is, for

every Φ ∈ C∞
0 (Ω1 ×Ω2), there exists a sequence {Φj} in C∞

0 (Ω1)⊗C∞
0 (Ω2)
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such that Φj = ϕj(σ′) ⊗ ψj(σn) → Φ in C∞
0 (Ω1 × Ω2) (Friedlander [84,

Section 4.3] and Schwartz [276]).
The tensor product can be extended to distributions; and the resulting

distributional tensor product then satisfies

〈u⊗ v , ϕ⊗ ψ〉IRn = 〈u, ϕ〉IRn−1〈v, ψ〉IR (3.7.2)

where u and v are distributions on Ω1 and Ω2, respectively. By density ar-
guments, the equation (3.7.1) extends to

〈(u⊗ v), Φ〉IRn =
〈
u, 〈v, Φ(σ′, •)〉IR

〉
IRn−1

=
〈
v, 〈u, Φ(•, σn)〉IRn−1

〉
IR

(3.7.3)

for all Φ ∈ C∞
0 (Ω1 ×Ω2). The basic properties of the tensor product are

supp(u⊗ v) = supp(u)× supp(v) (3.7.4)
and

Dα
σ′Dβ

σn
(u⊗ v) = (Dαu)⊗ (Dβv) . (3.7.5)

In order to make use of (3.7.5) we first use the separation of the differential
operator P in the neighbourhood of Γ in the form (3.4.49).

We begin with the following jump formula:

Lemma 3.7.1. For k ∈ IN and for u and Γ sufficiently smooth one has the
jump formula

∂k

∂nk
(uχΩ) =

(
∂ku

∂nk

)
χΩ −

k−1∑

�=0

∂�u

∂n�

∣∣
Γ
⊗ δ

(k−�−1)
Γ . (3.7.6)

Proof: The proof is done by induction with respect to k. For k = 1 we have
from (3.5.6)

∂

∂n
(uχΩ) =

∂u

∂n
χΩ + un(x) · ∇χΩ

=
∂u

∂n
χΩ − uδΓ (x)

=
∂u

∂n
χΩ − (u|Γ ⊗ δΓ ) .

Now, if (3.7.6) holds for k, we find

∂

∂n

( ∂k

∂nk
(uχΩ)

)
=

∂

∂n

{∂ku

∂nk
χΩ −

k−1∑

�=0

(∂�u

∂n�

∣∣
Γ
⊗ δk−�−1

Γ

)}

=
(∂k+1u

∂nk+1

)
χΩ −

(∂ku

∂nk

∣∣∣
Γ
⊗ δΓ

)

− ∂

∂σn

k−1∑

�=0

( ∂�u

∂σ�
n

∣∣
Γ
⊗ δ

(k−�−1)
Γ

)
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and, with (3.7.5), the desired formula (3.7.6) for k + 1:

∂k+1

∂nk+1
(uχΩ) =

(
∂k+1u

∂nk+1

)
χΩ −

k∑

�=0

(
∂�u

∂n�

∣∣
Γ
⊗ δk−�

Γ

)
.

�

In terms of tensor products, Formula (3.5.8) can now be rewritten in the
form of the jump relation

∆(uχΩ) = (∆u)χΩ +
(
u|Γ ⊗

( ∂

∂n

′
δΓ

))
− 2

(
∂u

∂n

∣∣∣
Γ
⊗ δΓ

)
.

Now we consider the jump relation for any differential operator P as in
(3.4.49), namely

Pu(x(σ)) =
2m∑

k=0

Pk
∂ku

∂nk
=

2m∑

k=0

Pk

(
σ;

∂

∂σ′

)
∂ku

∂σk
n

in the neighbourhood of Γ where Pk is the differential operator (3.4.50) of
order 2m−k acting along the parallel surfaces σn =const. By virtue of Lemma
3.7.1 we have

P (uχΩ) =
2m∑

k=0

Pk

(
σ;

∂

∂σ′

) ∂k

∂σk
n

(uχΩ)

= P0(uχΩ)

+
2m∑

k=1

Pk

(
σ;

∂

∂σ′

){(∂ku

∂nk

)
χΩ −

k−1∑

�=0

(∂�u

∂n�

∣∣∣
Γ
⊗ δ

(k−�−1)
Γ

)}

=
( 2m∑

k=0

Pk
∂ku

∂nk

)
χΩ −

2m∑

k=1

k−1∑

�=0

(
Pk

(
σ;

∂

∂σ′

)∂�u

∂n�

∣∣∣
Γ

)
⊗ δ

(k−�−1)
Γ .

By interchanging the order of summation between k and � and afterwards
setting p = k − �− 1 we arrive at

P (uχΩ) = (Pu)χΩ −
2m−1∑

�=0

2m−�−1∑

p=0

((
Pp+�+1

∂�u

∂n�

) ∣∣∣
Γ
⊗ δ

(p)
Γ

)
(3.7.7)

similar to (3.5.17), the equation (3.7.7) is again the second Green formula in
distributional form, which yields

∫

Ω

u�P�ϕdx−
∫

Ω

ϕ�Pudx

= −
2m−1∑

�=0

2m−�−1∑

p=0

∫

Γ

(
Pp+�+1

∂�u

∂n�

)�( ∂

∂n

′)p

ϕds

(3.7.8)
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for any ϕ ∈ C∞(Ω̄). This formula evidently is much simpler than (3.5.19).
With (3.5.5) and (3.4.31) one also obtains

( ∂

∂n

′)p

ϕ =
(
− 1
√
γ

∂

∂n

√
g
)p

ϕ . (3.7.9)

In particular, the tangential operators Pk appear in the same way as in the
differential equation (3.4.49) operating only on the Cauchy data of u.

As in Section 3.6, one may replace ϕ in (3.7.8) by the fundamental solu-
tion E(x, y) of the differential operator P�, satisfying equations (3.6.3) and
(3.6.4). This yields the representation formulae

u(x) =
∫

Ω

E(x, y)�f(y)dy (3.7.10)

−
2m−1∑

�=0

2m−�−1∑

p=0

∫

Γ

{( ∂

∂ny

′)p

E(x, y)
}� {

Pp+�+1
∂�u

∂n�
(y)

}�
dsy for x ∈ Ω

and

0 =
∫

Ω

E(x, y)�f(y)dy (3.7.11)

−
2m−1∑

�=0

2m−�−1∑

p=0

∫

Γ

{( ∂

∂ny

′)p

E(x, y)
}� {

Pp+�+1
∂�u

∂n�
(y)

}�
dsy for x ∈ Ωc .

For the representation formula of the solution of Pu = f in Ωc, we again
require the existence of the limit

M(x;u) := (3.7.12)

− lim
R→∞

2m−1∑

�=0

2m−�−1∑

p=0

∫

Γ

{( ∂

∂ny

′)p

E(x, y)
}�{

Pp+�+1
∂�u

∂n�
(y)

}�
dsy .

If f ∈ C∞
0 (IRn), then the existence of M(x;u) follows from the representation

formula (3.7.10) with Ω replaced by Ωc ∩BR as in Section 4.2; and (3.6.16)
remains the same for the present case.

The exterior representation formulae (3.6.17) and (3.6.18) now read as

u(x) =
∫

Ωc

E(x, y)�f(y)dy + M(x;u) (3.7.13)

+
2m−1∑

�=0

2m−�−1∑

p=0

∫

Γ

{( ∂

∂ny

′)p

E(x, y)
}�{

Pp+�+1
∂�u

∂n�
(y)

}�
dsy
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for x ∈ Ωc and

0 =
∫

Ωc

E(x, y)�f(y)dy + M(x;u) (3.7.14)

+
2m−1∑

�=0

2m−�−1∑

p=0

∫

Γ

{( ∂

∂ny

′)p

E(x, y)
}�{

Pp+�+1
∂�u

∂n�
(y)

}�
dsy

for x ∈ Ω.
We note that the representation formulae hold equally well for systems

with p equations and p unknowns, such as in elasticity where p = n.
We remark that similar formulae can be obtained when using the local

coordinates τ = (τ ′, τn) as in the Appendix.

3.8 Multilayer Potentials

In this section we follow closely Costabel et al [55].
From the representation formulae such as (3.6.9), (3.7.10) and (3.7.13), the

boundary integrals all define boundary potentials. For simplicity, we assume
Γ ∈ C∞ and consider first (3.7.10) by defining the corresponding multiple
layer potentials:

(Kpφ)(x) :=
∫

Γ

{(
∂

∂ny

′)p

E(x, y)
}�

φ(y)dsy for x ∈ Ω or x ∈ Ωc (3.8.1)

for the density φ ∈ C∞(Γ ). Using the tensor product of distributions, we can
write (3.8.1) as

Kpφ(x) :=
∫

IRn

E(x, y)�
(
φ⊗

( ∂

∂n

)p

δΓ

)
dy

= 〈φ
∣∣∣
Γ
⊗ δ

(p)
Γ , E(x, •)�〉

(3.8.2)

for x �∈ Γ since then E(x, y) is a smooth function of y ∈ Γ and x is in its
vicinity. As we will see in Chapter 8, this defines a pseudodifferential operator
whose mapping properties in Sobolev spaces then follow from corresponding
general results. We shall come back to this point later on.

Clearly, the boundary potentials (3.8.1) are in C∞(IRn \Γ ) for any given
φ ∈ C∞(Γ ). Moreover, for x �∈ Γ we have

PKpφ(x) =
∫

Γ

{( ∂′

∂ny

)p

PxE(x, y)
}�

φ(y)dsy = 0 (3.8.3)

since here x �= y for y ∈ Γ and; therefore, integration and differentiation can
be interchanged. Moreover,
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P

∫

Ω

E(x, y)f(y)dy = f(x) for all x ∈ Ω . (3.8.4)

In terms of the above potentials, the representation formula (3.7.10) now
reads for u ∈ C∞(Ω) and x ∈ Ω:

u(x) =
∫

Ω

E(x, y)f(y)dy −
2m−1∑

�=0

2m−�−1∑

p=0

Kp

(
Pp+�+1

∂�u

∂n�

)
(x) . (3.8.5)

In addition, as we already have seen in Chapters 1 and 2, these potentials
admit boundary traces as x approaches the boundary Γ from Ω or Ωc, re-
spectively, which are not equal in general. More specifically, the following
lemma is needed and will be proved in Chapter 8, Theorem 8.5.8.

Lemma 3.8.1. Let E be the fundamental solution of P with C∞–coefficients
defined in Lemma 3.6.1. Let Γ ∈ C∞ and ϕ ∈ C∞(Γ ). Then the multilayer
potential Kpϕ(x) can be extended from x ∈ Ω up to the boundary x ∈ Ω in
C∞(Ω) defining a continuous mapping

Kp : C∞(Γ ) → C∞(Ω) .

Similarly, Kpϕ(x) can be extended from x ∈ Ωc to Ωc defining a continuous
mapping

Kp : C∞(Γ ) → C∞(Ωc) .

By using the traces from Ω of both sides in equation (3.8.5) we obtain
the relation

γu(x) =γ

∫

Ω

E(x, y)f(y)dy

−
2m−1∑

�=0

2m−�−1∑

p=0

γKp(Pp+�+1
∂�u

∂n�
(x) for x ∈ Γ ,

(3.8.6)

where the trace operator γu is defined by

γu(x) = (γ0, . . . , γ2m−1)u(x) := lim
Ω�z→x∈Γ

(
u(z),

∂u(z)
∂n

, . . . ,
∂2m−1u(z)
∂n2m−1

)�

(3.8.7)
for x ∈ Γ and u ∈ C2m(Ω). Of course, γKp needs to be analyzed carefully
since it contains the jump relations (see e.g. (1.2.3) – (1.2.6)).

The second term on the right–hand side of (3.8.6) defines a boundary
integral operator

QΩPψ(x) :=
2m−1∑

�=0

2m−1−�∑

p=0

γKp(Pp+�+1ψ�)(x)

=
2m−1∑

p=0

2m−1−p∑

�=0

γKp(Pp+�+1ψ�)(x)

(3.8.8)
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where both, P and QΩ themselves may be considered as matrix–valued op-
erators with

P =

⎛

⎜⎜⎜⎜⎜⎝

P1 P2 P3 . . . P2m

P2 P3 0
P3 0
...

...
P2m 0 0 . . .

⎞

⎟⎟⎟⎟⎟⎠
(3.8.9)

and

QΩ =

⎛

⎜⎝
γ0K0 . . . γ0K2m−1

...
...

γ2m−1K0 . . . γ2m−1K2m−1

⎞

⎟⎠ =

⎛

⎜⎝
γ0

...
γ2m−1

⎞

⎟⎠ (K0, · · · K2m−1) .

(3.8.10)
Again, the boundary integral operator

CΩψ := −QΩPψ (3.8.11)

defines the Calderón projector associated with the partition of the differential
operator P in (3.4.49) for the domain Ω (see Calderón [34] and Seeley [278]).
For the Laplacian, it was given explicitly in (1.2.20).

If ψ is specifically chosen to be ψ = γu as the trace of a solution to the
homogeneous partial differential equation

Pu =
∑

|α|≤2m

aα(x)Dαu = 0 (3.8.12)

in Ω, then (3.8.6) yields with (3.8.11) the identity

γu = CΩγu . (3.8.13)

Consequently, because of (3.8.3),

u = −
2m−1∑

�=0

2m−�−1∑

p=0

Kp(Pp+�+1ψ�)

is a special solution of (3.8.12), hence we find

C2
Ωψ = CΩγu = γu = CΩψ (3.8.14)

for every ψ ∈ (C∞(Ω))2m. Hence, CΩ is a projection of general boundary
functions ψ|Γ onto the Cauchy data γu of solutions to the homogeneous
differential equation (3.8.12).

On the other hand, the relation (3.8.13) gives a necessary compatibility
condition for the Cauchy data of any solution u of the differential equation
(3.8.12). For solutions of the inhomogeneous partial differential equation

Pu = f (3.8.15)
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in Ω we have the corresponding necessary compatibility condition

γu = γ

∫

Ω

E(x, y)�f(x)dy + CΩγu . (3.8.16)

In the same manner, for the exterior domain we may consider the correspond-
ing Calderón projector

CΩcψ := QΩcPψ :=
2m−1∑

�=0

2m−1−�∑

p=0

γcKp(Pp+�+1ψ�) (3.8.17)

where γc now denotes the trace operator with respect to Ωc, i.e.,

(γc0, . . . , γc,2m−1)u(x) = γcu(x) := lim
Ωc�z→x∈Γ

(
u(z),

∂u(z)

∂n
, . . . ,

∂2m−1u

∂n2m−1
(z)

)�

on Γ . Here, QΩc is defined by (3.8.10) with γ replaced by γc. For solutions
satisfying the radiation condition (3.7.12) we find the necessary compatibility
condition for its trace:

γcu = γc

∫

Ωc

E(x, y)�f(y)dy + CΩcγcu + CΩcγcM . (3.8.18)

The following theorem insures that CΩc is also a projection.

Theorem 3.8.2. (Costabel et al [55, Lemma1.1])
For the multiple layer potential operators Kj and Kjc as well as for QΩ and
QΩc (cf. (3.8.10)) there holds

QΩc −QΩ = P−1 . (3.8.19)

Equivalently, the Calderón projectors satisfy

CΩ + CΩc = I . (3.8.20)

Proof: As was shown in (3.4.51), P2m =
∑

|α|=2m aαnα is a matrix–valued
function and the assumption of uniform strong ellipticity (3.6.2) for the op-
erator P� assures

|Θ(y)P2m(y)| ≥ γ0|n|2m = γ0 > 0 ,

hence, the existence of the inverse matrix–valued function P−1
2m exists along

Γ . Therefore, the existence of the inverse of P in (3.8.9) follows immediately
from that of P−1

2m since P has triangular form. Moreover, P−1 is a lower
triangular matrix of similar type as P consisting of tangential differential
operators P(j) of orders 2m− j;
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P−1 =

⎛

⎜⎜⎜⎜⎜⎝

0 . . . 0 0 P−1
2m

· · ·
...

0 P(3)

0 P(3) P(2)

P−1
2m . . . P(3) P(2) P(1) .

⎞

⎟⎟⎟⎟⎟⎠
(3.8.21)

Therefore, (3.8.19) and (3.8.20) are equivalent in view of (3.8.11) and (3.8.17).
Next we shall show (3.8.19). For this purpose we consider the potentials

v(x) := Kkϕ(x) = 〈ϕ|Γ ⊗ δ
(k)
Γ , E(x, •)〉 (3.8.22)

for x ∈ Ω and Ωc, respectively. For ϕ ∈ C∞(IRn), the multilayer potential v
is in C∞(Ω) up to the boundary and also in C∞(Ωc) up to the boundary, as
well, due to Lemma 3.8.1.

Then, from the formula (3.7.7) we find, after changing the orders of sum-
mation,

P (vχΩ) = (Pv)χΩ −
2m−1∑

p=0

2m−p−1∑

�=0

(Pp+�+1γ�v)|Γ ⊗ δ
(p)
Γ

and, similarly,

P (vχΩc) = (Pv)χΩc +
2m−1∑

p=0

2m−p−1∑

�=0

(Pp+�+1γc�v)|Γ ⊗ δ
(p)
Γ ,

since
∂

∂xi
χΩc = niδΓ .

Adding these two equations yields, with (3.8.3), i.e., Pv = 0 in Ω ∪Ωc, and
with any test function
ψ ∈ C∞

0 (IRn), the equation

〈P (vχΩ) + P (vχΩc), ψ〉 =
2m−1∑

p=0

2m−p−1∑

�=0

〈Pp+�+1(γc�v − γ�v)⊗ δ
(p)
Γ , ψ〉 .

By the definition of derivatives of distributions, the left–hand side can be
rewritten as ∫

Ω

vP�ψdx +
∫

Ωc

vP�ψdx =
∫

IRn

vP�ψdx ,

where the last equality holds since v was in C∞(Ω) up to the boundary and
in C∞(Ωc) ∩ C∞

0 (IRn) up to the boundary, too. With (3.8.22), this implies

〈P (vχΩ) + P (vχΩc), ψ〉 = 〈Pv, ψ〉 = 〈ϕ|Γ ⊗ δ
(k)
Γ , ψ〉 (3.8.23)
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since E is the fundamental solution of P . The last step will be justified at
the end of the proof. Therefore, we obtain with (3.8.10),

ϕ|Γ ⊗ δ
(k)
Γ =

2m−1∑

p=0

2m−p−1∑

�=0

Pp+�+1(γc�Kkϕ− γ�Kkϕ)⊗ δ
(p)
Γ

=
2m−1∑

p=0

2m−p−1∑

�=0

Pp+�+1(QΩc�+1,k+1ϕ−QΩ�+1,k+1ϕ)⊗ δ
(p)
Γ .

Hence, from the definitions (3.8.9) and (3.8.10) we find the proposed equation

I = P(QΩc −QΩ) .

Since we have shown in (3.8.21) that P is invertible, this yields (3.8.19).
To complete the proof, we return to the justification of (3.8.23). Let Φ

and ψ belong to C∞
0 (IRn). Then, since E(x, y) is a fundamental solution of P

satisfying (3.6.3) and (3.6.4) , we obtain the relation
∫

IRn

〈φ,E(x, •)〉P�
x ψ(x)dx = 〈P

∫

IRn

E(•, y)�φ(y)dy, ψ〉 = 〈φ, ψ〉

= 〈ψ, φ〉 =
∫

IRn

〈ψ,E(x, •)〉P�
x φ(x)dx ,

(3.8.24)

where the last identity follows by symmetry. Since (3.8.24) defines for any
φ ∈ C∞ a bounded linear functional on ψ ∈ C∞

0 (IRn), we can extend (3.8.24)
to any distribution φ ∈ D′. In particular, we may choose

φ := φ|Γ ⊗ δ
(k)
Γ .

Then (3.8.24) implies

〈v, P�ψ〉 =
∫

IRn

〈φ|Γ ⊗ δ
(k)
Γ , E(x, •)〉P�

x ψ(x)dx = 〈φΓ ⊗ δ
(k)
Γ , ψ〉 ,

i.e. (3.8.23). This completes the proof. �

As a consequence of Theorem 3.8.2 we have

Corollary 3.8.3. For the ”rigid motions” M(x;u) in (3.7.12) and with the
exterior Calderón projector, we find

CΩcγcM(•;u) = 0 . (3.8.25)

Proof: Since M(x;u) is a C∞–solution of

PM = 0 in IRn ,
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which follows from (3.7.12), we find

CΩγM = γM = γcM .

Applying CΩc to this equation yields (3.8.25) since CΩcCΩ = 0 because of
(3.8.20). �

Remark 3.8.1: From the definition of QΩ we now define the finite part
multiple layer potentials on Γ ,

Djkφk := p.f.
∫

Γ

{( ∂

∂nx

)j−1( ∂

∂ny

′)k−1

E(x, y)�
}
φk(y)dsy ,

j, k = 1, . . . , 2m (3.8.26)
and

Dφ :=
( 2m∑

k=1

D1,kφk, . . . ,

2m∑

k=1

D2m,kφk

)�

= QΩφ +
1
2
P−1φ = QΩcφ− 1

2
P−1φ on Γ (3.8.27)

for any given φ = (φ1, . . . , φ2m)� ∈ C∞(Γ ). Correspondingly, we have

D(Pψ) = −CΩψ +
1
2
ψ = CΩcψ − 1

2
ψ on Γ . (3.8.28)

As we will see, (3.8.27) or (3.8.28) are the jump relations for multilayer po-
tentials.

3.9 Direct Boundary Integral Equations

As we have seen in the examples in elasticity and the biharmonic equation
in Chapter 2, the boundary conditions are more general than parts of the
Cauchy γu data appearing in the Calderón projector directly. Correspond-
ingly, for more general boundary conditions, the boundary potentials in ap-
plications will also be more complicated.

3.9.1 Boundary Value Problems

Let us consider a more general boundary value problem for strongly elliptic
equations associated with (3.6.1) in Ω (and later on also in Ωc). As before,
Ω is assumed to be a bounded domain with C∞–boundary Γ = ∂Ω. The
linear boundary value problem here consists of the uniformly strongly elliptic
system of partial differential equations
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Pu =
∑

|α|≤2m

aα(x)Dαu = f in Ω (3.9.1)

with real C∞ coefficient p× p matrices aα(x) (which automatically is prop-
erly elliptic as mentioned before, see Wloka [322, Sect. 9]) together with the
boundary conditions

Rγu = ϕ on Γ (3.9.2)

where R = (Rjk) with j = 1, . . . ,m and k = 1, . . . , 2m is a rectangular matrix
of tangential differential operators along Γ having orders

order (Rjk) = µj − k + 1 where 0 ≤ µj ≤ 2m− 1
and µj < µj+1 for 1 ≤ j ≤ m− 1 .

If µj − k + 1 < 0 then Rjk := 0. Hence, component–wise, the boundary
conditions (3.9.2) are of the form

2m∑

k=1

Rjkγk−1u =
µj+1∑

k=1

Rjkγk−1u = ϕj for j = 1, . . . ,m . (3.9.3)

For p–vector–valued functions u each Rjk is a p × p matrix of operators. In
the simplest case µj is constant for all components of u = (u1, . . . , up)�, and
let us consider here first this simple case. We shall return to the more general
case later on.

In order to have normal boundary conditions (see e.g. Lions and Magenes
[190]), we require the following crucial assumption.

Fundamental assumption: There exist complementary tangential
boundary operators S = (Sjk) with j = 1, . . . ,m and k = 1, . . . , 2m,
having the orders

order (Sjk) = νj − k + 1 , where νj �= µ�

for all j, � = 1, . . . ,m , 0 ≤ νj ≤ 2m− 1 ; νj > νj+1 for 1 ≤ j ≤ m− 1

such that the square matrix of tangential differential operators

M :=
(
R

S

)
(3.9.4)

admits an inverse

N := M−1 , (3.9.5)

which is a matrix of tangential differential operators.
Since M is a rearranged triangular matrix this means that the operators

on the rearranged diagonal, i.e. Rj,µj+1 and Sj,νj+1 are multiplications with
non vanishing coefficients.
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Definition 3.9.1. The boundary value problem is called a regular elliptic
boundary value problem if P in (3.9.1) is elliptic and the boundary con-
ditions in (3.9.2) are normal and satisfy the Lopatinski–Shapiro conditions.

In order to have a regular elliptic boundary value problem (see Hörmander
[130], Wloka [322]) we require in addition to the fundamental assumption,
i.e. normal boundary conditions, that the Lopatinski–Shapiro condition is
fulfilled (see [322, Chap.11]). This condition reads as follows:

Definition 3.9.2. The boundary conditions (3.9.3) for the differential op-
erator in (3.9.1) are said to satisfy the Lopatinski–Shapiro conditions if the
initial value problem defined by the constant coefficient ordinary differential
equations

2m∑

k=0

P(2m)
k (x, iξ′)

( d

dσn

)k

χ(σn) = 0 for 0 < σn (3.9.6)

together with the initial conditions

∑

|λ|=µj−k−1

rjkλ(x)(iξ′)λ
( d

dσn

)k−1

χ|σn=0 = 0 for j = 1, . . . ,m (3.9.7)

and the radiation condition χ(σn) = o(1) as σn →∞ admits only the trivial
solution χ(σn) = 0 for every fixed x ∈ Γ and every ξ′ ∈ IRn−1 with |ξ′| = 1.

Here, the coefficients in (3.9.6) are given by the principal part of P in local
coordinates via (3.4.50) as

P(2m)
k (x, ξ′) :=

∑

|γ|≤2m−k

∑

|α|=2m

aα(x)cα,γ,k(σ′, 0)(iξ′)γ ;

and the coefficients in (3.9.7), from the tangential boundary operators in
(3.9.2) in local coordinates are given by

Rjk =
∑

|λ|≤µj−k−1

rjkλ(x)
( ∂

∂σ′

)λ

.

The case of more general boundary conditions in which the orders µj�

for the different components u� of u are different, with corresponding given
components ϕjt of ϕj , was treated by Grubb in [109]. Here the boundary
conditions have the form

p∑

�=1

µj�+1∑

k=1

∑

|λ|=µj�−k−1

rt�jkλ(x)(iξ′)λγk−1u� = ϕjt , (3.9.8)

t = 1, . . . , qj ≤ p , j = 1, . . . ,m and
m∑

j=1

qj = m · p .
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Here, for each fixed � we have µj� ∈ {0, . . . , 2m − 1} which are ordered as
µj� < µj+1,�, then we also need complementing orders

νj� ∈ {0, . . . , 2m−1}\
2m−1⋃
j=1

{µj�} with νj� > νj+1,� and complementing bound-

ary conditions St�
jk. For a system of normal boundary conditions S the bound-

ary conditions in R together with the complementing boundary conditions
should be such that the rearranged triangular matrix M̃ = ((Mjk))2m×2m

with Mjk = 0 for j < k and tangential operators

Mjk = ((M t�
jk))qj×p

now define a complete system of boundary conditions

p∑

�=1

∑

k≤j

M t�
jkγk−1u� = ϕjt , t = 1, qj , j = 1, 2m

where the diagonal matrices Mjj = ((Mjj))qj×p , whose entries are functions,
define surjective mappings onto the qj–vector valued functions, and where
qj ≤ p. Then there exists the right inverse N to the triangular matrix M̃
and, hence, to M.

If we require the stronger fundamental assumption that M−1 exists, the
boundary conditions still will be a normal system. In this case, in the Shapiro–
Lopatinski condition, the initial conditions (3.9.7) are now to be replaced by

p∑

�=1

µj�+1∑

k=1

∑

|λ|=µj�−k−1

rt�jkλ(x)(iξ′)λ
( d

dσn

)k−1

χ�|σn=0 = 0

for t = 1, . . . , qj with qj ≤ p and j = 1, . . . ,m .

(3.9.9)

In regard to the Shapiro–Lopatinski condition for general elliptic systems
in the sense of Agmon–Douglis–Nirenberg, we refer to the book by Wloka
et al [323, Sections 9.3,10.1], where one can find an excellent presentation of
these topics.

Now, for the special cases for m = 1 we consider the following
second order systems:

In this case, only the following two combinations of boundary conditions
are possible:
i)

R = (R00, 0) with order (R00) = 0

S = (S00, S01) with order (S00) = 1 and order (S01) = 0 .
(3.9.10)

For (3.9.5) to be satisfied, we require that the inverse matrices R−1
00 and

S−1
01 exist along Γ . Then M and N are given by
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M =
(
R00 , 0
S00 , S01

)
; N =

(
R−1

00 , 0

−S−1
01 S00R

−1
00 , S−1

01

)
(3.9.11)

ii)

R = (R00, R01) with order (R00) = 1 and order (R01) = 0 ,

S = (S00, 0) with order (S00) = 0 .
(3.9.12)

Similarly, here for (3.9.5) one needs the existence of R−1
01 and S−1

00 . Then M
and N are given by

M =
(
R00 , R01

S00 , 0

)
; N =

(
0 , S−1

∞

R−1
01 , −R−1

01 R00S
−1
00

)
(3.9.13)

In general, the verification of the fundamental assumption is nontrivial
(see e.g. Grubb [109, 110]), however, in most applications, the fundamental
assumption is fulfilled.

Because of (3.9.4) onemayexpress theCauchydataγu = (γ0u, . . . , γ2m−1u)
by the given boundary functions ϕj in (3.9.3) and a set of complementary
boundary functions λj via

νj+1∑

k=1

Sjkγk−1u = λj with j = 1, . . . ,m on Γ . (3.9.14)

If we require (3.9.5) or normal boundary conditions, the Cauchy data γu can
be recovered from ϕ and λ by the use of N ,

γ�−1u =
m∑

j=1

N�jϕj +
2m∑

p=m+1

N�pλp−m for � = 1, . . . , 2m ; (3.9.15)

in short,
γu = N1ϕ +N2λ (3.9.16)

with rectangular tangential differential operators N1 and N2 from (3.9.15).
Then

RN1 = I , RN2 = 0 , SN1 = 0 , SN2 = I (3.9.17)

since N is the right inverse. This enables us to insert the boundary data ϕ
and λ with given ϕ into the representation formula (3.8.5), i.e., for x ∈ Ω we
obtain:

u(x) =
∫

Ω

E(x, y)�f(y)dy (3.9.18)

−
2m−1∑

�=0

2m−�−1∑

p=0

KpPp+�+1

{ m∑

j=1

N�+1,jϕj +
m∑

j=1

N�+1,m+jλj

}
(x) .
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By taking the traces on both sides of (3.9.18) we arrive with (3.8.6) or
(3.8.10) at

γu = N
(
ϕ

λ

)
= γF −QΩPN

(
ϕ

λ

)
= γF + CΩN

(
ϕ

λ

)

where
F (x) :=

∫

Ω

E(x, y)�f(y)dy .

Now, applying the boundary operator M, we find

Mγu =
(
ϕ

λ

)
=MγF +MCΩM−1

(
ϕ

λ

)
.

If f = 0, the right–hand side again is a projector for
(
ϕ
λ

)
= Mγu, which

are generalized Cauchy data and boundary data to any solution u of the
homogeneous equation Pu = 0 in Ω. We call C̃Ω , defined by

C̃Ω
(
ϕ

λ

)
:= MCΩM−1

(
ϕ

λ

)
=

(
R

S

)
CΩ(N1ϕ +N2λ) , (3.9.19)

the modified Calderón projector associated with P,Ω and M, which satisfies

C̃2
Ω = C̃Ω . (3.9.20)

In terms of the finite–part integrals defined in (3.8.26), we have a relation
corresponding to (3.8.28) for the modified Calderón projector as well:

MDPM−1χ = − C̃Ωχ +
1
2
χ on Γ . (3.9.21)

For the boundary value problem (3.9.1) and (3.9.3), ϕ is given. Consequently,
for the representation of u in (3.9.18) the missing boundary datum λ is to be
determined by the boundary integral equations

(
ϕ

λ

)
= C̃Ω

(
ϕ

λ

)
+MγF on Γ . (3.9.22)

As for the Laplacian, (3.9.22) is an overdetermined system for λ in the sense
that only one of the two sets of equations is sufficient to determine λ.

Applying RM−1 =
(
I
0

)
and SM−1 =

(
0
I

)
to (3.9.22) and employing

(3.9.21) leads to the following two choices of boundary integral equations in
terms of finite part integral operators:

Integral equations of the ”first kind”:

AΩλ := −RQΩPN2λ = ϕ + RQΩPN1ϕ−RγF

= −RDPN2λ = 1
2ϕ + RDPN1ϕ−RγF on Γ .

(3.9.23)
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Integral equations of the “second kind”:

BΩλ := λ + SQΩPN2λ = −SQΩPN1ϕ + SγF

= 1
2λ + SDPN2λ = −SDN1ϕ + SγF on Γ .

(3.9.24)

Note that in the above equations the tangential differential operators R and
S are applied to finite part integral operators. These operators can be shown
to commute with the finite part integration (see Corollary 8.3.3).

We now have shown how the boundary value problem could be reduced
to each of these boundary integral equations. Consequently, the solution λ of
one of the boundary integral equations generates the solution of the boundary
value problem with the help of the representation formula (3.9.18). More
precisely, we now establish the following equivalence theorem.

This theorem assures that every solution of the boundary integral equa-
tion of the first kind generates solutions of the interior as well as of the
exterior boundary value problem and that every solution of the boundary
value problems can be obtained by solving the first kind integral equations.
This equivalence, however, does not guarantee that the numbers of solutions
of boundary value problems and corresponding boundary integral equations
coincide.

Theorem 3.9.1. Assume the fundamental assumption holds. Let f ∈
C∞(Ω) and ϕ ∈ C∞(Γ ). Then every solution u ∈ C∞(Ω) of the bound-
ary value problem (3.9.1), (3.9.2) defines by (3.9.14) a solution λ of both
integral equations (3.9.23) and (3.9.24). Conversely, let λ ∈ C∞(Γ ) be a
solution of the integral equation of the first kind (3.9.23). Then λ together
with ϕ defines via (3.9.18) a solution u ∈ C∞(Ω) of the boundary value
problem (3.9.1), (3.9.2) and, in addition, λ solves also the the second kind
equation (3.9.24).

If λ ∈ C∞(Γ ) is a solution of the integral equation of the second kind
(3.9.24) and if, in addition, the operator SDPN1 is injective, then the poten-
tial u defined by λ and ϕ via (3.9.18) is a C∞–solution of the boundary value
problem (3.9.1), (3.9.2) and, in addition, λ solves also the first kind equation
(3.9.23).

Proof: i.) If u ∈ C∞(Ω) is a solution to (3.9.1) and (3.9.2) then the previous
derivation shows that λ ∈ C∞(Γ ) and that λ satisfies both boundary integral
equations.

ii.) If λ ∈ C∞(Γ ) is a solution of the integral equation of the first kind
(3.9.23) then the potentials in (3.9.18) define a C∞–solution u of the partial
differential equation (3.9.1) due to Lemma 3.8.1 and (3.8.3), (3.8.4). Applying
to both sides of (3.9.18) the trace operator yields

γu = γF + CΩM−1

(
ϕ

λ

)
onΓ . (3.9.25)
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Applying R on both sides gives with (3.9.5)

Rγu = RγF + RCΩ(N1ϕ +N2λ) ;

and (3.9.23) for λ yields with (3.8.11)

Rγu = ϕ .

Hence, γu = M−1
(
ϕ
λ

)
and the application of SM to (3.9.25) yields (3.9.24)

for λ, too.
iii.) If λ ∈ C∞(Γ ) solves (3.9.24), i.e.

λ + SQΩP(N1ϕ +N2λ) = SγF , (3.9.26)

then the potentials in (3.9.18) again define a C∞–solution u of the partial dif-
ferential equation (3.9.1) in Ω, and for its trace holds (3.9.25) on Γ . Applying
S yields with (3.9.26) and (3.8.11) the equation

Sγu = λ on Γ .

On the other hand, the solution u defined by (3.9.18) satisfies on Γ

Mγu = MγF + C̃ΩMγu

whose second set of components reads

λ = Sγu = SγF − SQΩP(N1Rγu +N2λ)

in view of (3.9.23) and (3.8.11). If we subtract (3.9.26) we obtain

SCΩN1(Rγu− ϕ) = 0 .

On the other hand, with (3.8.28),

SCΩN1 = S{ 1
2I − DP}N1 = −SDPN1

due to (3.9.17). Therefore

SDPN1(ϕ−Rγu) = 0

which implies ϕ = Rγu due to the assumed injectivity. Now, the first equation
(3.9.23) then follows as in ii). �

Now let us consider the exterior boundary value problem for the equation
(3.6.14), i.e.,

Pu = f in Ωc (3.9.27)

together with the boundary condition
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Rγcu = ϕ on Γ (3.9.28)

and the radiation condition — which means that M(x;u) defined by (3.6.15)
is also given. Here, the solution can be represented by (3.7.13),

u(x) =
∫

Ωc

E(x, y)f(y)dy + M(x;u)

+
2m−1∑

�=0

2m−�−1∑

p=0

∫

Γ

{( ∂

∂ny

′)p

E(x, y)�
}
Pp+�+1γc�u(y)dsy .

As for the interior problem, we require the fundamental assumption and
obtain with the exterior Cauchy data Rγcu = ϕ and Sγcu = λ, the modified
representation formula for x ∈ Ωc, similar to (3.9.18):

u(x) = Fc(x) + M(x;u) (3.9.29)

+
2m−1∑

�=0

2m−�−1∑

p=0

KpPp+�+1

{ m∑

j=1

N�+1,jϕj +
∑

N�+1,m+jλj

}
(x)

where
Fc(x) =

∫

Ωc

E(x, y)f(y)dy .

In the same manner as for the interior problem, we obtain the set of
boundary integral equations

(
ϕ

λ

)
= C̃Ωc

(
ϕ

λ

)
+MγcFc +MγcM(•;u) (3.9.30)

where
C̃Ωc = I − C̃Ω =MCΩcM−1 (3.9.31)

and CΩc is given in (3.8.17). These are the ordinary and modified exterior
Calderón projectors, respectively, associated with P,Ωc and M.

As before, we obtain two sets of boundary integral equations for λ.

Integral equation of the “first kind”:

AΩcλ := −RQΩcPN2λ = −ϕ + RQΩcPN1ϕ + RγcFc + RγcM ,

= −RDPN2λ = − 1
2ϕ + RDPN1ϕ + RγcFc + RγcM .

(3.9.32)

Integral equation of the “second kind”:

BΩcλ := λ− SQΩcPN2λ = SQΩcPN1ϕ + SγcFc + SγcM ,

= 1
2λ− SDPN2λ = SDPN1ϕ + SγcFc + SγcM .

(3.9.33)
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In comparison to equations (3.9.23) and (3.9.32), we see that AΩ and AΩc

are the same for interior and exterior problems. Hence, we simply denote this
operator in the sequel by

A := AΩ = AΩc = −RDPN2 .

It is not difficult to see that under the same assumptions as for the interior
problem, the equivalence Theorem 3.9.1 remains valid for the exterior
problem (3.9.27), (3.9.28) with the radiation condition provided f ∈ C∞(Ωc)
and f has compact support in IRn.

The following theorem shows the relation between the solutions of the ho-
mogeneous boundary value problems and the homogeneous boundary integral
equations of the first kind.

Theorem 3.9.2. Under the previous assumptions Γ ∈ C∞ and aα ∈ C∞,
we have for the eigenspaces of the interior and exterior boundary value prob-
lems and for the eigenspace of the boundary integral operator A on Γ , respec-
tively, the relation:

kerA = X (3.9.34)
where

kerA = {λ ∈ C∞(Γ )
∣∣∣Aλ = 0 on Γ}

and

X = span {Sγu
∣∣∣u ∈ C∞(Ω) ∧ Pu = 0 in Ω and Rγu = 0 on Γ}

∪ {Sγcuc

∣∣∣uc ∈ C∞(Ωc) ∧ Puc = 0 in Ωc , Rγcuc = 0 on Γ

and the radiation condition M(x;uc) = 0}

Proof:
i.) Suppose λ ∈ kerA, i.e. Aλ = 0 on Γ . Then define the potential

u(x) :=
2m−1∑

�=0

2m−�−1∑

p=0

KpPp+�+1(N2λ)�

where (ψ)� denotes the �–th component of the vector ψ. Now, u is a solution
of

Pu = 0 in Ω and in Ωc .

Then we find in Ω

Rγu = RQΩPN2λ = −Aλ = 0 and

Sγu = SQΩPN2λ .
(3.9.35)
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Similarly, we find in Ωc,

Rγcu = RQΩcPN2λ = −Aλ = 0 and

Sγcu = SQΩcPN2λ .
(3.9.36)

Subtracting (3.9.36) from (3.9.35) gives

Rγu = Rγcu = 0 and
Sγu− Sγcu = S(QΩ −QΩc)PN2λ = SP−1PN2λ = λ .

This shows that λ ∈ X .
ii.) Let u be the eigensolution of Pu = 0 in Ω with Rγu = 0 on Γ . Then u

admits the representation (3.9.18), namely

u(x) = −
2m−1∑

�=0

2m−�−1∑

p=0

KpPp+�+1{N2Sγu}� in Ω .

By taking traces and applying the boundary operator R we obtain

0 = Rγu = A(Sγu) .

This implies that Sγu ∈ kerA.
In the same manner we proceed for an eigensolution of the exterior prob-

lem and conclude that Sγcu ∈ kerA as well.
This completes the proof. �

Corollary 3.9.3. The injectivity of the operator

SDPN1

in the equivalence Theorem 3.9.1 is guaranteed if and only if the interior and
exterior homogeneous boundary value problems

Pu = 0 in Ω and Puc = 0 in Ωc ,
Sγu = 0 and Sγcuc = 0 on Γ with M(x;uc) = 0

admit only the trivial solutions.

Proof: For the proof we exchange the rôles of R and S, λ and ϕ, respectively.
Then the operator A will just be SDPN1 and Theorem 3.9.2 implies the
Corollary. �

3.9.2 Transmission Problems

In this section we consider transmission problems of the following rather
general type:
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Find u satisfying the differential equation

Pu = f in Ω ∪Ωc

and the transmission conditions

Rγu = ϕ− and [Rγu]Γ = (Rγcu−Rγu) = [ϕ] on Γ (3.9.37)

where f ∈ C∞
0 (IRn) , ϕ− , [ϕ] ∈ C∞(Γ ) are given functions and where u

satisfies the radiation condition (3.6.15).
We begin with some properties of the modified Calderón projectors. Ob-

viously, they enjoy the same properties as the ordinary Calderón projectors,
namely

C̃2
Ω = C̃Ω , C̃Ω + C̃Ωc = I, C̃2

Ωc = C̃Ωc . (3.9.38)

In terms of the boundary potentials and boundary operators R and S, the
explicit forms of C̃Ω and C̃Ωc are given by

C̃Ω
(
ϕ

λ

)
= −

(
RQΩPN1, RQΩPN2

SQΩPN1, SQΩPN2

)(
ϕ

λ

)
,

C̃Ωc

(
ϕ

λ

)
=

(
RQΩcPN1, RQΩcPN2

SQΩcPN1, SQΩcPN2

)(
ϕ

λ

)
.

(3.9.39)

If we denote the jump of the boundary potentials u across Γ by

[QPNj ] = QΩcPNj −QΩPNj

then, as a consequence of (3.8.27), we have the following jump relations for
any ϕ, λ ∈ C∞(Γ ) across Γ :

[RQPN1ϕ] = ϕ , [RQPN2λ] = 0 ,

[SQPN1ϕ] = 0 , [SQPN2λ] = λ .
(3.9.40)

From the representation formulae (3.7.10), (3.7.11) and (3.7.13), (3.7.14)
we arrive at the representation formula for the transmission problem,

u(x) =

∫

IRn

E(x, y)f(y)dy + M(x; u)

+

2m−1∑

�=0

2m−�−1∑

p=0

∫

Γ

{( ∂

∂ny

′)p

E(x, y)�
}
Pp+�+1

(
γc�u(y) − γ�u(y)

)
dsy

=

∫

IRn

E(x, y)f(y)dy + M(x; u) (3.9.41)

+

2m−1∑

�=0

2m−�−1∑

p=0

KpPp+�+1{N1[ϕ] + N2[λ]}�

for x ∈ Ω ∪ Ωc , x �∈ Γ .
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Now, we apply γ and γc to both sides of (3.9.41) and obtain after applyingM:

Mγu = MγF +MγM +Mγ
2m−1∑

�=0

2m−�−1∑

p=0

KpPp+�+1{N1[ϕ] +N2[λ]}�

= MγF +MγM +MQΩP{N1[ϕ] +N2[λ]} , (3.9.42)

Mγcu = MγcF +MγcM +M
2m−1∑

�=0

2m−�−1∑

p=0

KpPp+�+1{N1[ϕ] +N2[λ]}�

= MγcF +MγcM +MQ∼Ωc
P{N1[ϕ] +N2[λ]} (3.9.43)

where
[ϕ] = R(γcu− γu) and [λ] = S(γcu− γu) . (3.9.44)

Inserting (3.8.27) into (3.9.42) and (3.9.43), we arrive at the boundary inte-
gral equations

ϕ∓ = RγF + RγM + RDP{N1[ϕ] +N2[λ]} ∓ 1
2
[x] (3.9.45)

and

λ∓ = SγF + SγM + SDP{N1[ϕ] +N2[λ]} ∓ 1
2 [x] , (3.9.46)

where we use the properties γcF = γF and γcM = γM due to the C∞–
continuity of F and M .

Since ϕ− and [ϕ] in (3.9.45) are given we may use the boundary integral
equation of the first kind for finding the unknown [λ]:

A[λ] := −RDPN2[λ] (3.9.47)
= RγF + RγM(•;u)− ϕ− − 1

2 [ϕ] + RDPN1[ϕ] .

Once [λ] is known, λ− may be obtained from the equation (3.9.46).
The solution u of the transmission problem is then given by the represen-

tation formula (3.9.41).
We notice that in all the exterior problems as well as in the transmission

problem, the corresponding boundary integral equations as (3.9.32), (3.9.33)
and (3.9.47) contain the term M(x;u) which describes the behavior of the so-
lution at infinity and may or may not be known a priori. In elasticity, M(x;u)
corresponds to the rigid motions. In order to guarantee the unique solvabil-
ity of these boundary integral equations, additional compatibility conditions
associated with M(x;u) need to be appended.

3.10 Remarks

In all of the derivations of Sections 3.4–3.9 we did not care for less regularity
of Γ by assuming Γ ∈ C∞. It should be understood that with appropriate
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bookkeeping of the respective orders of differentiation, all of the calculations
presented in this chapter can be carried out under weaker assumptions for
Ck,κ boundaries according to the particular formulae and derivations. In or-
der not to be overwhelmingly descriptive we leave these details to the reader.

As far as generalizations to mixed and screen boundary value problems
are concerned, as indicated in Section 2.5, one has to modify the represen-
tation formulae as e.g. (3.9.18) by splitting the generalized Cauchy data
ϕjD = ϕj + ϕ̃j and λjN = λj + λ̃j in order to obtain systems of bound-
ary integral equations instead of (3.9.23) and (3.9.26). Also, singularities of
the charges at the collision points need to be incorporated which is crucial
for the corresponding analysis.

In this Chapter we also did not include one of the very important appli-
cations of integral equations, namely those for the general Maxwell equations
in electromagnetic theory, which have drawn much attention in recent years.
To this end, we refer the reader to the monographs by Cessenat [38] and
Nedelec [234] and also to Costabel and Stephan [54] and other more recent
results by Buffa et al [27, 28, 29] and Hiptmair [126].



4. Sobolev Spaces

In order to study the variational formulations of boundary integral equations
and their numerical approximations, one needs proper function spaces. The
Sobolev spaces provide a very natural setting for variational problems. This
chapter contains a brief summary of the basic definitions and results of the
L2–theory of Sobolev spaces which will suffice for our purposes. A more gen-
eral discussion on these topics may be found in the standard books such as
Adams [1], Grisvard [108], Lions and Magenes [190], Maz‘ya [201] and also
in McLean [203].

4.1 The Spaces Hs(Ω)

The Spaces Lp(Ω)(1 ≤ p ≤ ∞)
We denote by Lp(Ω) for 1 ≤ p < ∞, the space of equivalence classes of

Lebesgue measurable functions u on the open subset Ω ⊂ IRn such that |u|p
is integrable on Ω. We recall that two Lebesgue measurable functions u and
v on Ω are said to be equivalent if they are equal almost everywhere in Ω,
i.e. u(x) = v(x) for all x outside a set of Lebesgue measure zero (Kufner et al
[173]. The space Lp(Ω) is a Banach space with the norm

‖u‖Lp(Ω) :=
(∫

Ω

|u(x)|pdx
)1/p

.

In particular, for p = 2, we have the space of all square integrable functions
L2(Ω) which is also a Hilbert space with the inner product

(u, v)L2(Ω) :=
∫

Ω

u(x)v(x)dx for all u, v ∈ L2(Ω) .

A Lebesgue measurable function u on Ω is said to be essentially bounded if
there exists a constant c ≥ 0 such that |u(x)| ≤ c almost everywhere (a.e.)
in Ω. We define

ess sup
x∈Ω

|u(x)| = inf{c ∈ IR | |u(x)| ≤ c a.e.in Ω}.
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By L∞(Ω), we denote the space of equivalence classes of essentially bounded,
Lebesgue measurable functions on Ω. The space L∞(Ω) is a Banach space
equipped with the norm

‖ u ‖L∞(Ω):= ess sup
x∈Ω

|u(x)|.

We now introduce the Sobolev spaces Hs(Ω). Here and in the rest of this
chapter Ω ⊂ IRn is a domain. For simplicity we begin with s = m ∈ IN0 and
define these spaces by the completion of Cm(Ω)–functions. Alternatively,
Sobolev spaces are defined in terms of distributions and their generalized
derivatives (or weak derivatives), see, e.g., Adams [1], Hörmander [130] and
McLean [203]. It was one of the remarkable achievements in corresponding
analysis that for Lipschitz domains both definitions lead to the same spaces.
However, it is our belief that from a computational point of view the following
approach is more attractive.

Let us first introduce the function space

Cm
∗ (Ω) := {u ∈ Cm(Ω) | ‖u‖Wm(Ω) <∞}

where

‖u‖Wm(Ω) :=
{ ∑

|α|≤m

∫

Ω

|Dαu|2dx
}1/2

. (4.1.1)

Then we define the Sobolev space of order m to be the completion of Cm
∗ (Ω)

with respect to the norm ‖ · ‖Wm(Ω). By this we mean that for every u ∈
Wm(Ω) there exists a sequence {uk}k∈IN ⊂ Cm

∗ (Ω) such that

lim
k→∞

‖u− uk‖Wm(Ω) = 0 . (4.1.2)

We recall that two Cauchy sequences {uk} and {vk} in Cm
∗ (Ω) are said to

be equivalent if and only if limk→∞ ‖uk − vk‖Wm(Ω) = 0. This implies that
Wm(Ω), in fact, consists of all equivalence classes of Cauchy sequences and
that the limit u in (4.1.2) is just a representative for the class of equivalent
Cauchy sequences {uk}. The space Wm(Ω) is a Hilbert space with the inner
product defined by

(u, v)m :=
∑

|α|≤m

∫

Ω

DαuDαvdx . (4.1.3)

Clearly, for m = 0 we have W 0(Ω) = L2(Ω).
The same approach can be used for defining the Sobolev space W s(Ω) for

non–integer real positive s. Let

s = m + σ with m ∈ IN0 and 0 < σ < 1 ; (4.1.4)



4.1 The Spaces Hs(Ω) 161

and let us introduce the function space

Cs
∗(Ω) := {u ∈ Cm(Ω) | ‖u‖W s(Ω) <∞}

where

‖u‖W s(Ω) :=
{
‖u‖2Wm(Ω) +

∑

|α|=m

∫

Ω

∫

Ω

|Dαu(x)−Dαu(y)|2
|x− y|n+2σ

dxdy
}1/2

,

(4.1.5)

which is the Slobodetskii norm. Note that the second part in the definition
(4.1.5) of the norm in W s(Ω) gives the L2–version of fractional differentia-
bility, which is compatible to the pointwise version in Cm,α(Ω). In the same
manner as for the case of integer order, the Sobolev space W s(Ω) of order
s is the completion of the space Cs

∗(Ω) with respect to the norm ‖ · ‖W s(Ω).
Again, W s(Ω) is a Hilbert space with respect to the inner product

(u, v)s := (4.1.6)

(u, v)m +
∑

|α|=m

∫

Ω

∫

Ω

(
Dαu(x)−Dαu(y)

)(
Dαv(x)−Dαv(y)

)

|x− y|n+2σ
dx dy .

Clearly, for m = 0 we have W 0(Ω) = L2(Ω).
Note, that all the definitions above are also valid for Ω = IRn. In this

case, the space C∞
0 (IRn) is dense in W s(IRn) which implies that for Ω = IRn

the Sobolev spaces defined via distributions are the same as W s(IRn). We
therefore denote

Hs(IRn) := W s(IRn) for s ≥ 0 . (4.1.7)

Instead of the functions in Cm(Ω) let us now consider the function space
of restrictions,

C∞(Ω) := {u = ũ|Ω with ũ ∈ C∞
0 (IRn)}

and introduce for s ≥ 0 the norm

‖u‖Hs(Ω) := inf{‖u‖Hs(IRn) |u = ũ|Ω} . (4.1.8)

Now we define Hs(Ω) to be the completion of C∞(Ω) with respect to the
norm ‖·‖Hs(Ω), which means that to every u ∈ Hs(Ω) there exists a sequence
{uk}k∈IN ⊂ C∞(Ω) such that

lim
k→∞

‖u− uk‖Hs(Ω) = 0 .

Before we can state further properties we need some mild restrictions on
the domain Ω under consideration.

The domain Ω is said to have the uniform cone property if there exists
a locally finite open covering {Uj} of ∂Ω = Γ and a corresponding sequence
{Cj} of finite cones, each congruent to some fixed finite cone C such that:
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(i) For some finite number M , every Uj has diameter less than M .
(ii) For some constant δ > 0 we have⋃∞

j=1 Uj ⊃ Ωδ := {x ∈ Ω| infy∈Γ |x− y| < δ}.
(iii) For every index j we have

⋃
x∈Ω∩Uj

(x + Cj) =: Qj ⊂ Ω.
(iv) For some finite number R, every collection of R + 1 of the sets Qj has

empty intersection.

We remark that the uniform cone property is closely related to the
smoothness of Γ . In particular, any C2–boundary Γ will possess the uni-
form cone property. It was shown by Gagliardo [87] and Chenais [41] that
every strong Lipschitz domain has the uniform cone property. Conversely,
Chenais [41] showed that every bounded domain having the uniform cone
property, is a strong Lipschitz domain.

Theorem 4.1.1. Strong extension property (Calderón and Zygmund
[35], McLean [203], Wloka [322])

Let Ω be bounded and satisfy the uniform cone property.

i. Let m ∈ IN0. Then there exists a continuous, linear extension operator

FΩ : Hs(Ω) → Hs(IRn) for m ≤ s < m + 1

satisfying

‖FΩu‖Hs(IRn) ≤ cΩ(s)‖u‖Hs(Ω) for all u ∈ Hs(Ω) . (4.1.9)

ii. Let Γ be a Ck,κ–boundary with k + κ ≥ 1 , k ∈ IN, and let 0 ≤ s < k + κ
if k+κ �∈ IN or 0 ≤ s ≤ k+κ if k+κ ∈ IN. Then there exists a continuous,
linear extension operator FΩ which is independent of s satisfying (4.1.9).

As a consequence, whenever the extension operator FΩ exists, we have
W s(Ω) = Hs(Ω) and the norms

‖u‖W s(Ω) and ‖u‖Hs(Ω) (4.1.10)

are equivalent (see Meyers and Serrin for s ∈ IN0 Meyers and Serrin [205],
Adams [1, Theorem 3.16], Wloka [322, Theorem 5.3]).

Since C∞
0 (Ω) ⊂ C∞(Ω) where for any u ∈ C∞

0 (Ω) the trivial extension
ũ by zero outside of Ω is in C∞

0 (IRn), we define the space H̃s(Ω) for s ≥ 0
to be the completion of C∞

0 (Ω) with respect to the norm

‖u‖
H̃s(Ω)

:= ‖ũ‖Hs(IRn) . (4.1.11)

This definition implies that1

H̃s(Ω) = {u ∈ Hs(IRn) | suppu ⊂ Ω} (4.1.12)

1Note that these spaces H̃s(Ω) are often denoted by Hs
00(Ω) (see Lions and

Magenes[190]).
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and
H̃s(Ω) ⊂ Hs(Ω) for s ≥ 0.

Note that (4.1.12) implies that H̃s(Ω) is a closed subspace of Hs(IRn)
whereas, e.g., H

1
2 (Ω) �= H̃

1
2 (Ω) (see (4.1.38), Lions and Magenes [190, p.66]).

For negative s, we define Hs(Ω) by duality with respect to the inner
product (·, ·)L2(Ω). More precisely, for s < 0 we define the norm by

‖u‖s = sup
0 �=ϕ∈H̃−s(Ω)

|(ϕ, u)L2(Ω)| / ‖ϕ‖H̃−s(Ω)
. (4.1.13)

As usual, we denote the completion of L2(Ω) with respect to (4.1.13) by

Hs(Ω) = (H̃−s(Ω))′ for s < 0 , (4.1.14)

the dual space of H̃−s(Ω) which coinsides with the space of restrictions of
elements to Ω. These are the Sobolev spaces of negative order.

Extending (4.1.14), we also define the spaces H̃s(Ω) for s < 0 by the
completion of L2(Ω) with respect to the norm

‖u‖
H̃

s(Ω) := sup
0 �=ψ∈H−s(Ω)

|(ψ, u)L2(Ω)| / ‖ψ‖H−s(Ω) , (4.1.15)

(see Adams [1, p.51], Lions and Magenes [190, (12.33) p.79]). This completion
is denoted by

H̃s(Ω) =
(
H−s(Ω)

)′
, (4.1.16)

which is the dual of H−s(Ω). In fact, if for (−s) > 0 the strong extension
property, Theorem 4.1.1 holds, one can show that

H̃s(Ω) = {u ∈ Hs(IRn) | suppu ⊂ Ω} , (4.1.17)

see Hörmander [130] for Ω = IRn and Wloka [322].
For s > 0, we have the inclusions:

H̃s(Ω) ⊂ Hs(Ω) ⊂ L2(Ω) ⊂ H̃−s(Ω) (4.1.18)

with continuous injections (i.e. injective linear mappings). Since for 0 ≤ s < 1
2

one has H̃s(Ω) = Hs(Ω), and one also has H̃−s(Ω) = H−s(Ω) which is not
true anymore for s ≥ 1

2 . Note that if u ∈ H̃−s(Ω) then u|Ω ∈ H−s(Ω) defines
a projection whose kernel consists of all u ∈ H̃−s(Ω) with support on ∂Ω
(see Mikhailov [207]). We remark that the elements of the Sobolev spaces of
negative order, H−s(Ω) and H̃−s(Ω), define bounded, i.e. continuous, linear
functionals on the Sobolev spaces H̃s(Ω) and Hs(Ω), respectively. As will be
seen, these functionals can be represented in two different ways.
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In what follows, let V denote the Hilbert space H̃s(Ω) or Hs(Ω) with
0 ≤ s, and let V ′ denote its dual. That is, we have V ⊂ L2 ⊂ V ′. We set the
value of the continuous linear functional � at v by

〈�, v〉 := �(v) for � ∈ V ′ and v ∈ V with 〈�, v〉 = (v, �)L2 (4.1.19)

provided � ∈ L2. Here the bilinear form 〈�, v〉 is called the duality pairing on
V ′ × V . If ‖u‖V is the norm on V , the space V ′ is supplied with the dual
norm

‖�‖V ′ := sup
0 �=v∈V

|〈�, v〉|
‖v‖V

.

Since V is a Hilbert space, by the Riesz representation theorem, for each
� ∈ V ′ there exists a unique λ ∈ V depending on � such that

〈�, v〉 = �(v) = (v, λ)V and ‖�‖V ′ = ‖λ‖V , (4.1.20)

where (v, λ)V denotes the inner product in V . This is one way to represent
the element of V ′, although it is not very practical, since it involves the
complicated inner product (•, •)V of the Hilbert space V .

The other way to represent � ∈ V ′ is to identify � with an element u�

in L2(Ω) and to consider the value �(v) at v ∈ V as the L2-inner product
(v, u�)L2(Ω) provided � ∈ V ′ is also bounded on L2. In other words, we express
the bilinear form 〈�, v〉 on V ′×V as an inner product (v, u�)L2(Ω). In fact, the
definitions (4.1.13) and (4.1.15) for the dual spaces V ′ = Hs(Ω) and H̃s(Ω)
for s < 0 are based on this representation. In case � ∈ L2(Ω) ⊂ V ′, we simply
let u� = � ∈ L2(Ω) and obtain

〈�, v〉 = (v, u�)L2(Ω) =
∫

Ω

v(x)u�(x) dx =
∫

Ω

v(x)�(x)dx

for all v ∈ V . On the other hand, if � ∈ V ′ but � �∈ L2(Ω), then we define

〈�, v〉 = lim
k→∞

(v, u�k
)L2(Ω) = lim

k→∞

∫

Ω

v(x)u�k
(x)dx (4.1.21)

for all v ∈ V , where {u�k
} ⊂ L2(Ω) is a sequence such that

lim
k→∞

‖u�k
− �‖V ′ = 0.

We know that {u�k
} exists and (4.1.21) makes sense, since V ′ is the com-

pletion of L2(Ω) with respect to the norm ‖ · ‖V ′ , defined by (4.1.13) and
(4.1.14), respectively.

The second way is more practical; and as will be seen, our variational
formulations of boundary integral equations in Chapter 5 are based on this
representation. In what follows, we write
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〈u, v〉L2(Ω) = (u, v)L2(Ω) (4.1.22)

for the duality pairing of (u, v) ∈ V ′ × V ; and the L2–inner product on the
right–hand side is understood in the sense of (4.1.21) for u �∈ L2(Ω).

We remark that both representations are equivalent and are defined by
the same linear functional. Hence, the mapping � �→ λ from H̃−s(Ω) onto
Hs(Ω) is a well defined isomorphism. By isomorphism we mean a continuous
one–to–one linear mapping from H̃−s(Ω) onto Hs(Ω) whose inverse is also
continuous.

Now we consider the special case Ω = IRn. In this case, for any s ∈ IR, in
addition we have

H̃s(IRn) = Hs(IRn) . (4.1.23)

Moreover, these Sobolev spaces can be characterized via the Fourier trans-
formation. For any u ∈ C∞

0 (IRn), the Fourier transformed û is defined by
(3.1.12), and there holds

F∗
ξ �→xû := u(x) = (2π)−n/2

∫

IRn

eix·ξû(ξ)dξ , (4.1.24)

with the inverse Fourier transform of û. The following properties are well
known (see e.g. Petersen [247, p.79]); i.e. the Parseval–Plancherel formula

(u, v)L2(IRn) =
∫

IRn

u(x)v(x)dx =
∫

IRn

û(ξ)v̂(ξ)dξ = (û, v̂)L2(IRn) , (4.1.25)

∫

IRn

u(x)v̂(x)dx =
∫

IRn

û(ξ)v(ξ)dξ . (4.1.26)

Formula (4.1.25) implies

‖û‖L2(IRn) = ‖u‖L2(IRn) (4.1.27)

for any u ∈ C∞
0 (IRn). A simple application of (4.1.27) to the identity

(2π)−n/2

∫

IRn

e−ix·ξ(Dαu(x))dx = (−1)|α|(2π)−n/2

∫

IRn

(Dα
x e

−ix·ξ)u(x)dx

= (iξ)αû(ξ)

for any α ∈ INn
0 shows that

(ξαû(ξ)) ∈ L2(IRn) for every α ∈ INn
0 and u ∈ C∞

0 (IRn).

This implies that we have

‖|u‖|2s := (2π)−n

∫

IRn

(1 + |ξ|2)s|û(ξ)|2dξ <∞ (4.1.28)
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for every s ∈ IR and u ∈ C∞
0 (IRn). Obviously, ‖| · ‖|s is a norm. Now let

Hs(IRn) be the completion of C∞
0 (IRn) with respect to the norm ‖| ·‖|s. Then

the space Hs(IRn) again is a Hilbert space with the inner product defined by

((u, v))s := (2π)−n

∫

IRn

(1 + |ξ|2)sû(ξ)v̂(ξ)dξ . (4.1.29)

From Parseval’s formula, (4.1.27) it follows that

H0(IRn) = H0(IRn) = L2(IRn).

In fact, one can show that Hs(IRn) is equivalent to Hs(IRn) for every s ∈ IR,
see e.g. Petersen [247, p.235]. Therefore, in what follows, we shall not distin-
guish between the spaces Hs(IRn) and Hs(IRn) anymore. The corresponding
norms ‖ · ‖s and ‖| · ‖|s will be employed interchangeably.

As a further consequence of Parseval’s equality (4.1.27), we see that the
Fourier transform Fu(ξ) := û(ξ) as a bounded linear mapping from C∞

0 (IRn)
into L2(IRn) extends continuously to L2(IRn) and the extension defines an
isomorphism L2(IRn) → L2(IRn).

Here again, by isomorphism we mean a continuous one–to–one mapping
from L2(IRn) onto itself whose inverse is also continuous. In fact, the inverse
F−1 is given by (4.1.24). Further properties of F on the Sobolev spaces and
on distributions will be discussed in Chapter 6.

Now we summarize some of the relevant results and properties of Hs(Ω)
without proofs. Proofs can be found e.g. in Adams [1], Kufner et al [173],
McLean [203] and Petersen [247].

Lemma 4.1.2. Generalized Cauchy-Schwarz inequality (Adams [1,
p. 50]).

The Hs(Ω)–scalar product extends to a continuous bilinear form on
Hs+t(Ω)× H̃s−t(Ω). Moreover, we have

|(u, v)Hs(Ω)| ≤ ‖u‖Hs+t(Ω) ‖v‖H̃s−t(Ω)
(4.1.30)

for all (u, v) ∈ Hs+t(Ω) × H̃s−t(Ω) and all s, t ∈ IR. This inequality also
holds for Ω = IRn where H̃s−t(IRn) = Hs−t(IRn).

Lemma 4.1.3. (Petersen [247, Chap. 4, Lemma 2.2])
For s < t, the inclusion Ht(IRn) ⊂ Hs(IRn) is continuous and has dense

image.

Theorem 4.1.4. Rellich’s Lemma ([247, Chap. 4, Theorem 3.12])
Let s < t and Ω ⊂ IRn be a bounded domain. Then the imbedding

H̃t(Ω)
c
↪→ Hs(IRn)

is bounded and compact.
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In the following, the symbol
c
↪→ will be used for compact imbedding.

Theorem 4.1.5. Sobolev imbedding theorem ([247, Chap. 4, Theorem
2.13])

Let m ∈ IN0 and s < m + n
2 . Then for every u ∈ Hs(IRn) and every

compact K � IRn we have u|K ∈ Cm+α(K) and

‖u‖Cm,α(K) ≤ C(K,m,α)‖u‖Hs(IRn)

if 0 < α ≤ s−m− n
2 and α < 1.

Theorem 4.1.6. Rellich’s Lemma, Sobolev imbedding Theorem
(Adams [1]) Let Ω be bounded and satisfy the uniform cone property. Then
the following imbeddings are continuous and compact:

i.
H̃s(Ω)

c
↪→ H̃t(Ω) for −∞ < t < s <∞ , (4.1.31)

ii.
Hs(Ω)

c
↪→ Ht(Ω) for −∞ < t < s <∞ . (4.1.32)

iii.

Hs(Ω)
c
↪→ Cm,α(Ω) for m ∈ IN0, 0 ≤ α < 1,m + α < s− n

2 . (4.1.33)

For s = m + α + n
2 and 0 < α < 1, the imbeddding

Hs(Ω) ↪→ Cm,α(Ω) (4.1.34)

is continuous.

Classical Sobolev spaces
For m ∈ IN0, let Hm

0 (Ω) be the completion of Cm
0 (Ω) with respect to the

norm ‖ · ‖Hm(Ω). Then we have

Hm
0 (Ω) = H̃m(Ω) and

H−m(Ω) =
(
H̃m(Ω)

)′
= (Hm

0 (Ω))′ .
(4.1.35)

In the case 0 < s �∈ IN0, for H̃s(Ω) there are two cases to be considered. If
s = m + σ with |σ| < 1

2 and m ∈ IN0 then there holds

H̃s(Ω) = Cm+1
0 (Ω)

‖·‖Hs(IRn)
= Hs

0(Ω) := Cm+1
0 (Ω)

‖·‖Hs(Ω)
, (4.1.36)

where the completion of the space Cm
0 (Ω) with respect to the norms ‖ · ‖Hs(Ω)

and ‖ · ‖Hs(IRn), respectively, is taken.
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The spaces Hs
00(Ω)

If s = m + 1
2 , then the space H̃s(Ω) is strictly contained in Hs

0(Ω):

H̃s(Ω) = Cm+1
0 (Ω)

‖·‖Hs(IRn) •
⊂ Hs

0(Ω) . (4.1.37)

In this case, Lions and Magenes [190] characterize H̃s(Ω) by using the norm

‖u‖Hs
00(Ω) =

{
‖u‖2Hs(Ω) +

∑

|α|=m

‖ρ− 1
2 Dαu‖2L2(Ω)

} 1
2

(4.1.38)

where ρ = dist (x, ∂Ω) for x ∈ Ω. It is shown in [190, p.66] that the norms

‖u‖Hs
00(Ω) and ‖ũ‖Hs(IRn) with ũ =

{
u for x ∈ Ω,
0 otherwise,

are equivalent.
In variational problems it is sometimes convenient to express equivalent

norms in different forms. In the following we present a corresponding general
theorem from which various well known equivalent norms can be deduced.

Theorem 4.1.7. Various Equivalent Norms
(Triebel [307, Theorem 6.28.2]) Let Ω be a bounded domain having the uni-
form cone property, m ∈ IN, and let q(v) be a nonnegative continuous
quadratic functional on Hm(Ω); i.e.,

q : Hm(Ω) → IR with q(λv) = |λ|2q(v) for all λ ∈ C , v ∈ Hm(Ω) ,
0 ≤ q(v) ≤ c‖v‖2Hm(Ω) and (4.1.39)

q(℘) > 0 for all polynomials ℘ of degree less than m.

Then the norms ‖v‖Hm(Ω) and {
∑

|α|=m

‖Dαv‖2L2(Ω) +q(v)} 1
2 are equivalent on

Hm(Ω).

In particular, let us consider the following special choices of q:

i. q(v) :=
∑

|β|<m

∣∣∣∣
∫

Ω

Dβvdx

∣∣∣∣
2

. Then we have the

Poincaré inequality:

‖v‖H�(Ω) ≤ ‖v‖Hm(Ω) ≤ c
{ ∑

|α|=m

‖Dαv‖2L2(Ω) +
∑

|β|<m

∣∣∣∣
∫

Ω

Dβvdx

∣∣∣∣
2 } 1

2

(4.1.40)
for 0 ≤ � ≤ m.
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ii. q(v) :=
∫

Γ

|v|2ds. Here we have the

Friedrichs inequality:

‖v‖Hm(Ω) ≤ c
{ ∑

|α|=m

‖Dαv‖2L2(Ω) +
∫

Γ

|v|2ds
} 1

2
. (4.1.41)

When v ∈ Hm
0 (Ω) then we have in particular

‖v‖H�(Ω) ≤ ‖v‖Hm(Ω) ≤ c
{ ∑

|α|=m

‖Dαv‖2L2(Ω)

} 1
2

for 0 ≤ � ≤ m. (4.1.42)

We often shall also need the local spaces defined as

Hs
loc(Ω) := {u ∈ D′(Ω) | ∀ϕ ∈ C∞

0 (Ω) : ϕu ∈ Hs(IRn)} . (4.1.43)

Theorem 4.1.8. The multiplication by ϕ is continuous; i.e.

‖ϕu‖Hs(IRn) ≤ 2|s|/2‖u‖Hs(IRn)

∫

IRn

(1 + |ξ|2)|s|/2|ϕ̂(ξ)|dξ (4.1.44)

where ϕ̂(ξ) = Fx�→ξϕ(x).

The space Hs
loc(Ω) is a Frechet space since with an exhaustive sequence of

compact subsets Kj of Ω one may choose a sequence {ϕj} ⊂ C∞
0 (Ω) with

ϕj(x) = 1 on Kj . With this result, the family of seminorms ‖ϕju‖Hs(IRn)

could be used to define the corresponding Frechet space.
We also introduce the space

Hs
comp(Ω) = {u ∈ E ′(Ω) | to u there exists a compact

K � Ω and u ∈ H̃s(K)} .
(4.1.45)

The spaces Hs
loc(Ω) and H−s

comp(Ω) are dual to each other with respect to
the bilinear pairing defined by the bilinear form

〈u, v〉 =
∫

Ω

u(x)v(x)dx for u ∈ Hs
loc(Ω) , v ∈ H−s

comp(Ω) . (4.1.46)

4.2 The Trace Spaces Hs(Γ )

In the study of boundary value problems we need to speak about the values
which certain elements of H1(Ω) taken on the boundary Γ of Ω. If u ∈ Hs(Ω)
is continuous up to the boundary Γ , then one can say that the value which u
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takes on Γ is the restriction to Γ (of the extension by continuity to Ω) of the
function u, which will be denoted by u|Γ . In general, however, the elements
of Hs(Ω) are defined except for a set of n–dimensional zero measure and
it is meaningless therefore to speak of their restrictions to Γ (which has an
n–dimensional zero measure). We therefore need a new concept, the concept
of the trace of a function on Γ , which can substitute and generalize that of
the restriction u|Γ whenever the latter in the classical sense is inapplicable.
To this end, we need the boundary spaces. In the following, we define the
boundary spaces in three different ways. However, it turns out for Sobolev
indices s with |s| < k + κ − 1

2 , that these spaces are equivalent due to the
trace theorem.

Let us begin with the definition of the integration on Γ . We introduce
partitions of unity subordinate to the covering of Γ by the sets B(r) ⊂ IRn.
We say, a family of functions α(r) ∈ C∞

0 (IRn), r = 1, . . . , p, is a partition of
unity, if α(r) : IRn → [0, 1] has compact support suppα(r) � B(r) satisfying

p∑

r=1

α(r)(x) = 1 for all x ∈ UΓ ,

where UΓ ⊃ Γ is an appropriate n–dimensional open neighbourhood of Γ .
For Γ ∈ Ck,κ and k + κ ≥ 1, the tangent vectors are well defined almost
everywhere for x ∈ Γ ∩B(r), as is the surface element dsx. Then, for f given
on Γ , we define the surface integral by

∫

Γ

fds :=
p∑

r=1

∫

Γ∩B(r)

f(x)α(r)(x)dsx.

By using the local representation (3.3.3) of Γ , the integrals on the right-hand
side are reduced to integrals of the function (fα(r)) ◦

(
x(r) + T(r)(y′, a(r)(y′)

)

over Q ⊂ IRn−1. This definition is intrinsic in the sense that it does nei-
ther depend on the special local coordinate representation of Γ nor on the
particular partition of unity considered.

Now let L2(Γ ) be the completion of C0(Γ ), the space of all continuous
functions on Γ , with respect to the norm

‖u‖L2(Γ ) :=
{∫

Γ

|u(x)|2dsx
} 1

2
. (4.2.1)

As is well known, L2(Γ ) is a Hilbert space with the scalar product

(u, v)L2(Γ ) :=
∫

Γ

u(x)v(x)dsx . (4.2.2)

For a strong Lipschitz domain Ω one can show that there exists a unique
linear mapping γ0 : Hs(Ω) → L2(Γ ) such that if u ∈ C0(Ω) then γ0u = u|Γ .
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If u ∈ H1(Ω) we will call γ0u the trace of u on Γ and the mapping γ0 the trace
operator (of order 0). However, in order to characterize all those elements in
L2(Γ ) which can be the trace of elements of H1(Ω), we need to introduce
the trace spaces Hs(Γ ). For s = 0, we simply set H0(Γ ) = L2(Γ ).

Natural trace space Hs(Γ )
The simplest way to define the trace spaces on Γ is to use extensions of
functions defined on Γ to Sobolev spaces defined in Ω. For s > 0 let us
introduce the linear space

C(s)(Γ ) := {ϕ ∈ C0(Γ )| to ϕ there exists ϕ̃ ∈ Hs+ 1
2 (Ω)

such that γ0ϕ̃ := ϕ̃|Γ = ϕ on Γ} .

Then the natural trace space Hs(Γ ) is defined to be the completion of C(s)(Γ )
with respect to the norm

‖u‖Hs(Γ ) := inf
γ0ũ=u

‖ũ‖
Hs+ 1

2 (Ω)
. (4.2.3)

However, with this definition we note that it is difficult to define a scalar
product associated with (4.2.3). On the other hand, the trace theorem holds
by definition, namely

‖γ0ũ‖Hs(Γ ) ≤ ‖ũ‖Hs+ 1
2 (Ω)

for every ũ ∈ Hs+ 1
2 (Ω) (4.2.4)

and for any s > 0. As we will show later on, Hs(Γ ) is actually a Hilbert
space itself, although the inner product can not be deduced from the above
definition (4.2.3).

For s < 0, we can define the space Hs(Γ ) as the dual of H−s(Γ ) with
respect to the L2(Γ ) scalar product; i.e. the completion of L2(Γ ) with respect
to the norm

‖u‖Hs(Γ ) := sup
‖ϕ‖H−s(Γ )=1

| (ϕ, u)L2(Γ ) | . (4.2.5)

These are the boundary spaces of negative orders.

The Fichera trace spaces Hs(Γ )
Alternatively, one may define the Sobolev spaces on the boundary in terms
of boundary norms (Fichera [77]), instead of the domain norms as in (4.2.3).
We begin with the simplest case; for 0 < s < 1 we define Hs(Γ ) to be the
completion of

Cs
0(Γ ) := {ϕ ∈ C0(Γ )| ‖ϕ‖Hs(Γ ) <∞}
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with respect to the norm

‖u‖Hs(Γ ) :=

⎧
⎨

⎩‖u‖
2
L2(Γ ) +

∫

Γ

∫

Γ

|u(x)− u(y)|2
|x− y|n−1+2s

dsxdsy

⎫
⎬

⎭

1
2

. (4.2.6)

Again, Hs(Γ ) is a Hilbert space equipped with the inner product

(u, v)Hs(Γ ) := (u, v)L2(Γ ) +
∫

Γ

∫

Γ

(u(x)− u(y)) (v(x)− v(y))
|x− y|n−1+2s

dsxdsy . (4.2.7)

To define Hs(Γ ) for s ≥ 1, it is more involved. In the following, let m ∈ IN
be fixed and let

M := {u ∈ Cm(Ω) | (t(z) · ∇x)αu(x)|z=x∈Γ = 0 for all
0 ≤ |α| ≤ m and for all tangential vectors t|Γ } .

This defines an equivalence relation on Cm(Ω). With M we can define the
cosets of any u ∈ Cm(Ω) by

[u] = {v ∈ Cm(Ω)| v − u ∈M} .

Now let us consider the quotient space

Cm(Ω)/M := {[u]|u ∈ Cm(Ω)} .

As usual, the quotient space Cm(Ω)/M becomes a linear vector space by the
proper extension of linear operations from Cm(Ω) to Cm(Ω)/M, i.e.

α[u] + β[v] = [αu + βv]

for all α, β ∈ C and u, v ∈ Cm(Ω). On Cm(Ω), we introduce the Hermitian
bilinear form

((u, v))m :=
∑

|α|≤m

∫

Γ

DαuDαv ds (4.2.8)

and the associated semi–norm

‖|u‖|m := ((u, u))
1
2
m . (4.2.9)

If ‖| · ‖|m were a norm on Cm(Ω), then the completion of the quotient space
Cm(Ω)/M, would provide us with the desired Hilbert space on Γ . However,
since {u ∈ Cm(Ω) | ‖|u‖|m = 0} �= {0}, we need to introduce an additional
quotient space in which ‖| · ‖|m will become a norm. To be more precise, let

N := {u ∈ Cm(Ω) |Dαu|Γ = 0 for all α with 0 ≤ |α| ≤ m}
= {u ∈ Cm(Ω) | ‖|u‖|m = 0} .
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Then N defines an additional equivalence relation on Cm(Ω). Moreover, on
the quotient space Cm(Ω)/N , given by the collection of cosets,

[u]N := {v ∈ Cm(Ω) | ‖|v − u‖|m = 0} ,

((•, •))m and ‖| • ‖|m define, by construction, a scalar product and an associ-
ated norm. The corresponding completion

Bm(Γ ) := Cm(Ω)/N
‖|·‖|m

then defines a Hilbert space with the scalar product (4.2.8) and norm (4.2.9);
for any u̇, v̇ ∈ Bm(Γ ) we find sequences un, vn ∈ Cm(Ω) such that u̇ =
limn→∞[un]N and v̇ = limn→∞[vn]N in Bm(Γ ). Thus, we may define

(u̇, v̇)m := (u̇, v̇)Bm(Γ ) = lim
n→∞

([un]N , [vn]N )Bm(Γ )

= lim
n→∞

((un, vn))m , (4.2.10)

‖u̇‖m := ‖u̇‖Bm(Γ ) = lim
n→∞

‖[un]N ‖Bm(Γ ) = lim
n→∞

‖|un‖|m . (4.2.11)

In order to identify Cm(Ω)/M with a subspace of Bm(Γ ), we map M into
Cm(Ω)/N by

M
 u �−→ [u]N ∈M/N ,

where
M/N := {[u]N |u ∈M} ⊂ Cm(Ω)/N ⊂ Bm .

One can easily show that the quotient spaces

Cm(Ω)/M�
(
Cm(Ω)/N

)
/(M/N )

are algebraically isomorphic, i.e., there exists a linear one–to–one correspon-
dence between these two spaces. Now we denote by M the completion of
M/N in Bm(Γ ), and define the trace spaces by

Hm(Γ ) := Bm(Γ )/M . (4.2.12)

For any u ∈ Hm(Γ ), by the definition of the quotient space (4.2.12), u has
the form u = [u̇] for some u̇ ∈ Bm(Γ ), and the norm of u is defined by

‖u‖Hm(Γ ) := inf
v̇∈M

‖u̇ + v̇‖m . (4.2.13)

Since M is complete, we can find some u̇∗ ∈M such that

‖u‖Hm(Γ ) = ‖u̇ + u̇∗‖m = inf
v̇∈M

‖u̇ + v̇‖m . (4.2.14)
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Moreover, for

o
u := u̇ + u̇∗ ∈M⊥ ⊂ Bm(Γ ) there holds ( o

u, v̇)m = 0 for all v̇ ∈M .

Therefore, Hm(Γ ) and M⊥
are isomorphic.

By the definition of completion, there exists a sequence o
un ∈ Cm(Ω) such

that
lim
n→∞

‖[ o
un]N − o

u‖m = 0

and

lim
n,k→∞

‖[ o
un]N − [ o

uk]N ‖m = lim
n,k→∞

‖| o
un − o

uk‖|m = 0 . (4.2.15)

In particular, we see that

‖u‖Hm(Γ ) = lim
n→∞

‖| o
un‖|m . (4.2.16)

Similarly, for v ∈ Hm(Γ ) we can find o
v ∈ M⊥

and a sequence o
vn ∈ Cm(Ω)

with the corresponding properties. Then we can define the inner product by

(u, v)Hm(Γ ) := ( o
u,

o
v)m = lim

n→∞
(( o
un,

o
vn))m (4.2.17)

so that Hm(Γ ) becomes a Hilbert space.

Remark 4.2.1: As we mentioned earlier, the space Hm(Γ ) may also be
considered as the completion of the quotient space Cm(Ω)/M with respect
to the norm

‖[u]‖m = inf
ϕ∈M

‖|u + ϕ‖|m (4.2.18)

corresponding to (4.2.14). However, in order to define the inner product (·, ·)m
in (4.2.17), it is necessary to introduce the quotient space Cm(Ω)/N . In
addition, note that, in general, the infimum in (4.2.18) will not be attained
in M since M is not complete.

To define Hs(Γ ) for s �∈ IN, s > 0, we write s = m + σ where − 1
2 ≤ σ <

1
2 ,m ∈ IN, and proceed in a similar manner as before. More precisely, we first
replace the scalar product (4.2.8) by

((u, v))s := ((u, v))[s]

+
∑

|α|=[s]

∫

Γ

∫

Γ

(Dαu(x)−Dαu(y))(Dαv(x)−Dαv(y))
|x− y|n−1+2(s−[s])

dsxdsy
(4.2.19)

where [s] := max{� ∈ Z | � ≤ s} denotes the Gaussian bracket. Correspond-
ingly, we define the associated semi–norm
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‖|u‖|s := ((u, u))
1
2
s (4.2.20)

on C̃s
∗(Ω) which is a subspace of Cm(Ω) defined by

C̃s
∗(Ω) = {u ∈ Cm(Ω) | ‖|u‖|s <∞} .

The subspace M is now replaced by

Ms = {u ∈ C̃s
∗(Ω) | (t(z) · ∇x)αu(x)|z=x∈Γ = 0

for all |α| ≤ m and all tangent vectors t|Γ } ;

and the quotient space is replaced by C̃s
∗(Ω)/Ms. Furthermore, let

N s := {u ∈ C̃s
∗(Ω) | ‖|u‖|s = 0} ;

and the completion of the quotient space C̃s
∗(Ω)/N s, given by the cosets

[u]N s := {v ∈ C̃s
∗(Ω) | ‖|u− v‖|s = 0} ,

is denoted by Bs(Γ ). We denote by Ms
the completion of

Ms/N s := {[u]N s |u ∈Ms} ⊂ Bs(Γ )

in the Hilbert space Bs(Γ ). Then, finally we define

Hs(Γ ) := Bs(Γ )/Ms (4.2.21)

as the new boundary Hilbert space. Note that any element u ∈ Hs(Γ ) can

again be approximated in Hs(Γ ) by sequences o
un ∈ C̃s

∗(Ω) ; and the details
are exactly the same as in the case of integer s = m.

For negative s, we define Hs(Γ ) by duality with respect to the L2(Γ )–
inner product, (·, ·)L2(Γ ). Similar to (4.1.13), the norm is given by

‖u‖Hs(Γ ) := sup
0 �=ϕ∈H−s(Γ )

|(ϕ, u)L2(Γ )| / ‖ϕ‖H−s(Γ ) ; (4.2.22)

and the completion of L2(Γ ) with respect to (4.2.22) is denoted by

Hs(Γ ) =
(
H−s(Γ )

)′
,

= {� : H−s(Γ ) → C | � is linear and continuous } , (4.2.23)

i.e., the dual space of H−s(Γ ). We write again

〈�, v〉 = (v, �)L2(Γ )

for � ∈ Hs(Γ ) and v ∈ H−s(Γ ), and the L2(Γ )-inner product (·, ·)L2(Γ ) is
understood in a sense similar to (4.1.21) for � �∈ L2(Γ ).
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Remark 4.2.2: In principle, to replace the cosets, one can define Hs(Γ ) in
terms of functions on Γ with covariant derivatives of orders α with |α| ≤
m from differential geometry which we tried to avoid here. Nevertheless,
properties concerning the geometry of Γ will be discussed later.

Standard trace spaces Hs(Γ )
In this approach we identify the boundary Γ with IRn−1 by means of the local
parametric representations of the boundary. Roughly speaking, we define the
trace space to be isomorphic to the Sobolev space Hs(IRn−1). This approach
is the one which can be found in standard text books in connection with the
trace theorem (Aubin [9, p.198ff]).
Let us recall the parametric representation (3.3.3) of Γ , namely

x = x(r) + T(r)

(
y′, a(r)(y′)

)
for y′ ∈ Q, r = 1, . . . , p .

Then, for s with 0 ≤ s < k + κ for noninteger k + κ or 0 ≤ s ≤ k + κ for
integer k+κ we define here the Sobolev space Hs(Γ ) by the boundary space

{u ∈ L2(Γ ) |u
(
x(r) + T(r)(y′, a(r)(y′))

)
∈ Hs(Q), r = 1, . . . , p}

equipped with the norm

‖u‖Hs(Γ ) :=
{ p∑

r=1

‖u
(
x(r) + T(r)(y′, a(r)(y′))

)
‖2Hs(Q)

} 1
2
. (4.2.24)

This space is a Hilbert space with the inner product

(u, v)Hs
(Γ )

:=
p∑

r=1

(
u(x(r) + T(r)(y′, a(r)(y′)), v(x(r) + T(r)(y′, a(r)(y′))

)
Hs(Q)

.

(4.2.25)

Note that the above restrictions of s are necessary since otherwise the differ-
entiations with respect to y′ required in (4.2.24) and (4.2.25) may not be well
defined. Also note that Hs(Q) is the Sobolev space in the (n−1)–dimensional
domain Q as in Section 4.1. In an additional step, these definitions, (4.2.24)
and (4.2.25), can be rewritten in terms of the Sobolev space Hs(IRn−1) by
using the partition of unity on Γ subordinate to the open covering B(r). More
precisely, we take the functions α(r) ∈ C∞

0 (IRn), suppα(r) � B(r) introduced
previously, with

p∑

r=1

α(r)(x) = 1 (4.2.26)

in some neighbourhood of Γ . For u given on Γ , we define the extended func-
tion on IRn−1 by

(α̃(r)u)(y′) :=

{
(α(r)u)

(
x(r) + T(r)(y′, a(r)(y′))

)
for y′ ∈ Q,

0 otherwise.
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Then Hs(Γ ) is given by all u on Γ for which α̃(r)u ∈ Hs(IRn−1), r = 1, . . . , p.
The corresponding norm now reads

‖u‖Hs(Γ ) := {
p∑

r=1

‖(α̃(r)u)‖2Hs(IRn−1)}
1
2 (4.2.27)

and is associated with the scalar product

(u, v)Hs(Γ ) :=
p∑

r=1

(α̃(r)u, α̃(r)v)Hs(IRn−1) . (4.2.28)

Clearly, for 1 ≤ s ≤ k+κ, the integrals in (4.2.24)–(4.2.28) contain derivatives
of u on Γ with respect to the local coordinates, i.e. derivatives of

u
(
x(r) + T(r)(y′, a(r)(y′))

)

with respect to yj , j = 1, · · · , n−1. These derivatives are, in fact, the covariant
derivatives of u with respect to Γ (see Bishop and Goldberg [16] and Millman
and Parker [216]).

Since with the particular charts, the pushed forward functions α̃(r)u are
defined on IRn−1 having compact supports in Q, and in (4.2.27) and (4.2.28)
we are using Hs(IRn−1), we can introduce via L2–duality the whole scale of
Sobolev spaces for Hs(Γ ), all s with −k − κ <

(−) s <
(−) k + κ.

Up to now, we have introduced three different boundary spaces. The con-
nection between these boundary spaces and the Sobolev spaces on the domain
Ω are given through the trace theorem in Ω. To this end, let us introduce
the trace operators γj , j = 0, 1, · · · ,m− 1, 1 ≤ m ∈ IN,

γj : Cm−1(Ω)→ Cm−1(Γ )

defined by

γju =
∂ju

∂nj
|Γ := (n · ∇)ju|Γ , j = 0, 1, · · · ,m− 1 .

In particular, we have, as before, for u ∈ Co(Ω),

γ0u = u|Γ ,

and γ0 is a linear operator which acts on a continuous function u ∈ Co(Ω) to
produce its restriction to the boundary Γ as a continuous function γ0u on Γ .
What we are really interested in is the problem of how to define γ0u when u
belongs to L2(Ω) or, more generally, to one of the Sobolev spaces Hm(Ω). As
we mentioned earlier, functions belonging to Hm(Ω) are only defined uniquely
on Ω and not on Ω since Γ is a set of n–dimensional measure zero, and
functions in Hm(Ω) differing on a set of measure zero are regarded as being
identical. However, the trace theorem enables us to define unambiguously γ0u
(or more generally γju), provided that u is smooth enough, e.g. in H1(Ω) ( or
u ∈ Hm(Ω)) and Γ is sufficiently smooth. We now state the Trace Theorem.
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Theorem 4.2.1. Trace Theorem
(Costabel [50], Grisvard [108], Nečas [229, Chap.2,5], Wloka [322, p. 130])

i. Let Ω ∈ Ck,κ where k+κ ≥ 1 and s ∈ IR with 1
2 < s < max{k+κ, 3

2} for
non integer k + κ or 1

2 < s ≤ k + κ for integer k + κ. Then there exists
a linear continuous trace operator γ0 with

γ0 : Hs(Ω) → Hs− 1
2 (Γ ) (4.2.29)

which is an extension of

γ0u = u|Γ for u ∈ C0(Ω) .

ii. Let Ω ∈ Ck,1 and s ∈ IR and j, k ∈ IN0 with 1
2 + j < s ≤ k + 1 for non

integer k+κ or 1
2 +j < s ≤ k+κ for integer s. Then there exists a linear

continuous trace operator γj with

γj : Hs(Ω) → Hs−j− 1
2 (Γ ) (4.2.30)

which is an extension of

γju =
∂ju

∂nj
|Γ for u ∈ C�(Ω) with s + j ≤ � ∈ IN .

Moreover, for these s the three boundary spaces are equivalent:

Hs− 1
2 (Γ ) � Hs− 1

2 (Γ ) � Hs− 1
2 (Γ ) (4.2.31)

In view of the trace theorem, for Ω ∈ Ck,1, we identify once and for all
the boundary spaces

Hs(Γ ) := Hs(Γ ) = Hs(Γ ) = Hs(Γ ) (4.2.32)

for 0 < |s| ≤ k + 1
2 , taking H0(Γ ) = L2(Γ ) and call Hs(Γ ) the trace spaces.

We note that for 0 < s ≤ k + 1
2 , the equivalence is due to the trace theorem.

For −k − 1
2 ≤ s < 0 the equivalence follows from the common definition via

L2(Γ )–duality.
Since in these cases the boundary spaces are equivalent to the spaces

Hs(IRn−1), we have with the imbedding theorem in IRn−1 also on Γ :

Theorem 4.2.2. Let Γ be a Ck,1 boundary, k ∈ IN0 and let |t| , |s| ≤ k + 1
2 .

Then the imbeddings

Hs(Γ )
c
↪→ Ht(Γ ) for t < s (4.2.33)

Hs(Γ )
c
↪→ Cm,α(Γ ) for m + α < s− n

2 + 1
2 ,m ∈ IN0, 0 ≤ α < 1 (4.2.34)

are compact.



4.2 The Trace Spaces Hs(Γ ) 179

Remarks 4.2.3:

i. In case of a Lipschitz domain, i.e. k = 0, κ = 1, we see that for 1
2 < s ≤ 1,

the trace operator γ0 exists with

γ0 : Hs(Ω) → Hs− 1
2 (Γ )

and
γ0u = u|Γ for u ∈ C0(Ω).

However, as shown by Costabel [50], this even extends to 1
2 < s < 3

2
which indicates that the equivalence (4.2.31) can also be extended for
0 ≤ |s| < k + κ. However, as shown in Wloka [322, p. 130], for 0 < κ < 1
it seems that one needs the stronger restrictions 1

2 + j < s < k + κ − 1
for (4.2.30) to hold.

ii. For Ω ∈ Ck,1 and fixed s with 1
2 < s ≤ k + 1 let m be the largest integer

in IN with m < s + 1
2 . Here, we may collect the trace operators γju for

j = 0, · · · ,m− 1 and define

γu := (γ0u, . . . , γm−1u)� . (4.2.35)

Then

γ : Hs(Ω) →
m−1∏

j=0

Hs−j− 1
2 (Γ ) (4.2.36)

is continuous and linear and is an extension of

γu =
(
u,

∂u

∂n
, . . .

∂m−1u

∂nm−1

)�
|Γ for u ∈ Cm−1(Ω) .

The continuity of γ can be expressed through the inequality

m−1∑

j=0

‖γju‖
Hs−j− 1

2 (Γ )
≤ c‖u‖Hs(Ω)

with a constant c independent of u.
iii. The first approach shows that the spaces Hs− 1

2 (Γ ) are just the quotient
spaces

Hs− 1
2 (Γ ) = Hs(Ω)/Hs

0(Ω) . (4.2.37)

Here, Hs
0(Ω) denotes the completion of C∞

0 (Ω) in Hs(Ω). Hence, due to
(4.2.32) we also have with c2, c1 > 0,

c1‖u‖
Hs− 1

2 (Γ )
≤ inf

γ0v=u
‖v‖Hs(Ω) ≤ c2‖u‖

Hs− 1
2 (Γ )

. (4.2.38)

From the trace theorem, it is clear that the concept of the trace on Γ is
a natural generalization of the concept of the restriction on Γ . In the sequel,
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we shall adopt the convention that the trace of the function u will be denoted
by the symbol u|Γ or simply by the same symbol u. If ϕ = ϕ(x) is a function
defined on Γ , then the statement: u = ϕ on Γ in the sense of traces will
express the fact that γ0u = ϕ on Γ . In addition to the trace theorem, we
also have the inverse trace theorem.

Theorem 4.2.3. Inverse Trace Theorem
(McLean [203], Nečas [229, p. 104], Wloka [322]) For Ω ∈ Ck,1 let s be fixed
with 1

2 < s ≤ k + κ. Let m be the largest integer with m < s + 1
2 . Then there

exists a linear bounded (i.e. continuous) right inverse Z to γ with

Z :
m−1∏

j=0

Hs−j− 1
2 (Γ ) → Hs(Ω) and γ(Zϕ) = ϕ (4.2.39)

for all ϕ ∈
m−1∏

j=0

Hs−j− 1
2 (Γ ) .

The continuity of Z can be expressed through the inequality

‖Zϕ‖Hs(Ω) ≤ c
m−1∑

j=0

‖ϕj‖
Hs−j− 1

2 (Γ )
(4.2.40)

with c independent of ϕj , the components of ϕ.

Remark 4.2.4: The trace theorem for Ω ∈ Ck,1 together with the inverse
trace theorem implies that the trace operator γ in (4.2.36) is surjective. The
kernel of γ is Hs

0(Ω); dense in H0(Ω) = L2(Ω). The proof of the trace
theorem usually is reduced to the case when Ω = IRn

+ = {x ∈ IRn |xn > 0}
and Γ = IRn−1 = {x ∈ IRn |xn = 0} is its boundary (Aubin [9, p.198 ff.]),
which corresponds to our spaces Hs(Γ ). Note that in this case one also has

γHs(Ω) = γHs
loc(Ω

c) .

Remark 4.2.5: For s > k + 1 and Ω ∈ Ck,1, the equivalence of our three
boundary spaces in (4.2.32) is no longer valid since the trace theorem does
not hold anymore. However, the definition of the boundary spaces Hs− 1

2 (Γ )
provides the trace theorem by definition and we therefore define

Hs− 1
2 (Γ ) := Hs− 1

2 (Γ ) for s > k + 1

to be the trace spaces.
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For these s, we can see that the trace space Hs− 1
2 (Γ ) is in fact the same

as the subspace of L2(Γ ) defined by

{u ∈ L2(Γ ) | There exists (at least) one extension
ũ ∈ Hs(Ω) with γ0ũ = u} (4.2.41)

equipped with the norm

‖u‖
Hs− 1

2 (Γ )
:= inf

γ0ũ=u
‖ũ‖Hs(Ω) ; (4.2.42)

since C0(Γ ) is dense in L2(Γ ) and s > 1, we have Hs(Ω) ⊂ H1(Ω)∩C0(Ω).
Moreover, for any ũ ∈ Hs(Ω) we have γ0ũ ∈ H

1
2 (Γ ) ⊂ L2(Γ ). Consequently,

every ũ ∈ Hs(Ω) is admissible in (4.2.41) as well as in (4.2.3).

4.2.1 Trace Spaces for Periodic Functions on a Smooth
Curve in IR2

In the special case n = 2 and Γ ∈ C∞, the trace spaces can be identified with
spaces of periodic functions defined by Fourier series. For simplicity, let Γ be
a simple, closed curve. Then Γ admits a global parametric representation

Γ : x = x(t) for t ∈ [0, 1] with x(0) = x(1) (4.2.43)

satisfying
∣∣dx
dt

∣∣ ≥ γ0 > 0 for all t ∈ IR .

Clearly, any function on Γ can be identified with a function on [0, 1] and its
1–periodic continuation to the real axis. In particular, x(t) in (4.2.43) can be
extended periodically. Then any function f on Γ can be identified with f ◦ x
which is 1–periodic. Since Γ ∈ C∞, we may use either of the definitions of
the trace spaces defined previously. In particular, for s = m ∈ IN0, the norm
of u ∈ Hm(Γ ) in the standard trace spaces is given by (4.2.27) with n = 2;
namely

‖u‖Hm(Γ ) =
{ p∑

r=1

∑

0≤β≤m

∫

IR

∣∣(α(r)u)(β)(t)
∣∣2dt

} 1
2
.

For 1–periodic functions u(t), this norm can be shown to be equivalent to a
weighted norm in terms of the Fourier coefficients of the functions. As is well
known, any 1–periodic function can be represented in the form

u (x(t)) =
+∞∑

j=−∞
ûje

2πijt, t ∈ IR (4.2.44)
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where û are the Fourier coefficients defined by

ûj =

1∫

0

e−2πijtu (x(t)) dt, j ∈ Z . (4.2.45)

By using the Parseval equality, the following Lemma can be established.

Lemma 4.2.4. Let u(t) be 1–periodic: Then, for m ∈ IN0, the norms

‖u‖Hm(Γ ) and ‖u‖Sm :=
{∑

k∈Z

|û(k)|2(k + δk0)2m
} 1

2

are equivalent.

Proof:

i. The definition (4.2.27) implies that

‖u‖2Hm(Γ ) ≤ c
∑

0≤β≤m

p∑

r=1

∫

supp(α(r))

|u
(
x(t)

)(β)|2dt,

from which by making use of the 1–periodicity of u ◦ x, we arrive at

‖u‖2Hm(Γ ) ≤ c
∑

0≤β≤m

1∫

0

|u
(
x(t)

)(β)|2dt .

An application of the Parseval equality then yields

∑

0≤β≤m

1∫

0

|u
(
x(t)

)(β)|2dt =
∑

0≤β≤m

∑

j∈Z

|2πj|2β |û(j)|2

≤ (2π)2m(m + 1)
∑

j∈Z

|j + δ0j |2m|û(j)|2

which gives
‖u‖Hm(Γ ) ≤ c‖u‖Sm .

ii. Conversely, again by the Parseval equality, we have

‖u‖2Sm = |û(0)|2 +
1

(2π)m
∑

j∈Z

|j2π|2m|û(j)|2

=
( 1∫

0

(u ◦ x)dt
)2

+
∫ 1

0

|(u ◦ x)(m)|2dt

=
( 1∫

0

p∑

r=1

α(r)udt
)2

+
∫ 1

0

p∑

r=1

α(r)|(u ◦ x)(m)|2dt

≤ c

p∑

r=1

∑

0≤β≤m

∫

IR

|(α(r)u)(β)(t)|2dt .
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This shows that
‖u‖Sm ≤ c‖u‖Hm(Γ ) .

�

In general, for 0 < s �∈ IN, we write s = m+σ with 0 < σ < 1. We now define
for periodic functions the Fourier series norm,

‖u‖Ss := {
∑

k∈Z

|û(k)|2|k + δk0|2s}
1
2 . (4.2.46)

Following Kufner and Kadlec [174, p.250ff], we can show again the equivalence
between the norms ‖ · ‖Hs(Γ ) and ‖ · ‖Ss .

Lemma 4.2.5. Let u(t) be 1–periodic. Then for 0 < s �∈ IN, the norms
‖u‖Hs(Γ ) and ‖u‖Ss are equivalent.

Proof: In view of (4.2.27), (4.1.5) with Ω = IR and Lemma 4.2.4, it suffices
to prove that the double integral

I(u) :=

1∫

0

1∫

0

|u(m)(t)− u(m)(τ)|2
| sinπ(t− τ)|1+2σ

dtdτ

converges if and only if ‖u(m)‖Sσ is bounded. Of course, we may restrict
ourselves to m = 0, since the case m ∈ IN reduces to m = 0, for v := u(m).

Using periodicity and interchanging the order of integration we obtain

I(v) =

1∫

0

1∫

0

|v(t + τ)− v(t)|2
| sinπτ |1+2σ

dtdτ

=

1∫

0

|w(τ)|2| sinπτ |−1−2σdτ

where
w(τ) = ‖v(•+ τ)− v(•)‖L2(0,1) .

With the identity

(v(•+ τ)− v(•))̂ = −v̂(j)(1− e2πijτ )

and the Parseval equality one finds

w2(τ) = 4
∑

j∈Z

|v̂(j)|2(sinπjτ)2 .
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Therefore,

I(v) = 4
∑

j∈Z

|v̂(j)|2
1∫

0

(sinπjτ)2

| sinπτ |1+2σ
dτ

= 8
∑

j∈Z

|v̂(j)|2
1
2∫

0

(sinπjτ)2

(sinπτ)1+2σ
dτ .

Since for τ ∈ (0, 1
2 ) we have

τ

2
≤ sinπτ ≤ πτ ,

it follows that

8π−1−2σ

1
2∫

0

(sinπjτ)2

τ1+2σ
dτ ≤ 8

1
2∫

0

(sinπjτ)2

(sinπτ)1+2σ
dτ

≤ 8 · 21+2σ

1
2∫

0

(sinπjτ)2

τ1+2σ
dτ .

We now rewrite the last integral on the right-hand side in the form:

1
2∫

0

(sinπjτ)2

τ1+2σ
dτ = (πj)2σ

j π
2∫

0

sin2 s

s1+2σ
ds

=: (πj)2σcσj ,

and we see that

cσ1 ≤ cσj ≤ cσ∞ =

∞∫

0

sin2 s

s1+2σ
ds <∞ .

As a consequence, we find

π−1 · 8 · cσ1

∑
|v̂(j)|2|j|2σ

≤ I(v) ≤ 8 · 21+2σ · π2σcσ∞
∑

|v̂(j)|2|j|2σ

which shows the desired equivalence of ‖v‖Hσ(Γ ) and ‖u‖Sσ . With u(m) = v
and Lemma 4.2.4, the desired equivalence of ‖u‖Hs(Γ ) and ‖u‖Ss for s = m+σ
and 0 < σ < 1 follows easily. �
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For s ≥ 0, the trace space Hs(Γ ) can also be considered as the completion
of C∞(Γ ) with respect to the Fourier series norm ‖ • ‖Ss which, in fact, is
generated by the scalar product

(u, v)Ss :=
∑

j∈Z

|j + δj0|2sû(j)v̂(j) . (4.2.47)

By applying the Schwarz inequality to the right–hand side of (4.2.47), we
immediately obtain the inequality

|(u, v)| ≤
{∑

j∈Z

|j + δj0|2(s+�)|û(j)|2
} 1

2
{∑

j∈Z

|j + δj0|2(s−�)|v̂(j)|2
} 1

2
(4.2.48)

for any real �. In terms of the norms (4.2.46), the last inequality can be
written as

|(u, v)Ss | ≤ ‖u‖Ss+
‖v‖Ss−
 (4.2.49)

which shows that the spaces Hs+�(Γ ) and Hs−�(Γ ) form a duality pair with
respect to the inner product (4.2.47), if these spaces are supplied with the
norms ‖ · ‖Ss+
 and ‖ · ‖Ss−
 , respectively, for 0 ≤ � ≤ s.

Moreover, the inequality (4.2.48) for any � ∈ IR indicates that the norm
of the dual space gives for negative s the norm of the dual space of H−s(Γ )
with respect to the (•, •)S0–inner product. Therefore, for negative s, we can
also use the norm (4.2.46) for the dual spaces of H−s(Γ ).

Corollary 4.2.6. Let u be a 1–periodic distribution. Then, for s ∈ IR, the
norms ‖u‖Hs(Γ ) and ‖u‖Ss are equivalent.

Remarks 4.2.6: Since for 1–periodic functions on IR, the Fourier series
representation coincides with (4.1.25), the Fourier transformation of u on IR,
the Ss–norm (4.2.46) is identical to the one in terms of Fourier transform
(4.1.28).

From the explicit expression (4.2.46) of the norm one can obtain elemen-
tarily the Sobolev imbedding theorems (4.1.32) and (4.1.33) for the trace
spaces where n = 1 and Ω is replaced by Γ .

4.2.2 Trace Spaces on Curved Polygons in IR2

Let Γ ∈ C0,1 be a curved polygon which is composed of N simple C∞–arcs
Γj , j = 1, · · · , N such that their closures Γ j are C∞. The curve Γ j+1 follows
Γ j according to the positive orientation. We denote by Zj the vertex being
the end point of Γj and the starting point of Γj+1.

For s ∈ IR let H∼
s(Γj) be the standard Sobolev spaces on the pieces

Γj , j = 1, · · · , N which are defined as follows. Without loss of generality, we
assume for each of the Γj we have a parametric representation
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x = x(j)(t) for t ∈ Ωj = [aj , bj ] ⊂ IR

with x(j)(aj) = Zj−1, x(j)(bj) = Zj , Ωj = (aj , bj), j = 1, · · · , N where x(j) ∈
C∞(Ω). Then, we define the space

H∼
s(Γj) = {ϕ |ϕ

(
x(j)(•)

)
∈ Hs(Ωj)}

to be equipped with the norm

‖ϕ‖H∼
s
(Γj)

:= ‖ϕ ◦ x(j)‖Hs(Ωj),

where ‖ · ‖Hs(Ωj) is defined as in Section 4.1. Then H∼
s(Γj) is a Hilbert space

with inner product

(ϕ,ψ)H∼
s
(Γj)

= (ϕ ◦ x(j), ψ ◦ x(j))Hs(Ωj). (4.2.50)

From the formulation of the trace theorem, for s = m + σ with m ∈ IN and
|σ| < 1

2 , we now introduce the boundary spaces

Tm+σ− 1
2 (Γ ) :=

N∏

�=0

m−1∏

j=1

H∼
m−j+σ− 1

2 (Γ�).

We note that the restriction of a smooth function in IR2 to the curve Γ auto-
matically satisfies compatibility conditions of the derivatives at each vertex
zj , and this is not the case generally for functions in Tm+σ− 1

2 (Γ ). Here we
see that

Tm+σ− 1
2 (Γ ) �=

m−1∏

j=0

Hm−j+σ− 1
2 (Γ ),

since the latter, i.e. the natural trace space, does include implicitly the ap-
propriate compatibility conditions by construction.

The compatibility conditions can be found in Grisvard’s book [108]. These
are the following conditions: Let

Pα =
∑

|α|≤d

aαD
α =

α∑

j=0

P�,j
∂j

∂nj
|Γ�

be any partial differential operator in IR2 of order d having constant coef-
ficients aα where the sums on the right–hand side correspond to the local
decomposition of Pd in terms of the normal derivatives and the tangential
differential operators P�,j of orders d− j along Γ� for � = 1, · · · , N .

Further let Pd denote the class of all these operators of order d. Then the
compatibility conditions read for all Pd ∈ Pd,
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(C1)
d∑

j=0

P�,jf�,j(z�) =
d∑

j=0

P�+1,jf�+1,j(z�)

for d ≤ m− 2 if σ ≤ 0 or d ≤ m− 1 if σ > 0,

(C2)
δ∫
0

|
d∑

j=0

P�,jf�,j(x(�)(t))− P�+1,jf�+1,j (x�+1(t)) |2
dt

t
<∞

for σ = 0, d = m− 1 and some δ > 0, where the functions

f�,j ∈ H∼
m−j+σ− 1

2 (Γ�) for j = 0, . . . ,m− 1 .

By requiring the functions in Tm+σ− 1
2 (Γ ) to satisfy the compatibility condi-

tions we now have the following version of the trace theorem.

Theorem 4.2.7. Trace theorem (Grisvard [108, Theorem 1.5-2-8]) Let

Pm− 1
2+σ(Γ ) := {f ∈ Tm−σ− 1

2 (Γ )|f = (f0, · · · , fm−1)� ∧ fj|Γ�
=: f�,j}

satisfy (C1) and for σ = 0 also (C2). Then

m−1∏

j=0

Hm−j− 1
2+σ(Γ ) = Pm− 1

2+σ(Γ ).

Alternatively, the mapping

u �−→ γu|Γ�
= (u,

∂u

∂n
, · · · , ∂u

m−1

∂nm−1
)|Γ�

is a linear continuous and surjective mapping from Hm+σ(Ω) onto
Pm− 1

2+σ(Γ ).

In order to illustrate the idea of the compatibility conditions (C1) and (C2),
we now consider the special example for the polygonal region consisting of
only two pieces Γ1 and Γ2 at the vertex z as shown in Figure 4.2.1. We
consider two cases m = 1 and m = 2:

1. m = 1, σ > 0. Then d = m− 1 = 0,Pd = P0 = {f0 = a0D
0 | a0 ∈ IR} and

P�,0 = a0, � = 1, 2. The condition (C1) takes the form

P1,0f1,0(z1) = P2,0f2,0(z1)

which reduces simply to the condition

f1,0(z1) = f2,0(z1).

2. m = 2, σ > 0. Then d ≥ m− 1 = 1 and

Pd = P1 = {P1 = a0D
0 + a10∂1 + a01∂2 | a0, a10, a01 ∈ IR}.
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Γ1

Γ2

Z1

Figure 4.2.1: Polygonal vertex

The differential operator P1 restricted to Γ1 can be written in terms of tan-
gential and normal derivatives,

P1|Γ1 = a0 + a10

(
cosα

∂

∂s
− sinα

∂

∂n

)
+ a01

(
sinα

∂

∂s
+ cosα

∂

∂n

)

= a0 + (a10 cosα + a01 sinα)
∂

∂s
+ (−a10 sinα + a01 cosα)

∂

∂n

= P1,0 + P1,1
∂

∂n
|Γ1 ,

where P1,j , j = 0, 1 are the differential operators tangential to Γ1, explicitly
given by

P1,0 = a0 + (a10 cosα + a01 sinα)
∂

∂s
|Γ1 ,

P1,1 = (−a10 sinα + a01 cosα) .

The differential operator P1 restricted to Γ2 is

P1|Γ2 = a0 + a10
∂

∂s
|Γ2 − a01

∂

∂n
|Γ2 = P2,0 + P2,1

∂

∂n
|Γ2
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with

P2,0 = a0 + a10
∂

∂s
|Γ2 ,

P2,1 = −a01.

The compatibility condition (C1) now reads

P1,0f1,0(z1) + P1,1f1,1(z1) = P2,0f2,0(z1) + P2,1f2,1(z1)

which reduces explicitly to the relation:

a0 (f1,0(z1)− f2,0(z1))

+a10

(
cosα

∂

∂s
f1,0(z1)− sinαf1,1(z1)−

∂

∂s
f2,0(z1)

)

+a01

(
sinα

∂f1,0

∂s
(z1) + cosαf1,1(z1) + f2,1(z1)

)
= 0.

Since a0, a10, a01 are arbitrary, this yields three linearly independent condi-
tions:

f1,0(z1)− f2,0(z1) = 0 ,

cosα
∂f1,0

∂s
(Z1)− sinαf1,1(z1)−

∂f2,0

∂s
(z1) = 0 ,

sinα
∂f1,0

∂s
(z1) + cosαf1,1(z1) + f2,1(z1) = 0 .

4.3 The Trace Spaces on an Open Surface

In some applications we need trace spaces on an open connected part Γ0

•
⊂ Γ

of a closed surface Γ . To simplify the presentation let us assume Γ ∈ Ck,1

with k ∈ IN0. In the two–dimensional case Γ0

•
⊂ Γ = ∂Ω with Ω ⊂ IR2,

the boundary of Γ0 denoted by γ = ∂Γ0 consists just of two endpoints γ =
{z1, z2}.

In the three–dimensional case let us assume that the boundary ∂Γ0 of Γ0

is a closed curve γ. In what follows, we assume s satisfying |s| ≤ k + 1. In
this case, all the trace spaces Hs(Γ ) coincide. Similar to Section 4.1, let us
introduce the spaces of trivial extensions from Γ 0 to Γ of functions u defined
on Γ 0 by zero outside of Γ 0 which will be denoted by ũ. Then we define

H̃s(Γ0) := {u ∈ Hs(Γ )
∣∣u|Γ\Γ 0

= 0} = {u ∈ Hs(Γ )
∣∣ suppu ⊂ Γ 0} (4.3.1)

as a subspace of Hs(Γ ) equipped with the corresponding norm

‖u‖
H̃s(Γ0)

= ‖ũ‖Hs(Γ ) . (4.3.2)
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By definition, H̃s(Γ0) ⊂ Hs(Γ ).
For s ≥ 0 we also introduce the spaces

Hs(Γ0) = {u = v|Γ0

∣∣ v ∈ Hs(Γ )} (4.3.3)

equipped with the norm

‖u‖Hs(Γ0) = inf
v∈Hs(Γ )∧v|Γ0=u

‖v‖Hs(Γ ) . (4.3.4)

Clearly, H̃s(Γ0) ⊂ Hs(Γ0).
For s < 0, the dual spaces Hs(Γ0) with respect to the L2(Γ0)–inner

product are well defined by the completion of L2(Γ0) with respect to the norm

‖u‖Hs(Γ0) := sup
0 �=ϕ∈H̃−s(Γ0)

|
∫

Γ0

ϕūds| /‖ϕ‖
H̃s(Γ0)

. (4.3.5)

Correspondingly, we also have H̃s(Γ0) with the norm

‖u‖
H̃s(Γ0)

:= sup
0 �=ϕ∈H−s(Γ0)

|
∫

Γ0

ϕuds | /‖ϕ‖H−s(Γ ) . (4.3.6)

The following lemma shows the relations between these spaces in full
analogy to (4.1.14) and (4.1.16).

Lemma 4.3.1. Let Γ ∈ Ck,1 , k ∈ IN0. For |s| ≤ k + 1 we have

(Hs(Γ0))
′ = H̃−s(Γ0) (4.3.7)

and (
H̃s(Γ0)

)′
= H−s(Γ0) . (4.3.8)

We also have the inclusions for s > 0:

H̃s(Γ0) ⊂ Hs(Γ0) ⊂ L2(Γ0) ⊂ H̃−s(Γ0) ⊂ H−s(Γ0) . (4.3.9)

Similar to the spaces Hs
00(Ω) in Section 4.1, the inclusions in (4.3.9) are strict

for s ≥ 1
2 and

H̃s(Γ0) = Hs(Γ0) for |s| < 1
2
.

For s > 1
2 , we note that u ∈ H̃s(Γ0) satisfies u|γ = 0. Hence, we can introduce

the space Hs
0(Γ0) as the completion of H̃s(Γ0) with respect to the norm

‖ · ‖Hs(Γ0). Then the spaces H̃s(Γ0) can also be defined by

H̃s(Γ0) =

{
Hs

0(Γ0) for s �= m + 1
2 ,m ∈ IN0,

Hs
00(Γ0) for s = m + 1

2 ,m ∈ IN0 .
(4.3.10)
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Here, as in Section 4.1, the space H
m+ 1

2
00 (Γ0) is defined by

H
m+ 1

2
00 (Γ0) = {u |u ∈ H

m+ 1
2

0 (Γ0), �−
1
2 Dαu ∈ L2(Γ0) for |α| = m} ,

where � = dist (x, γ) for x ∈ Γ0, and Dα stands for the covariant derivatives
in Γ (see e.g. Berger and Gostiaux [15]). It is worth pointing out that again

H̃m+ 1
2 (Γ0) = H

m+ 1
2

00 (Γ0) �= H
m+ 1

2
0 (Γ0) . (4.3.11)

4.4 The Weighted Sobolev Spaces Hm(Ωc; λ)
and Hm(IRn; λ)

In applications one often deals with exterior boundary-value problems. In
order to ensure the uniqueness of the solutions to the problems, appropriate
growth conditions at infinity must be incorporated into the solution spaces.
For this purpose, a class of weighted Sobolev spaces in the exterior domain
Ωc := IRn \Ω or in the whole IRn is often used.

For simplicity we shall confine ourselves only to the case of the weighted
Sobolev spaces of order m ∈ IN. We begin with the subspace of Cm(Ωc),

Cm(Ωc;λ) := {u ∈ Cm(Ωc)
∣∣‖u‖Hm(Ωc;λ) <∞} ,

where λ ∈ IN0 is given. Here, ‖ · ‖Hm(Ωc;λ) is the weighted norm defined by

‖u‖Hm(Ωc;λ) :=
{ ∑

0≤|α|≤κ

‖�−(m−|α|−λ)�−1
0 Dαu‖2L2(Ωc)

+
∑

κ+1≤|α|≤m

‖�−(m−|α|−λ)Dαu‖2L2(Ωc)

} 1
2
,

(4.4.1)

where � = �(|x|) and �0 = �0(|x|) are the weight functions defined by

�(|x|) = (1 + |x|2) 1
2 , �0(|x|) = log(2 + |x|2), x ∈ IRn,

and the index κ in (4.4.1) is chosen depending on n and λ such that

κ =

{
m− (n2 + λ) if n

2 + λ ∈ {1, . . . ,m},

−1 otherwise.

The weighted Sobolev space Hm(Ωc;λ) is the completion of Cm(Ωc;λ) with
respect to the norm ‖ · ‖Hm(Ωc;λ). Again, Hm(Ωc;λ) is a Hilbert space with
the inner product

(u, v)Hm(Ωc;λ) :=
∑

0≤|α|≤κ

(�−(m−|α|−λ)�−1
0 Dαu , �−(m−|α|−λ)�−1

0 Dαv)L2(Ωc)

+
∑

κ+1≤|α|≤m

(�−(m−|α|−λ)Dαu, �−(m−|α|−λ)Dαv)L2(Ωc) . (4.4.2)
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In a complete analogy to Hm
0 (Ω), we may define

Hm
0 (Ωc;λ) = Cm

0 (Ωc;λ)
‖ · ‖Hm(Ωc;λ) (4.4.3)

where Cm
0 (Ωc;λ) is the subspace

Cm
0 (Ωc;λ) = {u ∈ Cm

0 (Ωc)
∣∣ ‖u‖Hm(Ωc;λ) <∞} .

Then the following result can be shown (see Nedelec [230, Lemma 2.2], [231,
p. 16ff.])

Lemma 4.4.1. (a) The semi–norm |u|Hm(Ωc;λ) defined by

|u|Hm(Ωc;λ) :=
{ ∑

|α|=m

‖�λDαu‖2L2(Ωc)

} 1
2

(4.4.4)

is a norm on Hm
0 (Ωc;λ), and is equivalent to the norm ‖u‖Hm(Ωc;λ) on

Hm
0 (Ωc;λ).

(b) In general, |u|Hm(Ωc;λ) is a norm on the quotient space Hm(Ωc;λ)/Pη,
and is equivalent to the quotient norm

‖u̇‖Hm(Ωc;λ) := inf
p∈Pη

‖u + p‖Hm(Ωc;λ) (4.4.5)

for any representative u̇ in the coset. Here Pη is the set of all polynomials of
degree less than or equal to η = min{η′,m− 1} where η′ is the non–negative
integer defined by

η′ =

{
m− n

2 − λ for n
2 + λ ∈ {0, 1, · · · ,m},

[m− n
2 − λ] otherwise .

We remark that the definition of Hm(Ωc;λ) carries over to cases when
Ωc is the entire IRn, in which case we have the weighted Sobolev space
Hm(IRn;λ). It is also worth pointing out that the space Hm(Ωc;λ) is con-
tained in the space

Hm
loc(Ω

c) := {u ∈ Hm(K) | for every K � Ωc} , (4.4.6)

the latter can also be characterized by the statement

u ∈ Hm
loc(Ω

c) iff ϕu ∈ Hm(Ωc) for every ϕ ∈ C∞
0 (IRn).

Consequently, the trace theorem can also be applied to ϕu and, hence, to all
these spaces.

To conclude this section, we now consider two special cases for Hm(Ωc;λ).
For n = 2, we let m = 1 and λ = 0. Then we see that the weighted Sobolev
space H1(Ωc; 0) is equipped with the norm



4.4 Weighted Sobolev Spaces 193

‖u‖H1(Ωc;0) := {‖ρ−1�−1
0 u‖L2(Ωc) +

∑

|α|=1

‖Dαu‖2L2(Ωc)}
1
2 , (4.4.7)

and the corresponding inner product is

(u, v)H1(Ωc;0) = (�−1�−1
0 u, �−1�−1

0 v)L2(Ωc)+
∑

|α|=1

(Dαu,Dαv)L2(Ωc) . (4.4.8)

Similarly, for n = 3, λ = 0,m = 1, the norm‖ · ‖H1(Ωc:0) is given by

‖u‖H1(Ωc;0) := {‖�−1u‖2L2(Ω2) +
∑

|α|=1

‖Dαu‖2L2(Ωc)}
1
2 (4.4.9)

and the associated inner product is

(u, v)H1(Ωc;0) = (�−1u, �−1v)L2(Ωc) +
∑

|α|=1

(Dαu,Dαv)L2(Ωc) . (4.4.10)

As will be seen, these are the most frequently used weighted Sobolev spaces,
which are connected with the energy spaces of potential functions for the
two– and three–dimensional Laplacian, respectively.

An Exterior Equivalent Norm
In analogy to the interior Friedrichs inequality (4.1.41) we now give the

corresponding version for m = 1 and the weighted Sobolev space H1(Ωc ; 0).

Lemma 4.4.2. Nedelec [231] Let Ωc be an unbounded domain with strong
Lipschitz boundary. Then the norms

‖u‖H1(Ωc ; 0) and {‖∇u‖2L2(Ωc) +
∫

Γ

|v|2ds} 1
2 are equivalent . (4.4.11)

Moreover, the exterior Friedrichs–Poincaré inequality

‖u‖2H1(Ωc ; 0) ≤ c
{
‖∇u‖2L2(Ωc) + ‖u‖2H1(Ωc

R0
)

}
(4.4.12)

is valid where Ωc
R0

:= {x ∈ Ωc | |x| < R0} and R0 > 0 is chosen large enough
to guarantee Ω ⊂ {x ∈ IRn | |x| < R0}.

Proof: Let ϕ ∈ C∞(IRn) be a cut–off function with

0 ≤ ϕ(x) ≤ 1 and ϕ(x) = 0 for |x| ≤ R0 , ϕ(x) = 1 for |x| ≥ 2R0 .

Let Bc
R0

:= {x ∈ IRn | |x| > R0} . Then

‖u‖H1(Ωc ; 0) ≤ ‖ϕu‖H1(Bc
R0

; 0) + c‖u‖H1(Ωc
2R0

) .
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Since ϕu ∈ H1
0 (Ωc ; 0), we can apply Lemma 4.4.1 part (a) and obtain

with (4.4.1),

‖u‖H1(Ωc ; 0) ≤ c‖∇(ϕu)‖L2(Bc
R0

) + c‖u‖2H1(Ωc
2R0

) .

Because of the properties of ϕ the product rule implies

‖u‖2H1(Ωc ; 0) ≤ c1‖∇u‖2L2(Ωc) + c2‖u‖2H1(Ωc
2R0

) .

In Ωc
2R0

, the norms {‖∇u‖2L2(Ωc) + ‖u‖2H1(Ωc
2R0

)}
1
2 and {‖∇u‖L2(Ωc) +

∫

Γ

|u|2ds} 1
2 are equivalent due to (4.1.41) which yields

‖u‖2H1(Ωc ; 0) ≤ c
(
‖∇u‖2L2(Ωc) +

∫

Γ

|u|2ds
)

; (4.4.13)

and with the trace theorem, (4.2.30) for ψu with ψ(x) = 1− ϕ we find
∫

Γ

|u|2ds ≤ ‖ψu‖H1(Ωc ; 0) ≤ c‖u‖H1(Ωc ; 0) ,

i. e.
‖∇u‖2L2(Ωc) +

∫

Γ

|u|2ds ≤ c‖u‖2H1(Ωc ; 0) .

Hence, ‖u‖H1(Ωc ; 0) and (4.4.11) are equivalent.
The inequality (4.4.12) follows from (4.4.13) with the trace theorem,

(4.2.30) for Ωc
R0

. �



5. Variational Formulations

In this chapter we will discuss the variational formulation for boundary in-
tegral equations and its connection to the variational solution of partial dif-
ferential equations. We collect some basic theorems in functional analysis
which are needed for this purpose. In particular, Green’s theorems and the
Lax–Milgram theorem are fundamental tools for the solvability of boundary
integral equations as well as for elliptic partial differential equations. We will
present here a subclass of boundary value problems for which the coercive-
ness property for some associated boundary integral operators follows directly
from that of the variational form of the boundary and transmission problems.
In this class, the solution of the boundary integral equations will be estab-
lished with the help of the existence and regularity results of elliptic partial
differential equations in variational form. This part of our presentation goes
back to J.C. Nedelec and J. Planchard [235] and is an extension of the ap-
proach used by J.C. Nedelec [231] and the “French School” (see Dautray and
Lions [59, Vol. 4]). It also follows closely the work by M. Costabel [49, 50, 51]
and our works [55, 138, 292].

5.1 Partial Differential Equations of Second Order

Variational methods proved to be very successful for a class of elliptic bound-
ary value problems which admit an equivalent variational formulation in
terms of a coercive bilinear form. It is this class for which we collect some of
the basic results. We begin with the second order differential equations which
are the simplest examples in this class.

In this section let Ω ⊂ IRn be a strong Lipschitz domain with strong
Lipschitz boundary Γ , and let Ωc = IRn \Ω denote the exterior domain. We
consider the second order elliptic p× p system

Pu := −
n∑

j,k=1

∂

∂xj

(
ajk(x)

∂u

∂xk

)
+

n∑

j=1

bj(x)
∂u

∂xj
+ c(x)u = f(x) (5.1.1)

in Ω and/or in Ωc. The coefficients ajk, bj , c are p × p matrix–valued func-
tions which, for convenience, are supposed to be C∞–functions. For ajk we
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require the uniform strong ellipticity condition (3.6.2). We begin with the
first Green’s formula for (5.1.1) in Sobolev spaces.

Throughout this chapter we assume that a fundamental solution E(x, y)
to the system (5.1.1) is available (see Lemma 3.6.1 and Section 6.3).

First Green’s Formula (Nedelec [229, Chap. 3])
Multiplying (5.1.1) by a test function v and applying the Gauss divergence

theorem one obtains
∫

Ω

(Pu)�vdx = aΩ(u, v)−
∫

Γ

(∂νu)�vds (5.1.2)

with the energy–sesquilinear form

aΩ(u, v) :=
∫

Ω

{ n∑

j,k=1

(
ajk(x)

∂u

∂xk

)� ∂v

∂xj
+

n∑

j=1

(
bj(x)

∂u

∂xj

)�
v + (cu)�v

}
dx

(5.1.3)
and the conormal derivative

∂νu :=
n∑

j,k=1

njajkγ0
∂u

∂xk
(5.1.4)

provided u ∈ H2(Ω) and v ∈ H1(Ω) (see Nečas [229]); or in terms of local
coordinates, inserting (3.4.35) into (5.1.4), by

∂νu =
( n∑

j,k=1

njajknk

)∂u

∂n
+

n∑

j,k=1

n−1∑

µ,�=1

njajk
∂yk
∂σµ

γµ� ∂u

∂σ�
. (5.1.5)

For further generalization we introduce the function space

H1(Ω,P ) := {u ∈ H1(Ω)
∣∣Pu ∈ H̃−1

0 (Ω)}

equipped with the graph norm

‖u‖H1(Ω,P ) := ‖u‖H1(Ω) + ‖Pu‖
H̃−1(Ω)

.

Here the space H̃−1
0 (Ω) ⊂ H̃−1(Ω) will be the closed subspace orthogonal to

H̃−1
Γ (Ω) := {f ∈ H̃−1(Ω) | (f, ϕ)L2(Ω) = 0 for all ϕ ∈ C∞

0 (Ω)} .

The space H̃−1
Γ (Ω) consists of those distributions on IRn belonging to H̃−1(Ω)

which have their supports just on Γ . Now H̃−1(Ω) can be decomposed as

H̃−1(Ω) = H̃−1
Γ (Ω)⊕ H̃−1

0 (Ω) (5.1.6)

where H̃−1
0 (Ω) and H̃−1

Γ (Ω) are orthogonal in the Hilbert space H̃−1(Ω).
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Clearly, the following inclusions hold:

H1
0 (Ω) ⊂ H1(Ω) ⊂ L2(Ω) ⊂ H̃−1

0 (Ω) ⊂ H̃−1(Ω) .

It is understood, that u = (u1, . . . , up)� ∈ (H1(Ω,P ))p =: H1(Ω,P ).
Here and in the sequel, as in the scalar case, we omit the superindex p.

Then first Green’s formula (5.1.2) remains valid in the following sense.

Lemma 5.1.1 (Generalized First Green’s Formula).
For fixed u ∈ H1(Ω,P ), the mapping

v �→ 〈τu, v〉Γ := aΩ(u,Zv)−
∫

Ω

(Pu)�Zvdx (5.1.7)

is a continuous linear functional τu on v ∈ H
1
2 (Γ ) that coincides for u ∈

H2(Ω) with ∂νu, i.e. τu = ∂νu. The mapping τ : H1(Ω,P ) → H− 1
2 (Γ ) with

u �→ τu is continuous. Here, Z is a right inverse to the trace operator γ0

(4.2.39).
In addition, there holds also the generalized first Green’s formula

∫

Ω

(Pu)�vdx = aΩ(u, v)− 〈τu, γ0v〉Γ (5.1.8)

for u ∈ H1(Ω,P ) and v ∈ H1(Ω) where

〈τu, γ0v〉Γ = (τu, γ0v)L2(Γ ) =
∫

Γ

(τu)�γ0vds (5.1.9)

with τu ∈ H− 1
2 (Γ ).

Note that the resulting operator τu = ∂νu in (5.1.7) does not depend on the
special choice of the right inverse Z in (4.2.39); and that 〈·, ·〉Γ denotes the
duality pairing (5.1.9) with respect to L2(Γ ).

This definition of the generalized conormal derivative τ in (5.1.7) corre-
sponds to T+ in Mikhailov [207, Definition 3] and Costabel [50, Lemma 2.3].

Proof: First, let u ∈ C∞(Ω) be any given function. Then for any test
function v ∈ H

1
2 (Γ ) and its extension Zv ∈ H1(Ω) (see (4.2.39)) with Z a

right inverse of γ0, the first Green’s formula (5.1.2) yields

〈∂νu, v〉Γ = aΩ(u,Zv)−
∫

Ω

(Pu)�Zvdx , (5.1.10)

where ∂νu is independent of Z. Moreover, by applying the Cauchy–Schwarz
inequality and the duality argument on the right–hand side of (5.1.10), we
obtain the estimate
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|〈∂νu, v〉Γ |
≤ c‖u‖H1(Ω)‖Zv‖H1(Ω) + ‖Pu‖

H̃−1(Ω)
‖Zv‖H1(Ω)

≤ cZ{‖u‖H1(Ω) + ‖Pu‖
H̃−1(Ω)

}‖v‖
H

1
2 (Γ )

= cZ‖u‖H1(Ω,P )‖v‖H 1
2 (Γ )

where cZ is independent of u and v. This shows that the right–hand side of
(5.1.10) defines a bounded linear functional on v ∈ H

1
2 (Γ ) which for every

u ∈ C∞(Ω) is given by ∂νu satisfying

‖∂νu‖
H− 1

2 (Γ )
= sup

‖v‖
H

1
2 (Γ )

=1

|〈∂νu, v〉Γ | ≤ cZ‖u‖H1(Ω,P ) , (5.1.11)

where cZ is independent of u. This defines a linear mapping from u ∈
C∞(Ω) ⊂ H1(Ω,P ) onto the linear functional on H

1
2 (Γ ) given by τu =

∂νu ∈ C∞(Γ ) ⊂ H− 1
2 (Γ ). This mapping u �→ τu can now be extended

continuously to u ∈ H1(Ω,P ) due to the estimate (5.1.11) by the well
known completion procedure since C∞(Ω) is dense in H1(Ω,P ). Namely,
if u ∈ H1(Ω,P ) is given then choose a sequence uk ∈ C∞(Ω) such that
‖u − uk‖H1(Ω,P ) → 0 for k → ∞. Then the sequence τuk = ∂νuk defines
a Cauchy sequence in H− 1

2 (Γ ) whose limit defines τu. This procedure also
proves the validity of the generalized Green’s formula (5.1.7). �

Note that the generalized first Green’s formula (5.1.8) in particular holds
for the H1–solution u of Pu = f with f ∈ H̃−1

0 (Ω).

We also present the generalized first Green’s formula for the exterior do-
main Ωc. Here we use the local space

H1
loc(Ω

c, P ) := {u ∈ H1
loc(Ω

c)
∣∣Pu ∈ H−1

comp(Ωc)}

as defined in (4.1.45). The following version of Lemma 5.1.1 is valid in Ωc.

Lemma 5.1.2 (Exterior Generalized First Green’s Formula).
Let u ∈ H1

loc (Ωc, P ). Then the linear functional τcu given by the mapping

〈τcu, γc0v〉Γ := −aΩc(u,Zcv) +
∫

Ωc

(Pu)�Zcvdx for all v ∈ H
1
2 (Γ )

belongs to H− 1
2 (Γ ) and coincides with

τcu = ∂cνu =
n∑

j,k=0

njajkγc0
∂u

∂xk
(5.1.12)

provided u ∈ C∞(Ωc). Moreover, τc : u �→ τcu is a linear continuous map-
ping from H1

loc(Ω
c, P ) into H− 1

2 (Γ ). In addition, there holds the exterior
generalized first Green’s formula
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∫

Ωc

(Pu)�vdx = aΩc(u, v) + 〈τcu, γc0v〉Γ (5.1.13)

for u ∈ H1
loc(Ω

c, P ) and for every

v ∈ H1
comp(Ωc) := {v ∈ H1

loc(Ω
c)
∣∣∣ v has compact support in IRn} .

Here Zc denotes some right inverse to γc0 (cf. (4.2.39)) which maps v ∈
H

1
2 (Γ ) into Zcv ∈ H1

comp(Ωc) where supp(Zcv) is contained in some fixed
compact set Ωc

R ⊂ IRn containing Γ . Note that the distributions belonging
to H−1

comp(Ωc) cannot have a singular support on Γ due to the definition
in (4.1.45). The sesquilinear form aΩc(u, v) is defined as in (5.1.3) with Ω
replaced by Ωc.

Proof: The proof resembles word by word the proof of Lemma 5.1.1 when
replacing Ω by Ωc

R in the corresponding norms there. �

Before we formulate the variational formulation for the boundary value
problems for P we return to the sesquilinear form aΩ(u, v) given by (5.1.3).
In the sequel, the properties of aΩ and aΩc will be used extensively. Let us
begin with the general definition of sesquilinear forms.

The sesquilinear form a(u, v) (Lions [189, Chap. II], see also Stummel
[299] and Zeidler [325].)
We recall that a(u, v) is called a sesquilinear form on the product spaceH×H,
where H is a Hilbert space with scalar product (·, ·)H and ‖u‖2H = (u, u)H,
iff:

a: H×H → C ;
a (•, v) is linear for each fixed v ∈ H; i.e. for all c1, c2 ∈ C, u1, u2 ∈ H:

a (c1u1 + c2u2, v) = c1a(u1, v) + c2a(u2, v);
a (u, •) is antilinear for each fixed u ∈ H; i.e. for all c1c2 ∈ C, v1, v2 ∈ H:

a (u, c1v1 + c2v2) = c1a(u, v1) + c2a(u, v2).

The sesquilinear form a(·, ·) is said to be continuous, if there exists a constant
M such that for all u, v ∈ H:

|a(u, v)| ≤M‖u‖H ‖v‖H . (5.1.14)

5.1.1 Interior Problems

With the sesquilinear form aΩ(u, v) available, we now are in a position to
present the variational formulation of boundary value problems. For simplic-
ity, we begin with the standard Dirichlet problem.
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The interior Dirichlet problem
Given f ∈ H̃−1

0 (Ω) and ϕ ∈ H
1
2 (Γ ), find u ∈ H1(Ω) with γ0u = ϕ on Γ

such that

aΩ(u, v) = �f (v) := 〈f, v〉Ω for all v ∈ H1
0 (Ω) , (5.1.15)

where aΩ(u, v) is the sesquilinear form (5.1.3) and the right–hand side is a
given bounded linear functional on H1

0 (Ω).
We notice that the standard boundary condition γ0u = ϕ on Γ is imposed

in the set of admissible functions for the solution. For this reason, the Dirichlet
boundary condition is referred to as an essential boundary condition. It can
be replaced by the slightly more general form

Bγu = B00γ0u = ϕ ∈ H
1
2 (Γ ) (5.1.16)

with order (B00) = 0 corresponding to (3.9.10) with Rγu = Bγu where
B00 is an invertible smooth matrix–valued function on Γ . For this boundary
condition, in order to formulate the variational formulation similar to (5.1.15),
one only needs to modify the last term in the first Green’s formula (5.1.8)
according to (5.1.16):

〈τu, γ0v〉Γ = 〈Nγu,B00γ0v〉Γ (5.1.17)

if we choose the complementary operator S = N of (3.9.10) as

Nγu := (B−1
00 )∗τu = N00γ0u + N01

∂u

∂n
|Γ (5.1.18)

with

N00 := (B−1
00 )∗

n∑

j,k=1

n−1∑

µ,ρ=1

(
njajk

∂yk
∂σµ

γµρ
) ∂

∂σρ
,

N01 := (B−1
00 )∗

( n∑

j,k=1

njajknk

)

satisfying the conditions required in (3.9.5) because of the strong ellipticity
of P . This leads to the variational formulation:

The general interior Dirichlet problem
For given f ∈ L2(Ω) and ϕ ∈ H

1
2 (Γ ), find u ∈ H1(Ω) with B00γ0u = ϕ

on Γ such that

aΩ(u, v) = �f (v) := 〈f, v〉Ω for all v ∈ H := {v ∈ H1(Ω) |Bγv = 0 on Γ} .
(5.1.19)

Clearly, H = H1
0 (Ω) since Bγv = B00γ0v = 0 for v ∈ H1(Ω) iff γ0v = 0

because the smooth matrix–valued function B00 is assumed to be invertible.
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The interior Neumann problem
Given f ∈ H̃−1

0 (Ω) and ψ ∈ H− 1
2 (Γ ), find u ∈ H1(Ω) such that

aΩ(u, v) = �f,ψ(v) := 〈f, v〉Ω + 〈ψ, v〉Γ for all v ∈ H1(Ω) . (5.1.20)

where aΩ(u, v) again is the sesquilinear form (5.1.3) and the right–hand side
is a given bounded linear functional on H1(Ω) defined by f and ψ.

In contrast to the Dirichlet problem, the Neumann boundary condition
τu = ψ is not required to be imposed on the solution space. Consequently,
the Neumann boundary condition is referred to as the natural boundary
condition. Both formulations (5.1.15) and (5.1.20) are derived from the first
Green’s formula (5.1.2).

The more general Neumann–Robin condition with Rγu = Nγu in (3.9.13)
is given by

Nγu := N00γ0u + N01
∂u

∂n
= ψ ∈ H− 1

2 (Γ ) . (5.1.21)

Here N01 is now a smooth, invertible matrix–valued function and N00 is a
tangential first order differential operator of the form

N00γ0u =
n−1∑

ρ=1

c0ρ
∂

∂σρ
γ0u + c00γ0u on Γ (5.1.22)

with smooth matrix–valued coefficients c0ρ and c00. In contrast to the stan-
dard Neumann problem, we now require additionally that Γ is more regular
than Lipschitz, namely Γ ∈ C1,1. The latter guarantees the continuity of the
mapping Nγ : H1(Ω,P ) → H− 1

2 (Γ ).
In (5.1.8) we now insert (5.1.5) with (5.1.21) and (5.1.22) to obtain

τu =
( n∑

j,k=1

njajknk

)
N−1

01 (ψ −N00γ0u) +
n∑

j,k=1

n−1∑

µ,ρ=1

njajk
∂yk
∂σµ

γµρ ∂

∂σρ
γ0u

and

〈τu, γ0v〉Γ = 〈Nγu, Sγv〉Γ + 〈Ñγ0u, γ0v〉Γ , (5.1.23)

where the complementary boundary operator is now chosen as

Sγv := Bγu := (N−1
01 )∗

( n∑

j,k=1

njajknk

)∗
γ0v (5.1.24)

and Ñ is therefore defined by

Ñγ0u :=
{
−

( n∑

j,k=1

njajknk

)
N−1

01 N00 +
n∑

j,k=1

n−1∑

µ,ρ=1

njajk
∂yk
∂σµ

γµρ ∂

∂σρ

}
γ0u .
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This operator can be written with (5.1.22) as

Ñγ0u =
n−1∑

ρ=1

c̃0ρ
∂

∂σρ
γ0u + c̃00γ0u on Γ , (5.1.25)

where

c̃0� =
n∑

j,k=1

n−1∑

µ=1

njajk

( ∂yk
∂σµ

γµ� − nkN
−1
01 c0ρ

)
.

Following an idea of Weinberger (see the remarks in Agmon [2, p. 147ff.],
Fichera [77]), the corresponding term in (5.1.23) will now be incorporated
into aΩ(u, v) generating an additional skew–symmetric bilinear form. For
fixed ρ, (3.3.7) gives, with the chain rule,

∂u

∂σρ
=

n∑

k=1

(∂yk
∂σρ

+ σn
∂nk

∂σρ

) ∂u

∂xk
near Γ .

By extending yk and nj to all of Ω smoothly, e.g. by zero sufficiently far
away from Γ , we define the skew–symmetric real–valued coefficients

βkjρ :=
(
nk

∂yj
∂σρ

− nj
∂yk
∂σρ

)
= −βjkρ . (5.1.26)

With
n∑

k=1

n2
k = 1 and

n∑

k=1

nk
∂yk
∂σ�

|Γ = 0

we have
n∑

j=1

n−1∑

ρ=1

∫

Γ

(
c̃0ρ

∂yj
∂σρ

∂u

∂xj

)�
γ0vds

=
n∑

k,j=1

n−1∑

�=1

∫

Γ

(
c̃0ρ

(
nk

∂yj
∂σρ

− nj
∂yk
∂σρ

)
nk

∂u

∂xj

)�
γ0vds

=
∫

Γ

n∑

j,k=1

n−1∑

ρ=1

(
c̃0ρβjkρ

∂u

∂xj

)�
nkγ0vds

and integration by parts shows that
n∑

j=1

n−1∑

ρ=1

∫

Γ

(
c̃0ρ

∂yj
∂σρ

∂u

∂xj

)�
γ0vds

=
∫

Ω

n∑

j,k=1

(( ∂

∂xk

n−1∑

ρ=1

c̃0ρβkjρ

) ∂u

∂xj

)�
vdx

+
∫

Ω

n∑

j,k=1

( n−1∑

ρ=1

c̃0ρβkjρ
∂u

∂xj

)� ∂v

∂xk
dx .
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Since the last term vanishes because of (5.1.26), this yields

〈Ñγ0u, γ0v〉Γ =
n∑

j,k=1

n−1∑

ρ=1

∫

Ω

(
c̃0ρβkjρ

∂u

∂xj

)� ∂v̄

∂xk
dx

+
n∑

j=1

∫

Ω

{ ∂

∂xj

(
(nj c̃00u)�v̄

)
+

n∑

k=1

n−1∑

ρ=1

(( ∂

∂xk
c̃0ρβkjρ

) ∂u

∂xj

)�
v̄
}
dx

(5.1.27)
which motivates us to introduce the modified bilinear form

ãΩ(u, v) := aΩ(u, v)−
n∑

j,k=1

∫

Ω

(( n−1∑

ρ=1

c̃0ρβjkρ

) ∂u

∂xj

)� ∂v̄

∂xk
dx

−
∫

Ω

n∑

j=1

{ ∂

∂xj

(
(nj c̃00u)�v

)
+

n−1∑

ρ=1

n∑

k=1

(( ∂

∂xk
c̃0ρβkjρ

) ∂u

∂xj

)�
v̄
}
dx .

(5.1.28)

Equations (5.1.23) and (5.1.28) in connection with the first Green’s formula
(5.1.8) lead to the variational formulation of the general Neumann–Robin
problem.

The general interior Neumann–Robin problem
Let Γ ∈ C1,1. Given f ∈ H̃−1

0 (Ω) and ψ ∈ H− 1
2 (Γ ) in (5.1.21), find

u ∈ H1(Ω) such that

ãΩ(u, v) = 〈f, v〉Ω + 〈ψ,Bγv〉Γ for all v ∈ H1(Ω) (5.1.29)

where ãΩ(u, v) is defined by (5.1.28) and the right–hand side is a bounded
linear functional on H1(Ω) defined by f and ψ.

The combined Dirichlet–Neumann problem
A class of more general boundary value problems combining both Dirichlet

and Neumann conditions can be formulated as follows. First let us introduce
a symmetric, real (p× p) projection matrix π on Γ which has the properties:

rank π(x) = r ≤ p for all x ∈ Γ , π = π� and π2 = π , (5.1.30)

where r is constant on Γ and π(x) ∈ C1(Γ ). As a simple example consider

π = T (x)

⎛

⎝
1 0 0
0 0 0
0 0 0

⎞

⎠T�(x) for p = 3 where T (x) is any smooth orthogonal

matrix on Γ . The combined interior Dirichlet–Neumann problem reads:
For given f ∈ H̃−1

0 (Ω) , ϕ1 ∈ πH
1
2 (Γ ) and ψ2 ∈ (I − π)H− 1

2 (Γ ) find u ∈
H1(Ω,P ) satisfying

Pu = f in Ω , πBγu = ϕ1 and (I − π)Nγu = ψ2 on Γ . (5.1.31)
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Here I denotes the identity matrix on Γ .
The corresponding variational formulation then takes the form:

Find u ∈ H1(Ω) with πBγu = ϕ1 on Γ such that

ãΩ(u, v) =
∫

Ω

f�vds + 〈ψ2, (I − π)Bγu〉Γ (5.1.32)

for all v ∈ HπB := {v ∈ H1(Ω) |πBγv|Γ = 0} .

Note that in the special case π = I, (5.1.32) reduces to the interior Dirichlet
problem (5.1.16), while in the case π = 0, (5.1.32) becomes the interior
Neumann–Robin problem (5.1.29).

Note that in the special case B00 = I and N00 = 0, for the treatment of
(5.1.31) we only need Γ ∈ C0,1, i.e., to be Lipschitz.

5.1.2 Exterior Problems

For extending our variational approach also to exterior problems, we need
to incorporate the radiation conditions. For motivation we begin with the
”classical” representation formula (3.6.17) in terms of our boundary data
γc0u and τcu = ∂cνu (see (5.1.12)), respectively,

u(x) =
∫

y∈Ωc

E�(x, y)f(y)dy −
∫

Γ

E�(x, y)τcuds (5.1.33)

+
∫

Γ

(
∂cνyE(x, y) +

n∑

j=1

nj(y)bj(y)E(x, y)
)�

γc0uds + M(x;u)

provided f ∈ H−1
comp(Ωc) has compact support in IRn (see (4.1.45)). Here, M

is defined by

M(x;u) := lim
R→∞

{ ∫

|y|=R

E�(x, y)τcuds (5.1.34)

−
∫

|y|=R

(
∂νyE(x, y) +

n∑

j=1

nj(y)bj(y)E(x, y)
)�

γc0udsy

}
.

From this definition, we see that M must satisfy the homogeneous differential
equation

PM = 0 (5.1.35)

in all of IRn. Its behaviour at infinity is rather delicate, heavily depending
on the nature of P there. In order to characterize M more systematically
we require that M is a tempered distribution, and we further simplify P by
assuming the following:
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Conditions for the coefficients:

c ≡ 0 for all x , ajk(x) = ajk(∞) = const. and bj(x) = 0 for |x| ≥ R0 .
(5.1.36)

In addition, we require that for P there holds the following
Unique continuation property: (See Hörmander [131, Chapter 17.2].)

If Pu = 0 in any domain ω ⊂ IRn and u ≡ 0 in some ball
Bρ(x0) := {xwith |x− x0| < ρ} ⊂ ω , ρ > 0 then u ≡ 0 in ω .

(5.1.37)

Under these assumptions together with the restriction that uniqueness
holds for both Dirichlet problems with P in Ω as well as in Ωc, we now show
that every tempered distribution M ∈ S ′(IRn) satisfying (5.1.35) admits the
form

ML(x;u) =
∑

|β|≤L

αβ(u)pβ(x) , (5.1.38)

where αβ are linear functionals on u and pβ(x) are generalized polynomials
behaving at infinity like homogeneous polynomials of degree |β|. (For the
constant coefficient case see, e.g., Dautray and Lions [59, pp. 360ff.], [60,
p. 119] and Miranda [217, p. 225].)

Let M be a tempered distribution satisfying (5.1.35). Because of assump-
tion (5.1.36) we have M(x;u) = p∞(x) for |x| ≥ R0 where p∞ is a tempered
distribution satisfying

P∞p∞(x) :=
n∑

j,k=1

ajk(∞)
∂2

∂xj∂xk
p∞(x) = 0 . (5.1.39)

By taking the Fourier transform of (5.1.39) we obtain

n∑

j,k=1

ξjajk(∞)ξkp̂∞(ξ) = 0 for all ξ ∈ IRn \ {0} . (5.1.40)

Since for each ξ ∈ IRn \ {0} the strong ellipticity (3.6.2) implies that

(
n∑

j,k=1

ξjajk(∞)ξk)−1 exists, it follows that

p̂∞(ξ) = 0 for all ξ ∈ IRn \ {0} . (5.1.41)

Hence, every component of p̂∞(ξ) is a distribution with only support {0}.
The Schwartz theorem (Dieudonné [61, Theorem 17.7.3]) implies that p̂∞(ξ)
then is a finite linear combination of Dirac distributions at the origin. This
yields:

Lemma 5.1.3. For a strongly elliptic operator P with (5.1.36) in IRn, every
tempered distributional solution of (5.1.39) in IRn is a polynomial.
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To see that ML is of the form (5.1.38), we first decompose every general-
ized polynomial of degree |β| as

pβ(x) = p∞β (x) + p̃β(x) (5.1.42)

and require

Ppβ(x) = 0 in IRn and p̃β(x) = 0 for all |x| ≥ R0 . (5.1.43)

In order to find p̃β(x) we need the following additional general
Assumption: The Dirichlet problem

Pw = 0 in BR0 := {x ∈ IRn | |x| < R0} (5.1.44)

with w ∈ H1
0 (BR0) admits only the trivial solution w ≡ 0.

(For a more detailed discussion involving more general unbounded do-
mains see Nazarov [228]).

Remark 5.1.1: In case that we have the unique continuation property
(5.1.37) one can show that this assumption can always be fulfilled for some
R0 > 0 (see Miranda [217, Section 19]).

Now we solve the following variational problem:
Find p̃β ∈ H1

0 (BR0) such that

aIRn(p̃β , v) = −
∫

BR0

(Pp∞β )�v̄dx for all v ∈ H1
0 (BR0) . (5.1.45)

This variational problem has a unique solution p̃β ∈ H1
0 (BR0) which can

be extended by zero to all of IRn and p̃β ∈ H1
loc(IR

n). With the constructed p̃β ,
every polynomial β∞

β generates a generalized polynomial pβ(x) via (5.1.42).
This justifies the representation of ML in (5.1.38).

On the other hand, since E(x, y) represents in physics the potential of a
point charge at y observed at x, the representation formula (5.1.33) suggests
that one may assume for the behaviour of u(x) at infinity a behaviour similar
to that of E(x, 0). This motivates us, based on (5.1.33), to require, with given
L and ML(x;u),

Dα(u(x)−ML(x;u)) = DαE�(x, 0)q + o(1) for |x| → ∞ and with |α| ≤ 1 ,
(5.1.46)

where q is a suitable constant vector. Hence, we need to have some infor-
mation concerning the growth of the fundamental solution at infinity. (We
shall return to the question of fundamental solutions in Section 6.3.) Since
for |x| ≥ R0, the equation (3.6.4) reduces to the homogeneous equation with
constant coefficients, here the corresponding fundamental solution has the
explicit form (see John [151, (3.87)]):
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Ejk(x, y) =
1

8π2
∆y

∫

|ξ|=1

P jk(ξ)|(x− y) · ξ|2 log |(x− y) · ξ|dωξ (5.1.47)

for n = 2 and |x| ≥ R0, where the integration is taken over the unit circle
|ξ| = 1 with arc length element dωξ and where P jk(ξ) denotes the inverse of
the matrix

((ãjk(ξ)))n×n with ãjk(ξ) = ajk(∞)ξjξk ,

which is regular for all ξ ∈ IR2 \ {0} due to the uniform ellipticity.
For n = 3 and |x| ≥ R0, one has (see John [151, (3.86)])

Ejk(x, y) = − 1
16π2

∆y

∫

|ξ|=1

P jk(ξ)|(y − x) · ξ|dωξ , (5.1.48)

where dωξ now denotes the surface element of the unit sphere.
For the radiation condition let us consider the case n = 2 first. Here,

(5.1.47) implies (see [151, (3.49)])

Ejk = O(log |x|) and DαEjk = O

(
1
|x|

)
for |α| = 1 as |x| → ∞ .

Since ML(x;u) is of the form (5.1.38), no logarithmic terms belong to
ML. Consequently, it follows from (5.1.33) by collecting the coefficients of
E� that the constant vector q in (5.1.46) is related to u by

q =
{∫

Ωc

f(y)dy −
∫

Γ

(τcu− (b · n)�γc0u)ds
}
. (5.1.49)

The proper radiation conditions for u now will be

Dαu = DαE�(x, 0)q+DαML(x;u)+O

(
1

|x|1+|α|

)
for |α| ≤ 1 as |x| → ∞ .

(5.1.50)

The exterior Dirichlet problem
Now we can formulate the exterior Dirichlet problem in two versions.

For given f ∈ H−1
comp(Ωc) with compact support in IRn and ϕ ∈ H

1
2 (Γ ) we

require that u belongs to H1
loc(Ω

c) ∩ S ′(IRn) and satisfies

Pu = f in Ωc ,
γc0u = ϕ on Γ ,

(5.1.51)

together with the radiation conditions (5.1.50). The space H−1
comp(Ωc) is de-

fined as in (4.1.45) where Ω is replaced by Ωc = IR \ Ω. (5.1.51) allows the
following two interpretations of the radiation conditions and leads to two
different classes of problems.
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First version: In addition to f and ϕ, the constant vector q and the integer
L in (5.1.50) are given a–priori. Find u as well as ML(x;u) to satisfy (5.1.51)
and (5.1.50).

Note that modifying the solution by adding the term E�(x, 0)q with
given q, this problem can always be reduced to the case where q = 0. In the
latter case, the corresponding variational formulation reads:

Find a tempered distribution u in H1
loc(Ω

c) ∩ S ′(IRn) with γc0u = ϕ on
Γ which behaves as (5.1.50) with q = 0 and given ML and satisfies

aΩc(u, v) = 〈f, v〉Ωc for all v ∈ H1
comp(Ωc) with γc0v = 0 on Γ ,

(5.1.52)

where aΩc(u, v) is defined by (5.1.3) with Ω replaced by Ωc.
We remark that, in order to obtain a unique solution one requires side

conditions.

Second version: In addition to f and ϕ, the function ML(x;u) in the form
(5.1.38) is given a–priori. Find u as well as q to satisfy (5.1.51) and (5.1.50).

We may modify the solution by subtracting the given ML and reduce
the problem to the case ML = 0. Under this assumption, the variational
formulation of the second version now reads:

Find a tempered distribution u ∈ H1
loc(Ω

c)∩S ′(IRn) with γc0u = ϕ on Γ
which behaves at infinity as (5.1.50) and satisfies

aΩc(u, v) = 〈f, v〉Ωc for all v ∈ H1
comp(Ωc) with γc0v = 0 on Γ (5.1.53)

subject to the constraint ML(x;u) = 0 for x ∈ IRn.

In view of (5.1.34) and our assumption (5.1.36), the radiation condition is

0 = lim
R→∞

{ ∫

|y|=R

E�(x, y)τRudsy −
∫

|y|=R

(∂νyE(x, y))�γ0u(y)dsy
}

(5.1.54)

for every x ∈ Ωc. Alternatively, for ML(x;u) = 0, in view of (5.1.50) and
(5.1.49) we obtain from (5.1.33) together with the asymptotic behaviour of
E(x, y) for large |x|,

lim
|x|→∞

[
u(x)− E�(x, 0)

{∫

Ωc

f(y)dy −
∫

Γ

(τcu− (b · n)γc0u) ds
}]

= 0 .

(5.1.55)

Since the representation formula (5.1.33) holds for every exterior domain, we
may replace Ωc by {y ∈ IR2

∣∣|y| > R ≥ R0} with supp(f) ⊂ {y
∣∣|y| ≤ R} and

find instead of (5.1.55) the radiation condition
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lim
|x|→∞

{
u(x) + E�(x, 0)

∫

|y|=R

τRuds
}

= 0 (5.1.56)

for every sufficiently large R ≥ R0.
In contrast to the interior Dirichlet problem, the above formulations in

terms of local function spaces are not suitable for the standard Hilbert space
treatment unless one can find an equivalent formulation in some appropriate
Hilbert space. In the following, we will present such an approach for the first
version only which is based on the finite energy of the potentials. The same
approach, however, cannot directly be applied to the second version since the
corresponding potentials do not, in general, have finite energy.

However, the following approach will be used for analyzing the corre-
sponding integral equations for problems formulated in the second version.
We will pursue this in Section 5.6.

The Hilbert space formulation for the first version of the general
exterior Dirichlet problem

In view of the growth condition (5.1.50), in the first version with q = 0 we
have to choose Hilbert spaces combining growth and M(x;u) appropriately.
Let us consider first the case of self–adjoint equations (5.1.1) with a symmet-
ric energy–sesquilinear form aΩc(u, v) where, in addition to the assumptions
(5.1.36), bj(x) = 0 for all x ∈ Ωc. Then

aΩc(u, v) = aΩc(v, u) and aΩc(v, v) ≥ 0 for all u, v ∈ C∞
0 (IRn)

due to the strong ellipticity condition (3.6.2).
For a fixed chosen L denote by PL all the generalized polynomials ML(x)

of the form
p(x) =

∑

|β|≤L

αβpβ(x)

satisfying (5.1.43).
By EL let us denote the subspace of PL of generalized polynomials with

“finite energy”, i. e.

EL := {p ∈ PL | |aΩc(p, p)| <∞} . (5.1.57)

Because of (5.1.35) one finds

aΩ(p, v) = 0 for all v ∈ H1
0 (Ω)

and further
aIRn(p, v) = 0 for all v ∈ C∞

0 (IRn) . (5.1.58)

Now define the pre–Hilbert space

HE∗(Ωc) := {v = v0 + p | p ∈ EL and v0 ∈ H1
comp(Ωc) (5.1.59)

satisfying aΩc(p, v0) = 0 for all p ∈ EL}



210 5. Variational Formulations

equipped with the scalar product

(u, v)HE
:= aΩc(u, v) +

∫

Γ

γc0u
�γc0vds . (5.1.60)

(See also [142], Leis [184, p. 26].) Note that C∞
0 (Ωc) ⊂ HE∗(Ωc) because

of (5.1.58). For convenience, we tacitly assume Θ = 1 in the uniform strong
ellipticity condition (3.6.2). Then (u, v)HE

has all the properties of an inner
product; in particular, (u, u)HE

≥ 0 for every u ∈ HE∗(Ωc). Now, suppose

(v, v)HE
= aΩc(v0 + p, v0 + p) +

∫

Γ

|v0 + p|2ds = 0 ,

which implies (v0 + p)|Γ = 0 since aΩc(v0 + p, v0 + p) ≥ 0. The former allows
us to extend v0 by −p into Ω and to define

ṽ0 :=
{

v0 in Ωc

−p in Ω

}
∈ H1

comp(IRn) , where (ṽ0 + p)|Ω = 0 .

Then
0 = aΩc(v0 + p, v0 + p) = aIRn(ṽ0 + p, ṽ0 + p)

and (5.1.58) implies

aIRn(ṽ0 + p, ṽ0 + p) = aIRn(p, p) = 0 .

Here, our assumption (5.1.44) together with the strong ellipticity of P implies

the H1
0 (BR1)–ellipticity of aIRn(·, ·) for any R1 > 0, in particular for

o
BR1 ⊃

supp(ṽ0). Hence, ṽ0 = 0 in IRn. Consequently, p = 0 in Ω and Pp = 0 in
IRn. The unique continuation property then implies p = 0 in IRn. Hence,
(v, v)HE

= 0 implies v = 0 in HE . Consequently,

‖v‖HE
:= (v, v)

1
2
HE

(5.1.61)

defines a norm. Now, HE(Ωc) is defined by the completion of HE∗(Ωc) with
respect to the norm ‖ · ‖HE

.
In the more general case of a non–symmetric sesquilinear form aΩc(u, v)

(and for general exterior Neumann problems later-on) we take a slightly more
general approach by using the symmetric part of aΩc , i.e.

aSΩc(u, v) := 1
2

{
aΩc(u, v) + aΩc(v, u)

}
(5.1.62)

together with the requirement

aSΩc(v, v) ≥ 0 for all v ∈ C∞
0 (IRn) .

Note that again
(u, v)HS

E
:= aSΩc(u, v)
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has all the properties of an inner product as before in view of condition
(5.1.36). The corresponding space is now defined by

HS
E∗(Ω

c) := {v0 + pS | pS ∈ ESL and v0 ∈ H1
comp(Ωc)

satisfying aSΩc(pS , v0) = 0 for all pS ∈ ESL}

where ESL now denote all generalized polynomials of degree ≤ L with finite
energy aSIRn(pS , pS) <∞ satisfying

aSIRn(pS , v) = 0 for all v ∈ C∞
0 (IRn) .

Then by following the same arguments as in the symmetric case, one can
again show that (u, v)HS

E∗
is an inner product on the space HS

E∗(Ω
c).

For the formulation of the exterior Dirichlet problem we further introduce
the closed subspace

HE,0(Ωc) := {v ∈ HE(Ωc)
∣∣γc0v = 0 on Γ} . (5.1.63)

If u ∈ HE(Ωc) and v ∈ HE,0(Ωc) then u = u0 + p and v = v0 + r where
p, r ∈ EL. Moreover, by applying Green’s formula to the annular region Ω∩BR

with BR := {x ∈ IRn | |x| < R} for R ≥ R0 sufficiently large, we obtain the
identity

aΩc∩BR
(u, v) =

∫

Ωc∩BR

(Pu)�v̄dx +
∫

∂BR

(τRp)�γ0R
rdsR

=
∫

Ωc∩BR

(Pu)�v̄dx + aBR
(p, r) .

For R→∞ we obtain

aΩc(u, v) =
∫

Ωc

(Pu)�v̄dx + aIRn(p, r) . (5.1.64)

With a basis {qs}L̃s=1 of EL where L̃ = dim EL, the last term can be written

more explicitly with v = v0 + r = v0 +
∑L̃

ρ=1 κρqρ as

aIRn(p, r) =
L̃∑

ρ=1

κρaIRn(p, qρ) .

Now, for the first version we formulate:

The general exterior Dirichlet problem. For given q = 0, L and L̃ =
dim EL , ϕ ∈ H

1
2 (Γ ) , f ∈ L2

comp(Ωc) , dρ ∈ C for ρ = 1, . . . , L̃, find u =
u0 + p ∈ HE with Bγc0u = ϕ ∈ H

1
2 (Γ ) on Γ satisfying
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aΩc(u, v) = 〈f, v〉Ωc +
L̃∑

ρ=1

dρκρ for all v = v0 +
L̃∑

ρ=1

κρqρ ∈ HE,0 (5.1.65)

subject to the side conditions

aIRn(p, qρ) = dρ , ρ = 1, . . . , L̃ .

In this formulation, we need in addition to the assumptions (5.1.36) that

B00 = I for |x| ≥ R0 where I is the identity matrix . (5.1.66)

We note that in this formulation we have replaced the function space {v ∈
HE |Bγcv = 0 on Γ} by HE,0. Since det (B00)|Γ �= 0, they are equivalent.

Remark 5.1.2: In our Hilbert space formulation, for the Laplacian in IR2 and
the special choice of L = 0, and in IR3 and EL = {0} = ML, the energy space
HE(Ω) is equivalent to the weighted Sobolev space H1(Ωc; 0) corresponding
to W 1

0 (Ω′) in Nedelec [231]. Hence, in these cases, one may also formulate
the variational problems in the weighted Sobolev spaces as in Dautray and
Lions [60, Chap. XI], Giroire [100] and Nedelec [231].

The exterior Neumann problem
The exterior Neumann problem is defined by

Pu = f in Ωc ,

τcu = ψ on Γ .
(5.1.67)

Again we require the solution to behave like (5.1.50) for |x| → ∞. Since
τcu = ψ is given, the equation (5.1.49) yields

q =

⎧
⎨

⎩

∫

Ωc

fdy −
∫

Γ

ψds +
∫

Γ

(b · n)�γc0uds

⎫
⎬

⎭ .

For the special case b ·n = 0 on Γ , the constant q is determined explicitly by
the given data from (5.1.67). In order to find a solution in HE(Ωc) for n = 2,
the constant q in the growth condition (5.1.50) must vanish. This yields the
necessary compatibility condition

q = 0 =
∫

Ωc

f(y)dy −
∫

Γ

ψds for n = 2 (5.1.68)

and for the given data in (5.1.67). Then the solution will take the form u = u0

with u0(x) = O
(

1
|x|

)
for |x| → ∞. In the three–dimensional case n = 3, the

compatibility condition (5.1.68) is not needed to guarantee a solution of finite
energy.
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The behaviour at infinity motivates us to consider the following variational
problem in the Hilbert space HE(Ωc). For the solution we assume the form

u = u0 + p + E�(x, 0)q in Ωc (5.1.69)

where u0 + p ∈ HE and q ∈ C
p to be determined.

The exterior Neumann variational problem
Find u0 + p ∈ HE and q ∈ C

p satisfying

aΩc(u0, v) = 〈f, v〉Ωc − 〈ψ − τcE
�(x, 0)q, v〉Γ +

L̃∑

ρ=1

dρκρ

for all v = v0 +
∑L̃

ρ=1 κρqρ ∈ HE

(5.1.70)

and

q =

⎧
⎨

⎩

∫

Ωc

f(y)dy −
∫

Γ

ψds

⎫
⎬

⎭ +
∫

Γ

(b · n)�γc0(u0 + p + E�(x, 0)q)ds

subject to the side conditions

aIRn(p, qρ) = dρ for ρ = 1, . . . , L̃ .

This formulation shows that the given data f, ψ do not have to satisfy the
standard compatibility condition (5.1.68) and, in general, the total solution
u in (5.1.69) does not have finite energy. If the latter is required, i.e., q = 0
in (5.1.70) then the compatibility condition between f and ψ can only be
satisfied in an implicit manner resolving the bilinear equation with respect
to u0 + p and with q = 0 and inserting p in the second equation of (5.1.70)
with q = 0.

The general exterior Neumann–Robin problem
Here we extend the boundary conditions to N01 = B00 = I and N00 = 0

on the artificial boundary ΓR for R ≥ R0. Then we can proceed in the same
manner as for the general interior Neumann–Robin problem except for the
radiation conditions which need to be incorporated. In this case, the constant
vector q in the radiation condition (5.1.50) is related to the solution u by

q =
∫

Ωc

f(y)dy −
∫

Γ

(
n∑

j,k=1

njajknk)N−1
01 ψds

+
∫

Γ

(
b · n +

n−1∑

ρ=1

( ∂

∂σρ
c̃0ρ

)
− c̃00

)
γc0(u0 + p + E�(•, 0)q)ds

where c̃0ρ and c̃00 are given by (5.1.25), which modifies (5.1.49) of the stan-
dard Neumann problem.
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For the special case

b · n +
n−1∑

ρ=1

∂

∂σρ
c̃0ρ − c̃00 = 0 on Γ ,

we recover, similar to (5.1.68), the necessary compatibility condition

q = 0 =
∫

Ωc

f(y)dy −
∫

Γ

(Σnjajknk)N−1
01 ψds

for the given data f and ψ and for a solution with finite energy.

The exterior combined Dirichlet–Neumann problem
We begin with the formulation of the boundary value problem in distribu-

tional form: Given f ∈ H−1
comp(Ωc) , ϕ1 ∈ πH

1
2 (Γ ) and ψ2 ∈ (I −π)H− 1

2 (Γ )
on Γ and dρ ∈ C , ρ = 1, . . . , L̃, find u = u0 + p + E�(x; 0)q with
u0 + p ∈ HE(Ωc) and q ∈ C

p as the distributional solution of

Pu = f in Ωc

πBγcu = ϕ1 and (1− π)Nγcu = ψ2 on Γ (5.1.71)

subject to the side conditions

aIRn(p, qρ) = dρ for ρ = 1, . . . , L̃ where EL = span{q�}L̃�=1 ,

and the constraint

q = {
∫

Ωc

f(y)dy −
∫

Γ

(τcu− (b · n)�γc0u)ds} .

The application of Lemma 5.1.2 then yields:

The variational formulation for the exterior problem
Find u = u0 + p + E�(•; 0)q with u0 + p ∈ H(Ωc) and πBγcu = ϕ1 on Γ

satisfying

ãΩc(u0 + p, v) =
∫

Ωc

f�v̄dx− 〈ψ2, (I − π)Bγcv〉Γ (5.1.72)

+ 〈(I − π)NγcE
�(•, 0)q , (I − π)Bγcv〉Γ +

L̃∑

ρ=1

dsκρ

for all v = v0 +
∑L̃

ρ=1 κρqρ ∈ HEπB := {v ∈ HE(Ωc) |πBγcv = 0 on Γ},
subject to the side conditions
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aIRn(p, qρ) = dρ for ρ = 1, . . . , L̃ where EL = span{q�}L̃�=1 , (5.1.73)

and the constraint

q = {
∫

Ωc

f(y)dy −
∫

Γ

(τc − (b · n)�γc0)(u0 + p + E�(•; 0)q)ds} . (5.1.74)

Since τcu = N−1
01 (Nγcu−N00γc0u) due to (5.1.21) and γc0u = B−1

00 Bγcu
due to (5.1.16), in view of the given boundary conditions in (5.1.71), the last
constraint (5.1.74) can be reformulated as the linear equation of the form

q =
{∫

Ωc

f(y)dy −
∫

Γ

(
N−1

01 (1− π)ψ2 + (N−1
01 N00 − (b · n))B−1

00 πϕ1

)
ds

}

−
∫

Γ

(
N−1

01 πNγc + (N−1
01 N00 − (b · n))B−1

00 (1− π)Bγc

)

(u0 + p + E�(·; 0)q)ds . (5.1.75)

Remark 5.1.3: In the special case π = I, one verifies that the combined
problem reduces to the general Dirichlet problem (5.1.65). For π = 0, we
recover the general exterior Neumann–Robin problem.

5.1.3 Transmission Problems

The combined Dirichlet–Neumann conditions
As we can see in the previous formulations of the boundary value problems,
the boundary operator R is always given while the complementing boundary
operator S could be chosen according to the restrictions (3.9.4) and (3.9.5).
As generalization of these boundary value problems, we consider transmission
problems where both boundary operators are given to form a pair of mutually
complementary boundary conditions.

We will classify the transmission problems in two main classes. In both
classes we are given f ∈ H−1

comp(IRn \ Γ ) and dρ ∈ C , ρ = 1, . . . , L̃ and
we are looking for a distributional solution u with u|Ω ∈ H1(Ω,P ) and

u|Ωc = u0 + p + E�(•; 0)q with u = u0 + p ∈ HE(Ωc) and q ∈ C
p satisfying

Pu = f in IRn \ Γ and aIRn(p, qρ) = dρ for ρ = 1, . . . , L̃ ; (5.1.76)

and q =
∫

Ωc

fdy −
∫

Γ

(τcu− (b · n)γc0u)ds (5.1.77)

subject to the following additional transmission conditions on Γ ; EL =
span{a�}L̃�=1.
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In the first class these transmission conditions are

1. [πBγu] = ϕ1 ∈ πH
1
2 (Γ ) and [πNγu] = ψ1 ∈ πH− 1

2 (Γ ) (5.1.78)

where ϕ1 and ψ1 are given on Γ together with one of the following conditions:

1.1
(I − π)Bγu = ϕ20 ∈ (I − π)H

1
2 (Γ ) and

(I − π)Nγcu = ψ21 ∈ (I − π)H− 1
2 (Γ )

(5.1.79)

1.2
(I − π)Bγcu = ϕ21 ∈ (I − π)H

1
2 (Γ ) and

(I − π)Nγu = ψ20 ∈ (I − π)H− 1
2 (Γ ) .

(5.1.80)

For the corresponding variational formulations, for simplicity we confine our-
selves to the cases with dρ = 0 and p(x) ≡ 0 in (5.1.69), (5.1.70). The
corresponding exterior energy space will be denoted by H0

E(Ωc). Then the
variational equations for this class of transmission problems can be formu-
lated as:

ãIRn\Γ (u, v) := ãΩ(u, v) + ãΩc(u, v)

=
∫

IRn\Γ

f�v̄dx + 〈NγcE
�(·; 0)q,Bγcv〉Γ + �(v̄) (5.1.81)

for all test functions v as characterized in Table 5.1.1, and where the linear
functional

�(v̄) = 〈Nγu,Bγv〉Γ − 〈Nγcu,Bγcv〉Γ
will be specified depending on the particular transmission conditions (5.1.78)–
(5.1.80), whereas q ∈ C

p must satisfy the constraint (5.1.77), i.e.,

q =
∫

Ω

fdy −
∫

Ω

(
τcu− (b · n)�γc0u

)
ds . (5.1.82)

In this class with (5.1.78), the corresponding variational formulations now
read:

Find u ∈ H1(Ω) ×H0
E(Ωc) with the enforced constraints given in Table

5.1.1 satisfying the variational equation (5.1.81) with (5.1.82) for all test
functions v in the subspace of H1(Ω)×H0

E(Ωc) characterized in Table 5.1.1
with the functional �(v̄) also specified in Table 5.1.1.

We remark that in all classes π, r and (I−π), (p− r) can be interchanged
throughout due to the properties (5.1.30).

In the second class, the transmission conditions are

2. [πBγu] = ϕ1 ∈ πH
1
2 (Γ ) and [(I − π)Nγu] = ψ2 ∈ (I − π)H− 1

2 (Γ )
(5.1.83)

together with one of the following conditions:
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Table 5.1.1. Relevant data for the variational equations in the first class

Boundary Constraints Subspace
conditions for u

�(v̄)
conditions

(5.1.78) [πBγu] = ϕ1, −〈ψ1, πBγv〉Γ [πBγv] = 0,

(5.1.79) (I − π)Bγu = ϕ20 −〈ψ21, (I − π)[Bγv]〉Γ (I − π)Bγv = 0

(5.1.78) [πBγu] = ϕ1, −〈ψ1, πBγv〉Γ [πBγv] = 0,

(5.1.80) (I − π)Bγcu = ϕ21 +〈ψ20, (I − π)Bγv〉Γ (I − π)Bγv = 0

2.1
πBγu = ϕ10 ∈ πH

1
2 (Γ ) and

(I − π)Nγu = ψ20 ∈ (I − π)H− 1
2 (Γ ) ;

(5.1.84)

2.2
πBγcu = ϕ11 ∈ πH

1
2 (Γ ) and

(I − π)Nγcu = ψ21 ∈ (I − π)H− 1
2 (Γ ) ;

(5.1.85)

2.3
πBγu = ϕ10 ∈ πH

1
2 (Γ ) and

(I − π)Nγcu = ψ21 ∈ (I − π)H− 1
2 (Γ ) ;

(5.1.86)

2.4
πBγcu = ϕ11 ∈ πH

1
2 (Γ ) and

(I − π)Nγu = ψ20 ∈ (I − π)H− 1
2 (Γ ) ;

(5.1.87)

2.5
(I − π)Bγu = ϕ20 ∈ (I − π)H

1
2 (Γ ) and

πNγu = ψ10 ∈ πH− 1
2 (Γ ) ;

(5.1.88)

2.6
(I − π)Bγcu = ϕ21 ∈ (I − π)H

1
2 (Γ ) and

πNγcu = ψ11 ∈ πH− 1
2 (Γ ) .

(5.1.89)

We remark that in all the above cases, one may rewrite the equations (5.1.77)
for q in terms of the given transmission and boundary conditions, accordingly.

Similar to the variational formulations for the first class of transmis-
sion problems, we may summarize these formulations for the cases 2.1–2.4
in Table 5.1.2.

We note that for all the cases in Table 5.1.2 one could solve the transmis-
sion problems equally well by solving the interior and the exterior problems
independently. However, in the remaining two cases 2.5, 2.6 we can solve
the transmission problems only by solving first one of the interior or exte-
rior problems since one needs the corresponding resulting Cauchy data for
solving the remaining problem by making use of the transmission conditions
in (5.1.83). To illustrate the idea we now consider case 2.5. Here, first find
u ∈ H1(Ω) with (1− π)Bγu = ϕ20 satisfying the variational equation

ãΩ(u, v) =
∫

Ω

f�v̄dx + 〈ψ10, πBγv〉Γ

for all v ∈ H1(Ω) with (1− π)Bγv = 0 .
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Table 5.1.2. Relevant data for the variational equations in the second class

Boundary Constraints Subspace
conditions for u

�(v̄)
conditions

(5.1.83) πBγu = ϕ10, −〈ψ2, (1 − π)Bγcv〉Γ πBγv = 0,

(5.1.84) πBγcu = ϕ1 + ϕ10 −〈ψ20, (1 − π)[Bγv]〉Γ πBγcv = 0

(5.1.83) πBγcu = ϕ11, −〈ψ2, (1 − π)Bγv〉Γ πBγv = 0,

(5.1.85) πBγu = ϕ11 − ϕ1 −〈ψ21, (1 − π)[Bγv]〉Γ πBγcv = 0

(5.1.83) πBγu = ϕ10, −〈ψ2, (1 − π)Bγv〉Γ πBγv = 0,

(5.1.86) πBγcu = ϕ1 + ϕ10 −〈ψ20, (1 − π)[Bγv]〉Γ πBγcv = 0

(5.1.83) πBγcu = ϕ11, −〈ψ2, (1 − π)Bγcv〉Γ πBγv = 0,

(5.1.87) πBγu = −ϕ1 + ϕ11 −〈ψ20, (1 − π)[Bγv]〉Γ πBγcv = 0

Then, with the help of (5.1.83), we have the data

(1− π)Nγcu = ψ3 := ψ2 + (1− π)Nγu and
πBγcu = ϕ3 := ϕ1 + πBγu

for the exterior variational problem (5.1.72).
In the case 2.6, the exterior problem is to be solved first for providing the

necessary missing Cauchy data for the interior problem.

Remark 5.1.4: We note that for the problems above we have restricted
ourselves to the case ML = 0 if exterior Neumann problems are involved. For
the case ML �= 0, the formulation is more involved and will not be presented
here.

5.2 Abstract Existence Theorems for Variational
Problems

The variational formulation of boundary value problems for partial differ-
ential equations (as well as that of boundary integral equations) leads to
sesquilinear variational equations in a Hilbert space H of the following form:

Find an element u ∈ H such that

a(v, u) = �(v) for all v ∈ H . (5.2.1)

Here a(v, u) is a continuous sesquilinear form on H and �(v) is a given
continuous linear functional. In order to obtain existence results, we often
require further that a satisfies a G̊arding inequality in the form
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Re{a(v, v) + (Cv, v)H} ≥ α0‖v‖2H (5.2.2)

with a positive constant α0 and a compact linear operator C from H into H.
We recall the definition of a linear compact operator C between two Ba-

nach spaces X and Y.

Definition 5.2.1. A linear operator C : X → Y is compact iff the image
CB of any bounded set B ⊂ X is a relatively compact subset of Y; i.e. every
infinite subset of CB contains a convergent sub–sequence in Y.

G̊arding’s inequality plays a fundamental rôle in the variational methods for
the solution of partial differential equations and boundary integral equations
as well as for the stability and convergence analysis in finite and boundary
elements [141] and Dautray and Lions [60], Nedelec [231], Sauter and Schwab
[266] and Steinbach [290].

In this section we present the well known Lax–Milgram theorem which
provides an existence proof for the H–elliptic sesquilinear forms. Since these
theorems are crucial in the underlying analysis of our subjects we present
this fundamental part of functional analysis here.

Definition 5.2.2. A continuous sesquilinear form a(u, v) is called
H– elliptic if it satisfies the inequality

|a(v, v)| ≥ α0‖v‖2H for all v ∈ H (5.2.3)

with α0 > 0.

Remark 5.2.1: In literature the term of H–ellipticity is some times defined
by the slightly stronger condition of strong H–ellipticity (see Stummel [299]),

Rea(v, v) ≥ α0‖v‖2H for all v ∈ H (5.2.4)

with α0 > 0. (See also Lions and Magenes [190, p. 201].)
Clearly, (5.2.4) implies (5.2.3); in words, strong H–ellipticity implies H–

ellipticity since
|a(v, v)| ≥ Rea(v, v) ≥ α0‖v‖2H .

Hence, when C = 0 in G̊arding’s inequality (5.2.2) then a(u, v) is strongly
H–elliptic. In most applications, however, C �= 0 but compact.

5.2.1 The Lax–Milgram Theorem

In this section we confine ourselves to the case of H–ellipticity of a(u, v). We
begin with two elementary but fundamental theorems.
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Theorem 5.2.1 (Projection theorem). Let M⊂ H be a closed subspace
of the Hilbert space H and let M⊥ := {v ∈ H

∣∣ (v, u) = 0 for all u ∈ M}.
Then every u ∈ H can uniquely be decomposed into the direct sum

u = u0 + u⊥
0 with u0 ∈M and u⊥

0 ∈M⊥ . (5.2.5)

The operator defined by πM : u �→ u0 =: πMu is a linear continuous projec-
tion. In this case one also writes H =M⊕M⊥.

Proof: The proof is purely based on geometric arguments in connection
with the completeness of a Hilbert space. As shown in Figure 5.2.1, u0 will
be the closest point to u in the subspace M.

Let
d := inf

v∈M
‖u− v‖H .

Then there exists a sequence {vk} ⊂ M with

d = lim
k→∞

‖u− vk‖H . (5.2.6)

With the parallelogram equality

‖(u−vk)+(u−v�)‖2H +‖(u−vk)+(u−v�)‖2H = 2‖(u−vk)‖2H +2‖(u−v�)‖2H

we obtain together with
vk + v�

2
∈M the estimate

‖(vk − v�)‖2H = 2‖(u− vk)‖2H + 2‖(u− v�)‖2H − 4‖u− vk + v�
2

‖2

≤ 2‖(u− vk)‖2H + 2‖(u− v�)‖2H − 4d2 .

u

u0

M

Fig. 5.2.1. H = M⊕M⊥
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Hence, from (5.2.6) we obtain that

‖vk − v�‖2H → 0 for k, �→∞ .

Therefore, the sequence {vk} is a Cauchy sequence inH. Thus, it converges to
u0 ∈ H due to completeness. SinceM is closed, we find u0 = limk→∞ vk ∈M.

If vk → u0 and v′k → u′
0 are two sequences in M with ‖u− vk‖H → d and

‖u− v′k‖H → d then with the same arguments as above we find

‖v′k − vk‖H ≤ 2‖u− v′k‖H + 2‖u− vk‖H − 4d2 → 0

for k → 0. Hence, u0 = u′
0; i.e. uniqueness of u0 and, hence, of u⊥

0 , too. Thus,
the mapping π is well defined.

Since for u0 ∈ M, u0 = πu0 + 0, one finds π2u = πu0 = u0 = πu for all
u. Hence, π2 = π.

The linearity of π can be seen from

(απu1 + βπu2) ∈M and αu⊥
1 + βu⊥

2 ∈M⊥

for every u1, u2 ∈ H and α, β ∈ C, as follows. Since the decomposition

αu1 + βu2 = α(πu1 + u⊥
1 ) + β(πu2 + u⊥

2 ) = (απu1 + βπu2) + (αu⊥
1 + βu⊥

2 )

is unique, there holds

π(αu1 + βu2) = απu1 + βπu2 .

From

‖u‖2H = (u, u)H = (u0 + u⊥, u0 + u⊥)H = ‖u0‖2H + ‖u⊥‖2H ,

one immediately finds

‖πu‖H = ‖u0‖H ≤ ‖u‖H and ‖π‖H,H = 1

because of πu0 = u0 for u0 ∈M. �

Theorem 5.2.2 (The Riesz representation theorem). Toeverybounded
linear functional F (v) on the Hilbert space H there exists exactly one element
f ∈ H such that

F (v) = (v, f)H for all v ∈ H . (5.2.7)

Moreover,
‖f‖H = sup

‖v‖H≤1

|F (v)| .
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Remark 5.2.2: For a Hilbert space H with the dual space H∗ defined by all
continuous linear functionals equipped with the norm

‖F‖H∗ = sup
‖v‖H≤1

|F (v)| ,

the Riesz mapping j : H∗ → H defined by

jF := f

is an isometric isomorphism from H∗ onto H.

Proof: i.) Existence: We first show the existence of f for any given F ∈ H∗.
The linear space ker(F ) := {v ∈ H

∣∣F (v) = 0} is a closed subspace of H since
F is continuous. Then either ker(F ) = H and f = 0, or H\ker(F ) �= ∅. In the
latter case there is a unique decomposition of H due to the Projection
Theorem 5.2.1:

H = ker(F )⊕ {ker(F )}⊥ and
u = u0 + u⊥ with u0 ∈ ker(F ) and (u⊥, v)H = 0 for all v ∈ ker(F ) .

Since H \ ker(F ) �= ∅, there is an element g ∈ {ker(F )}⊥ with F (g) �= 0
defining

z :=
1

F (g)
g .

Then F (z) = 1 and for every v ∈ H we find

F (v − F (v)z) = F (v)− F (v)F (z) = 0 , i.e. v − F (v)z ∈ ker(F ) .

Moreover,

(v, z)H = (v − F (v)z + F (v)z, z)H = (F (v)z, z)H = F (v)‖z‖2H .

Hence, f :=
1
‖z‖2 z will be the desired element, since

(v, f)H =
(
v,

z

‖z‖2
)

H
=

1
‖z‖2 (v, z)H = F (v) for all v ∈ H .

This implies also

‖F‖H∗ = sup
‖v‖H≤1

|F (v)| = sup
‖v‖H≤1

|(v, f)H| = ‖f‖H .

ii.) Uniqueness: Suppose f1, f2 ∈ H are two representing elements for F ∈
H∗. Then

F (v) = (v, f1)H = (v, f2)H for all v ∈ H
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implying
(v, f1 − f2)H = 0 for all v ∈ H .

The special choice of v = f1 − f2 yields

0 = ‖f1 − f2‖2H = (f1 − f2, f1 − f2)H , i.e. f1 = f2 .

�

Theorem 5.2.3 (Lax–Milgram Lemma). Let a be a continuous H–
elliptic sesquilinear form. Then to every bounded linear functional �(v)
on H there exists a unique solution u ∈ H of equation (5.2.1).

Proof: For any fixed u ∈ H, the relation

(Au)(v) := a(v, u)

defines a bounded linear functional Au ∈ H∗ operating on v ∈ H. By the
Riesz representation theorem 5.2.2, there exists a unique element jAu ∈ H
with

(v, jAu)H = a(v, u) for all v ∈ H .

The mappings A : u �→ Au ∈ H∗ and Bu := jA : H → H are linear
and bounded, since a(v, u) is a continuous sesquilinear form (see(5.1.14)).
Moreover,

M = ‖B‖H,H = ‖jA‖H,H = ‖A‖H,H∗ := sup
‖u‖H≤1

‖Au‖H∗ = sup
‖u‖=‖v‖=1

|a(v, u)|.

Obviously, the H–ellipticity implies the invertibility of the operator B on
its range. So, B : H → range (B) is one–to–one and onto and there B−1 is
bounded with

‖B−1‖range(B),H ≤ 1
α0

.

This implies that range (B) is a closed subset of H. Next we show that range
(B) = H. If not then there existed z ∈ H \ range(B) with z �= 0 and there
was z0 ∈

(
range(B)

)⊥ with z �= 0 due to the Projection Theorem 5.2.1, but

a(z0, z0) = (Bz0, z0)H = 0 .

Then the H–ellipticity implied z0 = 0, a contradiction. Consequently, range
(B) = H and the equation

a(u, v) = (Bu, v)H = �(v) = (j�, v)H for all v ∈ H

has a unique solution
u = B−1j� .

�
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Note that the solution u then is bounded satisfying

‖u‖H ≤ 1
α0
‖j�‖H = 1

α0
‖�‖H∗ . (5.2.8)

As an immediate consequence we have

Corollary 5.2.4. Let a(u, v) be a continuous strongly H–elliptic sesquilinear
form on H×H, i.e., satisfying (5.2.4) has a unique solution u ∈ H.

Clearly, since a is alsoH–elliptic, we obtain u via the Lax–Milgram lemma,
Theorem 5.2.3. However, for the strongly H–elliptic sesquilinear form, we
can reduce the problem to Banach’s fixed point principle and present an
alternative proof.

Proof: The equation (5.2.1) has a solution u if and only if u is a fixed point,

u = Q(u) ,

of the mapping Q defined by

Q(w) := w − ρ(jAw − f) for w ∈ H

with the parameter ρ ∈ (0, 2α0
M2 ), where α0 is the ellipticity constant in (5.2.4).

With this choice of ρ (preferably ρ = α0
M2 ), Q is a contractive mapping, since

‖Q(w)−Q(v)‖2H = (w − v − ρjA(w − v), w − v − ρjA(w − v))H
= ‖w − v‖2H − 2ρRe a(w − v, w − v) + ρ2‖jA(w − v)‖2H
≤ {1− 2ρα0 + ρ2M2}‖w − v‖2H
= q2‖w − v‖2H ,

for q2 := (1−2ρα0 +ρ2M2) < 1. Consequently, the successive approximation
defined by the sequence {wk},

w0 = 0 and wk+1 := Q(wk) , k = 0, 1, . . . ,

converges in H to the solution u = lim
k→0

wk. Moreover, we see that the solution

u is unique. Since if u1 and u2 are two solutions, then

u1 − u2 = Q(u1)−Q(u2)

implies that
‖u1 − u2‖H ≤ q‖u1 − u2‖H .

That is with 0 < q < 1,

0 ≤ (1− q)‖u1 − u2‖H ≤ 0 ,

which implies that u1 = u2. �

In applications one often obtains H–ellipticity of a sesquilinear form a(·, ·)
through G̊arding’s inequality (5.2.2) provided that Re a is semidefinite. More
precisely, we have the following lemma.
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Lemma 5.2.5. Let the sesquilinear form a(·, ·) satisfy G̊arding’s inequality
(5.2.2) and, in addition, have the property

Rea(v, v) > 0 for all v ∈ H with v �= 0 .

Then a(·, ·) satisfies (5.2.4) and, consequently, is strongly H–elliptic.

Proof: The proof rests on the well known weak compactness of the unit
sphere in reflexive Banach spaces and in Hilbert spaces (Schechter [270, VIII
Theorem 4.2]), i. e. every bounded sequence {vj}j∈IN ⊂ H with ‖vj‖H ≤ M
contains a subsequence vj′ with a weak limit v0 ∈ H such that

lim
j′→∞

(g, vj′)H = (g, v0)H for every g ∈ H .

We now prove the lemma by contradiction. If a were not strongly H–
elliptic then there existed a sequence {vj}j∈IN ⊂ H with ‖vj‖H = 1 and

lim
j→∞

Rea(vj , vj) = 0 .

Then {vj} contained a subsequence {vj′} converging weakly to v0 ∈ H.
G̊arding’s inequality then implied

α0‖vj′ − v0‖2H ≤ Re{a(vj′ − v0, vj′ − v0) +
(
C(vj′ − v0), vj′ − v0

)

H
}

≤ Re{a(vj′ , vj′)− a(v0, vj′)− a(vj′ , v0)
+ a(v0, v0) + (Cvj′ , vj′ − v0)H − (Cv0, vj′ − v0)H} .

Since C is compact, there existed a subsequence {vj′′} ⊂ {vj′} ⊂ H such that
Cvj′′ → w ∈ H for j′′ → ∞. Hence, due to the weak convergence vj′′ ⇀ v0

we would have

(Cvj′′ , vj′′)H − (Cvj′′ , v0)H → (w, v0)H − (w, v0)H = 0 ,

a(v0, vj′′) =
(
(jA)∗v0, vj′′

)

H
→

(
(jA)∗v0, v0

)

H
= a(v0, v0)

and corresponding convergence of the remaining terms on the right–hand
side. This yielded

0 ≤ limj′′→∞α0‖vj′′ − v0‖2H ≤ −Rea(v0, v0)

and, consequently, with Rea(v0, v0) ≥ 0, we could find

lim
j′′→∞

‖vj′′ − v0‖H = 0 together with Rea(v0, v0) = 0 .

The latter implied

v0 = 0 ; however, ‖v0‖H = lim
j′′→∞

‖vj′′‖H = 1 ,
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which is a contradiction. Consequently,

inf
‖v‖H=1

Rea(v, v) =: α′
0 > 0 ,

i.e., a is strongly H–elliptic. �

In order to generalize the Lax–Milgram lemma to the case where the
compact operator C is not zero, we need the following version of the classical
Fredholm theorems in Hilbert spaces.

5.3 The Fredholm–Nikolski Theorems

5.3.1 Fredholm’s Alternative

We begin with the Fredholm theorem for the standard equations of the
second kind

Tu := (I − C)u = f in H , (5.3.1)

where as before C is a compact linear operator on the Hilbert space H into
itself. We adapt here the Hilbert space adjoint C∗ : H → H of C which is
defined by

(Cu, v)H = (u,C∗v)H for all u, v ∈ H .

In addition to (5.3.1), we also introduce the adjoint equation

T ∗v := (I − C∗)v = g in H . (5.3.2)

The range of T will be denoted by �(T ) and the nullspace of T by N (T ) =
ker(T ).

Theorem 5.3.1 (Fredholm’s alternative). For equation (5.3.1) and equa-
tion (5.3.2), respectively, the following alternative holds:
Either

i.) N (T ) = {0} and �(T ) = H
or

ii.) 0 < dim N (T ) = dim N (T ∗) <∞.
In this case, the inhomogeneous equations (5.3.1) and (5.3.2) have solutions
iff the corresponding right–hand sides satisfy the finitely many orthogonality
conditions

(f, v0)H = 0 for all v0 ∈ N (T ∗) (5.3.3)
and

(u0, g)H = 0 for all u0 ∈ N (T ) , (5.3.4)

respectively. If (5.3.3) is satisfied then the general solution of (5.3.1) is of
the form
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u = u∗ +
k∑

�=1

c�u0(�)

where u∗ is a particular solution of (5.3.1) depending continuously on f :

‖u∗‖H ≤ c‖f‖H with a suitable constant c .

The u0(�) for � = 1, . . . , k are the linearly independent eigensolutions with
N (T ) = span {u0(�)}k�=1. Similarly, if (5.3.4) is fulfilled then the solution of
(5.3.2) has the representation

v = v∗ +
k∑

�=1

d�v0(�)

where v∗ is a particular solution of (5.3.2) depending continuously on g;
and v0(�) for � = 1, . . . , k are the linearly independent eigensolutions with
N (T ∗) = span {v0(�)}k�=1.

Our proof follows closely the presentation in Kantorowitsch and Akilow [153].
For ease of reading we collect the basic results in the following four lemmata
and will give the proof at the end of this section.

Lemma 5.3.2. The range �(T ) is a closed subspace of H.

Proof: Let {uk} ⊂ �(T ) be a convergent sequence and suppose that u0 =
limk→∞ uk. Our aim is to show that u0 ∈ �(T ). First, note that by Projection
Theorem 5.2.1, N (T ) is closed and we have the unique decomposition

H = N (T )⊕N (T )⊥ .

Moreover, R(T ) = T (N (T )⊥). Since uk ∈ R(T ), there exists vk ∈ N (T )⊥

such that uk = Tvk.
Now we consider two cases.

(1)We assume that the sequence ‖vk‖H is bounded. By the compactness of
the operator C, we take a subsequence {vk′} for which Cvk′ → u′ when
k′ →∞. We denote uk′ = Tvk′ = vk′ − Cvk′ . This implies that

vk′ = uk′ + Cvk′ → v0 = u0 + u′ .

Consequently,

Cvk′ → Cv0 and u0 = v0 − Cv0 = Tv0

which implies u0 ∈ R(T ), that is, R(T ) is closed.



228 5. Variational Formulations

(2) Suppose that ‖vk‖H is unbounded. Then there exists a subsequence
{vk′} with ‖vk′‖H →∞. Setting ṽk′ :=

vk′

‖vk′‖H
, we have ṽk′ ∈ N (T )⊥ and

‖ṽk′‖H = 1. With uk′ = Tvk′ we obtain

uk′

‖vk′‖H
= T ṽk′ = ṽk′ − Cṽk′ → 0 since uk′ → u0 .

Now let {ṽk′′} be an other subsequence of ṽk′ such that Cṽk′′ → u′′. This
implies the convergence ṽk′′ → u′′. Hence,

u′′ = Cu′′ with ‖u′′‖H = 1 .

However, ṽk′′ ∈ N (T )⊥ and so is the limit u′′ ∈ N (T )⊥. Hence, u′′ ∈ N (T )⊥∩
N (T ) = {0}. This contradicts the fact that ‖u′′‖H = 1. Therefore, only case
(1) is possible. �

Lemma 5.3.3. The sequence of sets N (T j) for j = 0, 1, 2, . . . with T 0 = I =
identity is an increasing sequence, i.e. N (T j) ⊆ N (T j+1). There exists a
smallest index m ∈ IN0 such that

N (T j) = N (Tm) for all j ≥ m and N (T j)⊂̇N (T j+1) for all j < m .

Proof: The assertion N (T j) ⊆ N (T j+1) is clear. Observe that if there is an
m ∈ IN with

N (Tm+1) = N (Tm) ,

then, by induction, one has N (T j) = N (Tm) for all j ≥ m. We now prove by
contradiction that there exists such an m. Suppose that it would not exist.
Then for every j ∈ IN, the set N (T j) was a proper subspace of N (T j+1).
Hence, there existed an element vj+1

0 �= vj+1 ∈ N (T j+1) ∩N (T j)⊥ .

Without loss of generality, we assume that

‖vj+1‖H = 1 .

This would define a sequence {vj}j∈IN with vj ∈ N (T j), and there existed a
subsequence {vj′} for which

Cvj′ → u0 .

Now, for m′ > n′, consider the difference

Cvm′ − Cvn′ = (vm′ − Tvm′)− (vn′ − Tvn′) = vm′ − zm′n′

where
zm′n′ := vn′ + Tvm′ − Tvn′ ∈ N (Tm′−1)

since

Tm′−1zm′n′ = Tm′−n′−1(Tn′
vn′) + Tm′

vm′ − Tm′−n′
(Tn′

vn′) = 0 .
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Because of TN (Tm′
) ⊂ N (Tm′−1) and n′ < m′, this would imply that

(zm′n′ , vm′)H = 0 .

Consequently,

‖vm′ − zm′n′‖2H = ‖vm′‖2H + ‖zm′n′‖2H ≥ 1 .

On the other hand, we would have

‖vm′ − zm′n′‖H = ‖Cvm′ − Cvn′‖H ≤ ‖Cvm′ − u0‖H + ‖Cvn′ − u0‖H ,

which implied that for m′ > n′,

‖vm′ − zm′n′‖H = ‖Cvm′ − Cvn′‖H → 0 as m′, n′ →∞ .

Since ‖vm′ − zm′n′‖H ≥ 1, we have a contradiction. �

Lemma 5.3.4. The ranges �j := �(T j) = T jH for j = 0, 1, 2, . . . with
�0 = H, form a decreasing sequence of closed subspaces of H, i.e. �j+1 ⊆ �j.
There exists a smallest index r ∈ IN0 such that

�r = �j for all j ≥ r and �j+1⊂̇�j for all j < r .

Proof: Lemma 5.3.2 guarantees that all �j ’s are closed subspaces. The
inclusion �j+1 ⊆ �j is clear from the definition. The existence of r will be
proved by contradiction.

Assume that for every j the space �j+1 is a proper subspace of �j . Then
for every j there would exist an element vj ∈ �j ∩ �⊥

j+1 with ‖vj‖H = 1.
Moreover, there existed a subsequence {vj′} such that

Cvj′ → u0 ∈ H for j′ →∞ ,

since C is compact. Choose m′ > n′ and consider the difference

(Cvn′ − u0)− (Cvm′ − u0) = vn′ − zn′m′

where
zn′m′ := vm′ + Tvn′ − Tvm′ ∈ �n′+1 .

Since with vm′ = Tm′
um′ and vn′ = Tn′

un′ and with T�n′ ⊂ �n′+1 ⊆ �m′

for m′ > n′, there would hold

zn′m′ = Tn′+1(Tm′−n′−1um′ − Tm′−n′
um′ + un′)

whereas vn′ ∈ �⊥
n′+1. Then, in the same manner as in the previous lemma,

we would have

‖vn′ − zn′m′‖2H = ‖vn′‖2H + ‖zn′m′‖2H ≥ 1
but

‖vn′ − zn′m′‖H ≤ ‖Cvn′ − u0‖H + ‖Cvm′ − u0‖H → 0 for m′ > n′ →∞ ;

a contradiction. �
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Lemma 5.3.5. Let m and r be the indices in the previous lemmata. Then
we have:
i. m = r.
ii. H = N (T r)⊕�r, which means that every u ∈ H admits a unique decom-

position
u = u0 + u1 where u0 ∈ N (T r) and u1 ∈ �r .

Proof: i.) We prove m = r in two steps:

(a) Assume that m < r. Choose any w ∈ �r−1, hence w = T r−1v for some
v ∈ H. This yields that

Tw = T rv ∈ �r = �r+1

by definition of r. Then

Tw = T r+1ṽ for some ṽ ∈ H ,

and, hence,
T r(v − T ṽ) = 0 .

Now, since m < r by assumption, we have

N (T r) = N (T r−1) = · · · = N (Tm)

and, thus,
T r−1(v − T ṽ) = 0

implying
�r−1 
 w = T r−1v = T rṽ ∈ �r .

Hence, we have the inclusions

�r−1 ⊆ �r ⊆ �r−1 and �r−1 = �r

which contradicts the definition of r as to be the smallest index.
(b) Assume that r < m. Set v ∈ N (Tm). Then,

Tm−1v ∈ �m−1 = · · · = �r and �m = �m−1 = �r ,

since m > r. Hence,

Tm−1v = Tmṽ for some ṽ ∈ H .

Moreover,
Tm+1ṽ = Tmv = 0 , since v ∈ N (Tm) .

The latter implies that

ṽ ∈ N (Tm+1) = N (Tm) by the definition of m.

Hence,
Tm−1v = Tmṽ = 0

which implies v ∈ N (Tm−1). Consequently, we have the inclusions

N (Tm) ⊆ N (Tm−1) ⊆ N (Tm) and N (Tm−1) = N (Tm)

which contradicts the definition of m.
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The result m = r, i.e., i.) then follows from (a) and (b).

ii.) For showing H = N (T r)⊕�r, let u ∈ H be given. Then T ru ∈ �r = �2r

and T ru = T 2rũ form some ũ ∈ H. Let u1 be defined by u1 := T rũ ∈ �r,
and let u0 := u− u1. For u0, we find

T ru0 = T ru− T ru1 = T 2rũ− T 2rũ = 0

and, hence, u0 ∈ N (T r). This establishes the decomposition: u = u0 + u1.
For the uniqueness of the decomposition, let v ∈ N (T r) ∩ �r. Then

v = T rw for some w ∈ H, and T rv = T 2rw = 0, since v ∈ N (T r). Hence,
w ∈ N (T 2r) = N (T r) which implies that

v = T rw = 0 and N (T r) ∩ �r = {0} .

This completes the proof. �

Theorem 5.3.6. a)The operator T maps the subspace H′ := T r(H) = �r

bijectively onto itself and T : H′ → H′ is an isomorphism.
b)The space H′′ := N (T r) is finite–dimensional and T maps H′′ into itself.
c)For the decomposition

u = u0 + u1 =: P0u + P1u

in Lemma 5.3.5, the projection operators P0 : H → H′′ and P1 : H → H′

are both bounded.
d)The compact operator C admits a decomposition of the form

C = C0 + C1

where

C0 : H → H′′ and C1 : H → H′ with C0C1 = C1C0 = 0

and both operators are compact. Moreover, T1 := I − C1 is an isomor-
phism on H.

Proof:

a) The definition of �r gives

T (�r) = �r+1 = �r ,

i.e. surjectivity. The injectivity of T on �r follows from r = m since

Tu0 = 0

for u0 ∈ �r implies u0 ∈ N (T ) ⊂ N (T r) and Lemma 5.3.5 ii.) yields
u0 = 0, i.e. injectivity.
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To show that T|H′ is an isomorphism on H′, it remains to prove that
(T|H′ )−1 on H′ is bounded. In fact, this follows immediately by using
Banach’s closed graph theorem (Schechter [270, p. 65]) since T|H′ is con-
tinuous and bijective and H′ is a closed subspace of the Hilbert space H
due to Lemma 5.3.5. However, we present an elementary contradiction ar-
gument by taking advantage of the special form T = I − C together with
the compactness of C.
Suppose (T|H′ )−1 is not bounded. Then there exists a sequence of elements
vj ∈ H′ with ‖vj‖H = 1 such that ‖wj‖H →∞ where wj = (T|H′ )−1vj .
For the corresponding sequence

uj := (wj

/
‖wj‖H) ∈ H′ with ‖uj‖H = 1

one has

Tuj = uj − Cuj =
1

‖wj‖H
Twj = (vj

/
‖wj‖H) → 0 for j →∞ . (5.3.5)

Because of the compactness of the operator C, there exists a subsequence
uj′ ∈ H′ such that

Cuj′ → u0 in H .

This implies from (5.3.5) that

uj′ = Cuj′ + vj′
/
‖wj′‖H → u0 ,

hence, u0 ∈ H′ and, moreover,

Tu0 = u0 − Cu0 = 0 with ‖u0‖H = 1 .

This contradicts the inectivity of T|H′ .
b) Since

T r = (I − C)r =: I − C̃

with a compact operator C̃, the unit sphere {v ∈ H′′ ∣∣ ‖v‖ ≤ 1} is com-
pact and, hence, H′′ is finite–dimensional due to a well–known property of
normal spaces, see e.g. Schechter [270, p. 86].

c) For any u ∈ H define

u1 := T−r
1 T ru =: P1u ∈ �r = H′ and

u0 := u− u1 = u− P1u =: P0u .

Then
T ru0 = T ru− T rP1u = T ru− T r

1 T
−r
1 T ru = 0

and P0u ∈ H′′. Clearly, P1 and P0 are bounded linear operators by defini-
tion. Moreover, the decomposition
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u = u0 + u1 = P0u + P1u (5.3.6)

is unique from Lemma 5.3.5 and we have

P0P1 = P1P0 = 0 .

d) With (5.3.6) we define the compact operators

C1 := CP1 and C0 := CP0 .

Since
C = I − T

we have with a) that

C|�r
= C|H′ = I|H′ − T|H′ : H′ → H′ .

Hence, C1 : H → H′.
Similarly, for every v0 ∈ H′′ we find that w0 := Cv0 satisfies

T rw0 = T r(Cv0) = T r(I − T )v0 = T rv0 − TT rv0 = 0 ,

i.e.
C|H′′ : H′′ → H′′ and C0 : H → H′′ .

The equation
C1C0 = C0C1 = 0

follows now immediately.
The invertibility of T1 = I − C1 follows from

T1u = T1u1 + T1u0 = T1u1 + (I − C1)u0 = T1u1 + u0 = P0f + P1f

with
u = (T1|H′

)−1P1f + P0f =: (I − C1)−1f

where all the operators on the right–hand side are continuous. Therefore,
I − C1 is an isomorphism on H. This completes the proof. �

Proof of Theorem 5.3.1:
i.)

a) If the solution of (5.3.1) is unique then the homogeneous equation

Tu0 = 0

admits only the trivial solution u0 = 0. Hence, r = m = 0,H′ = H and
T (H) = H in Lemma 5.3.5. The latter implies f ∈ T (H) which yields the
existence of u ∈ H with (5.3.1), i.e. solvability and that T : H → H is an
isomorphism.
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b) Suppose that (5.3.1) admits a solution u ∈ H for every given
f ∈ H. Then T (H) = H and Lemma 5.3.5 implies m = r = 0 and
N (T ) = {0}, i.e. uniqueness. and T : H → H is an isomorphism.

ii.) First let us show dim N (T ) = dim N (T ∗) <∞. Since N (T ) ⊂ N (T r) =
H′′, it follows from Theorem 5.3.6 that dim N (T ) =: k < ∞. Since with
C also C∗ being a compact operator on H, the same arguments imply
dim N (T ∗) =: k∗ <∞.

Since a basis u0(1), . . . , u0(k) is linearly independent, the well known
Hahn–Banach theorem (Schechter [269]) implies that there exist ϕj ∈ H with

(u0(�), ϕj) = δ�j for �, j = 1, . . . , k .

Similarly, there exist ψj ∈ H with

(ψj , v0(�)) = δj� for j, � = 1, . . . , k∗ .

Now let us suppose k < k∗. Consider the new operator

T̃w := Tw −
k∑

�=1

(w,ϕ�)ψ� .

If w0 ∈ N (T̃ ) then

0 = (v0(j), T̃w0) = (T ∗v0(j), w0)−
k∑

�=1

(w0, ϕ�)(v0(j), ψ�) = −(w0, ϕj)

for j = 1, . . . , k .

Hence,

T̃w0 = Tw0 − 0 = 0 and w0 =
k∑

�=1

α�u0(�) ∈ N (T )

where α� are some constants for � = 1, . . . , k. However,

0 = −(w0, ϕj) = −
k∑

�=1

α�(u0(�), ϕj) = −αj for j = 1, . . . , k

and we find
w0 = 0 .

Hence, N (T̃ ) = {0} and T̃ : H → H is an isomorphism due to i.). Then the
equation

T̃w∗ = Tw∗ −
k∑

�=1

(w∗, ϕ�)ψ� = ψk+1

has exactly one solution w∗ ∈ H for which we find
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0 = (v0(k+1), T̃w∗) = (v0(k+1), Tw∗)−
k∑

�=1

(w∗, ϕ�)(v0(k+1), ψ�)

= (v0(k+1), ψk+1) = 1 ,

an obvious contradiction. Hence, k∗ ≤ k.
In the same manner, by using T ∗∗ = T , we find k ≤ k∗ which shows

dim N (T ) = dim N (T ∗) = k .

Finally, if Equation (5.3.1) has a solution u then

(v0(�), f) = (v0(�), Tu) = (T ∗v0(�), u) = 0 for � = 1, . . . , k .

Moreover, if u∗ is any particular solution of (5.3.1) then u0 := u−u∗ ∈ N (T ).
Hence,

u = u∗ + u0 = u∗ +
k∑

�=1

α�u0(�) .

Conversely, if (v0(�), f) = 0 is satisfied for � = 1, . . . , k then solve the equation

T̃ u∗ = Tu∗ −
k∑

�=1

(u∗, ϕ�)ψ� = f

which admits exactly one solution u∗ ∈ H due to i. and, furthermore,

‖u∗‖H ≤ ‖T̃−1‖H,H‖f‖H

since T̃ is an isomorphism. For this solution we see that

(v0(j), f) = 0 = (v0(j), Tur −
k∑

�=1

(u∗, ϕ�)ψ�) = −(u∗, ϕj)

for every j = 1, . . . , k .

Hence, u∗ is a particular solution of (5.3.1). Clearly, any

u = u∗ + u0 with u0 ∈ N (T )

solves (5.3.1). This completes the proof of Theorem 5.3.1. �

5.3.2 The Riesz–Schauder and the Nikolski Theorems

Fredholm’s alternative can be generalized to operator equations between dif-
ferent Hilbert and Banach spaces which dates back to Riesz, Schauder and,
more recently, to Nikolski. Here, for simplicity, we confine ourselves to the
Hilbert space setting. Let
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T : H1 → H2

be a linear bounded operator between the two Hilbert spaces H1 and H2. If

T = TI − TC (5.3.7)

where TI is an isomorphism while TC is compact from H1 into H2, then for
T and its adjoint T ∗ defined by the relation

(Tu, v)H2 = (u, T ∗v)H1 for all u ∈ H1, v ∈ H2 , (5.3.8)

Fredholm’s alternative remains valid in the following form.

Theorem 5.3.7 (Riesz–Schauder Theorem). For the operator T of the
form in (5.3.7) and its adjoint operator T ∗ defined by (5.3.8) the following
alternative holds:
Either

i. N (T ) = {0} and �(T ) = H2

or
ii. 0 < dim N (T ) = dim N (T ∗) <∞.

In this case, the equations

Tu = f and T ∗v = g

have solutions u ∈ H1 or v ∈ H2, respectively, iff the corresponding right–
hand side satisfies the finitely many orthogonality conditions

(f, v0)H2 = 0 for all v0 ∈ N (T ∗)
or (g, u0)H1 = 0 for all u0 ∈ N (T ) ,

respectively. If these conditions are fulfilled then the general solution is of
the form

u = u∗ + ũ0 or v = v∗ + ṽ0 (5.3.9)

with a particular solution u∗ or v∗ depending continuously on f or g; and
any ũ0 ∈ N (T ) or ṽ0 ∈ N (T ∗), respectively.

Proof: In order to apply Theorem 5.3.1 we define the compact operator

C := T−1
I TC in H1 .

Since TI is an isomorphism, i. e. T−1
I H1 = H2, one can show easily

C∗ = T ∗
C(T ∗

I )−1

from the definition of the adjoint operator,

(Cu,w)H1 = (u,C∗w)H1 for all u,w ∈ H1 .
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Then Fredholm’s alternative, Theorem 5.3.1 is valid for the transformed equa-
tions

T−1
I Tu = (I − C)u = T−1

I f in H1 (5.3.10)
and

(I − C∗)w = g in H1

where w = T ∗
I v. Moreover, one verifies that the following relations hold:

�(T ) = TI�(I − C) and N (T ) = N (I − C) ; (5.3.11)

�(T ∗) = �(I − C∗) and N (T ∗) = (T ∗
I )−1N (I − C∗) . (5.3.12)

i. Equations (5.3.11) imply

N (T ) = {0} = N (I − C)
and

H1 = �(I − C) is equivalent to H2 = �(T ) .

ii. Because of (5.3.3), Equation (5.3.10) admits a solution iff

(T−1
I f, w0)H1 = 0 for all w0 ∈ N (I − C∗) .

The latter is equivalent to

(f, (T ∗
I )−1w0)H2 = (f, v0)H2 = 0

for all v0 = (T ∗
I )−1w0 with w0 ∈ N (I − C∗). Then it follows from (5.3.12)

that v0 traces the whole eigenspace N (T ∗) = (T ∗
I )−1N (I −C∗). This proves

the claims for the equation Tu = f . For the adjoint equation

T ∗v = g

we can proceed in the same manner by making use of both equations in
(5.3.12) and the second relation in (5.3.11). The representation formu-
lae (5.3.9) for the solutions can be derived by using the relations (5.3.11)
and (5.3.12) again together with the corresponding representations in
Theorem 5.3.1. This completes the proof. �

For the Riesz–Schauder Theorem 5.3.7, the assumptions on the operator T
in (5.3.7) are not only sufficient but also necessary as will be shown in the
following theorem.

Theorem 5.3.8 (Nikolski’s Theorem). Let T : H1 → H2 be a bounded
linear operator for which the Riesz–Schauder theorem 5.3.7 holds. Then T is
of the form

T = TI − TF (5.3.13)
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with some isomorphic operator TI ;H1 → H2 and a finite–dimensional oper-
ator TF .

The latter means that there exist two finite–dimensional orthogonal sets
{ϕj}kj=1 ∈ H1 and {ψj}kj=1 ∈ H2 such that

TFu =
k∑

j=1

(u, ϕj)H1ψj . (5.3.14)

Remark 5.3.1: Note that TF is a compact operator and, hence, the repre-
sentation (5.3.13) is a special case of the operators in (5.3.7) considered in
the Riesz–Schauder Theorem 5.3.7.

Proof: Let u0(�) ∈ H1 and v0(�) ∈ H2 be orthogonal bases of
the k–dimensional nullspaces N (T ) and N (T ∗) in the Riesz–Schauder
theorem 5.3.7, respectively. Then define corresponding orthogonal systems
ϕj ∈ H1, ψj ∈ H2 satisfying

(u0(�), ϕj)H1 = δ�j and (ψj , v0(�))H2 = δj� for j, � = 1, . . . , k .

With these elements we introduce the finite–dimensional operator TF as in
(5.3.14) and define the bounded linear operator

TI := T + TF .

It remains now to show that TI : H1 → H2.

i. Injectivity: Suppose u ∈ H1 with

TIu = 0 .

Then u solves

Tu = −
k∑

j=1

(u, ϕj)H1ψj .

Hence, the validity of the orthogonality conditions in Theorem 5.3.7 implies

−
k∑

j=1

(u, ϕj)H1(ψj , v0(�))H2 = −(u, ϕ�)H1 = 0 for � = 1, . . . , k . (5.3.15)

Hence,
Tu = 0

and, therefore,

u =
k∑

�=1

α�u0(�)
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due to the assumed validity of the Riesz–Schauder theorem 5.3.7. However,
equations (5.3.15) imply α� = 0 for � = 1, . . . , k, hence, u ≡ 0.

ii. Surjectivity: Given any f ∈ H2. We show that there exists a solution
w ∈ H1 of

TIw = f .

To this end consider

f ′ := f −
k∑

j=1

(f, v0(j))H2ψj

which satisfies
(f ′, v0(�))H2 = 0 for � = 1, . . . , k .

Hence, by the Riesz–Schauder theorem 5.3.7, there exists a family of solutions
w′ ∈ H1 of the form

w′ = w∗ +
∑

j=1

αju0(j) with αj ∈ C

to
Tw′ = f ′

and
‖w∗‖H1 ≤ c‖f ′‖H2 ≤ c′‖f‖H2 ,

the last inequality following from the construction of f ′. In particular, for the
special choice

αj := (f, v0(j))H2 − (w∗, ϕj)H1

this yields

TIw
′ = Tw′ + TFw′

= f ′ +
k∑

j=1

(w∗ +
k∑

�=1

α�u0(�), ϕj)H1ψj

= f −
k∑

j=1

(f, v0(j))H2ψj +
k∑

j=1

k∑

�=1

(f, v0(�))H2(u0(�), ϕj)H1ψj

= f,

which completes the proof of the surjectivity.

iii. Continuity of (TI)−1 : H2 → H1:
The definition of the αj implies with the continuous dependence of w∗ on

f that
|αj | ≤ c′′‖f‖H2 .
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Hence, we also have

‖w′‖H1 = ‖(TI)−1f‖H1 ≤ c′′′‖f‖H2

which is the desired continuity. �

As an easy consequence of Theorems 5.3.7 and 5.3.8 and Remark 5.3.1
we find the following result.

Corollary 5.3.9. Let T : H1 → H2 be a bounded linear operator. Then the
following statements are equivalent:

– T = TI − TC in (5.3.7).
– Fredholm’s alternative in the form of the Riesz–Schauder theorem 5.3.7 is

valid for T .
– T = T̃I−TF in (5.3.13) where T̃I is an isomorphism (which can be different

from TI) and TF is a finite–dimensional operator.

5.3.3 Fredholm’s Alternative for Sesquilinear Forms

In the context of variational problems one is lead to variational equations of
the form (5.2.1) where the sesquilinear form a(·, ·) satisfies a G̊arding inequa-
lity (5.2.2) and where, in general, the compact operator C does not van-
ish. Then Theorem 5.3.7 can be used to establish Fredholm’s alternative for
the variational equation (5.2.1) which generalizes the Lax–Milgram theorem
5.2.3. For this purpose, let us also introduce the homogeneous variational
problems for the sesquilinear form a and its adjoint:

Find u0 ∈ H such that

a(v, u0) = 0 for all v ∈ H (5.3.16)
and v0 ∈ H such that

a∗(u, v0) = a(v0, u) = 0 for all u ∈ H . (5.3.17)

The latter is the adjoint problem to (5.3.16).

Theorem 5.3.10. For the variational equation (5.2.1) in the Hilbert space
H where the continuous sesquilinear form a(·, ·) satisfies G̊arding’s inequality
(5.2.2), there holds the alternative:
Either

i. (5.2.1) has exactly one solution u ∈ H for every given � ∈ H∗

or
ii. The homogeneous problems (5.3.16) and (5.3.17) have finite–dimen-

sional nullspaces of the same dimension k > 0. The nonhomogeneous problem
(5.2.1) and its adjoint: Find v ∈ H such that

a(v, w) = �∗(w) for all w ∈ H
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have solutions iff the orthogonality conditions

�(v0(j)) = 0 , respectively, �∗(u0(j)) = 0 for j = 1, . . . , k,

are satisfied where {u0(j)}kj=1 spans the eigenspace of (5.3.16) and
{v0(j)}kj=1 spans the eigenspace of (5.3.17), respectively.

Proof: First let us rewrite the variational equation (5.2.1) in the form

a(v, u) = (v, jAu)H = (v, f)H = �(v)

where the mappings A : H → H∗ and jA : H → H are linear and bounded
and where f ∈ H represents � ∈ H∗ due to the Riesz representation theorem
5.2.2. Then we can identify the variational equation (5.2.1) with the operator
equation

(TI − TC)u = jAu = f (5.3.18)

where
TI := jA + C , TC = C

with the compact operator C in G̊arding’s inequality (5.2.2). Because of the
Lax–Milgram theorem 5.2.3, the H–elliptic operator TI defines an isomor-
phism from H onto H.

Similarly, the adjoint problem:
Find v ∈ H such that

(w, (jA)∗)H = a(v, w) = �∗(w) = (w, g)H for all w ∈ H ,

can be rewritten as to find the solution v ∈ H of the operator equation

(T ∗
I − T ∗

C)v = (jA)∗v = g (5.3.19)

with T ∗
I = (jA)∗ + C∗ and T ∗

C = C∗.
The operators TI and TC satisfy all of the assumptions in the Riesz–

Schauder theorem 5.3.7 with H1 = H2 = H. An application of that theorem
to equations (5.3.18) and (5.3.19) provides all claims in Theorem 5.3.10. �

Remark 5.3.2: In the case that the G̊arding inequality (5.2.2) is replaced
by the weaker condition

|a(v, v) + (Cv, v)H| ≥ α0‖v‖2H (5.3.20)

then Theorem 5.3.10 remains valid with the same proof.

5.3.4 Fredholm Operators

We conclude this section by including the following theorems on Fredholm
operators on Hilbert spaces. (For general Banach spaces see e.g. Mikhlin and
Prössdorf [215] where one may find detailed results and historical remarks
concerning Fredholm operators.)
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Definition 5.3.1. Let H1 and H2 be two Hilbert spaces. The linear bounded
operator A : H1 → H2 is called a Fredholm operator if the following
conditions are satisfied:

i The nullspace N (A) of A has finite dimension,
ii the range �(A) of A is a closed subspace of H2,
iii the range �(A) has finite codimension.

The number

index(A) = dim N (A)− codim �(A) (5.3.21)

is called the Fredholm index of A.

Theorem 5.3.11. The linear bounded operator A : H1 → H2 is a Fredholm
operator if and only if there exist continuous linear operators Q1, Q2 : H1 →
H2 such that

Q1A = I − C1 and AQ2 = I − C2 (5.3.22)

with compact linear operators C1 in H1 and C2 in H2.
If both B : H1 → H2 and A : H2 → H3 are Fredholm operators then

A ◦B also is a Fredholm operator from H1 to H3 and

index(A ◦B) = index(A) + index(B) . (5.3.23)

For a Fredholm operator A and a compact operator C, the sum A + C is
a Fredholm operator and

index(A + C) = index(A) . (5.3.24)

The set of Fredholm operators is an open subset in the space of bounded linear
operators and the index is a continuous function. The adjoint operator A∗of
a Fredholm operator A is also a Fredholm operator and

index(A∗) = −index(A) . (5.3.25)

The equation
Au = f (5.3.26)

with f ∈ H2 is solvable if and only if

(f, v0)H2 = 0 for all v0 ∈ N (A∗) ⊂ H2 . (5.3.27)

Moreover,

dim N (A∗) = codim �(A) and dim N (A) = codim �(A∗) .
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5.4 G̊arding’s Inequality for Boundary Value Problems

In order to apply the abstract existence results for sesquilinear forms in
Section 5.2 to the solution of the boundary value problems defined in Section
5.1, we need to verify the G̊arding inequality for the sesquilinear form corre-
sponding to the variational formulation of the boundary value problem. This
is by no means a simple task. It depends on the particular underlying Hilbert
space which depends on the boundary conditions together with the partial
differential operators involved. In the most desirable situation, if the partial
differential operators satisfy some strong, restrictive ellipticity conditions, the
G̊arding inequality can be established on the whole space and every regular
boundary value problem with such a differential operator allows a variational
treatment based on the validity of G̊arding’s inequality.

We shall present first the simple case of second order scalar equations and
systems and then briefly present the cases of one 2m–th order equation.

5.4.1 G̊arding’s Inequality for Second Order Strongly Elliptic
Equations in Ω

In this subsection we shall consider systems of the form (5.1.1) and begin
with the scalar case p = 1.

The case of one scalar second order equation
For the G̊arding inequality, let us confine to the case of one real equation,

i.e. the ajk(x) are real–valued functions and Θ = 1 in (3.6.2). Then the
uniform strong ellipticity condition takes the form

n∑

j,k=1

ajk(x)ξjξk ≥ α0|ξ|2 for all ξ ∈ IRn (5.4.1)

with α0 > 0. Without loss of generality, we may also assume ajk = akj . In
this case, we can easily show that G̊arding’s inequality is satisfied on the
whole space H1(Ω).

Lemma 5.4.1. Let P in (5.1.1) be a scalar second order differential oper-
ator with real coefficients satisfying (5.4.1). Then aΩ(u, v) given by (5.1.3)
is a continuous sesquilinear form on H = H1(Ω) and satisfies the G̊arding
inequality

Re{aΩ(v, v) + (Cv, v)H1(Ω)} ≥ α0‖v‖2H1(Ω) for all v ∈ H1(Ω) , (5.4.2)

where the compact operator C is defined by

(Cu, v)H1(Ω) := −
∫

Ω

{ n∑

j=1

bj(x)
∂u

∂xj
(x) + (c(x)− α0)u(x)

}�
v(x)dx (5.4.3)
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via the Riesz representation theorem in H1(Ω). Moreover, for the scalar op-
erator P , (5.4.2) remains valid if aΩ is replaced by ãΩ, cf. (5.1.28) and a
compact operator C̃ = C + additional lower order terms due to the obvious
modifications in (5.1.28).

Proof: The continuity of aΩ(u, v) given by (5.1.3), in H1(Ω) × H1(Ω)
follows directly from the Cauchy–Schwarz inequality and the boundedness of
the coefficients of P . By definition, let

bΩ(u, v) := aΩ(u, v) + (Cu, v)H1(Ω)

=
∫

Ω

n∑

j,k=1

(
ajk

∂u

∂xk

)� ∂v

∂xj
dx + α0

∫

Ω

u(x)�v(x)dx

with C given by (5.4.3). As can be easily verified, bΩ(u, v) = bΩ(v, u) and,
hence, bΩ(v, v) is real. Then, applying (5.4.1) to the first terms on the right
for u = v yields the inequality

Re bΩ(v, v) = bΩ(v, v) ≥ α0

{∫

Ω

n∑

j=1

∣∣∣∣
∂v

∂xj

∣∣∣∣
2

dx +
∫

Ω

|v|2dx
}

= α0‖v‖2H1(Ω) .

What remains to be shown, is the compactness of the operator C. Since

(u,C∗v)H1(Ω) = (Cu, v)H1(Ω)

we find from (5.4.3)

|(u,C∗v)H1(Ω)| ≤ c′‖u‖H1(Ω) ‖v‖L2(Ω)

where c′ = maxx∈Ω∧j=1,...,n{|bj(x)|, |C(x)− α0|} which implies that C∗ sat-
isfies

‖C∗v‖H1(Ω) ≤ c′‖v‖L2(Ω) .

Hence, C∗ maps L2(Ω) into H1(Ω) continuously. Since strong Lipschitz do-
mains enjoy the uniform cone property, Rellich’s lemma (4.1.32) implies com-
pactness of C∗ : H1(Ω) → H1(Ω). Therefore, C becomes compact, too.

The G̊arding inequality with ãΩ instead of aΩ follows from (5.4.2) since
the two principal parts differ only by the skew–symmetric term (5.1.28) due
to (5.1.26), which cancel each other for u = v, and lower order terms. �

The case of second order systems
In the scalar case, Lemma 5.4.1 shows that G̊arding’s inequality is valid

on the whole space. However, for the second order uniformly strongly elliptic
system (5.1.1) with p > 1, G̊arding’s inequality remains valid only on the
subspace H1

0 (Ω). The latter is the well–known G̊arding’s theorem which we
state without proof.
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Theorem 5.4.2. (G̊arding [92]) (see also Fichera [77, p. 365], Nečas [229,
Théorème 7.3. p. 185], Wloka [322, Theorem 19.2])

For a bounded domain Ω ⊂ IRn and P having continuous coefficients in
Ω, the uniform strong ellipticity (3.6.2) with Θ = I is necessary and sufficient
for the validity of G̊arding’s inequality on H1

0 (Ω):

Re{aΩ(v, v) + (Cv, v)H1
0 (Ω)} ≥ α0‖v‖2H1(Ω) for all v ∈ H1

0 (Ω) . (5.4.4)

On the whole space H1(Ω), however, the validity of G̊arding’s inequality is
by no means trivial. We now collect some corresponding results.

Definition 5.4.1. The system (5.1.1) of second order is called very strongly
elliptic at the point x ∈ IRn, if there exists α0(x) > 0 such that

Re

n∑

j,k=1

ζ�j ajk(x)ζk ≥ α0(x)
n∑

�=1

|ζ�|2 for all ζ� ∈ C
p (5.4.5)

(see Nečas [229, p. 186] and for real equations Ladyženskaya [180, p. 296]).

The system (5.1.1) is called uniformly very strongly elliptic in Ω if
α0(x) ≥ α0 > 0 for all x ∈ Ω with a constant α0.

Theorem 5.4.3. If the system (5.1.1) is uniformly very strongly elliptic in
Ω then G̊arding’s inequalities

Re{aΩ(v, v) + (Cv, v)H1(Ω)} ≥ α0‖v‖2H1(Ω) (5.4.6)

holds for all v ∈ H1(Ω), i.e. on the whole space H1(Ω).

Re{ãΩ(v, v) + (C̃v, v)H1(Ω)} ≥ α0‖v‖2H1(Ω) (5.4.7)

holds for all v ∈ H1(Ω) provided ajk = akj = a∗jk.

The proof of (5.4.6) can be found in Nečas [229, p. 186].
The very strong ellipticity is only a sufficient condition for the validity

of (5.4.6). For instance, the important Lamé system is strongly elliptic but
not very strongly elliptic. Nevertheless, as will be shown, here we still have
G̊arding’s inequality on the whole space. This will lead to the formally posi-
tive elliptic systems which include the Lamé system as a particular case. To
illustrate the idea, we begin with the general linear system of elasticity in the
form of the equations of equilibrium,

(Pu)j = −
n∑

k=1

∂

∂xk
σjk(x) = fj(x) for j = 1, · · · , n . (5.4.8)

Here, fj(x) denotes the components of the given body force field and σjk(x)
is the stress tensor, related to the strain tensor



246 5. Variational Formulations

εjk(x) =
1
2

(∂uj

∂xk
+

∂uk

∂xj

)
(5.4.9)

via Hooke’s law

σjk(x) =
n∑

�,m=1

cjk�m(x)ε�m(x) . (5.4.10)

The elasticity tensor cjk�m has the symmetry properties

cjk�m = ckj�m = cjkm� = cm�jk . (5.4.11)

Therefore, in the case n = 3 or n = 2 there are only 21 or 6 different entries,
respectively, the elasticities which define the symmetric positive definite 3(n−
1)× 3(n− 1) Sommerfeld matrix

C̃(x) =

⎛

⎜⎜⎜⎜⎜⎜⎝

c1111 c1122 c1133 c1123 c1131 c1112
· c2222 c2233 c2223 c2231 c2212
· · c3333 c3323 c3331 c3312
· · · c2323 c2331 c2312
· · · · c3131 c3112
· · · · · c1212

⎞

⎟⎟⎟⎟⎟⎟⎠
for n = 3 ,

and

C̃(x) =

⎛

⎝
c1111 c1122 c1112
· c2222 c2212
· · c1212

⎞

⎠ for n = 2 .

For the isotropic material, the elasticities are explicitly given by

c1111 = c2222 = c3333 = 2µ + λ ,
c2323 = c3131 = c1212 = µ ,
c1122 = c1133 = c2233 = λ and
cjkm� = 0 for all remaining indices.

Following Leis [184], we introduce the matrix G of differential operators
generalizing the Nabla operator:

G :=

⎛

⎝
∂

∂x1
0 0 0 ∂

∂x3

∂
∂x2

0 ∂
∂x2

0 ∂
∂x3

0 ∂
∂x1

0 0 ∂
∂x3

∂
∂x2

∂
∂x1

0

⎞

⎠

�

for n = 3 ,

whereas for n = 2, delete the columns containing ∂
∂x3

and the last row.
For convenience, we rewrite G in the form

G =
n∑

k=1

Gk
∂

∂xk
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where, for each fixed k = 1, . . . , n, Gk = ((G�mk))�=1...,3(n−1)
m=1,··· ,n

is a constant

3(n − 1) × n matrix of the same form as G. In terms of the Sommerfeld
matrix C̃ and of G, the equations of equilibrium (5.4.8) can be rewritten in
the form

Pu = −
n∑

j,k=1

∂

∂xj

(
ajk

∂u

∂xk

)
:= −G�C̃Gu = −

n∑

j,k=1

∂

∂xj
G�
j C̃Gk

∂

∂xk
u = f .

(5.4.12)
Then (5.1.2) reads

∫

Ω

(Pu)�v̄dx = aΩ(u, v)−
∫

Γ

(∂νu)�v̄ds

where the sesquilinear form aΩ is given by

aΩ(u, v) =
∫

Ω

( n∑

j=1

Gj
∂u

∂xk

)�
C̃
( n∑

k=1

Gk
∂v̄

∂xk

)
dx (5.4.13)

and the boundary traction is the corresponding conormal derivative,

∂νu =
n∑

j,k=1

njG�
j C̃Gk

∂u

∂xk
=

( n∑

j=1

nkσjk

)

k=1,··· ,n
. (5.4.14)

In this sesquilinear form, the elasticities C̃(x) form a symmetric 3(n − 1) ×
3(n− 1) matrix, which is assumed to be uniformly positive definite.

Consequently, we have

aΩ(u, u) ≥
∫

Ω

α0(x)
∣∣∣

n∑

k=1

Gk
∂u

∂xk

∣∣∣
2

dx ≥ α0

∫

Ω

|Gu|2
IR3(n−1)dx

with a positive constant α0, and where | · |IR3(n−1) denotes the 3(n − 1)–
Euclidean norm. A simple computation shows

|Gu|2
IR3(n−1) =

n∑

j=1

∣∣∣∣
∂uj

∂xj

∣∣∣∣
2

+
n∑

j,k=1
j �=k

∣∣∣∣
∂uj

∂xk
+

∂uk

∂xj

∣∣∣∣
2

≥
n∑

j,k=1

ε2
jk .

Hence,

aΩ(u, u) ≥ α0

∫

Ω

n∑

j,k=1

εjk(x)2dx , (5.4.15)

and G̊arding’s inequality in the form (5.4.6) on the whole space H1(Ω) fol-
lows from the celebrated Korn’s inequality given in the Lemma below, in
combination with the compactness of the imbedding H1(Ω) ↪→ L2(Ω).
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Lemma 5.4.4. (Korn’s inequality) For a bounded strongly Lipschitz domain
Ω there exists a constant c > 0 such that the inequality

∫

Ω

n∑

j,k=1

εjk(x)2dx ≥ c‖u‖2H1(Ω) − ‖u‖2L2(Ω) (5.4.16)

holds for all u ∈ H1(Ω).

The proof of Korn’s inequality (5.4.16) is by no means trivial. A direct proof
of (5.4.16) is given in Fichera [77], see also Ciarlet and Ciarlet [43], Kondratiev
and Oleinik [166] and Nitsche [241]. However, as we mentioned previously,
the elasticity system belongs to the class of systems called formally positive
elliptic systems. For this class, under additional assumptions, one can estab-
lish G̊arding’s inequality on the whole space H1(Ω) by a different approach
which then also implies Korn’s inequality.

Definition 5.4.2. (Nečas [229, Section 3.7.4], Schechter [269], Vishik [312])
The system (5.1.1) is called formally positive elliptic if the coefficients
of the principal part can be written as

ajk(x) =
t∑

r=1

�̄rj(x)��rk(x) for j, k = 1, · · · , n (5.4.17)

with t ≥ p complex vector–valued functions �rk =
(
�rk1(x), · · · , �rkp(x)

)�

which satisfy the condition

t∑

r=1

∣∣∣
n∑

j=1

�rj(x)ξj
∣∣∣ �= 0 for all 0 �= ξ = (ξ1, · · · , ξn) ∈ IRn (5.4.18)

which is referred to as the collective ellipticity Schechter [269]. Note that

ajk = a∗kj (5.4.19)

We now state the following theorem.

Theorem 5.4.5. (Nečas [229, Théorème 3.7.7]) Let Ω be a bounded, strong
Lipschitz domain and let the system (5.1.1) be formally positive elliptic with
coefficients �rj(x) in (5.4.17) satisfying the additional rank condition:

rank
( n∑

j=1

�rjξj

)

r=1,··· ,t
= p for every ξ = (ξ1, · · · , ξn) ∈ C

n \ {0} .

(5.4.20)

Then the sesquilinear form aΩ in (5.1.3) as well as ãΩ in (5.1.28) satisfy
G̊arding’s inequalities (5.4.6) and (5.4.7), respectively, on the whole space
H1(Ω).
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We note that the rank condition (5.4.20) always implies the collective
ellipticity condition (5.4.18); the converse, however, is not true in general. The
G̊arding inequality for ãΩ follows from that for aΩ with the same arguments
as before in Theorem 5.4.3. The proof of Theorem 5.4.5 relies on the following
crucial a–priori estimate:

‖u‖2H1(Ω) ≤ c
{
‖u‖2L2(Ω) +

t∑

r=1

‖Lru‖2L2(Ω)

}
(5.4.21)

where

Lru =
n∑

k=1

��rk
∂u

∂xk
,

which holds under the assumptions of Theorem 5.4.5 for the collectively el-
liptic system Lr. For its derivation see Nečas [229, Théorème 3.7.6].

For the elasticity system (5.4.12) we now show that it satisfies all the
above assumptions of Theorem 5.4.5. We note that the Sommerfeld matrix
C̃(x) admits a unique square root which is again a 3(n−1)×3(n−1) positive
definite symmetric matrix which will be denoted by

C̃
1
2 (x) = ((c̃(

1
2 )

rq ))3(n−1)×3(n−1) .

In particular, for isotropic materials we have explicitly

C̃
1
2 =

1
3

⎛

⎜⎜⎜⎜⎜⎜⎝

ζ + η ζ + η ζ + η 0 0 0 0
· ζ − η ζ − η 0 0 0 0
· · ζ − η 0 0 0 0
· · · 3

√
µ 0 0 0

· · · · · 3
√
µ 0

· · · · · 0 3
√
µ

⎞

⎟⎟⎟⎟⎟⎟⎠
(5.4.22)

for n = 3 with ζ =
√

2µ + nλ and η =
√

2µ ,

and where, for n = 2 the rows and columns with r, q = 3, 5 and 6 are to be
deleted. In terms of C̃

1
2 , the system (5.4.12) takes the form

−
n∑

j,k=1

∂

∂xj

(
ajk(x)

∂u

∂xk

)
= −

n∑

j,k=1

∂

∂xj

(
(C̃

1
2Gj)�(C̃

1
2Gk)

∂u

∂xk

)
= f .

Then the product of the two matrices can also be written as

(C̃
1
2 (x)Gj)�(C̃

1
2 (x)Gk) =

3(n−1)∑

r=1

�rj(x)��rk(x) = ajk(x) (5.4.23)

with the real valued column vector fields �rj(x) given by

G�
j C̃

1
2 (x) = (�1j(x), · · · , �3(n−1),j(x)) for j = 1, · · · , n .
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In order to apply Theorem 5.4.5 to the elasticity system it remains to ver-
ify the rank condition (5.4.20) which will be shown by contradiction. Then
(5.4.20) implies condition (5.4.18).

Suppose that the rank is less than p = n. Then there existed some complex
vector ξ = (ξ1, · · · , ξn) �= 0 and

∑n
j=1 �rjξj = 0 for all r = 1, · · · , 3(n − 1).

Then, clearly,
3(n−1)∑

r=1

n∑

j,k=1

(�rj(x)��rk(x))ξj ξ̄k = 0

which would imply with (5.4.23) that the n× n matrix equation

n∑

j,k=1

(Gjξj)�C̃(x)(Gk ξ̄k) = 0

holds and, hence, the positive definiteness of C̃(x) would imply

0 =
n∑

k=1

Gk ξ̄k =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

⎛

⎝
ξ̄1 0 0 0 ξ̄3 ξ̄2
0 ξ̄2 0 ξ̄3 0 ξ̄1
0 0 ξ̄3 ξ̄2 ξ̄1 0

⎞

⎠
�

for n = 3 ,

(
ξ̄1 0 ξ̄2
0 ξ̄2 ξ̄1

)�
for n = 2 .

The latter yields ξ = (ξ1, · · · , ξn) = 0 which contradicts our supposition
ξ �= 0. Hence, the rank equals p = n. This completes the verification of all the
assumptions required for the elasticity system to provide G̊arding’s inequality
on H1(Ω) for the associated sesquilinear form (5.4.13).

5.4.2 The Stokes System

The Stokes system (2.3.1) does not belong to the class of second order sys-
tems, elliptic in the sense of Petrovskii but nevertheless, in Section 2.3, Tables
2.3.3 and 2.3.4, we formulated boundary integral equations of various kinds
for the hydrodynamic Dirichlet and traction problems. Here we formulate cor-
responding bilinear variational problems in the domain Ω and appropriate
G̊arding inequalities based on the first Green’s identity for the Stokes system
(see Dautray and Lions [59], Galdi [91], Kohr and Pop [163], Ladyženskaya
[179], Temam [303], Varnhorn [310]).

Find (u, p) ∈ H1(Ω)× L2(Ω) such that

aΩ(u,v)− b(p,v) + b�(u, q) =
∫

Ω

f · vdx +
∫

Γ

T (u) · vds (5.4.24)

is satisfied for (v, q) ∈ H1(Ω)× L2(Ω).



5.4 G̊arding’s Inequality for Boundary Value Problems 251

Here the bilinear forms in (5.4.24) are defined as

aΩ(u,v) := µ
n∑

j=1

∫

Ω

∇uj · ∇vjdx + µ
n∑

j,k=1

∫

Ω

∂uj

∂xk

∂vk
∂xj

dx ,

b(p,v) :=
∫

Ω

p∇ · vdx , b�(u, q) :=
∫

Ω

(∇ · u)qdx ,

(5.4.25)

and µ is the fluid’s dynamic viscosity.
Clearly, aΩ is continuous on H1(Ω) × H1(Ω) and b on L2(Ω) × H1(Ω). In
addition to (5.4.24) one has to append boundary conditions on Γ such as,
e.g., the Dirichlet or traction conditions, and to specify the trial and test
fields accordingly.

Since the bilinear form aΩ can also be written as

aΩ(u,v) = 2µ
n∑

j,k=1

∫

Ω

εjk(u)εjk(v)dx (5.4.26)

with the strain tensor εjk given by (5.4.9), the Korn inequality (5.4.16) yields
the G̊arding inequality:

aΩ(v,v) ≥ c‖v‖2H1(Ω) − (Cv,v)H1(Ω) for all v ∈ H1(Ω) (5.4.27)

where (Cv,u)H1(Ω) = µ(v,u)L2(Ω) and C is compact in H1(Ω) due to the
Rellich Lemma (4.1.32). Hence, (5.4.24) is to be treated as a typical saddle
point problem (Brezzi and Fortin [25, II Theorem11]).

In order to formulate the boundary condition with the weak formulation
(5.4.24) properly we again need an extension of the mapping (2.3.6), (u, p) �→
T (u) to an appropriate subspace of H1(Ω)× L2(Ω) as in Lemma 5.1.1, and
therefore define

H1(Ω,Pst) := {(u, p) ∈ H1(Ω)× L2(Ω) |∇p− µ∆p ∈ H̃−1
0 (Ω)} (5.4.28)

equipped with the graph norm

‖(u, p)‖H1(Ω,Pst) := ‖u‖H1(Ω) + ‖p‖L2(Ω) + ‖∇p− µ∆u‖
H̃−1(Ω)

. (5.4.29)

Lemma 5.4.6. For given fixed (u, p) ∈ H1(Ω,Pst), the linear mapping

v �→
∫

Γ

v ·T (u)ds := aΩ(Zv,u)−b�(Zv, p)−
∫

Ω

Zv · (∇p−∆u)dx (5.4.30)

for v ∈ H
1
2 (Γ ) defines a continuous linear functional T (u) ∈ H− 1

2 (Γ ) where
Z is a right inverse to the trace operator γ0 in (4.2.39). The linear mapping
(u, p) �→ T (u) from H1(Ω,Pst) into H− 1

2 (Γ ) is continuous, and there holds
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∫

Ω

(∇p−∆u) · vdx +
∫

Γ

T (u) · vds = aΩ(u,v)− b(p,v)

for (u, p) ∈ H1(Ω,Pst) and v ∈ H1(Ω) .

(5.4.31)

Hence, T (u) is an extension of (2.3.6) to H1(Ω,Pst).

The Interior Dirichlet Problem for the Stokes System
Here f ∈ H̃−1

0 (Ω) and ϕ ∈ H
1
2 (Γ ) are given where ϕ satisfies the necessary

compatibility conditions
∫

Γ�

ϕ · n�ds = 0 , � = 1, . . . , L̃ . (5.4.32)

Then we solve for the desired solenoidal field

u ∈ H1
div(Ω) := {w ∈ H1(Ω) |divw = 0 in Ω} (5.4.33)

the variational problem: Find u ∈ H1
div(Ω) with u|Γ = ϕ as the solution of

aΩ(u,v) =
∫

Ω

f · vdx for all v ∈ H1
0,div(Ω) := {v ∈ H1

div(Ω) |v|Γ = 0} .

(5.4.34)

Since H1
0,div(Ω)⊂̇H1

0 (Ω)⊂̇H1(Ω) is a closed subspace of H1(Ω) and aΩ
satisfies the G̊arding inequality (5.4.27), for (5.4.34) Theorem 5.3.10 can be
applied. Moreover, (5.4.34) is equivalent to the following variational problem
with the Dirichlet bilinear form.

Lemma 5.4.7. The variational problem (5.4.34) is equivalent to
Find u ∈ H1

div(Ω) with u|Γ = ϕ of

µ

n∑

j=1

∫

Ω

∇uj · ∇vjdx =
∫

Ω

f · vdx for all v ∈ H1
0,div(Ω) . (5.4.35)

The latter with ϕ = 0 only has the trivial solution. Hence, (5.4.35) as well
as (5.4.34) have a unique solution, respectively.

Proof of Lemma 5.4.7: If u ∈ C2(Ω) ∩ C1(Ω) with ∇ · u = 0 and
v ∈ H1

0,div(Ω) then integration by parts yields
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aΩ(u,v) = µ
n∑

j=1

∫

Ω

∇uj · ∇vjdx

+ µ

∫

Ω

{ n∑

j,k=1

∂

∂xj

(∂uj

∂xk
vk

)
−

n∑

k=1

( ∂

∂xk
∇ · u

)
vk

}
dx

= µ

n∑

j=1

∫

Ω

∇uj · ∇vjdx + µ

∫

Γ

∂uj

∂xk
vknkds

= µ

n∑

j=1

∫

Ω

∇uj · ∇vjdx

since v|Γ = 0. Since the bilinear forms on the left and the right hand side
are continuous on H1

div(Ω), by completion we obtain the proposed equality
also for u ∈ H1

div(Ω). �

With u ∈ H1
div(Ω) available we obtain T (u) from (5.4.31), i.e.,

∫

Γ

T (u) · vds =
∫

Ω

f · vds + aΩ(u,v) for all v ∈ H1
div(Ω) (5.4.36)

defines T (u) ∈ H− 1
2 (Γ ). Then the pressure p can be obtained from (2.3.12).

The corresponding mapping properties of the potentials in (2.3.12) will be
shown later on.

Clearly, for the solution we obtain the a priori estimate

‖u‖H1(Ω) ≤ c{‖ϕ‖
H

1
2 (Γ )

+ ‖f‖
H̃−1(Ω)

} . (5.4.37)

The Interior Neumann Problem for the Stokes System
For the Neumann problem f ∈ H̃−1

0 (Ω) and ψ = T (u) ∈ H− 1
2 (Γ ) are given

satisfying the necessary compatibility conditions
∫

Ω

f ·mkdx +
∫

Γ

ψ ·mkds = 0 , k = 1, 3(n− 1) (5.4.38)

where the mk are the rigid motion basis in Ω. The desired solenoidal field
u ∈ H1

div(Ω) will be obtained as the solution of the variational problem:
Find u ∈ H1

div(Ω) satisfying

aΩ(u,v) =
∫

Ω

f · vdx +
∫

Γ

ψ · vds for all v ∈ H1
div(Ω) . (5.4.39)

Since � = span {mk} is the null–space of aΩ(u,v) we modify (5.4.38) to
get the stabilized uniquely solvable bilinear equation:
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aΩ(up,v) +
3(n−1)∑

k=1

(up,mk)L2(Ω)mk

=
∫

Ω

f · vdx +
∫

Γ

ψ · vds for all v ∈ H1
div(Ω) .

(5.4.40)

The particular solution up of (5.4.40) is uniquely determined whereas the
general solution then has the form

u = up +
3(n−1)∑

k=1

αkmk for n = 2 or 3 ,

with arbitrary αk ∈ R. For up we have the a priori estimate

‖up‖H1(Ω) ≤ c{‖ϕ‖
H− 1

2 (Γ )
+ ‖f‖

H̃−1(Ω)
} . (5.4.41)

With u and ψ = T (u) available, the pressure p also here can be calculated
from (2.3.12).

5.4.3 G̊arding’s Inequality for Exterior Second Order Problems

Analogously to the interior problems, one may establish all properties for
the sesquilinear form aΩc(u, v) on HE ×HE for later application of existence
theory.

First we need the following inequalities between the exterior Dirichlet
integrals and the HE(Ωc)–norm for the operator P . Here we require the
conditions

bj(x) = 0 for all x ∈ Ωc (5.4.42)

in addition to the assumptions (5.1.36).

Lemma 5.4.8. Let P in (5.1.1) be uniformly strongly elliptic in Ωc with
coefficients satisfying the conditions (5.1.36), (5.4.42). Then the inequality

‖∇v‖2L2(Ωc) ≤ c‖v‖2HE,0
(5.4.43)

holds for all v ∈ HE,0(Ωc).
In the scalar case, i.e., p = 1 then also

‖∇v‖2L2(Ωc) + ‖γc0v‖2L2(Γ ) ≤ c‖v‖2HE,0
(5.4.44)

holds for all v ∈ HE(Ωc). For a second order system, i.e., for p > 1, (5.4.44)
holds for all v ∈ HE(Ωc) provided P is very strongly elliptic or formally
positive elliptic.
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Proof: For the proof of (5.4.43) note that the functions in HE,0 vanish on
Γ = ∂Ωc and can be extended by zero into Ω. The inequality then follows by
Fourier transformation in IRn with the help of Parseval’s equality and (3.6.2).

To establish inequality (5.4.44), we proceed as in Costabel et al [55] and
introduce an auxiliary boundary ΓR : {x ∈ IRn with |x| = R} with R suf-
ficiently large so that |y| < R for all y ∈ Ω. Let η ∈ C∞(IRn) be a cut–off
function such that 0 ≤ η ≤ 1 , η(x) = 1 for |x| ≤ R and η(x) = 0 for
|x| ≥ 2R. Define ṽ := ηv for v ∈ HE . Then, according to the correspond-
ing assumptions on P , the application of Lemma 5.4.1 or Theorem 5.4.3 or
Theorem 5.4.5 to the annular domains Ωc

jR := {x ∈ Ωc | |x| ≤ jR}, j = 1, 2,
imply with the help of Lemma 5.2.5 the following inequalities:

There exist constants α01, α02 > 0 such that

α0j{‖∇v‖2L2(Ωc
jR) + ‖γc0v‖2L2(Γ )} ≤ aΩc

jR
(v, v) + ‖γc0v‖2L2(Γ ) (5.4.45)

for all v ∈ H1(Ωc
jR) and for j = 1 and 2. Clearly, (5.4.45) yields for ṽ

α02{‖∇ṽ‖2L2(Ωc) + ‖γc0ṽ‖2L2(Γ )} ≤ ‖ṽ‖2HE
. (5.4.46)

Moreover, for ṽ∗ = (1− η)v = (v− ṽ) ∈ H1
0 (Ωc) we have ∇ṽ∗ ∈ L2(Ωc), and

the G̊arding inequality in the exterior is valid on the subspace HE,0, i.e.,

α03‖∇ṽ∗‖2L2(Ωc) ≤ aΩc(ṽ∗, ṽ∗) . (5.4.47)

From (5.4.46) and (5.4.47) we obtain

α04{‖∇v‖2L2(Ωc) + ‖γc0v‖2L2(Γ )}

≤ ‖γc0v‖2L2(Γ ) +
n∑

j,k=1

∫

Ωc

{(
ajk

∂

∂xk
(ηv)

)�( ∂

∂xj
(ηv̄)

)

+
(
ajk

∂

∂xk
(1− η)v

)�( ∂

∂xj
(1− η)v̄

)}
dx

≤ ‖v‖2HE
+ c‖v‖2H1(Ωc

2R\Ωc
R) , (5.4.48)

where α04 = min{α02, α03} > 0. To complete the proof of the inequality
(5.4.44), we suppose the contrary. This implies the existence of a sequence
vj ∈ HE(Ωc) with

‖∇vj‖2L2(Ωc) + ‖γc0vj‖2L2(Γ ) = 1 and ‖vj‖HE
→ 0 (5.4.49)

which converges weakly in H1
loc(Ω

c), i.e. there exists v0 ∈ H1
loc(Ω

c) and
vj ⇀ v0 in H1

loc(Ω
c). With the compact imbedding H

1
2 (Γ ) ↪→ L2(Γ ), this

yields
‖γc0vj‖L2(Γ ) → 0 = ‖γc0v0‖L2(Γ )

due to (5.4.49). Then (5.4.45) for j = 2 yields with (5.4.49)
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α02{‖∇vj‖2L2(Ωc
2R) + ‖γc0vj‖2L2(Γ )} ≤ ‖vj‖2HE

→ 0

which implies that ‖vj‖H1(Ωc
2R\Ωc

R) → 0 together with ‖vj‖HE
→ 0. Hence,

from (5.4.48) we find

‖∇vj‖2L2(Ωc) + ‖γ0vj‖2L2(Γ ) → 0

which contradicts (5.4.49). Thus, (5.4.44) must hold. �

Remark 5.4.1: From the proof we see that the result remains valid for the
symmetrized sesquilinear form (5.1.62) since P is to be replaced by the self
adjoint operator 1

2 (P +P ∗). For the latter, the additional conditions (5.4.42)
are not required.

Lemma 5.4.9. Under the assumptions of Lemma 5.4.8, the sesquilinear
form aΩc(u, v) is continuous on HE and satisfies G̊arding’s inequality

Re{aΩc(v, v) + (Cv, v)HE
} ≥ ‖v‖2HE

for all v ∈ HE(Ωc) (5.4.50)

where C is defined by

(Cu, v)HE
:=

∫

Γ

u�vds−
n∑

j=1

∫

Ωc

(
bj(x)

∂u

∂xj

)�
v(x)dx (5.4.51)

via the Riesz representation theorem in HE(Ωc) and is therefore a compact
operator.

Proof:
i) Continuity: By definition (5.1.3) where Ω is replaced by Ωc, assumptions
(5.1.36) and (5.4.42) and the Schwarz inequality we have the estimate

|aΩc(u, v)| ≤ c‖∇u‖L2(Ωc){‖∇v‖L2(Ωc) + ‖v‖L2(Ωc
R0

)}

where Ωc
R0

= {x ∈ Ωc
∣∣|x| < R0}. The application of the following version of

the Poincaré–Friedrichs inequality (4.1.41)

‖v‖L2(Ωc
R0

) ≤ c(Ωc
R0

){‖v‖L2(Γ ) + ‖∇v‖L2(Ωc)} ,

together with (5.4.44) yields the desired estimate

|aΩc(u, v)| ≤ c‖u‖HE
‖v‖HE

.

ii) G̊arding’s inequality: The inequality (5.4.50) follows from the definition
of C in (5.4.51) and the definition (5.1.60) of (v, v)HE

. It only remains to show
that the mapping C : HE → HE is compact. To this end we consider the
adjoint mapping C∗ in the form
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(Cu, v)HE
= (u,C∗v)HE

= (u,C∗
1v)HE

+ (u,C∗
2v)HE

where

(u,C∗
1v)HE

:=
∫

Γ

(γc0u)�γc0vds ,

(u,C∗
2v)HE

:= −
n∑

j=1

∫

Ωc
R0

(
bj(x)

∂u

∂xj

)�
v(x)dx .

The mapping C∗
1 can be written as the composition of the mappings

HE(Ωc)
γc0−→ H

1
2 (Γ )

ic
↪→ L2(Γ )

C̃∗
1−→ HE(Ωc)

where
ic
↪→ denotes the compact imbedding ic of the trace spaces and C̃∗

1 is
defined by the Riesz representation theorem from

(u, C̃∗
1w)HE

:=
∫

Γ

(γc0u)�wds

with
|(u, C̃∗

1w)|HE
≤ ‖γc0u‖L2(Γ )‖w‖L2(Γ ) ≤ ‖u‖HE

‖w‖L2(Γ ) .

This implies the continuity of the mapping C̃∗
1 : L2(Γ ) → HE(Ωc). As a

composition of continuous linear mappings with the compact mapping ic,
the mapping C∗

1 is compact, and so is C1.
The mapping C∗

2 can be written as the composition of the mappings

HE(Ωc)
v|Ωc

R0−→ H1(Ωc
R0

)
ic
↪→ L2(Ωc

R0
)

C̃∗
2−→ HE(Ωc)

where the restriction to Ωc
R0
⊂ Ωc is continuous due to the equivalence of

the spaces HE(Ωc
R0

) and H1(Ωc
R0

) because of the boundedness of the domain

Ωc
R0

(see Triebel [307, Satz 28.5]). For the same reason, the imbedding
ic
↪→ is

compact. The mapping C̃∗
2 : L2(Ωc

R0
) → HE(Ωc) is given by

(u, C̃∗
2w)HE

:= −
n∑

j=1

∫

Ωc
R0

(
bj(x)

∂u

∂xj

)�
wdx

and satisfies
|(u, C̃∗

2w)HE
| ≤ c‖u‖HE

‖w‖L2(Ωc
R0

) ;

which implies its continuity. Thus, C∗
2 is compact due to the compactness of

ic, and so is C2. �
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Alternatively, one also may use the weighted Sobolev spaces H1(Ωc; 0)
and H1

0 (Ωc; 0) (see (4.4.1) – (4.4.3)) instead of HE and HE,0, respec-
tively, by following Giroire [100] and Nedelec [231]; see also Dautray and
Lions [60]. However, the following shows that the formulation (5.1.65) and
Lemmata 5.4.8 and 5.4.9 both remain valid if the function spaces HE and
HE,0 are replaced by H1(Ωc; 0) and H1

0 (Ωc; 0), respectively.

Lemma 5.4.10. The weighted Sobolev space H1(Ωc; 0) (and H1
0 (Ωc; 0)) with

the scalar product (4.4.2) is equivalent to the energy space HE (and HE,0)
associated with ajk = δjk and also to the energy space HE (and HE,0) given
with the norm (5.1.60) (and by (5.1.63)) for general ajk belonging to a for-
mally positive elliptic system of second order.

Proof: For the equivalence we have to show that there exist two positive
constants c1 and c2 such that

c1‖v‖H1(Ωc;0) ≤ ‖v‖HE
≤ c2‖v‖H1(Ωc;0) for all v ∈ H1(Ωc; 0) . (5.4.52)

Since the coefficients ajk in (5.1.60) are supposed to be uniformly bounded
and also to satisfy the uniform strong ellipticity condition (3.6.2) with Θ = 1,
it suffices to prove the lemma for ajk = δjk.

i) We show the right inequality in (5.4.52).

‖v‖2HE
:= ‖v‖2L2(Γ ) + ‖∇v‖2L2(Ωc)

= ‖v‖2L2(Γ ) + ‖∇v‖L2(Ωc
R0

) + ‖∇v‖2L2(|x|≥R0)

Using (4.1.41) which states that {‖v‖L2(Γ ) + ‖∇v‖L2(Ωc
R0

)}
1
2 and ‖v‖H1(Ωc

R0
)

are equivalent in the bounded domain Ωc
R0

, we find with some positive con-
stant cR0

‖v‖2HE
≤ cR0‖v‖2H1(Ωc

R0
) + ‖∇v‖2L2(|x|≥R0)

.

Since for the weight functions in (4.4.1) we have

�(|x|)�0(|x|) ≤ �(R0)�0(R0) for all |x| ≤ R0 ,

we find

‖v‖2HE
≤ cR0�

2(R0)�2
0(R0)‖v‖2H1(Ωc

R0
;0) + ‖v‖2H1(Ωc;0) ,

which implies the right inequality in (5.4.52)).
ii) For the second inequality we use the Friedrichs–Poincaré inequality

(4.4.12) for weighted Sobolev spaces in exterior domains,

‖v‖2H1(Ωc;0) ≤ c1‖∇v‖2L2(Ωc) + c2R0‖v‖2H1(Ωc
R0

) .

Using (4.1.41) and (4.1.42), again we find
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‖v‖2H1(Ωc;0) ≤ c1‖∇v‖2L2(Ωc) + c2{‖v‖2L2(Γ ) + ‖∇u‖2L2(Ωc
R0

)}

which gives the left inequality in (5.4.52).
Since H1(Ωc; 0) and HE are complete as Hilbert spaces and both contain

the same dense subset C∞
0 (IRn)⊕C

p, it follows from inequality (5.4.52) that
both spaces are equivalent. �

5.4.4 G̊arding’s Inequality for Second Order Transmission
Problems

For the transmission problems 1.1, 1.2 and 2.1–2.4 (i.e., (5.1.79), (5.1.80) and
(5.1.84)–(5.1.87)) the corresponding sesquilinear form is given by

ã(u, v) =: ãΩ(u, v) + ãΩc(u, v) (5.4.53)

on u, v ∈ H1(Ω)×HE(Ωc). By making use of the G̊arding inequalities (5.4.6),
(5.4.7) in the bounded domain Ω as well as (5.4.50) for the exterior Ωc, we
obtain G̊arding’s inequality for these transmission problems.

Corollary 5.4.11. Let P given in (5.1.1) be either scalar strongly elliptic or
very strongly elliptic or positive elliptic satisfying in Ωc the additional as-
sumptions in Lemma 5.4.8 (i.e., (5.1.36) and (5.4.42)). Then the sesquilinear
form ã(u, v) of the transmission problems 1.1, 1.2, 2.1–2.4 is continuous on
H1(Ω)×HE(Ωc) and satisfies G̊arding’s inequality

Re
{
ã(v, v) + (C1v, v)H1(Ω) + ((C2v, v)HE(Ωc) +

∫

Γ

vv̄�ds
}

≥ α0{‖v‖2H1(Ω) + ‖v‖2HE(Ωc)}
(5.4.54)

for all v ∈ H1(Ω)×HE(Ωc).

As for the remaining transmission problems 2.5, 2.6 the G̊arding inequal-
ities for the interior and exterior problems both are already available from
the previous sections. For 2.5 and 2.6 they are needed for solving the interior
and exterior problems consecutively.

If we replace Ωc by a bounded domain Ωc
R = Ωc ∩ BR with BR :=

{x ∈ IRn | |x| < R} and R sufficiently large such that Ω ⊂ BR then we
may consider the previous transmission problems in Ω and Ωc

R by replacing
the radiation conditions by appropriate boundary conditions on ΓR = ∂BR,
e.g., homogeneous Dirichlet conditions Bγ0u = 0 on ΓR. Then G̊arding’s
inequality (5.4.54) remains valid if HE(Ωc) is replaced by H1(Ωc

R).

5.5 Existence of Solutions to Strongly Elliptic Boundary
Value Problems

We are now in the position to summarize some existence results for the bound-
ary value and transmission problems in Section 5.1. These results are based on
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the corresponding variational formulations together with G̊arding inequalities
which have been established in Section 5.4. The latter implies the validity of
Fredholm’s alternative, Theorem 5.3.10. Hence, uniqueness implies existence
of solutions in appropriate energy spaces. In many cases, uniqueness needs
to be assumed.

In particular, the transmission problems play a fundamental role for estab-
lishing the mapping properties of the boundary integral operators in Section
5.6. These mapping properties will be needed to derive G̊arding inequalities
for the boundary integral operators which are a consequence of the G̊arding
inequalities for the sesquilinear forms associated with the transmission prob-
lems.

5.5.1 Interior Boundary Value Problems

We begin with the existence theorem for the general Dirichlet problem
(5.1.19) in variational form.

Theorem 5.5.1. Given f ∈ H̃−1
0 (Ω) and ϕ ∈ H

1
2 (Γ ), there exists a unique

solution u ∈ H1(Ω) with B00γ0u|Γ = ϕ such that

aΩ(u, v) = 〈f, v〉Ω for all v ∈ H = H1
0 (Ω) , (5.5.1)

provided the homogeneous adjoint equation

aΩ(u0, v) = 0 for all v ∈ H = H1
0 (Ω) (5.5.2)

has only the trivial solution u0 ≡ 0.

Proof: The proof is an obvious consequence of Fredholm’s alternative,
Theorem 5.3.10 together with G̊arding’s inequality (5.4.6) from Theorem
5.4.3, where u = Φ + w with some Φ ∈ H1(Ω) satisfying B00γ0Φ = ϕ on Γ
and with w ∈ H; thus

a(v, w) := aΩ(w, v) and �(v) := 〈f, v〉Ω − aΩ(Φ, v) .

�

In the case of those Dirichlet problems where uniqueness does not hold, as
a consequence of Theorem 5.3.10 (the second part of Fredholm’s alternative)
we have the following existence theorem.

Theorem 5.5.2. Under the same assumptions as for Theorem 5.5.1, there
exists a solution u ∈ H1(Ω) of (5.1.19) in the form

u = up +
k∑

j=1

αju0(j) (5.5.3)
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where up is a particular solution of (5.5.1) and u0(j) ∈ H1
0 (Ω) are linearly

independent eigensolutions of

aΩ(u0(j), v) = 0 for all v ∈ H1
0 (Ω)

provided the orthogonality conditions

�(v0(j)) = 〈f, v0(j)〉Ω − aΩ(Φ, v0(j)) = 0 (5.5.4)

for all eigensolutions v0(j) ∈ H1
0 (Ω) of

aΩ(w, v0(j)) = 0 for all w ∈ H1
0 (Ω) , (5.5.5)

are satisfied; j = 1, . . . , k <∞.

In order to characterize these eigensolutions, we need the adjoint differ-
ential operator and a generalized second Green’s formula corresponding to
(5.1.1). The standard second Green’s formula in Sobolev spaces reads as

∫

Ω

{u�(P ∗v)− (Pu)�v}dx =
∫

Γ

{(∂νu)�v−u�(∂̃νv)}ds−
∫

Γ

n∑

j=1

(njbju)�vds ,

(5.5.6)
provided u, v ∈ H2(Ω). The formal adjoint P ∗ is defined by

P ∗v = −
n∑

j,k=1

∂

∂xj

(
a∗jk

∂v

∂xk

)
−

n∑

j=1

∂

∂xj
(b∗jv) + c∗v

whose conormal derivative is

∂̃νv =
n∑

k,j=1

nja
∗
jk

∂v

∂xk
. (5.5.7)

The generalized second Green’s formula can be derived in terms of the map-
ping τ and its adjoint. More precisely, we have the following lemma.

Lemma 5.5.3 (Generalized second Green’s formula). For every pair
u, v ∈ H1(Ω,P ) there holds

∫

Ω

{u�(P ∗v)− (Pu)�v}dx

= 〈τu, γ0v〉Γ − 〈γ0u, τ̃v〉Γ − 〈(n · b )γ0u, γ0v〉Γ ,

(5.5.8)

where τ̃ v = ∂̃νv for v ∈ C∞; its extension τ̃ to H− 1
2 (Γ ) is defined by com-

pletion in the same manner as for τ .
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Proof: The proof follows from Lemma 5.1.1 with the operator P and P ∗,
subtraction of the corresponding equations (5.1.8), and from additional ap-
plication of the divergence theorem in H1(Ω). �

Clearly, the functions u0(j) in (5.5.3) are nontrivial solutions of the homoge-
neous Dirichlet problem. It is also easy to see that the eigensolutions v0(j)

of (5.5.5) are distributional solutions of the adjoint homogeneous boundary
value problem

P ∗v0(j) = 0 in Ω satisfying B00γ0v0(j) = 0 on Γ . (5.5.9)

Moreover, the orthogonality conditions (5.5.4) can be rewritten in the form
∫

Ω

f�v0(j)dx−
∫

Γ

ϕ�
(
(B−1

00 )∗ τ̃ v0(j)

)
ds = 0 . (5.5.10)

For the general interior Neumann problem (5.1.29) we also have the fol-
lowing existence theorem:

Theorem 5.5.4. Let Γ ∈ C1,1 and let the differential operator P belong
to one of the following cases: P is a scalar strongly elliptic operator viz.
(5.4.1) or a very strongly elliptic system of operators viz. (5.4.5) or a for-
mally positive elliptic system of operators viz. (5.4.17), (5.4.18). Then, given
f ∈ H̃−1

0 (Ω) and ψ ∈ H− 1
2 (Γ ), there exists a unique solution u ∈ H1(Ω)

satisfying (5.1.29), i.e.

ãΩ(u, v) = 〈f, v̄〉Ω + 〈ψ, Sγv〉Γ for all v ∈ H1(Ω) , (5.5.11)

with the bilinear form ãΩ given by (5.1.28) associated with the operator P
and S = B, provided the homogeneous equation

ãΩ(u0, v) = 0 for all v ∈ H1(Ω)

admits only the trivial solution u0 ≡ 0.

This theorem is again a direct consequence of Fredholm’s alternative,
Theorem 5.3.10, and G̊arding’s inequality (5.4.2), (5.4.7) on H = H1(Ω)
(Lemma 5.4.1 and Theorems 5.4.3 and 5.4.5).

It is worth mentioning that the variational solution u is also in H1(Ω,P ).
Hence the mappings τ : H1(Ω,P ) 
 u �→ τu ∈ H− 1

2 (Γ ) as well as Ñγ0u :
H1(Ω,P ) 
 u �→ Ñγ0u ∈ H− 1

2 (Γ ) via (5.1.27) are continuous. Therefore
(5.1.23) implies that Rγu = Nγu ∈ H− 1

2 (Γ ) is well defined and (5.5.11)
yields

〈Nγu− ψ,Bγv〉Γ = 0

for all v ∈ H1(Ω). Hence, the variational solution of (5.5.11) satisfies the
general Neumann condition in the form

Nγu = ψ in H− 1
2 (Γ ) . (5.5.12)

In the case of non–uniqueness, we have a theorem, analogous to Theorem 5.5.2.
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Theorem 5.5.5. Under the same assumptions as for Theorem 5.5.4, there
exists a solution u ∈ H1(Ω) of (5.5.11) in the form

u = up +
k∑

j=1

αju0(j) (5.5.13)

where up is a particular solution of (5.5.11) and u0(j) ∈ H1(Ω) are linearly
independent eigensolutions of

ãΩ(u0(j), v) = 0 for all v ∈ H1(Ω) (5.5.14)

provided the necessary orthogonality conditions for f and ψ

�(v0(j)) = 〈v0(j), f〉Ω + 〈ψ,Bγv0(j)〉Γ = 0 (5.5.15)

with all eigensolutions v0(j) ∈ H1(Ω) of

ãΩ(w, v0(j)) = 0 for all w ∈ H1(Ω) (5.5.16)

are satisfied; j = 1, . . . , k <∞.

In order to gain more insight into the eigensolutions u0(j), we recall the
variational equation (5.1.29), i.e.

ãΩ(u, v) = 〈Pu, v̄〉Ω + 〈Nγu,Bγv〉Γ for all v ∈ H1(Ω) . (5.5.17)

Hence, u0(j) must be a nontrivial distributional solution of the homogeneous
Neumann problem,

Pu0(j) = 0 in Ω , Nγu0(j) = 0 on Γ . (5.5.18)

To characterize the eigensolutions v0(j) of the adjoint equation (5.5.16),
we apply the generalized second Green’s formula to (5.5.17) and obtain

ãΩ(w, v0(j)) = 〈Pw, v0(j)〉Ω + 〈Nγw,Bγv0(j)〉Γ
= 〈w,P ∗v0(j)〉Ω + 〈Nγw,Bγv0(j)〉Γ (5.5.19)

− 〈τw, γ0v0(j)〉Γ + 〈γ0w, τ̃v0(j)〉Γ + 〈(b · n)γ0w, γ0v0(j)〉Γ .

We note that the relation (5.1.23),

〈τw, γ0v0(j)〉Γ = 〈Nγw,Bγv0(j)〉Γ + 〈Ñγ0w, γ0v0(j)〉Γ ,

implies that (5.5.19) takes the form

ãΩ(w, v0(j)) = 〈w,P ∗v0(j)〉Ω
+ 〈Ñγ0w, γ0v0〉Γ + 〈γ0w, τ̃v0(j) + (b · n)γ0v0(j)〉Γ

= 〈w,P ∗v0(j)〉Ω + 〈γ0w, (Ñ∗γ0 + τ̃ + (b · n)γ0)v0(j)〉Γ .



264 5. Variational Formulations

Hence, it follows from (5.5.16) that the eigensolutions v0(j) are the nontrivial
distributional solutions of the adjoint general Neumann problem

P ∗v0(j) = 0 in Ω and

τ̃ v0(j) + Ñ∗γ0v0(j) + (b · n)γ0v0(j) = 0 on Γ .
(5.5.20)

The operator Ñ∗ is derived from R̃ in (5.1.25) via integration by parts
and is of the form

Ñ∗γ0v0(j) =−
n∑

j,k=1

( n−1∑

µ,�=1

∂

∂σ�
(γµ� ∂yk

∂σµ
nja

∗
jkv0(j)) + N∗

00N−1∗
01 nja

∗
jknkv0(j)

)

|Γ
.

5.5.2 Exterior Boundary Value Problems

Theorem 5.5.6. Given f ∈ H−1
comp(Ωc) and ϕ1 ∈ πH

1
2 (Γ ) and

ψ2 ∈ (I − π)H− 1
2 (Γ ) together with d� ∈ C , � = 1, . . . , L̃, there exists a

unique solution u = u0 + p + E�(•; 0)q with u0 + p ∈ HE(Ωc) , q ∈ C
p such

that Equation (5.1.72) holds for all v = v0 +
∑L̃

�=1 κ�q� ∈ HEπB subject to
the side conditions (5.1.73) and the constraint (5.1.74), provided the homoge-
neous equation

ãΩc(u0 + p, v) = 0 for all v ∈ HEπB

has only the trivial solution u ≡ 0.
If the homogeneous equation has nontrivial solutions, then the second part

of Fredholm’s alternative holds accordingly.

The proof follows with the same arguments as in the proof of Theorem
5.5.4 based on G̊arding’s inequality (5.4.50) and Fredholm’s alternative. De-
tails are omitted.

5.5.3 Transmission Problems

From the weak formulation (5.1.81) of the transmission problems and the
corresponding G̊arding’s inequality (5.4.53) on all of H1(Ω) × H0

E(Ωc) it
follows that we have the following existence result:

Theorem 5.5.7. Given f ∈ H̃−1
0 (Ω)×H−1

comp(Ωc) and any set of boundary
conditions in Table 5.1.1 with (5.1.78) or in Table 5.1.2 with (5.1.83) then
there exists a unique solution u ∈ H1(Ω)×H0

E(Ωc) provided the corresponding
homogeneous problem has only the trivial solution.

If the corresponding homogeneous problem has nontrivial solutions then
the second part of Fredholm’s alternative holds accordingly.
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We may also consider the above transmission problems in a bounded
annular domain where Ωc is replaced by Ωc

R := Ωc ∩ BR with R > 0 large
enough so that the ball BR contains Ω in its interior. In this case, no radiation
conditions are needed and on the outer boundary ∂BR = {x ∈ IRn | |x| = R},
we may describe any of the regular boundary conditions and Theorem 5.5.6
remains valid with f ∈ H̃−1

0 (Ω)× H̃−1
0 (Ωc

R) and u ∈ H1(Ω)×H1
0 (Ωc

R).

5.6 Solutions of Certain Boundary Integral Equations
and Associated Boundary Value Problems

In this section we consider the weak formulation of the representation formu-
lae for the solutions of boundary value problems, in particular the problems
of Section 5.1. In order to establish existence and uniqueness results for the
boundary integral equations we need to establish coerciveness properties of
the integral operators on the boundary, which follow from the coerciveness of
the corresponding interior, exterior and transmission problems in variational
form as formulated in the previous section.

5.6.1 The Generalized Representation Formula for Second Order
Systems

The representation formula can be derived from the generalized second
Green’s formula (5.1.8) in Sobolev spaces as in the classical approach by
applying the generalized second formula (5.1.9) to the variational solution in

Ωε = Ω \ {y
∣∣ |y − x| ≤ ε} and Ωc

ε = Ωc \ {y
∣∣ |y − x| ≤ ε}

with v(y) replaced by E�(x, y) and then taking the limit ε→ 0 in connection
with the explicit growth conditions of E(x, y) and its derivatives when y → x.
Since we so far have not yet discussed the growth conditions of E at y = x,
we therefore do not present this standard procedure here. Instead, we begin
with the representation formula (3.6.9) and formula (3.6.18) for a classical
solution with Γ ∈ C1,1, f ∈ C∞

0 (IRn) and for M(x;u) = 0,

u(x) =
∫

Ω

E�(x, y)f(y)dy +
∫

Γ

E�(x, y) {∂νu− (b · n)γ0u} (y)dsy

−
∫

Γ

(∂̃νyE(x, y))�γ0u(y)dsy for x ∈ Ω

(5.6.1)

and

0 =
∫

Ωc

E�(x, y)f(y)dy −
∫

Γ

E�(x, y) {∂cνu− (b · n)γc0u} dsy

+
∫

Γ

(∂̃cνyE(x, y))�γc0u(y)dsy for x ∈ Ω

(5.6.2)
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whereas we have

u(x) =
∫

Ωc

E�(x, y)f(y)dy −
∫

Γ

E�(x, y) {∂cνu− (b · n)γc0u} dsy

+
∫

Γ

(∂̃cνyE(x, y))�γc0u(y)dsy for x ∈ Ωc

(5.6.3)

for x ∈ Ωc.
By adding (5.6.1) and (5.6.2), we obtain

u(x) =
∫

IRn

E�(x, y)f(y)dy −
∫

Γ

E�(x, y)[∂νu− (b · n)γ0u]dsy

+
∫

Γ

(∂̃νyE(x, y))�[γ0u]dsy for x ∈ Ω ,
(5.6.4)

where [v] := vc − v denotes the jump of v across Γ .
The same formula also holds for x ∈ Ωc; hence, (5.6.4) is valid for all

x ∈ IRn \ Γ . By density and completion arguments, one obtains the corre-
sponding formulation in Sobolev spaces and for Lipschitz domains.

Theorem 5.6.1 (Generalized representation formula). Let Ω be a
bounded Lipschitz domain. Let f ∈ H̃−1

0 (Ω)⊗H−1
comp(Ωc) with supp(f) � IRn

and let u be a variational solution of Pu = f in IRn \Γ , i.e., of (5.1.81) with
u|Ω ∈ H1(Ω,P ) and u|Ωc ∈ H1

loc(Ω
c, P ) satisfying the radiation condition

M(x;u) = 0 (cf. (3.6.15)). Then u(x) admits the representation

u(x) = 〈E(x, ·), f〉IRn − 〈[τu− (b · n)γ0u], E(x, ·)〉Γ
+ 〈(∂̃νE(x, ·)), [γ0u]〉Γ for almost every x ∈ IRn \ Γ .

(5.6.5)

Remark 5.6.1: In case f = 0, formula (5.6.5) holds for every x ∈ IRn \ Γ .

Note that for u|Ωc ∈ H1
comp(Ωc, P ) there holds M(x;u) = 0.

Proof of Theorem 5.6.1: For the proof we shall use the following estimates:

‖〈E(x, ·), Pu〉IRn\Γ ‖H1(Ωc
R) ≤ cx,R

{
‖u‖H1(Ω,P ) + ‖u‖H1(Ωc

R,P )

}
, (5.6.6)

|〈[τu− (b · n)γ0u], E(x, ·)〉Γ |+ |〈(∂̃νE(x, ·)), [γ0u]〉Γ |
≤ cx,R

{
‖u‖H1(Ω,P ) + ‖u‖H1(Ωc

R,P )

}
for x �∈ Γ . (5.6.7)

In these estimates Ωc
R = Ωc∩{y ∈ IRn

∣∣ |y| < R} for R sufficiently large such
that supp(f) ⊂ Ωc

R. The estimate (5.6.6) is a standard a–priori estimate
for Newton potentials (see e.g. (9.0.19) in Chapter 9). Since E(x, ·) for fixed
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x �∈ Γ is a smooth function on the boundary Γ , the estimates (5.6.7) follow
from Lemma 5.1.1 and Theorem 5.5.4.

With these two estimates, the representation (5.6.5) can be established
by the usual completing procedure. More precisely, for smooth Γ and if u is
a variational solution with the required properties we can approximate u by
a sequence uk with

uk|Ω ∈ C∞(Ω) and uk|Ωc ∈ C∞(Ωc)

satisfying (5.6.4) so that

‖u− uk‖H1(Ω,P ) + ‖u− uk‖H1
loc(Ω

c,P ) → 0 as k →∞ .

Then, because of (5.6.7), for any x �∈ Γ the two boundary potentials in (5.6.4)
generated by uk will converge to the corresponding boundary potentials
(u− F )(x) where F (x) =

∫

IRn

E�(x, y)Pu(y)dy in (5.6.5). From (5.6.6), how-

ever, we only have

〈E(x, y), Puk〉IRn\Γ → 〈E(x, ·), Pu〉IRn\Γ = F (x)

for almost every x ∈ IRn \ Γ .
If Ω is a strong Lipschitz domain with a strong Lipschitz boundary, then

for fixed x �∈ Γ , the generalized Green formulae can still be applied to the
annular domains Ωε for any sufficiently small ε > 0. For the domain Bε(x) =
{y

∣∣ |y − x| < ε}, the previous arguments can be used since Bε(x) has a
smooth boundary. Note that the sum of the boundary integrals over ∂Bε will
be canceled. This completes the proof. �

From the representation formula (5.6.5) we may represent the solution of
(5.1.19) or of (5.1.20) for x ∈ Ω by setting u|Ωc ≡ 0 which coincides with our
previous representation formulae in Ω. Similarly, if one is interested in the
exterior problem we may set u|Ω ≡ 0 and obtain a corresponding represen-
tation of solutions in Ωc. In fact, the representation formula (5.6.5) can be
applied to the more general transmission problems which will be discussed
below.

Based on the representation formula (5.6.5) we now consider associated
boundary value problems.

5.6.2 Continuity of Some Boundary Integral Operators

Similar to the classical approach, the generalized Green’s formulae lead us
to the boundary integral equations in Sobolev spaces. For this purpose we
need the mapping properties of boundary potentials including jump relations
which can be derived from the theory of pseudo–differential operators as
we shall discuss later on. For a restricted class of boundary value problems,
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however, these properties can be obtained by using solvability and regularity
of associated transmission problems as in Section 5.1.3.

To illustrate the idea, let us consider the generalized representation for-
mula (5.6.5) for the variational solution of the transmission problem (5.1.81)
for second order equations with f = 0 and the radiation condition M = 0;
namely

u(x) = −V [τu− (b · n)γ0u](x) + W [γ0u](x) for x ∈ IRn \ Γ , (5.6.8)

where V σ(x) is the simple layer potential and Wϕ(x) is the double layer
potential corresponding to (5.6.5), namely

V σ(x) = 〈E(x, ·), σ〉Γ , Wϕ(x) = 〈∂̃νE(x, ·), ϕ〉Γ . (5.6.9)

From this formula (5.6.8) we now establish the following mapping properties
provided that Theorem 5.6.1 is valid. Otherwise, the proof presented below
must be modified although the results remain valid (see Chapters 7 and 8).

Theorem 5.6.2. The following operators are continuous:

V : H− 1
2 (Γ ) → H1(Ω,P )×H1

loc(Ω
c, P ) ,

γ0V and γc0V : H− 1
2 (Γ ) → H

1
2 (Γ ) ,

τV and τcV : H− 1
2 (Γ ) → H− 1

2 (Γ ) ,

W : H
1
2 (Γ ) → H1(Ω,P )×H1

loc(Ω
c, P ) ,

γ0W and γc0W : H
1
2 (Γ ) → H

1
2 (Γ ) ,

τW and τcW : H
1
2 (Γ ) → H− 1

2 (Γ ) .

Proof: For V we consider the transmission problem (5.1.76)–(5.1.78) with
π = I and ϕ1 = 0, ψ1 = σ:

Find u ∈ H1(Ω,P ) and u ∈ H0
E(Ωc, P ) satisfying the differential equation

Pu = 0 in Ω and in Ωc ,

together with the transmission conditions

[γ0u]Γ = 0 and [∂νu− (b · n)γ0u]Γ = σ

with given σ ∈ H− 1
2 (Γ ) and some radiation condition.

This is a special case of Theorem 5.6.1 which yields the existence of u.
Moreover, u depends on σ continuously. The latter implies that the mappings
σ �→ u from H− 1

2 (Γ ) to H1(Ω,P ) and to H0
E(Ωc, P ), respectively, are con-

tinuous. By the representation formula (5.6.8), it follows that the mapping
σ �→ u = V σ is continuous in the corresponding spaces. This together with
the continuity of the trace operators
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γ0 : H1(Ω,P ) → H
1
2 (Γ ) and γc0 : H1

loc(Ω
c, P ) → H

1
2 (Γ )

as well as of

τ : H1(Ω,P ) → H− 1
2 (Γ ) and τc : H1

loc(Ω
c, P ) → H− 1

2 (Γ )

implies the continuity properties of the operators associated with V .
Similarly, the solution of the transmission problem (5.1.76)–(5.1.78) with

π = I and ψ1 = 0, ϕ1 = ϕ:
Find u ∈ H1(Ω,P ) and u ∈ H0

E(Ωc, P ) satisfying

Pu = 0 in Ω and in Ωc

with [γ0u]|Γ = ϕ ∈ H
1
2 (Γ ) and [∂νu− (b · n)γ0u]Γ = 0;

together with the representation formula (5.6.8),

u(x) = Wϕ(x) for x �∈ Γ

provides the desired continuity properties for the mappings associated
with W . �

As a consequence of the mapping properties, we have the following jump
relations.

Lemma 5.6.3. Given (σ, ϕ) ∈ H− 1
2 (Γ ) × H

1
2 (Γ ), then the following jump

relations hold:

[γ0V σ]|Γ = 0 , [τV σ]|Γ = −σ ;
[γ0Wϕ]|Γ = ϕ , [τWϕ]|Γ = 0 .

Proof: We see from the representation formula (5.6.8) that u(x) = −V σ(x)
for x ∈ IRn \ Γ is the solution of the transmission problem (5.1.76)–(5.1.78)
with π = I and ϕ1 = 0 , ψ1 = σ with the transmission conditions

[γ0u]Γ = 0 and − σ = [τ(u)]Γ .

Inserting u = −V σ gives the jump relations involving V .
Likewise, u(x) = Wϕ(x) is the solution of the transmission problem

(5.1.76)–(5.1.78) with π = I and ϕ1 = ϕ , ψ1 = 0 satisfying

[γ0u]Γ = ϕ and [τ(u)]Γ = 0

which gives the desired jump relations involving W . �

In accordance with the classical formulation (1.2.3)–(1.2.6), we now in-
troduce the boundary integral operators on Γ for given (σ, ϕ) ∈ H− 1

2 (Γ ) ×
H

1
2 (Γ ) defined by:
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V σ := γ0V σ , Kϕ := γ0Wϕ +
1
2
ϕ

K ′σ := τV σ − 1
2
σ , Dϕ := −τWϕ .

(5.6.10)

Clearly, Theorem 5.6.2 provides us the continuity of these boundary integral
operators.

The corresponding Calderón projectors can now be defined in a weak
sense by

CΩ :=
(

1
2I −K, V

D, 1
2I + K ′

)
and CΩc := I − CΩ , (5.6.11)

which are continuous mappings on
(
H

1
2 (Γ )×H− 1

2 (Γ )
)
.

5.6.3 Continuity Based on Finite Regions

In deriving the continuity properties of the boundary integral operators we
rely on the properties of the solutions to transmission problems in IRn \Γ . As
we have seen, this complicates the analysis because of the solution’s behaviour
at infinity. Consequently, we needed restrictions on the coefficients of the
differential operators. Alternatively, as we shall see, if one is only interested
in the local properties of the solution, a similar analysis can be achieved by
replacing the transmission problem in IRn \ Γ by one in a bounded domain
BR \ Γ . To be more precise, for illustration we consider the supplementary
transmission problem:

Find u ∈ H1(Ω,P )×H1(Ωc
R, P ) satisfying

Pu = f1 in Ω and Pu = f2 in Ωc
R (5.6.12)

together with

[γ0u]|Γ = ϕ and [∂νu− (b · n)�γ0u]|Γ = σ and γ0u||x|=R = 0 (5.6.13)

with given f1 ∈ H̃−1
0 (Ω) , f2 ∈ H̃−1

0 (Ωc) ∩ H−1(BR) , ϕ ∈ H
1
2 (Γ ) , σ ∈

H− 1
2 (Γ ).

The corresponding weak formulation then reads:

Find u ∈ H1(Ω,P ) × H1(Ωc
R, P ) with [γ0u]Γ = ϕ and γ0u||x|=R = 0

such that
ã(u, v) = ãΩ(u, v) + ãΩc

R
(u, v)

= −
∫

Γ

σv̄ds +
∫

Ω

f1v̄dx +
∫

Ωc
R

f2v̄dx (5.6.14)

for all
v ∈ H := {v ∈ H1(Ω,P )×H1(Ωc

R, P ) with [γ0v]Γ = 0 and γ0v||x|=R = 0} .
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Since ã(u, v) satisfies the G̊arding inequality on H, the Fredholm alter-
native is valid for the problem (5.6.14). For convenience let us assume that
the homogeneous problem for (5.6.14) has only the trivial solution. Then the
unique solution u of (5.6.14) satisfies an estimate

‖u‖H1(Ω) + ‖u‖H1(Ωc
R) ≤ c

{
‖f1‖H̃−1(Ω)

+ ‖f2‖H̃−1(Ωc)∩H−1(BR)

+ ‖σ‖
H− 1

2 (Γ )
+ ‖ϕ‖

H
1
2 (Γ )

} (5.6.15)

and can be represented in the form

u(x) =
∫

Ω

E�(x, y)f1(y)dy +
∫

Ωc
R

E�(x, y)f2(y)dy −
∫

Γ

E�(x, y)σ(y)dsy

+
∫

Γ

(
∂̃νyE(x, y)

)�
ϕ(y)dsy for x ∈ BR \ Γ .

(5.6.16)

Now let us reexamine the continuity properties of the simple layer poten-
tial operator V again. Let σ ∈ C∞(Γ ) be given. Then consider

u(x) := V σ(x) =
∫

Γ

E(x, y)�σ(y)dsy for x �∈ Γ .

Also, let η ∈ C∞
0 (IRn) be a cut–off function with

η(x) = 1 for |x| ≤ R1 < R and supp η ⊂ BR (5.6.17)

where R1 > 0 is chosen sufficiently large such that Ω ⊂ BR1 . Now we define

ũ := η(x)u(x) .

Then ũ(x) is a solution of the transmission problem (5.6.12), (5.6.13) where
ϕ = 0 , f1 = 0 and

f2 := (Pη − cη)V σ −
n∑

j,k=1

ajk

{ ∂η

∂xk

∂V σ

∂xj
+

∂η

∂xj

∂V σ

∂xk

}
. (5.6.18)

Hence, supp f2 � BR \ BR1 and, since the coefficients of P are assumed to
be C∞(IRn), we have f2 ∈ C∞

0 (BR \BR1) since dist (Γ,BR \BR1) ≥ d0 > 0.
(Note that this smoothness may be reduced depending on the smoothness of
the coefficients of P .)

So, the estimate (5.6.15) implies for ũ

‖V σ‖H1(Ω) + ‖ηV σ‖H1(Ωc
R) ≤ c{‖f2‖H−1(BR\BR1 ) + ‖σ‖

H− 1
2 (Γ )

} .

Since f2 ∈ C∞
0 (BR \ BR1) and because of |x − y| ≥ d0 > 0 for x ∈

(BR \BR1) and y ∈ Γ from (5.6.18) it is clear that
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‖f2‖H−1(BR\BR1 ) ≤ c‖f2‖L2(BR\BR1 ) ≤ c′‖σ‖
H− 1

2 (Γ )
.

Consequently, with Theorem 4.2.1, the trace theorem, we find

‖V σ‖
H

1
2 (Γ )

≤ c1{‖V σ‖H1(Ω) + ‖V σ‖H1(Ωc
R1

)} ≤ c2‖σ‖
H− 1

2 (Γ )
,

the first two continuity properties for V in Lemma 5.6.3, by the standard
completion argument approximating σ ∈ H− 1

2 (Γ ) by C∞–functions.
Applying Lemma 5.1.1 to ũ ∈ H1(Ω,P ) and Lemma 5.1.2 to ũ ∈

H1(Ωc
R, P ) we obtain the mapping properties of τV and τcV in Theorem

5.6.2.
For the properties of Wϕ in Theorem 5.6.2 we may proceed in the same

manner as for V ϕ where ψ1 = 0 and ϕ1 = ϕ �= 0 in the transmission problem
(5.1.78).

5.6.4 Continuity of Hydrodynamic Potentials

Although the Stokes system (2.3.1) is not a second order Petrovskii elliptic
system, its close relation with the Lamé system can be exploited to show
continuity properties of the hydrodynamic potentials V,W and D in (2.3.15),
(2.3.16), (2.3.31) (see Kohr et al [164]).

Lemma 5.6.4. The mappings given by the hydrodynamic potentials define
the following linear operators:

V : H− 1
2 (Γ ) → H1

div(Ω,∆)×H1
div,loc(Ω

c,∆) ,

γ0V and γc0V : H− 1
2 (Γ ) → H

1
2 (Γ ) ,

W : H
1
2 (Γ ) → H1

div(Ω,∆)×H1
div,loc(Ω

c,∆) ,

γ0W and γc0W : H
1
2 (Γ ) → H

1
2 (Γ ) ,

D : H
1
2 (Γ ) → H− 1

2 (Γ ) .

Here we denote

H1
div(Ω,∆) := {v ∈ H1(Ω,∆) | div v = 0 in Ω} ,

H1
div,loc(Ω

c,∆) := {v ∈ H1
loc(Ω,∆) | div v = 0 in Ωc} .

Proof: From (2.3.38) we see that for V = Vst we have

Vst = (1 + c)
{
Ve� −

2c
µ

V∆I
}

which yields with Theorem 5.6.2 for Ve�with any c > 0 and for V∆ the desired
properties of Vst since the Stokes simple layer potential is solenoidal in Ω and
in Ωc.
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Similarly, from (2.3.42) and (2.3.43) we obtain

Wst = (1 + c)We� − c(W∆ + L1)

and
L1 =

1
c1 − c2

{
(1 + c1)We�,c1 − (1 + c2)We�,c2

}
−W∆

with any 0 < c2 < c1. Hence, the desired mapping properties again follow
with Theorem 5.6.2 from those of We�,c1 , We�,c2 and W∆.

For Dst we use (2.3.48) and (2.3.49),

Dst = De� −
c

1 + c
L2,0

where L2,0 does not depend on c. Hence,

L2,0 =
(1 + c1)(1 + c2)

c1 − c2
{De�,c1 −De�,c2} .

Theorem 5.6.2 for De�,c1 and for De�,c2 where 0 < c2 < c1 yields that L2,0 :
H

1
2 (Γ ) → H− 1

2 (Γ ) is continuous which then implies the desired continuity
for Dst as well. �

For the same reasons, the jump relations for the hydrodynamic potentials
follow also from those of the Lamé system and the Laplacian.

Lemma 5.6.5. Given (τ ,ϕ) ∈ H− 1
2 (Γ ) × H

1
2 (Γ ), then the hydrodynamic

potentials satisfy the following jump relations:

[γ0V τ ]|Γ = 0 ,
(
T c(V τ )− T (V τ )

)
|Γ = −τ

[γ0Wϕ]|Γ = ϕ ,
(
T c(Wϕ)− T (Wϕ)

)
|Γ = 0 .

Proof: The relation [γ0V τ ]|Γ = 0 follows from (2.3.38) and Lemma 5.6.3
applied to Ve� and V∆.

For smooth ϕ and τ with (2.3.26) and (2.3.27) we obtain

2ϕ = ϕ + [γ0Wϕ]|Γ − [γ0V τ ]|Γ on Γ ,

hence,
ϕ = [γ0Wϕ]|Γ − 0 .

With the continuity properties of γ0W and γc0W , the proposition follows by
completion arguments.

From Lemma 2.3.1 we obtain with (2.3.30):
(
T c(Wϕ)− T (Wϕ)

)∣∣
Γ

= − lim
c→0

[De�ϕ]|Γ = − lim
λ→+∞

[De�ϕ]|Γ = 0 .

For T (V τ ) we invoke the second row of the Calderón projections (2.3.27)
and (2.3.28) to obtain
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2τ = −[Dϕ]|Γ + τ +
(
T (V τ )− T c(V τ )

)
|Γ

which is, because of [Dϕ]|Γ = 0, the desired relation; first for smooth ϕ and
τ but then with Lemma 5.6.4 by completion in H

1
2 (Γ ). �

For the final computation of the pressure p via (2.3.12) we need the map-
ping properties of the pressure operators Φ (2.3.15), Π (2.3.16) and of∫

Ω

Q(x, y)f(y)dy.

Lemma 5.6.6. The pressure operators define the continuous mappings

Φ : H− 1
2 (Γ ) → L2(Ω) ,

Π : H
1
2 (Γ ) → L2(Ω) ,

∫

Ω

Q(x, y)f(y)dy : H̃−1
0 (Ω) → L2(Ω) .

(5.6.19)

Proof: With Q(x, y) given in (2.3.10) and γn in (2.2.3) as well as the simple
layer potential V∆ of the Laplacian in (1.2.1) we have

Φτ = −divV∆τ .

Since Theorem 5.6.2 ensures the continuity V∆ : H− 1
2 (Γ ) → H1(Ω) differ-

entiation yields the first of the assertions. Similarly,

Πϕ = −2µdivW∆ϕ

with W∆ for the Laplacian given in (1.2.2). Theorem 5.6.2 shows continuity
of W∆ : h

1
2 (Γ ) → H1(Ω) and we get (5.6.19) for Π.

For the volume potential we have
∫

Ω

Q(x, y)f(y(dy = −div
∫

Ω

E∆(x, y)f(y)dy

where the Newton potential of the Laplacian is a pseudodifferential operator
of order −2 in IRn of the type in (6.2.21). Since f ∈ H̃−1

0 (Ω) can also be seen
as f ∈ H−1(IRn) if extended by zero we get

∫

Ω

E∆(·, y)f(y)dy =
∫

IRn

E∆(·, y)f(y)dy ∈ H1(Ω) .

So, differentiation implies the last continuous mapping in (5.6.19). �

5.6.5 The Equivalence Between Boundary Value Problems
and Integral Equations

For the boundary value problems given in Section 5.5, from the correspond-
ing representation formulae, together with the continuity properties of the
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boundary potentials given in Theorem 5.6.2 and the jump relations in Lemma
5.6.3, we arrive at boundary integral equations of the form

Aλ = Bµ on Γ (5.6.20)

where µ is given and λ is unknown. The boundary integral operators A and B
depend on the boundary value problem to be solved. In contrast to boundary
integral equations in classical function spaces on Γ , here (5.6.20) should be
understood as an operator equation in the corresponding Sobolev spaces
on Γ ; here H− 1

2 (Γ ) or H
1
2 (Γ ). For the boundary value problems (5.1.19),

(5.1.52), (5.1.29) and (5.1.70), the specific forms of A,B and the meaning of
λ and µ together with the Sobolev spaces on Γ are listed in Table 5.6.3.

Theorem 5.6.7. For given µ in the appropriate function space on Γ , the
boundary value problems and the associated boundary integral equations
(5.6.20) on Γ as listed in Table 5.6.3 are equivalent in the following sense:

i. Every variational solution u ∈ H1(Ω,P ) (or u ∈ H1
loc(Ω

c, P ), respec-
tively) of the boundary value problem defines the boundary data µ and λ
where λ is a solution of the associated boundary integral equations (5.6.20)
with A and B given in Table 5.6.3.

ii. Conversely, every pair µ, λ where λ is a solution of the boundary
integral equations (5.6.20) defines, via the representation formula, a
variational solution of the corresponding boundary value problem. Every
variational solution of the boundary value problem can be obtained in this
manner.

Remark 5.6.2: Theorem 5.6.7 assures that every solution of the bound-
ary integral equations (5.6.20) indeed generates solutions of the correspond-
ing boundary value problem and that every solution of the boundary value
problem can be obtained in this way. However, the theorem does not imply
that the number of solutions of both problems coincides. It is possible that
nontrivial solutions of the homogeneous boundary integral equations via the
representation formula are mapped onto u ≡ 0.

Proof: Since the arguments of the proof are the same in each of the listed
cases, we here consider only the first case to illustrate the main ideas:

i.) Let u ∈ H1(Ω,P ) be the variational solution of the interior Dirichlet
boundary value problem (5.1.19) with given µ = ϕ = γ0u|Γ = Rγu ∈ H

1
2 (Γ )

and f = 0. Then τu|Γ ∈ H− 1
2 (Γ ) is well defined. Hence, λ := Sγu = τu|Γ −

b · nϕ is also well defined and λ ∈ H− 1
2 (Γ ). As was shown in Section 5.6.1,

the solution of (5.1.19) can be represented by

u(x) = V λ(x)−Wµ(x) for x ∈ Ω .
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Taking the trace γ0|Γ on both sides we obtain with Lemma 5.6.3 and with the
operators A = V and B = 1

2I + K, as given in (5.6.10), the desired equation
(5.6.20) between µ and λ on Γ .

ii.) Now suppose that µ ∈ H
1
2 (Γ ) and λ ∈ H− 1

2 (Γ ) satisfy the boundary
integral equation (5.6.20) in the form

V λ =
(

1
2I + K

)
µ on Γ .

Then the function

u(x) := V λ(x)−Wµ(x) for x ∈ Ω

satisfies the differential equation

Pu = P (V λ)− P (Wµ) = 0 in Ω

since V λ and Wµ are boundary potentials defined by the fundamental so-
lution E(x, y) of P . Moreover, both potentials are in H1(Ω,P ) because of
Theorem 5.6.2. Therefore, u admits the trace γ0u|Γ . Taking the trace on both
sides of the representation formula we have with (5.6.10)

γ0u = γ0V λ− γ0Wµ = V λ−Kµ +
1
2
µ on Γ .

Now replacing V λ by using the boundary integral equation (5.6.20), one
obtains

γ0u = Kµ +
1
2
µ−Kµ +

1
2
µ = µ = ϕ onΓ .

Clearly, the remaining cases can be treated in the same manner. We omit
the details. �

5.6.6 Variational Formulation of Direct Boundary Integral
Equations

Because of the equivalence Theorem 5.6.7, solutions of the boundary value
problems can now be constructed from the solutions of the boundary integral
equations (5.6.20). It will be seen that the existence of their solutions can be
established by applying Fredholm’s alternative Theorem 5.3.10 to (5.6.20) in
corresponding Sobolev spaces. Similar to the elliptic partial differential equa-
tions, we consider the weak, bilinear formulation of (5.6.20). For simplicity,
let us consider the case that A is a boundary integral operator of the first
kind with the mapping property

A : Hα(Γ ) → H−α(Γ ) continuously. (5.6.21)
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In the examples of Table 5.6.3, we have A = V where the Sobolev order is
α = − 1

2 or A = D + {± 1
2I − K ′} ◦ (b · n)� where α = 1

2 . As for partial
differential operators, the number 2α is called the order of A.
The variational formulation for the boundary integral equations of
the first kind (5.6.20) now reads:

Find λ ∈ Hα(Γ ) such that

aΓ (χ, λ) := 〈χ,Aλ〉Γ = 〈χ, f〉Γ for all χ ∈ Hα(Γ ) , (5.6.22)

where f = Bµ ∈ H−α(Γ ) is given.

Now we shall show that the sesquilinear form aΓ (χ, λ) in (5.6.22) is con-
tinuous on Hα(Γ ), the energy space for A, and also satisfies G̊arding’s in-
equality (5.4.1) under suitable assumptions on the corresponding boundary
value problems.

Theorem 5.6.8. To the integral operators A of the first kind in Table 5.6.3
there exist compact operators CA : Hα(Γ ) → H−α(Γ ) and positive constants
γA such that

Re
{
aΓ (λ, λ) + 〈χ, CAλ〉Γ

}
≥ γA‖λ‖2Hα(Γ ) for all λ ∈ Hα(Γ ) . (5.6.23)

Proof:
i) Let A = V , choose λ ∈ H

1
2 (Γ ) and define

u(x) := −V λ(x) for x ∈ IRn .

Then u ∈ H1(Ω,P ) and u ∈ H1
loc(Ω

c, P ), respectively. Moreover, Lemma
5.6.3 yields

[γ0u]|Γ = 0 and [τu]|Γ = λ .

By adding the generalized first Green formulae (5.1.7) and (5.1.13) we obtain

Re
{∫

Γ

λV λds +
∫

Ωc

(PηV λ)�(ηV λ)dx
}

= Re
{
−

∫

Γ

[τu]γ0uds +
∫

Ωc

(Pηu)�ηudx
}

= Re {aΩ(u, u) + aΩc(ηu, ηu)}

where η ∈ C∞
0 (IRn) with η|Ω ≡ 1 and dist({x|η(x) �= 1}, Ω) =: d0 > 0 is any

fixed chosen cut–off function since the first Green’s formula for Ωc is valid
for v = ηu having compact support.

On the other hand, from Theorem 5.6.2, Lemma 5.6.3 and Lemma 5.1.1,
the mappings τ : H1(Ω,P ) → H− 1

2 (Γ ) and τc : H1
loc(Ω

c, P ) → H− 1
2 (Γ ) are

continuous providing the inequality

‖λ‖2
H− 1

2 (Γ )
= ‖[τu]‖2

H− 1
2 (Γ )

≤ 2‖τu‖2
H− 1

2 (Γ )
+ 2‖τcu‖2

H− 1
2 (Γ )

≤ c
{
‖u‖2H1(Ω) + ‖ηu‖2H1(Ω′) + ‖Pηu‖2L2(Ω′)

}
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where Ω′ := Ωc ∩ supp η. Then G̊arding’s inequality (5.4.2) for aΩ in the
domain Ω and for aΩ′ in Ω′ implies

α0

{
‖u‖2H1(Ω) + ‖ηu‖2H1(Ω′)

}

≤ Re
{
aΩ(u, u) + aΩ′(ηu, ηu) + (Cu, u)H1(Ω) + (C ′ηu, ηu)H1(Ω′)

}

with a positive constant α0 and compact operators C and C ′ depending also
on Ω and Ω′. Collecting the inequalities, we get

α′‖λ‖2
H− 1

2 (Γ )
≤ Re{aΓ (λ, λ)

+c1‖Pηu‖2L2(Ω′) + c2(Cu, u)H1(Ω) + c3(C ′ηu, ηu)H1(Ω′) + (Pηu, ηu)L2(Ω′)} .

Accordingly, we define the operator CA : H− 1
2 (Γ ) → H

1
2 (Γ ) by the sesquilin-

ear form

〈χ, CAλ〉Γ = c(χ, λ) := c2(V χ,CV λ)H1(Ω) + c3(ηV χ,C ′ηV λ)H1(Ω′)

+c1(PηV χ, PηV λ)L2(Ω′) + (PηV χ, V λ)L2(Ω′) .

We note that the operator CA is well defined since each term on the
right–hand side is a bounded sesquilinear form on χ, λ ∈ H− 1

2 (Γ ). Hence, by
the Riesz representation theorem 5.2.2 there exists a linear mapping jCA :
H− 1

2 → H− 1
2 (Γ ) such that

c(χ, λ) = (χ, jCAλ)
H− 1

2 (Γ )
.

Since j−1 : H− 1
2 (Γ ) →

(
H− 1

2 (Γ )
)∗ = H

1
2 (Γ ), this representation can be

written in the desired form

〈χ, CAλ〉Γ = c(χ, λ) for all χ, λ ∈ H− 1
2 (Γ )

where CA = j−1jCA. It remains to show that CA is compact.
Let us begin with the first sesquilinear form on the right–hand side,

〈χ, C1λ〉Γ := c2(V χ,CV λ)H1(Ω) where C : H1(Ω) → H1(Ω)

is compact. Since V : H− 1
2 (Γ ) → H1(Ω) is continuous, CV : H− 1

2 (Γ ) →
H1(Ω) is compact. Moreover, we have the inequality

‖C1λ‖
H

1
2 (Γ )

≤ sup
‖χ‖

H
− 1

2 (Γ )
≤1

|〈χ, C1λ〉Γ | ≤ c‖CV λ‖H1(Γ ) · ‖V ‖H− 1
2 (Γ ),H1(Ω)

.

Hence, any bounded sequence {λj} in H− 1
2 (Γ ) provides a convergent subse-

quence {CV λj′} in H1(Ω), and the corresponding subsequence {C1λj′} con-
verges in H

1
2 (Γ ) due to the above inequality. This shows that C1 : H− 1

2 (Γ ) →
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H
1
2 (Γ ) is a compact linear operator. By the same arguments with Ω replaced

by Ω′, the operator C2 corresponding to

〈χ, C2λ〉Γ = c3(ηV χ,C ′ηV λ)H1(Ω′)

is also compact.
In the last two terms we observe that

Ω′′ := supp(Pηu) ∩Ω′ ⊂ Ω′ and dist (Ω′′, Γ ) =: d0 > 0 .

Now consider the mapping

PηV λ(x) = 〈Pxη(x)E(x, ·), λ〉Γ

and observe that the support of this function is in Ω′′. Hence, this function
is in C∞(Ω′′) for λ ∈ H− 1

2 (Γ ). This implies that

PηV : H− 1
2 (Γ ) → H1(Ω′′)

is continuous and because of the compact imbedding H1(Ω′′) ↪→ L2(Ω′′),

PηV : H− 1
2 (Γ ) → L2(Ω′′) is compact.

As a consequence, the operator C3 defined by

〈χ, C3λ〉Γ = c1(PηV χ, PηV λ)L2(Ω′′) = c1(PηV χ, PηV λ)L2(Ω′)

is compact since

‖C3λ‖
H

1
2 (Γ )

≤ c1‖PηV λ‖L2(Ω′′) · ‖PηV ‖
H− 1

2 (Γ ),L2(Ω′′)
.

The last term can be written in the form

〈χ, C4λ〉Γ = 〈C∗4χ, λ〉Γ = (PηXχ, V λ)L2(Ω′′)

and C∗4 is compact which follows from the estimate

‖C∗4χ‖H 1
2 (Γ )

≤ ‖PηV χ‖L2(Ω′′)‖V ‖H− 1
2 (Γ ),L2(Ω′′)

and the compactness of PηV as previously shown. This completes the proof
for A = V .

ii) Now we consider

A = D + {± 1
2I −K ′} ◦ (b · n) =: D + Dc

where α = 1
2 . For any λ ∈ H

1
2 (Γ ) define

u(x) := V ◦ (b · n)λ(x) + Wλ(x) for x ∈ IRn \ Γ (5.6.24)
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according to (5.6.5) and ũ(x) := η(x)u(x) for x ∈ Ωc with η given as in
case i.). Then Theorem 5.6.2 implies that u ∈ H1(Ω,P ) for x ∈ Ω and
ũ ∈ H1(Ω′, P ) for x ∈ Ω′. Moreover, Lemma 5.6.3 yields the jump relations

[γ0u]Γ = λ , [τu]Γ = −(b · n)λ

and the one sided jump relations from Ω,

γ0u = V ◦ (b · n)λ + (−1
2
I + K)λ and

τu = (
1
2
I + K ′) ◦ (b · n)λ−Dλ on Γ .

As before, adding the generalized first Green’s formulae (5.1.8) and (5.1.13),
we obtain

〈λ,Dλ〉Γ = aΩ(u, u) + aΩc(ηu, ηu)

−
∫

Ω′′

(ηu)�Pηudx− 〈(b · n)λ, V ◦ (b · n)λ〉Γ .

Hence,

ReaΓ (λ, λ) ≥ α0

{
‖u‖2H1(Ω) + ‖ηu‖2H1(Ω′)

}

−Re{(u,Cu)H1(Ω) + (Cηu,C ′ηu)H1(Ω′) +
∫

Ω′′

(ηu)�Pηudx

+〈(b · n)λ, V ◦ (b · n)λ〉Γ − 〈λ,Dcλ〉Γ } .

From the definition of λ we see that

‖λ‖2
H

1
2 (Γ )

= ‖[γ0u]‖2
H

1
2 (Γ )

≤ c
{
‖u‖2H1(Ω) + ‖ηu‖2H1(Ω′)

}

following from the trace theorem in the form (4.2.38). This implies (5.6.23)
with α = 1

2 and

〈χ, CAλ〉Γ = (v, Cu)H1(Ω) + (ηv, C ′ηu)H1(Ω′)

+
∫

Ω′′

(ηv)�Pηudx +
(
χ, (b · n)V ◦ (b · n)λ

)
L2(Γ )

− 〈χ, {± 1
2I −K ′} ◦ (b · n)λ〉Γ

where

v(x) = V ◦ (b · n)χ(x) + Wχ(x) and
u(x) = V ◦ (b · n)λ(x) + Wλ(x) for x ∈ IRn \ Γ .
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The first three sesquilinear forms are defined by compact operators which
can be analyzed as in case i.). For the last two terms we have the compact
imbeddings ic1 : H

1
2 (Γ ) ↪→ L2(Γ ) and ic2 : L2(Γ ) ↪→ H− 1

2 (Γ ). Then, with
the continuity properties of V : H− 1

2 (Γ ) → H
1
2 (Γ ) and (b · n) : L2(Γ ) →

L2(Γ ) (note that b · n ∈ L∞(Γ )), the following composition of mappings

H
1
2 (Γ )

ic1
↪→ L2(Γ )

(b·n)→ L2(Γ )
ic2
↪→ H− 1

2 (Γ ) V→ H
1
2 (Γ )

ic1
↪→ L2(Γ )

(b·n)→ L2(Γ )
ic2
↪→ H− 1

2 (Γ )

gives the compact mapping

ic2 ◦ (b · n) ◦ ic1 ◦ V ◦ ic2 ◦ (b · n) ◦ ic1 : H
1
2 (Γ ) → H− 1

2 (Γ ) .

Similarly, we see that the mapping

{± 1
2I −K ′} ◦ ic2 ◦ (b · n) ◦ ic1 : H

1
2 (Γ ) → H− 1

2 (Γ )

is compact. Collecting these results completes the proof. �

Integral equations of the second kind
Next, let us consider the cases that A is one of the boundary integral

operators of the second kind in Table 5.6.3 with the mapping properties

A : Hα(Γ ) → Hα(Γ ) continuously (5.6.25)

where α = 1
2 or − 1

2 , respectively. The order of A now is equal to zero.
Therefore, the variational formulation of (5.6.20) here requires the use of the
Hα(Γ )–scalar product instead of the L2–duality:

Find λ ∈ Hα(Γ ) such that

aΓ (χ, λ) := (χ,Aλ)Hα(Γ ) = (χ, f)Hα(Γ ) for all χ ∈ Hα(Γ ) (5.6.26)

where f = Bµ ∈ Hα(Γ ) is given.

From Theorem 5.6.8 we have G̊arding’s inequalities available for the
operators V and D on H− 1

2 (Γ ) and H
1
2 (Γ ), respectively. Moreover, we have

the mapping properties V : H− 1
2 (Γ ) → H

1
2 (Γ ) and D : H

1
2 (Γ ) → H− 1

2 (Γ ).
This allows us to modify the variational formulation (5.6.26) by replacing the
Hα(Γ )–scalar products in the following way:

Variational formulation of the boundary integral equations
of the second kind
i.) For α = − 1

2 and A = (1
2I ±K ′) in the IDP and EDP:

Find λ ∈ H− 1
2 (Γ ) such that

aΓ (χ, λ) := 〈V χ, { 1
2I ±K ′}λ〉Γ = 〈V χ, f〉Γ for all χ ∈ H− 1

2 (Γ ) . (5.6.27)



5.6 Solution of Integral Equations via Boundary Value Problems 283

ii.) For α = 1
2 and A = { 1

2I ±K ± V ◦ (b · n)} in the INP and ENP:

Find λ ∈ H
1
2 (Γ ) such that

aΓ (χ, λ) := 〈Dχ, { 1
2I ±K ± V ◦ (b · n)}λ〉Γ = 〈Dχ, f〉Γ (5.6.28)

for all χ ∈ H
1
2 (Γ ).

In the following, let us first consider G̊arding’s inequalities for the bound-
ary sesquilinear forms (5.6.26) and (5.6.27), (5.6.28). As will be seen, the
boundary integral equations of the second kind are also intimately related
to the domain variational formulations. Whereas for the first kind boundary
integral equations, the transmission problems played the decisive role, here,
the boundary integral operators of the second kind associated with interior
boundary value problems are related to the variational formulation of the
differential equation in the exterior domain and, likewise, the boundary inte-
gral operator of the second kind associated with the exterior boundary value
problems are related to the interior variational problems.

Theorem 5.6.9. To the boundary sesquilinear forms (5.6.27) and (5.6.28)
there exist compact operators CA : Hα(Γ ) → H−α(Γ ) and positive constants
γA such that

Re{aΓ (λ, λ) + cΓ (λ, λ)} ≥ γA‖λ‖2Hα(Γ ) for all λ ∈ Hα(Γ ) , (5.6.29)

where cΓ (·, ·) is a compact sesquilinear form with cΓ (χ, λ) = 〈χ, CAλ〉Γ .

Proof:
i.) We begin with the IDP (5.1.19), and the equation in Table 5.6.3 where

(5.6.20) reads

Aλ = (1
2I −K ′)λ = f := {D − (b · n) ◦ I}µ = Bµ

for λ ∈ H− 1
2 (Γ ) and given µ ∈ H

1
2 (Γ ) and f ∈ H

1
2 (Γ ). Define

u(x) := V λ in IRn and take ũ = φu in Ωc

as in the proof of Theorem 5.6.8. Then we obtain

γc0ũ = V λ and τcũ = −( 1
2I −K ′)λ onΓ .

Hence, with the generalized Green’s formula (5.1.13) we find

Re〈V λ,Aλ〉Γ = −Re〈γc0u, τcu〉Γ = ReaΩc(ũ, ũ)−Re

∫

Ω′

(P ũ)�ũdx .

Since aΩc satisfies G̊arding’s inequality (5.4.50) for ũ having compact support
in Ω′, we obtain
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Re〈V λ,Aλ〉Γ ≥ c0‖ũ‖2H1(Ω′) −Re(C ′ũ, ũ)H1(Ω′) −Re

∫

Ω′

(Pηu)�ηudx

and with the trace theorem, Theorem 4.2.1, (4.2.29),

Re〈V λ,Aλ〉Γ ≥ c0‖V λ‖2
H

1
2 (Γ )

−Re{(C ′ηu, ηu)H1(Ω′) +
∫

Ω′′

(Pηu)�ηudx} .

(5.6.30)

For V we already have established G̊arding’s inequality in Theorem 5.6.8,
hence

Re〈V λ, λ〉Γ + Re〈CV λ, λ〉Γ ≥ c0‖λ‖2
H− 1

2 (Γ )

with c0 > 0 1 and CV : H− 1
2 (Γ ) → H

1
2 (Γ ) compactly. This inequality to-

gether with (4.2.22) yields the estimate

c0‖λ‖
H− 1

2 (Γ )
≤ ‖V λ‖

H
1
2 (Γ )

+ ‖CV λ‖
H

1
2 (Γ )

and, consequently,

c20‖λ‖2H− 1
2 (Γ ) ≤ (V λ, V λ)

H
1
2 (Γ )

+ (CV λ, CV λ)
H

1
2 (Γ )

.

Inserting this inequality into (5.6.30) we obtain

Re
{
〈V λ,Aλ〉Γ + cΓ (λ, λ)

}
≥ c20‖λ‖2

H− 1
2 (Γ )

where

cΓ (χ, λ) := (ηV χ,C ′ηV λ)H1(Ω′) +
∫

Ω′′

(ηV χ)�(PηV λ)dx+ (CV χ, CV λ)
H

1
2 (Γ )

.

As in the proof of Theorem 5.6.8, all three bilinear forms defining cΓ (·, ·) are
compact; and cΓ can be represented in the proposed form.

ii.) For the EDP with the corresponding equation in Table 5.6.3 we have

Aλ = (1
2I + K ′)λ = f := −{D + (b · n) ◦ I}µ = Bµ

and define now

u := V λ in IRn with γ0u = V λ and τu = (1
2I + K ′)λ on Γ .

With the generalized first Green’s formula (5.1.8) we now have

Re〈V λ,Aλ〉Γ = Re〈γ0u, τu〉Γ = ReaΩ(u, u) .
1Here and in the sequel, c0 > 0 denotes a generic constant whose value may

change from step to step.
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The remaining arguments of the proof are the same as in i.) but with the
interior domain Ω instead of the exterior domain, Ω′ ⊂ Ωc.

iii) For the INP with the corresponding equations in Table 5.6.3 the
operators in (5.6.20) now read

Aλ = { 1
2I + K + V ◦ (b · n)}λ = f := V µ = Bµ for λ ∈ H

1
2 (Γ )

with given µ ∈ H− 1
2 (Γ ) and f ∈ H

1
2 (Γ ). Now we define

u := Wλ in IRn \ Γ and ũ := ηu in Ωc .

Similarly, we obtain

Re〈Dλ,Aλ〉Γ = −Re〈τcũ, γc0ũ〉Γ + Re〈Dλ, V ◦ (b · n)λ〉Γ

= Re aΩc(ũ, ũ)−Re

∫

Ω′

(Pηu)�ηudx + Re〈Dλ, V ◦ (b · n)λ〉Γ .

G̊arding’s inequality (5.4.50) implies that

Re〈Dλ,Aλ〉Γ ≥ c0‖ũ‖2H1(Ω′) −Re(C ′ũ, ũ)H1(Ω′) −Re

∫

Ω′′

(Pηu)�ηudx .

Now we need the continuity of the generalized conormal derivative τcũ from
Lemma 5.1.2 which yields

‖τcu‖2
H− 1

2 [Γ )
= ‖Dλ‖2

H− 1
2 (Γ )

≤ c‖ũ‖2H1(Ω′) + c(P ũ, P ũ)L2(Ω′)

providing

Re〈Dλ,Aλ〉Γ ≥ c0‖Dλ‖2
H− 1

2 (Γ )
−Re{(C ′ηu, ηu)H1(Ω′) +

∫

Ω′′

(Pηu)�ηudx

+ c

∫

Ω′′

(Pηu)�Pηudx− 〈Dλ, V ◦ (b · n)λ〉Γ } .

G̊arding’s inequality for D as shown in Theorem 5.6.8 gives the estimate

‖Dλ‖2
H− 1

2 (Γ )
≥ c0‖λ‖2

H
1
2 (Γ )

− c(CDλ, CDλ)
H− 1

2 (Γ )

where CD : H
1
2 (Γ ) → H− 1

2 (Γ ) is compact. Collecting the above estimates
finally yields

Re
{
〈Dλ,Aλ〉Γ + cΓ (λ, λ)

}
≥ c0‖λ‖2

H
1
2 (Γ )

where
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cΓ (χ, λ) = c(CDχ, CDλ)
H− 1

2 (Γ )
+ c(ηWχ,C ′ηWλ)H1(Ω′)

+c

∫

Ω′′

(ηWχ)�PηWλdx + c

∫

Ω′′

(PηWχ)�(PηWλ)dx− 〈Dχ, V ◦ (b · n)λ〉Γ .

The compactness of all the sesquilinear forms on the right–hand side except
the last one has already been shown in the proof of Theorem 5.6.8. The
compactness of the last one follows again from the compact composition of
the mappings

D ◦ V ◦ ic2 ◦ (b · n) ◦ ic1 : H
1
2 (Γ ) → H− 1

2 (Γ ) .

iv) For the ENP (5.1.70), the operator A in Table 5.6.3 is of the form

Aλ = { 1
2I −K − V ◦ (b · n)}λ = f := −V µ = Bµ for λ ∈ H

1
2 (Γ )

with given µ ∈ H− 1
2 (Γ ) and f ∈ H

1
2 (Γ ). As in case iii) take

u = Wλ in Ω with γ0u = −( 1
2I −K)λ and τu = −Dλ on Γ .

Then

Re〈Dλ,Aλ〉Γ = Re〈τu, γ0u〉Γ −Re〈Dλ, V ◦ (b · n)λ〉Γ
= aΩ(u, u)−Re〈Dλ, V ◦ (b · n)λ〉Γ .

The rest of the proof follows in the same manner as in case iii) with Ωc

replaced by the interior domain Ω. This completes the proof of Theorem
5.6.9. �

Remark 5.6.3: For the bilinear form (5.6.26), G̊arding’s inequality

Re{(λ,Aλ)Hα(Γ ) + cΓ (λ, λ)} ≥ γA‖λ‖2Hα(Γ ) (5.6.31)

with the operators A of the second kind in Table 5.6.3 follows immedi-
ately provided K : H

1
2 (Γ ) → H

1
2 (Γ ) and, consequently, the dual operator

K ′ : H− 1
2 (Γ ) → H− 1

2 (Γ ), are compact. Here, the corresponding compact
bilinear forms are defined by cΓ (χ, λ) = ±(χ, {K + V ◦ (b · n)}λ)

H
1
2 (Γ )

and

±(χ,K ′λ)
H− 1

2 (Γ )
, respectively. However, the compactness of K or K ′ can

only be established for a rather limited class of boundary value problems
excluding the important problems in elasticity where K and K ′ are Cauchy
singular integral operators, but including the classical double layer potential
operators of the Laplacian, of the Helmholtz equation, of the Stokes problem
and the like, provided Γ is at least C1,α with α > 0 excluding C0,1–Lipschitz
boundaries which are considered here. (See also Remark 1.2.1 and Chapter 7.)

Theorem 5.6.9 is valid without these limitations since it is based only on
continuity, the trace theorems on Lipschitz domains and G̊arding’s inequality
for the domain sesquilinear forms.
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5.6.7 Positivity and Contraction of Boundary Integral Operators

Here we follow the presentation in Steinbach et al [292]. In [51], Costabel
showed that these relations are rather general and have a long history.

As in Carl Neumann’s classical method for the solution of the Dirichlet or
Neumann problem in potential theory, we now show that for a certain class
of boundary integral equations of the second kind Carl Neumann’s method
for solving these equations with the Neumann series can still be carried out
in the corresponding Sobolev spaces.

For this purpose we consider the special class of boundary value problems
leading to the boundary integral operators of the first kind with V and D
which are positive in the sense that they satisfy G̊arding inequalities and in
addition

〈V λ, λ〉 ≥ cV1 ‖λ‖2
H− 1

2 (Γ )
for all λ ∈ H− 1

2 (Γ ) (5.6.32)

〈Dµ, µ〉 ≥ cD1 ‖µ‖2
H

1
2 (Γ )

for all µ ∈ H
1
2
� (Γ ) (5.6.33)

where

H
1
2
� (Γ ) := {µ ∈ H

1
2 (Γ ) | 〈µ,m〉 = 0 for all m ∈ �} (5.6.34)

and

� := {µ0 ∈ H
1
2 (Γ ) |Dµ0 = 0} , (5.6.35)

with constants 0 < cV1 ≤ 1
2 , 0 < cD1 ≤ 1

2 .
Since D satisfies a G̊arding inequality the dimension of � is finite. More-

over, these inequalities are satisfied if in the previous sections the correspond-
ing energy forms of the underlying partial differential operators are finite
(Costabel [51]).

With the Calderón projectors (5.6.11) we have also the relations (1.2.24)–
(1.2.28) in the Sobolev spaces H

1
2 (Γ ) and H− 1

2 (Γ ), respectively, as in
Theorem 5.6.2 for the four basic boundary integral operators V,K,K ′,D
in (5.6.10).

In order to show the contraction properties of the operators 1
2I ±K and

1
2I ±K ′, we now introduce the norms

‖λ‖V := 〈V λ, λ〉 1
2 and ‖µ‖V −1 := 〈V −1µ, µ〉 1

2 (5.6.36)

which are equivalent to ‖λ‖
H− 1

2 (Γ )
and ‖µ‖

H
1
2 (Γ )

, respectively. More pre-
cisely, the following estimates are valid.

Lemma 5.6.10. With the constants cV1 and cD1 in (5.6.32) and (5.6.33) we
have

cV1 ‖µ‖2V −1 ≤ ‖µ‖2
H

1
2 (Γ )

for all µ ∈ H
1
2 (Γ ) , (5.6.37)

cD1 ‖µ‖2
H

1
2 (Γ )

≤ 〈Sµ, µ〉 for all µ ∈ H
1
2
� (Γ ) (5.6.38)
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and
‖V − 1

2 µ‖L2(Γ ) = ‖µ‖V −1 = 〈V −1µ, µ〉 1
2 . (5.6.39)

Here
S = D + (1

2I + K ′)V −1( 1
2I + K) = V −1( 1

2I + K) (5.6.40)

denotes the Steklov–Poincaré operator associated with Ω.

As we can see, for the solution u of the homogeneous equation (5.1.1)
with f = 0 and given Dirichlet data µ ∈ H

1
2 (Γ ) on Γ , the Steklov–Poincaré

operator in (5.6.40) maps µ into the Neumann data ∂νu = λ ∈ H− 1
2 (Γ ) on

Γ . Therefore S is often also called the Dirichlet to Neumann map.

Proof: By definition,

‖V λ‖
H

1
2 (Γ )

= sup
0 �=τ∈H− 1

2 (Γ )

〈V λ, τ〉
‖τ‖

H− 1
2 (Γ )

≥ |〈V λ, λ〉|
‖λ‖

H− 1
2 (Γ )

≥ cV1 ‖λ‖H− 1
2 (Γ )

due to (5.6.32). On the other hand, with (4.1.30) and µ = V λ we have

‖V −1µ‖
H− 1

2 (Γ )
= sup

0 �=χ∈H
1
2 (Γ )

|〈V −1µ, χ〉|
‖χ‖

H
1
2 (Γ )

= sup
0 �=V λ∈H

1
2 (Γ )

|〈µ, λ〉|
‖V λ‖

H
1
2 (Γ )

≤ 1
cV1
‖µ‖

H
1
2 (Γ )

in view of the previous estimate. So, again with (4.1.30),

〈V −1µ, µ〉 = ‖µ‖2V −1 ≤ ‖V −1µ‖
H− 1

2 (Γ )
‖µ‖

H
1
2 (Γ )

≤ 1
cV1
‖µ‖2

H
1
2 (Γ )

which establishes (5.6.37). The second inequality follows from the symmetric
form of the Steklov–Poincaré operator, i.e.,

〈Sµ, µ〉 = 〈
(
D + (1

2I + K ′)V −1( 1
2I + K)

)
µ, µ〉

= 〈Dµ, µ〉+ ‖(1
2I + K)µ‖2V −1 ≥ cD1 ‖µ‖2

H
1
2 (Γ )

for µ ∈ H
1
2
� (Γ )

which is the desired inequality (5.6.38).
The relation(5.6.39) is a simple consequence of the positivity and selfad-

jointness of V which defines an isomorphic mapping H− 1
2 (Γ ) → H

1
2 (Γ ),

hence V −1 : H− 1
2 (Γ ) → H

1
2 (Γ ) is also positive and the square root

V − 1
2 : H− 1

2 (Γ ) → L2(Γ ) is well defined (Rudin [263, Theorem 12.33]).
�

We are now in the position to formulate the contraction properties of the
operators ( 1

2I ±K) and (1
2I ±K ′).
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Theorem 5.6.11. The operators 1
2I + K and 1

2I + K ′ are contractions on
the corresponding energy spaces and

‖(1
2I ±K)µ‖|V −1 ≤ cK‖µ‖V −1 for all µ ∈

{
H

1
2 (Γ )

H
− 1

2
� (Γ )

, (5.6.41)

‖(1
2I ±K ′)λ‖|V ≤ cK‖λ‖V for all λ ∈

{
H− 1

2 (Γ )

H
− 1

2
� (Γ )

(5.6.42)

where
cK = 1

2 +
√

1
4 − cV1 cD1 < 1

and where the respective upper cases correspond to the + signs and the lower
cases to the − signs. Here

H
− 1

2
� (Γ ) := {λ ∈ H− 1

2 (Γ ) | 〈m,λ〉 = 0 for all m ∈ �} .

Moreover, we have

(1− cK)‖µ‖V −1 ≤ ‖( 1
2I ±K)µ‖V −1 for all µ ∈ H

1
2
� (Γ ) (5.6.43)

and
‖( 1

2I −K)µ0‖V −1 = ‖µ0‖V −1 for µ0 ∈ � . (5.6.44)

Proof: We begin with the operator (1
2I + K) and (5.6.41). Here,

‖(1
2I + K)µ‖2V −1 = 〈V −1( 1

2I + K)µ , ( 1
2I + K)µ〉

= 〈(1
2I + K ′)V −1( 1

2I + K)µ, µ〉 = 〈Sµ, µ〉 − 〈Dµ, µ〉 .

Hence, with (5.6.39) we have

〈Sµ, µ〉 = 〈V − 1
2 V Sµ, V − 1

2 µ〉
≤ ‖V − 1

2 V Sµ‖L2‖V − 1
2 µ‖L2 = ‖V Sµ‖V −1‖µ‖V −1

= ‖( 1
2I + K)µ‖V −1‖µ‖V −1

and with (5.6.33) and (5.6.37),

〈Dµ, µ〉 ≥ cD1 ‖µ‖2
H

1
2
≥ cD1 cV1 ‖µ‖2V −1 .

This implies

‖(1
2I + K)µ‖2V −1 ≤ ‖( 1

2I + K)µ‖V −1‖µ‖V −1 − cD1 cV1 ‖µ‖2V −1 .

or
a2 ≤ ab− cD1 cV1 b2

with 0 ≤ a = ‖( 1
2I + K)µ‖V −1 and 0 ≤ b = ‖µ‖V −1 .
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An elementary manipulation shows that

1
2 −

√
1
4 − cV1 cD1 ≤ a

b ≤
1
2 +

√
1
4 − cV1 cD1

which leads to a ≤ bcK , i.e., the desired estimate (5.6.41) with the + sign
and to the estimate (5.6.43)

(1− cK)‖µ‖V −1 ≤ ‖( 1
2I + K)µ‖V −1 for all µ ∈ H

1
2
� (Γ ) .

We also obtain

‖µ‖V −1 = ‖( 1
2I −K)µ + (1

2I + K)µ‖V −1

≤ ‖( 1
2I −K)µ‖V −1 + cK‖µ‖V −1

and
(1− cK)‖µ‖V −1 ≤ ‖( 1

2I −K)µ‖V −1 for all µ ∈ H
1
2
� (Γ ) ,

i.e., (5.6.43) with the − sign.
In order to show (5.6.41) for the case of the − sign we proceed as follows.

‖(1
2I −K)µ‖2V −1 = ‖

(
I − ( 1

2I + K)
)
µ‖2V −1

= ‖µ‖2V −1 + ‖(I + K)µ‖2V −1 − 2〈V −1( 1
2I + K)µ, µ〉

= ‖µ‖2V −1 + ‖( 1
2I + K)µ‖2V −1 − 2〈Sµ, µ〉

= ‖µ‖2V −1 − ‖( 1
2I + K)µ‖2V −1 − 2〈Dµ, µ〉

≤ ‖µ‖2V −1

{
1− (1− cK)2 − 2cD1 cV1

}
= c2K‖µ‖2V −1

for µ ∈ H
1
2
� which is (5.6.41).

Finally, the relation (5.6.44) follows from the fact that � is also the kernel
of ( 1

2I + K), hence

( 1
2I −K)µ0 = µ0 for all µ0 ∈ �

which implies (5.6.44).
The estimates (5.6.42) are a direct consequence of the norm definitions in

(5.6.36):

‖(1
2I ±K ′)λ‖2V = 〈( 1

2 ±K ′)λ, V λ〉
= 〈V −1µ, ( 1

2I ±K)µ〉
= ‖(1

2I ±K)µ‖2V −1

≤ c2K‖µ‖2V −1 = c2K〈V −1V λ, V λ〉 = c2K‖λ‖V 2

where µ = V λ. �

The Theorem 5.6.11 implies that the boundary integral equations of
the second kind can be solved with appropriate Neumann’s series in Carl
Neumann’s classical iterative scheme. In particular, the equations



5.6 Solution of Integral Equations via Boundary Value Problems 291

1
2µ±Kµ = f on Γ with f ∈

{
H

1
2
� (Γ )

H
1
2 (Γ )

, (5.6.45)

and

1
2λ±K ′λ = g on Γ with g ∈

{
H

− 1
2

� (Γ )
H− 1

2 (Γ )
(5.6.46)

can be solved by the convergent iterations

µ(�+1) := (1
2I ∓K)µ(�) + f in

{
H

1
2
� (Γ )

H
1
2 (Γ )

, (5.6.47)

and

λ(�+1) := (1
2I ∓K ′)λ(�) + g in

{
H

− 1
2

� (Γ )
H− 1

2 (Γ )
(5.6.48)

for � = 0, 1, . . . , in the respective Sobolev spaces.

5.6.8 The Solvability of Direct Boundary Integral Equations

With G̊arding’s inequality for the sesquilinear forms of direct boundary in-
tegral equations available, their solvability follows from the basic existence
theorems for variational problems in Section 5.2. For the direct boundary
integral equations these results of the previous chapters are summarized in
the following theorem whose proof is clear from the previous presentation.

Theorem 5.6.12. The variational boundary integral equations (5.6.22) of
the first kind and (5.6.26), (5.6.27) and (5.6.28) of the second kind satisfy all
the assumptions of Theorem 5.3.10. In particular, if one of these equations
has the property that the corresponding homogeneous problem

aΓ (χ, λ0) = 0 for all χ ∈ Hα(Γ ) (5.6.49)

has only the trivial solution λ0 = 0, then this equation is uniquely solvable and
the solution λ together with the given data µ generates via the corresponding
representation formula the unique variational solution of the corresponding
boundary value problem.

On the other hand, if the homogeneous boundary variational form (5.6.49)
has nontrivial solutions then there are two cases:

i. If the corresponding boundary value problem with the given data µ has a
solution then the right–hand side of the boundary variational form defined
by f = Bµ will always satisfy the required orthogonality conditions.

ii. The given data f = Bµ satisfy the orthogonality conditions.
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In both cases, the orthogonality conditions read as

〈χ∗
0,Bµ〉Γ = 0 for (5.6.22) or

〈V χ∗
0,Bµ〉Γ = 0 for (5.6.27) or

〈Dχ∗
0,Bµ〉Γ = 0 for (5.6.28)

where χ∗
0 are all the eigensolutions of the adjoint homogeneous boundary

sesquilinear form

aΓ (χ∗
0, ν) = 0 for all ν ∈ Hα(Γ ) .

The latter form a finite–dimensional subspace and the inhomogeneous bound-
ary variational form has a solution but is not unique. Moreover, every pair
(λ, µ) again generates via the corresponding representation formula a varia-
tional solution of the corresponding boundary value problem.

5.6.9 Positivity of the Boundary Integral Operators of the Stokes
System

Based on the continuity of the hydraulic potential operators on the boundary
Sobolev spaces and G̊arding inequalities (5.4.27) for aΩ(u,v) and aΩc(u,v),
respectively, the variational solutions in H1

div(Ω) and H1
0,div(Ω) of the trac-

tion or the Dirichlet problem, the jump relations in Lemma 5.6.5 and the
generalized Green theorem, Lemma 5.4.6, one finally obtains the following
G̊arding inequalities for the hydrodynamic potentials given in Section 2.3.2,
Table 2.3.4.

Theorem 5.6.13. Given (τ ,ϕ) ∈ H− 1
2 (Γ ) × H

1
2 (Γ ). Then the hydrody-

namic boundary integral operators satisfy the following G̊arding inequalities:

〈V τ , τ 〉Γ +
L∑

�=1

〈τ ,n�〉2Γ�
≥ γ0‖2

H− 1
2 (Γ )

, (5.6.50)

〈Dϕ,ϕ〉Γ +
L∑

�=1

3(n−1)∑

k=1

〈ϕ,mk,�〉2Γ�
≥ γ0‖ϕ‖2

H
1
2 (Γ )

, (5.6.51)

〈V τ , (1
2I + K ′)τ 〉Γ +

L∑

�=1

〈τ ,n�〉2Γ�
≥ γ0‖τ‖2

H− 1
2 (Γ )

, (5.6.52)

〈Dϕ , ( 1
2I −K)ϕ〉Γ +

L∑

�=1

3(n−1)∑

k=1

〈ϕ,mk,�〉2Γ�
≥ γ0‖ϕ‖2

H
1
2 (Γ )

. (5.6.53)

Proof: Since the proof follows the same scheme as for the second order
systems we sketch the proof here only for the operator V and (5.6.52). Here,
the special field
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(u, µ) = (V τ0, Φτ0) where 〈τ0,n�〉 = 0 for � = 1, L

satisfies the homogeneous Stokes system where f = 0 ∈ H̃−1
0 in Ω as well

as in Ωc and, in addition, u is solenoidal. Moreover, for V τ0 = u we have
the jump relations in Lemma 5.6.5. Hence, (u, p) ∈ H1(Ω,Pst) and (u, p) ∈
H1(Ωc, Pst) and the field decays at infinity. So, (u, p) is a solution of the
transmission problem and satisfies

〈V τ0, τ0〉 = aΩ(u,u) + aΩc(u,u)

with the bilinear forms aΩ and aΩc given in (5.4.26). On solenoidal fields
they satisfy G̊arding inequalities (5.4.27) which here yield the form

aΩ(u,u) + aΩc(u,u) ≥ c(‖u‖2H1(Ω) + ‖u‖2H1(Ωc)) .

Then Lemma 5.4.6 for Ω and Ωc implies finally

〈V τ0, τ0〉 ≥ c(‖u‖2H1(Ω) + ‖u‖2H1(Ωc))

≤ c′
(
‖T (u)‖2

H− 1
2 (Γ )

+ ‖T c(u)‖2
H− 1

2 (Γ )

)

≥ c′′‖
(
T (u)− T c(u)

)
‖2
H− 1

2 (Γ )
= γ0‖τ0‖2

H− 1
2 (Γ )

.

For general τ ∈ H− 1
2 (Γ ) write

τ = τ0 +
L∑

�=1

〈τ ,n�〉n�

and with V n� = 0 for � = 1, L, the inequality (5.6.50) follows. �

With Theorem 5.6.13 available, Theorem 5.6.6 can be carried through for
the operators 1

2I ±K and 1
2I ±K ′ of the Stokes system.

We refer to further works on the Stokes system in Dautray and Lions
[60], Fabes et al [71, 72], Fischer et al [79], Galdi [91], Kohr et al [163, 164],
Ladyženskaya [179], Temam [303] and [317].

5.7 Partial Differential Equations of Higher Order

In the previous sections we presented a general procedure for treating sec-
ond order equations and systems based on the generalized Green’s formula
by employing the direct approach for corresponding boundary integral equa-
tions. There the approach hinged on the intimate relations between G̊arding
inequalities for the boundary value problems of the underlying partial differ-
ential operators and corresponding integral operators.

In this section we demonstrate that the same approach can also be applied
to higher order elliptic partial differential equations. To illustrate the idea
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we now consider boundary value problems for the fourth order biharmonic
equation (2.4.1) as a simple model case. Here, the first Green’s formula in
H4(Ω), in the interior domain is given by (2.4.2). For the boundary, we need
at least Γ ∈ C1,1. Moreover, we shall need the subspace of the dual space to
H2(Ω), which does not contain distributions in IRn having singular support
on Γ . To this end, let H̃−2(Ω) :=

(
H2(Ω)

)′ and

H̃−2
Γ (Ω) := {f ∈ H̃−2(Ω) | (f, ϕ)L2(Ω) = 0 for all ϕ ∈ C∞

0 (Ω)} .

Now let H̃−2(Ω) be decomposed as

H̃−2(Ω) = H̃−2
Γ (Ω)⊕ H̃−2

0 (Ω)

where H̃−2
0 (Ω) and H̃−2

Γ (Ω) are orthogonal in the Hilbert space H̃−2(Ω).
For the generalized first Green’s formula below, we introduce the space

H2(Ω,∆2) := {w ∈ H2(Ω) |∆2w ∈ H̃−2
0 } ,

and throughout the section we need the boundary to be at least Γ ∈ C1,1.

Lemma 5.7.1. For fixed u ∈ H2(Ω,∆2), the mapping

γv =
(
v,

∂v

∂n

)�
�→ 〈τu,γv〉Γ := aΩ(u,Zγv)−

∫

Ω

∆2uZγvdx (5.7.1)

defines a continuous linear functional τu on γv ∈ H
3
2 (Γ )×H

1
2 (Γ ) that for

u ∈ H4(Ω) is given by τu = (Nu,Mu)�. The mapping

τ : H2(Ω,∆2) → H− 3
2 (Γ )×H− 1

2 (Γ ) with u �→ τu

is continuous. Here Z is a right inverse to the trace operator γ.

Correspondingly, the generalized first Green’s formula (5.7.1) remains valid
in the space H2(Ωc

R,∆2).
Similar to the transmission problem (5.1.76), we formulate in the domain

BR the transmission problem:

Find u ∈ H2(Ω,∆2)×H2(Ωc
R,∆2) satisfying

∆2u = f1 in Ω and ∆2u = f2 in Ωc
R (5.7.2)

together with the transmission conditions

[γu]|Γ = ϕ , [τu]|Γ = ψ on Γ (5.7.3)

and the boundary condition
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γu||x|=R = 0 on ∂BR = {x | |x| = R}

with given f1 ∈ H̃−2
0 , f2 ∈ H−2

comp ∩H−2(BR) , ϕ ∈ H
3
2 (Γ )×H

1
2 (Γ ) , ψ ∈

H− 3
2 (Γ )×H− 1

2 (Γ ).

The corresponding weak formulation of the transmission problem then
reads:
Find

u ∈ H2(Ω,∆2)×H2(Ωc
R,∆2) with [γu]|Γ = ϕ and γu||x|=R = 0

(5.7.4)
such that

a(u, v) := aΩ(u, v) + aΩc
R
(u, v)

=
∫

Ω

f1vdx +
∫

Ωc
R

f2vdx−
∫

Γ

(
v,

∂v

∂n

)
ψds (5.7.5)

for all v ∈ H := {v ∈ H2(Ω,∆2) × H2(Ωc
R,∆2) with [γv]|Γ = 0 and

γv||x|=R = 0}.
The bilinear forms aΩ and aΩc

R
are given by (2.4.3). As S. Agmon has

shown in [2], the sesquilinear form aΩ(u, v) in (2.4.3) satisfies a G̊arding
inequality.

Lemma 5.7.2. (See [2]). The bilinear form aΩ(·, ·) is coercive over H2(Ω)
iff −3 < ν < 1. Here the coerciveness means that aΩ(·, ·) satisfies a G̊arding
inequality in the form:

aΩ(v, v) + λ0

∫

Ω

vdx ≥ α0‖v‖2H2(Ω) for all v ∈ H2(Ω) , (5.7.6)

where α0 > 0 and λ0 > 0 are constants.

Since H2(Ω) ↪→ L2(Ω) is compactly imbedded (see (4.1.32)),
∫

Ω

v2dx =: (Cv, v)H2(Ω)

where C is a compact linear operator in H2(Ω). Clearly, this lemma is also
valid for aΩc

R
(u, v) and Ωc

R with fixed R > 0 sufficiently large.
Since a in (5.7.5) satisfies a G̊arding inequality as (5.7.6) on H, the

Fredholm alternative for sesquilinear forms, Theorem 5.3.10 is valid. The
homogeneous problem for (5.7.5) where f1 = 0 , f2 = 0 , ϕ = 0 , ψ = 0
has only a trivial solution. Therefore (5.7.5) always has a unique solution u.
Moreover, it satisfies the a priori estimate

‖u‖H2(Ω) + ‖u‖H1(Ωc
R) ≤ c{‖f1‖H̃−2(Ω)

+ ‖f2‖H̃−2(Ωc)∩H−2(BR)
(5.7.7)

+ ‖ϕ‖
H

3
2 (Γ )×H

1
2 (Γ )

+ ‖ψ‖
H− 3

2 (Γ )×H− 1
2 (Γ )

} ,
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and can be represented in the form

u(x) = Wϕ(x)− V ψ(x) +
∫

Ω

E(x, y)f1(y)dy +
∫

Ωc
R

E(x, y)f2(y)dy . (5.7.8)

For proving the continuity properties of the boundary integral operators
in the Calderón projector (2.4.23) we again exploit the fact that V in (2.4.26)
as well as D in (2.4.30) define potentials which are solutions of the trans-
mission problem (5.7.4) with ϕ = 0 for f1 = 0 and f2 = 0 together with the
transmission conditions ϕ = 0 for V and ψ = 0 for D, respectively.

Theorem 5.7.3. The following operators are continuous:

V : H− 1
2 (Γ )×H− 3

2 (Γ ) → H2(Ω,∆2)×H2
loc(Ω

c,∆2) ,
( ∂

∂nc

γc0

)
V =

( ∂
∂n

γ0

)
V =: V : H− 1

2 (Γ )×H− 3
2 (Γ ) → H

1
2 (Γ )×H

3
2 (Γ ) ,

(
Mc

Nc

)
V and

(
M

N

)
V : H− 1

2 (Γ )×H− 3
2 (Γ ) → H− 1

2 (Γ )×H− 3
2 (Γ ) ,

W : H
1
2 (Γ )×H

3
2 (Γ ) → H2(Ω,∆2)×H2

loc(Ω
c,∆2) ,

( ∂
∂nc

γc0

)
W and

( ∂
∂n

γ0

)
W : H

1
2 (Γ )×H

3
2 (Γ ) → H

1
2 (Γ )×H

3
2 (Γ ) ,

(
Mc

Nc

)
W =

(
M

N

)
W =: D : H

1
2 (Γ )×H

3
2 (Γ ) → H− 1

2 (Γ )×H− 3
2 (Γ ) .

In the theorem, the corresponding operators are given by:

V :
(
Mu

Nu

)
→ u , W :

( ∂u
∂n

u

)
→ u

and

V =
(
V23 V24

V13 V14

)
, D =

(
D32 D31

D42 D41

)
(5.7.9)

defined in (2.4.26), (2.4.30), respectively.

Proof: In fact, the proof can be carried out in the same manner as for
Theorem 5.6.2 for second order systems. Therefore, here we only present the
main ideas.

First we consider the continuity properties of V . To this end, we consider
the related variational transmission problem (5.7.2), (5.7.3) with ϕ = 0 which
has a unique solution u in H2(Ω,∆2)×H2(Ωc

R,∆2) satisfying (5.7.7) which
can be represented in the form (5.7.8) with ϕ = 0. In particular, we may
consider f1 = 0 , f2 = 0 which leads to the first three continuity properties
in Theorem 5.7.3 by making use of the trace theorem 4.2.1.
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Next, for the mapping properties of W , we again consider the transmission
problem (5.7.2), (5.7.3) but now with ψ = 0 and ϕ ∈ H

3
2 (Γ )×H

1
2 (Γ ) , f1 =

0 , f2 = 0. With representation formula (5.7.8) of the corresponding solution
u in H2(Ω,∆2) × H2(Ωc

R,∆2), i.e., with u = Wϕ and the trace theorem
together with the definition of the operators M and N , i.e., of τ based on
the generalized Green’s formula in Lemma 5.7.1, we obtain the last three
continuity properties in Theorem 5.7.3. �

As a consequence of the mapping properties in Theorem 5.7.3 we find the
jump relations as in Lemma 5.6.3.

Lemma 5.7.4. Given ϕ ∈ H
3
2 (Γ ) × H

1
2 (Γ ) and ψ ∈ H− 1

2 (Γ ) × H− 3
2 (Γ ),

the following jump relations hold:

[V ψ]|Γ = 0 , [(M,N)�V ψ]|Γ = −ψ ,
[(

∂
∂n , γ0

)�
Wϕ

]
|Γ = ϕ , [Dϕ]|Γ = 0

(5.7.10)

We omit the proof since the arguments are the same as for Lemma 5.6.3.
In order to consider the boundary integral equations collected in Table

2.4.5 and Table 2.4.6 in the above Sobolev spaces and in variational form we
now present the G̊arding inequalities for the matrix operators V and D in
(5.7.9).

Theorem 5.7.5. With the real Sobolev spaces, the boundary integral matrix
operators V and D satisfy G̊arding’s inequalities as

〈ψ,V ψ〉+ 〈ψCV ψ〉 ≥ cV ‖ψ‖2
H− 1

2 (Γ )×H− 3
2 (Γ )

, (5.7.11)

〈Dϕ,ϕ〉+ 〈CDϕ,ϕ〉 ≥ cD‖ϕ‖2
H

1
2 ×H

3
2 (Γ )

(5.7.12)

where cV and cD are positive constants and the linear operators CV and
CD are compact operators on H− 1

2 (Γ ) × H− 3
2 (Γ ) and H

1
2 (Γ ) × H

3
2 (Γ ),

respectively.

Proof: Since, again, the proof can be carried out in the same manner as
for Theorem 5.6.8, we just outline the main ideas in this case without the
details.

For (5.7.11) consider the function

u(x) := −η(x)V ψ(x) for x ∈ IR2 \ Γ

with any ψ ∈ H− 1
2 (Γ ) × H− 3

2 (Γ ) given , where η ∈ C∞
0 (IR2) is a cut–off

function as in (5.6.17). Then u is a solution of the transmission problem
(5.7.2), (5.7.3) with ϕ = 0 and f2 = ∆2(ηV ψ) ∈ C∞

0 (Ωc
R). As in Section

5.6.6, the generalized first Green’s formula yields with the G̊arding inequality
(5.7.6):
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〈ψ,V ψ〉 =
∫

Γ

(
∂u
∂nψ1 + uψ2

)
ds

= aΩ(u, u) + aΩc
R
(u, u)−

∫

R1≤|y|≤R

u∆2(ηV ψ)dy

≥ γ0{‖u‖2H2(Ω) + ‖u‖2H2(Ωc
R) − c1‖ψ‖2H−1(Γ )×H−2(Γ )}

Next, use Lemma 5.7.1 which yields

‖ψ‖2
H− 1

2 (Γ )×H− 3
2 (Γ )

≤ c2{‖u‖2H2(Ω) + ‖u‖2H2(Ωc
R) + ‖∆2u‖2

H̃−2(Ω)
}

So,
〈ψ,V ψ〉 ≥ γ0

c2
‖ψ‖2

H− 1
2 (Γ )×H− 3

2 (Γ ) − c3‖ψ‖2H−1(Γ )×H−2(Γ )

since ‖∆2u‖2
H̃−2(Ω)

≤ c‖ψ‖H−1(Γ )×H−2(Γ ). Then with the compact imbed-

ding H− 1
2 (Γ )×H− 3

2 (Γ ) ↪→ H−1(Γ )×H−2(Γ ) the G̊arding inequality (5.7.11)
follows.

For (5.7.12) we use the function

u(x) := η(x)Wϕ(x) for x ∈ IR2 \ Γ .

Then

〈Dϕ,ϕ〉 =
∫

Γ

(ϕ1Mu + ϕ2Nu)ds

= aΩ(u, u) + aΩc
R
(u, u)−

∫

R1≤|y|≤R2

u∆2(ηWϕ)dy .

G̊arding inequalities (5.7.6) and the trace theorem lead to the desired estimate
(5.7.12). �

Remark 5.7.1: For the integral operator equations of the second kind as in
Tables 2.4.5 and 2.4.6, corresponding boundary bilinear forms are related to
the domain bilinear forms (2.4.3) and are given by

aΩc(Wϕ,W ϕ̃)

aΩ(Wϕ,W ϕ̃)

}
= 〈( 1

2I ±K11)ϕ1 ∓ V12ϕ2 , D41ϕ̃1 + D42ϕ̃2〉
+〈∓D21ϕ1 + (1

2I ∓K22)ϕ2 , D31ϕ̃1 + D32ϕ̃2〉
(5.7.13)

and

aΩc(V ψ, V ψ̃)

aΩ(V ψ, V ψ̃)

}
= 〈( 1

2I ±K33)ψ1 ∓ V34ψ2 , V13ψ̃1 + V14ψ̃2〉
+〈∓D34ψ1 + (1

2I ∓K44)ϕ2 , V23ψ̃1 + V24ψ̃2〉
(5.7.14)
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Therefore, these bilinear forms also satisfy G̊arding inequalities in the same
manner as in Theorem 5.6.9 for second order partial differential equations.
As we can see, the test functions are images under the operators of the first
kind which serve as preconditioners.

With G̊arding inequalities available, Fredholm’s alternative, Theorem
5.3.10 can be applied to all the integral equations in Tables 2.4.5 and 2.4.6
in the corresponding Sobolev spaces. In fact, as formulations in Table 2.4.6
imply uniqueness, for these versions the existence of solutions in the Sobolev
spaces is ensured.

Remark 5.7.2: As was pointed out by Costabel in [51] the positivity of the
boundary integral operators V and D on appropriate Sobolev spaces as in
Section 5.6.7 for the second order equations, the convergence of corresponding
successive approximation for integral equations of the second kind, can be
established. The details will not be pursued here.

Some further works on the biharmonic equation and boundary integral
equations can be found in Costabel et al [53, 56], Giroire [100], Hartmann
and Zotemantel [122], [144] and Knöpke [160].

5.8 Remarks

5.8.1 Assumptions on Γ

In this chapter we have for the most part, not been very specific concerning
the assumptions on Γ which should at least be a strong Liptschitz boundary.
For strongly elliptic second order elliptic equations and systems including
the equations of linearized elasticity and also for the Stokes system, a strong
Lipschitz boundary is sufficient as long as Dirichlet or Neumann conditions or
boundary and transmission conditions of the form (5.1.21) with B00 = I and
N00 = 0 are considered (see Costabel [50], Fabes et al [71, 72], Nečas [229]).
For the general Neumann–Robin conditions (5.1.21), however, one needs at
least a C1,1 boundary.

For higher order equations of order 2m′, one needs as least Γ ∈ C�,κ with
� + κ = m′ as C1,1 for the biharmonic equation.

D. Mitrea, M. Mitrea and M. Taylor develop in Mitrea et al [218]
the boundary integral equations for Lipschitz boundaries and for scalar
strongly elliptic second order equations, in particular the Hodge Laplacian
on Riemannian manifolds.

5.8.2 Higher Regularity of Solutions

Let us collect some facts regarding higher regularity of solutions without
proofs. Higher regularity is often needed in applications and for the numerical
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approximation and corresponding error analysis (see e.g. [141], Sauter and
Schwab [266], Steinbach [289]).

Without higher requirement for Γ , Theorem 5.6.2, Lemma 5.6.4 and
Lemma 5.1.1 can be extended as follows due to the results by Fabes, Kenig,
Verchota in [71, 72] and Costabel [50].

Theorem 5.8.1. For |σ| ≤ 1
2 , the operators in Theorem 5.6.2 and in Lemma

5.6.4 can be extended to the following continuous mappings:

V : H− 1
2+σ(Γ ) → H1+σ(Ω)×H1+σ

loc (Ωc) ,

γ0V and γc0V : H− 1
2+σ(Γ ) → H

1
2+σ(Γ ) ,

τW and τcV : H− 1
2+σ(Γ ) → H− 1

2+σ(Γ ) ,

W : H
1
2+σ(Γ ) → H1+σ(Ω)×H1+σ

loc (Ωc) ,

γ0W and γc0W : H
1
2+σ(Γ ) → H

1
2+σ(Γ ) ,

τW and τcW : H
1
2+σ(Γ ) → H− 1

2+σ(Γ ) .

For 0 ≤ σ < 1
2 , the generalized conormal derivative satisfies τu ∈

H− 1
2+σ(Γ ) for u ∈ H1+σ(Ω).

(For the Stokes system see Kohr et al [164].)
Moreover, the variational solutions in H1(Ω) gain slightly more regularity

and satisfy corresponding a priori estimates of the form

‖u‖H1+σ(Ω) ≤ {‖ϕ‖H 1
2 +σ(Γ )

+ ‖f‖
H̃−1+σ(Ω)

} (5.8.1)

for the Dirichlet problem if (ϕ, f) ∈ H
1
2+σ(Γ )× H̃−1+σ

0 (Ω) or

‖u‖H1+σ(Ω) ≤ c{‖ψ‖
H− 1

2 +σ + ‖f‖
H̃−1+σ(Ω)

} (5.8.2)

for the Neumann problem if (ψ, f) ∈ H− 1
2+σ(Γ )×H̃−1+σ

0 (Ω) and 0 < σ ≤ 1
2 .

Correspondingly, if for IDP and EDP in Table 5.1.2, µ ∈ H
1
2+σ(Γ ) is

given, then λ ∈ H− 1
2+σ(Γ ). If for INP and ENP µ ∈ H− 1

2+σ(Γ ) is given
then λ ∈ H

1
2+σ(Γ ).

If Γ is much smoother then one may obtain even higher regularity as will
be seen in Chapters 7–10.

5.8.3 Mixed Boundary Conditions and Crack Problem

We return to the example of the mixed boundary value problem (2.5.1) for
the Lamé system; but now with given f ∈ H̃−1

0 (Ω) , ϕ ∈ H
1
2 (ΓD) and

ψ ∈ H− 1
2 (ΓN ). Again, we write with ϕ ∈ H

1
2 (Γ ) and ψ ∈ H− 1

2 (Γ ) according
to (2.5.2),
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γ0u = ϕ + ϕ̃ , Tu = ψ + ψ̃ where ϕ̃ ∈ H̃
1
2 (ΓN ) and ψ̃ ∈ H̃− 1

2 (ΓD)
(5.8.3)

are the yet unknown Cauchy data. The boundary integral equations (2.5.6)
can now be written in variational form:
Find (ψ̃, ϕ̃) ∈ H̃− 1

2 (Γ ) satisfying

aΓ
(
(ψ̃, ϕ̃) , (τ̃ , χ̃)

)
:= 〈V ψ̃, τ̃ 〉 − 〈Kϕ̃, τ̃ 〉Γ + 〈K ′ψ̃, χ̃〉+ 〈Dϕ̃, χ̃〉Γ
= �(τ̃ , χ̃) for all (τ̃ , χ̃) ∈ H̃− 1

2 (Γ )× H̃
1
2 (Γ ) (5.8.4)

where the linear functional � is given as

�(τ̃ , χ̃) = 〈(1
2I + K)ϕ, τ̃ 〉 − 〈V ψ, τ̃ 〉 − 〈Nf , τ̃ 〉

+ 〈(1
2I −K ′)ψ, χ̃〉 − 〈Dϕ,χ〉 − 〈TxNf , χ̃〉 .

(5.8.5)

Since aΓ is continuous and satisfies the G̊arding inequality

aΓ
(
(ψ̃, ϕ̃) , (ψ̃, ϕ̃)

)
= 〈V ψ̃, ψ̃〉+ 〈Dϕ̃, ϕ̃〉
≥ γ0{‖ψ̃‖2

H− 1
2 (Γ )

+ ‖ϕ̃‖
H

1
2 (Γ )

} (5.8.6)

for all (ψ̃, ϕ̃) ∈ H̃− 1
2 (ΓD)× H̃

1
2 (ΓN ) ⊂ H− 1

2 (Γ )×H
1
2 (Γ ) as in (5.6.32) and

(5.6.33), aΓ is H̃− 1
2 (ΓD)× H̃

1
2 (ΓN )–elliptic and (5.8.4) is uniquely solvable.

In fact, this formulation underlies the efficient and fast boundary element
methods in Of et al [242, 243], Steinbach [289]. For the Stokes system, mixed
boundary value problems are treated in [164] and for the biharmonic equation
in Cakoni et al [33].

For the classical insertion problem (2.5.14), now ϕ ∈ H
1
2 (Γ ) and ϕ± ∈

H
1
2 (Γc) with [ϕ]|Γc

∈ H̃
1
2 (Γc) are given, and the variational form of (2.5.16)

for the desired Cauchy data ψ ∈ H− 1
2 (Γ ) and [ψ]|Γc

∈ H̃− 1
2 (Γc) reads:

Find (ψ, [ψ]|Γc
) ∈ H− 1

2 (Γ )× H̃− 1
2 (Γc) satisfying

aΓ
(
(ψ, [ϕ]|Γc

) , (τ , τ̃ )
)

:= (5.8.7)
〈VΓψ, τ 〉Γ − 〈VΓc

[ϕ]|Γc
, τ 〉Γ − 〈VΓψ, τ̃ 〉Γc

+ 〈VΓc
[ϕ]|Γc

, τ̃ 〉Γc

= �(τ , τ̃ ) for all (τ , τ̃ ) ∈ H− 1
2 (Γ )× H̃− 1

2 (Γc)

where the linear functional is given via (2.5.16). The bilinear form aΓ is
continuous and satisfies a G̊arding inequality

aΓ
(
(ψ, τ̃ ) , (ψ, τ̃ )

)
≥ γ0{‖ψ‖2

H− 1
2 (Γ )

+ ‖τ̃‖2
H− 1

2 (Γc)

c(‖ψ‖2H−1(Γ ) + ‖τ̃‖2H−1(Γc)
}

(5.8.8)

Since, in addition, the homogeneous problem with ϕ = 0 , ψ = 0 admits
only the trivial solution, (5.8.7) is uniquely solvable.
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For the classical crack problem, ψ± ∈ H− 1
2 (Γc) with [ψ]|Γc

∈ H̃− 1
2 (Γc)

and, in our example, ϕ ∈ H
1
2 (Γ ) in (2.5.17) are given. Then the variational

form of (2.5.18) reads:
Find (ψ, [ϕ]|Γc

) ∈ H− 1
2 (Γ )× H̃

1
2 (Γc) satisfying

aΓ
(
(ψ, [ϕ]|Γc

) , (τ , χ̃)
)

:= 〈VΓψ, τ 〉Γ + 〈KΓc
[ϕ]|Γc

, τ 〉Γ (5.8.9)
+ 〈DΓc

[ϕ]|Γc
, χ̃〉Γc

− 〈K ′
Γψ, χ̃〉Γc

= �(τ , τ̃ ) for all (τ , τ̃ ) ∈ H− 1
2 (Γ )× H̃

1
2 (Γc) ,

where the linear functional is given via (2.5.18). Here aΓ satisfies the G̊arding
inequality

aΓ
(
(ψ, χ̃) , (ψ, χ̃)

)
≥ γ0{‖ψ‖2

H− 1
2 (Γ )

+‖χ̃‖2
H̃

1
2 (Γ )

−c(‖ψ‖2H−1(Γ )+‖χ̃‖2L2(Γ )} .
(5.8.10)

Also here the homogeneous problem (5.8.9) with ψ±|Γc
= 0 and ϕ|Γ = 0, i.e.,

� = 0, admits only the trivial solution, hence (5.8.9) has a unique solution.
For more detailed analysis of these problems we refer to Costabel and

Dauge [52], Duduchava et al [65], [145, 146], Natroshvili et al [227, 64],
Stephan [294].



6. Introduction to Pseudodifferential
Operators

The pseudodifferential operators provide a unified treatment of differential
and integral operators. They are based on the intensive use of the Fourier
transformation F (3.1.12) and its inverse F−1 = F∗ (3.1.14). The linear
pseudodifferential operators can be characterized by generalized Fourier mul-
tipliers, called symbols. The class of pseudodifferential operators form an
algebra, and the operations of composition, transposition and adjoining of
operators can be analyzed by algebraic calculations of the corresponding
symbols.

Moreover, this class of pseudodifferential operators is invariant under dif-
feomorphic coordinate transformations. As linear mappings between distribu-
tions, the pseudodifferential operators can also be represented as Hadamard’s
finite part integral operators, whose Schwartz kernels can be computed
explicitly from their symbols or as integro–differential operators and vice
versa. For elliptic pseudodifferential operators, we construct parametrices.
For elliptic differential operators, in addition, we construct Levi functions
and also fundamental solutions if they exist. Since the latter provide the
most convenient basis for boundary integral equation formulations, we also
present a short survey on fundamental solutions.

6.1 Basic Theory of Pseudodifferential Operators

In this introductory section for pseudodifferential operators we collect various
basic results of pseudodifferential operators without giving all of the proofs.
The primary sources for most of the assertions are due to Hörmander’s pio-
neering work in [128, 127, 129, 131].

We begin with the definition of the classical symbols for operators on
functions and distributions defined in some domain Ω ⊂ IRn (see [129]).

Definition 6.1.1. For m ∈ IR, we define the symbol class SSSm(Ω × IRn) of
order m to consist of the set of functions a ∈ C∞(Ω× IRn) with the property
that, for any compact set K � Ω and multi–indices α, β there exist positive
constants c(K,α, β) such that1

1For our readers, we here purposely do not use the notation Dα since in pseudo-
differential analysis Dα is reserved for

(
−i ∂

∂x

)α
.
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∣∣∣∣∣

(
∂

∂x

)β (
∂

∂ξ

)α

a(x, ξ)

∣∣∣∣∣ ≤ c(K,α, β)〈ξ〉m−|α| (6.1.1)

for all x ∈ K and ξ ∈ IRn, where

〈ξ〉 := (1 + |ξ|2) 1
2 . (6.1.2)

Remark 6.1.1: In Hörmander [131], the classical symbols need to satisfy
(6.1.1) for all x ∈ IRn , ξ ∈ IRn. This approach eliminates some of the diffi-
culties with operators defined only on Ω. Since we are dealing with problems
where Ω is not necessarily IRn we prefer to present the local version as in
[129].

A simple example is the polynomial

a(x, ξ) =
∑

|α|≤m

aα(x)ξα . (6.1.3)

A function a0
m ∈ C∞(Ω × (IRn \ {0})) is said to be positively homogeneous

of degree m (with respect to ξ) if it satisfies

a0
m(x, tξ) = tma0

m(x, ξ) for every t > 0 and all ξ ∈ IRn \ {0} . (6.1.4)

If a0
m is positively homogeneous of degree m then

am(x, ξ) = χ(ξ)a0
m(x, ξ) ∈ SSSm(Ω × IRn) (6.1.5)

will be a symbol provided χ is a C∞–cut–off function with χ(η) = 0 in the
vicinity of η = 0 and χ(η) ≡ 1 for |η| ≥ 1.

In connection with the symbols a ∈ SSSm(Ω×IRn), we define the associated
standard pseudodifferential operator A of order m.

Definition 6.1.2.

A(x,−iD)u := (2π)−n/2

∫

IRn

eix·ξa(x, ξ)û(ξ)dξ for u ∈ C∞
0 (Ω) and x ∈ Ω .

(6.1.6)

Here û(ξ) = Fx�→ξu(x) denotes the Fourier transform of u (see (3.1.12)). The
operator in (6.1.6) can also be written in the form

A(x,−iD)u = F−1
ξ �→x

(
a(x, ξ)Fy �→ξu(y)

)
(6.1.7)

or as an iterated integral,

A(x,−iD)u = (2π)−n

∫

IRn

∫

Ω

ei(x−y)·ξa(x, ξ)u(y)dydξ . (6.1.8)
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The set of all standard pseudodifferential operators A(x,−iD) of order
m will be denoted by OPSm(Ω × IRn) and forms a linear vector space to-
gether with the usual linear operations. Note that the differential operator of
order m,

A(x,−iD) =
∑

|α|≤m

aα(x)
(
−i

∂

∂x

)α

, (6.1.9)

with C∞–coefficients on Ω belongs to OPSm(Ω × IRn) with the symbol
(6.1.3).

For a standard pseudodifferential operator one has the following mapping
properties.

Theorem 6.1.1. (Hörmander [131, Theorem 18.1.6], Egorov and Shubin [68,
p. 7 and Theorem 1.4, p.18], Petersen [247, p.169 Theorem 2.4])
The operator A ∈ OPSm(Ω×IRn) defined by (6.1.6) is a continuous operator

A : C∞
0 (Ω) → C∞(Ω) . (6.1.10)

The operator A can be extended to a continuous linear mapping from H̃s(K)
into Hs−m

loc (Ω) for any compact subset K � Ω. Furthermore, in the framework
of distributions, A can also be extended to a continuous linear operator

A : E ′(Ω) → D′(Ω) .

The proof is available in textbooks as e.g. in Egorov and Shubin [68],
Petersen [247]. The main tool for the proof is the well known Paley–Wiener–
Schwartz theorem, Theorem 3.1.3.

For any linear continuous operator A : C∞
0 → C∞(Ω) there exists a

distribution KA ∈ D′(Ω ×Ω) such that

Au(x) =
∫

Ω

KA(x, y)u(y)dy for u ∈ C∞
0 (Ω)

where the integration is understood in the distributional sense. Due to the
Schwartz kernel theorem, the Schwartz kernel KA is uniquely determined by
the operator A (see Hörmander [131], Schwartz [276] or Taira [301, Theorem
4.5.1]).

For an operator A ∈ OPSm(Ω × IRn), the Schwartz kernel KA(x, y) has
the following smoothness property.

Theorem 6.1.2. (Egorov and Shubin [68, p. 7]) The Schwartz kernel KA of
A(x,D) ∈ OPSm(Ω × IRn) is in C∞(Ω ×Ω \ {(x, x) |x ∈ IRn}).

Moreover, by use of the identity

eiz·ξ = |z|−2N (−∆ξ)Neiz·ξ with N ∈ IN , (6.1.11)

KA has the representation in terms of the symbol,
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KA(x, y) = k(x, x− y) = |y − x|−2N (2π)−n

∫

IRn

(
(−∆ξ)Na(x, ξ)

)
ei(x−y)·ξdξ

for x �= y (6.1.12)

where N ≥
[
m+n

2

]
+ 1 for m+ n ≥ 0 and N = 0 for m+ n < 0. In the latter

case, KA is continuous in Ω×Ω and for u ∈ C∞
0 (Ω) and x ∈ Ω we have the

representation

Au(x) =
∫

Ω

k(x, x− y)u(y)dy . (6.1.13)

If n + m ≥ 0 let ψ ∈ C∞
0 (Ω) be a cut–off function with ψ(x) = 1 for all

x ∈ suppu. Then

Au(x) =
∑

|α|≤2N

cα(x)Dαu(x) (6.1.14)

+
∫

Ω

k(x, x− y)
{
u(y)−

∑

|α|≤2N

1
α!

(y − x)αDαu(x)
}
ψ(y)dy

where

cα(x) = (2π)−n

∫

IRn

∫

Ω

1
α!

(y − x)αψ(y)ei(x−y)·ξdya(x, ξ)dξ .

Alternatively,
Au(x) = (A1u)(x) + (A2u)(x) ;

here
(A1u)(x) =

∫

Ω

k1(x, x− y)u(y)dy (6.1.15)

with
k1(x, x− y) = (2π)−n

∫

IRn

(
1− χ(ξ)

)
a(x, ξ)ei(x−y)·ξdξ ,

and the integro–differential operator

(A2u)(x) =
∫

Ω

k2(x, x− y)(−∆y)Nu(y)dy (6.1.16)

where
k2(x, x− y) = (2π)−n

∫

IRn

|ξ|−2Nχ(ξ)a(x, ξ)ei(x−y)·ξdξ

and χ(ξ) is the cut–off function with χ(ξ) = 0 for |ξ| ≤ ε and χ(ξ) = 1 for
|ξ| ≥ R.
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Remark 6.1.2: The representation (6.1.14) will be also expressed in terms
of Hadamard’s finite part integrals later on.

Remark 6.1.3: In the theorem we use the identity (6.1.11) to ensure that
the integral (6.1.12) decays at infinity with sufficiently high order, whereas
for ξ = 0, we employ the regularization given by the Hadamard’s finite part
integrals. In fact, the trick (6.1.11) used in (6.1.12) leads to the definition of
the oscillatory integrals which allows to define pseudodifferential operators
of order m ≥ −n (see e.g. Hadamard [117], Hörmander [131, I p. 238], Wloka
et al [323]).

Proof:
i) n+m < 0 : In this case, the integral has a weakly singular kernel, hence,

Au(x) = (2π)−n

∫

IRn

u(y)
∫

IRn

a(x, ξ)ei(x−y)·ξdξdy

and
k(x, x− y) = (2π)−n

∫

IRn

a(x, ξ)ei(x−y)·ξdξ .

For the regularity, we begin with the identity (6.1.11) setting z = x − y.
Since (−∆ξ)Na(x, ξ) ∈ SSSm−2N (Ω × IRn) integration by parts yields

k(x, x− y) = |x− y|−2N (2π)−n

∫

IRn

{
(−∆ξ)Na(x, ξ)

}
ei(x−y)·ξdξ .

This representation can be differentiated 2N times with respect to x and
y for x �= y. Since N ∈ IN is arbitrary, k is C∞ for x �= y and continuous
for x = y.

ii) n + m ≥ 0 : Here, with

v(y) :=
{
u(y)−

∑

|α|≤2N

1
α!

(x− y)αDαu(x)
}
,

(6.1.14) has the form

Au(x) =
∑

|α|≤2N

cα(x)Dαu(x)

+ (2π)−n

∫

IRn

∫

Ω

v(y)ψ(y)ei(x−y)·ξdya(x, ξ)dξ .

Note that the latter integral exists since the inner integral defines a C∞

function which decays faster than any power of ξ due to the Palay–Wiener–
Schwartz theorem 3.1.3. With (6.1.11) we obtain
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I := (2π)−n

∫

IRn

∫

supp(ψ)

v(y)ψ(y)ei(x−y)·ξdy a(x, ξ)dξ

= (2π)−n

∫

IRn

∫

supp(ψ)

v(y)ψ(y)|y − x|−2
{
(−∆ξ)ei(x−y)·ξ}dy a(x, ξ)dξ

and with integration by parts

I = lim
R→∞

[
(2π)−n

∫

|ξ|≤R

∫

supp(ψ)

(
v(y)ψ(y)|y − x|−2

)
ei(x−y)·ξdy

(
(−∆ξ)a(x, ξ)

)
dξ

−(2π)−n

∫

|ξ|=R

∫

supp(ψ)

(
v(y)ψ(y)|y − x|−2

)
i(x− y)ei(x−y)·ξdy · ξ

|ξ|a(x, ξ)dSξ

+(2π)−n

∫

|ξ|=R

∫

supp(ψ)

(
v(y)ψ(y)|y − x|−2

)
ei(x−y)·ξdy

(
∇ξa(x, ξ)

)
· ξ
|ξ|dSξ

]

= lim
R→∞

[I1(R) + I2(R) + I3(R)]

Now we examine each of the Integrals Ij for j = 1, 2, 3 separately.

Behaviour of I1(R) : The inner integral of I1 reads

Φ1(x, ξ) :=
∫

supp(ψ)⊂IRn

(
v(y)ψ(y)|y − x|−2

)
ei(x−y)·ξdy

and is a C∞–function of ξ which decays faster than any power of |ξ|; in
particular of an order higher than n+m−2, as can be shown with integration
by parts and employing (6.1.11) with z and ξ exchanged. Hence, the limit

lim
R→∞

I1(R) = (2π)−n

∫

IRn

∫

Ω

v(y)ψ(y)|y − x|−2ei(x−y)·ξdy
(
(−∆ξ)a(x, ξ)

)
dξ

exists.

Behaviour of I2(R) : Similarly, the inner integral of I2,

Φ2(x, ξ) := i

∫

Ω

(
v(y)ψ(y)|y − x|−2

)
(x− y)ei(x−y)·ξdy ,

is a C∞–function of ξ which decays faster than any power of |ξ| = R; in
particular of an order higher than m + n− 2. Therefore,

I2(R) = O(Rm+n−1−ν) → 0 for R→∞ if ν > m + n− 1 .
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Behaviour of I3(R) : The inner integral of I3 is Φ1(x, ξ). Now, choose
ν > m + n− 2, then lim

R→∞
I3(R) = 0.

To complete the proof, we repeat the process by applying this technique
N times. Finally, we obtain

A(vψ) = (2π)−n

∫

IRn

∫

supp(ψ)

(
v(y)ψ(y)|y − x|−2N

)
ei(x−y)·ξdy ×

×
(
(−∆ξ)Na(x, ξ)

)
dξ .

Replacing v(y) by its definition, we find (6.1.14) after interchanging the order
of integration.

In the same manner as for m + n < 0 one finds that
∫

IRn

(−∆ξ)Na(x, ξ)ei(x−y)·ξdσ

is in C∞ for x �= y. The alternative formulae (6.1.15) and (6.1.16) are direct
consequences of the Fourier transform of

(
(−∆ξ)Na(x, ξ)

)
. �

For the symbol calculus in SSSm(Ω × IRn) generated by the algebra of
pseudodifferential operators it is desirable to introduce the notion of asymp-
totic expansions of symbols and use families of symbol classes.

We note that the symbol classes SSSm(Ω × IRn) have the following proper-
ties:

a) For m ≤ m′ we have the inclusions SSS−∞(Ω × IRn) ⊂ SSSm(Ω × IRn) ⊂
SSSm′

(Ω × IRn) where SSS−∞(Ω × IRn) :=
⋂

m∈IR

SSSm(Ω × IRn) .

b) If a ∈ SSSm(Ω × IRn) then
(

∂
∂x

)β (
∂
∂ξ

)α

a ∈ SSSm−|α|(Ω × IRn).

c) For a ∈ SSSm(Ω×IRn) and b ∈ SSSm′
(Ω×IRn) we have ab ∈ SSSm+m′

(Ω×IRn).

Definition 6.1.3. Given a ∈ SSSm0(Ω×IRn) and a sequence of symbols amj
∈

SSSmj (Ω× IRn) with mj ∈ IR and mj > mj+1 → −∞. We call the formal sum
∞∑
j=0

amj
an asymptotic expansion of a if for every k > 0 there holds

a−
k−1∑

j=0

amj
∈ SSSmk(Ω × IRn) and we write a ∼

∞∑

j=0

amj
.

The leading term am0 ∈ SSSm0(Ω × IRn) is called the principal symbol.

In fact, if a sequence amj
is given, the following theorem holds.

Theorem 6.1.3. Let amj
∈ SSSmj (Ω × IRn) with mj > mj+1 → −∞ for j →

∞. Then there exists a symbol a ∈ SSSm0(Ω × IRn), unique modulo SSS−∞(Ω ×
IRn), such that for all k > 0 we have



310 6. Introduction to Pseudodifferential Operators

a−
k−1∑

j=0

amj
∈ SSSmk(Ω × IRn) . (6.1.17)

For the proof of this theorem one may set

a(x, ξ) :=
∞∑

j=0

χ
( ξ

tj

)
amj

(x, ξ) (6.1.18)

by using a C∞ cut–off function χ(η) with χ(η) = 1 for |η| ≥ 1 and χ(η) = 0
for |η| ≤ 1

2 and by using a sequence of real scaling factors with tj → ∞ for
j → ∞ sufficiently fast. For the details of the proof see Hörmander [129,
1.1.9], Taylor [302, Chap. II, Theorem 3.1].

With the help of the asymptotic expansions it is useful to identify in
SSSm(Ω×IRn) the subclass SSSm

c�(Ω×IRn) called classical (also polyhomogeneous)
symbols.

A symbol a ∈ SSSm(Ω × IRn) is called a classical symbol if there exist
functions am−j(x, ξ) with am−j ∈ SSSm−j(Ω × IRn) , j ∈ IN0 such that a ∼∑∞

j=0 am−j where each am−j is of the form (6.1.5) with (6.1.4) and is of
homogeneous degree mj = m− j; i.e., satisfying

am−j(x, tξ) = tm−jam−j(x, ξ) for t ≥ 1 and |ξ| ≥ 1 . (6.1.19)

The set of all classical symbols of order m will be denoted by SSSm
c�(Ω × IRn).

We remark that for a ∈ SSSm
c�(Ω × IRn), the homogeneous functions

am−j(x, ξ) for |ξ| ≥ 1 are uniquely determined. Moreover, note that the as-
ymptotic expansion means that for all |α|, |β| ≥ 0 and every compact K � Ω
there exist constants c(K,α, β) such that

∣∣∣
( ∂

∂x

)β( ∂

∂ξ

)α(
a(x, ξ)−

N∑

j=0

am−j(x, ξ)
)∣∣∣ ≤ c(K,α, β)〈ξ〉m−N−|α|−1

(6.1.20)
holds for every N ∈ IN0.

For a given symbol or for a given asymptotic expansion, the associated
operator A is given via the definition (6.1.8) or with Theorem 6.1.3, in ad-
dition. On the other hand, if the operator A is given, an equally important
question is how to find the corresponding symbol since by examining the
symbol one may deduce further properties of A. In order to reduce A to the
form A(x,D) in (6.1.6), we need the concept of properly supported operators
with respect to their Schwartz kernels KA.

Definition 6.1.4. A distribution KA ∈ D′(Ω × Ω) is called properly
supported if suppKA ∩ (K × Ω) and suppKA ∩ (Ω × K) are both com-
pact in Ω ×Ω for every compact subset K � Ω (Treves [306, Vol. I p. 25]).

We recall that the support of KA is defined by the relation z ∈ suppKA ⊂
IR2n if and only if for every neighbourhood U(z) there exists ϕ ∈ C∞

0 (U(z))
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such that 〈KA, ϕ〉 �= 0. In accordance with Definition 6.1.4, any continuous
linear operator A : C∞

0 → C∞(Ω) is called properly supported if and only
if its Schwartz kernel KA ∈ D′(Ω ×Ω) is a properly supported distribution.

In order to characterize properly supported operators we recall the fol-
lowing lemma.

Lemma 6.1.4. (see Folland [82, Proposition 8.12]) A linear continuous op-
erator A : C∞

0 (Ω) → C∞(Ω) is properly supported if and only if the following
two conditions hold:

i) For any compact subset Ky � Ω there exists a compact Kx � Ω such that
supp v ⊂ Ky implies supp(Av) ⊂ Kx.

ii) For any compact subset Kx � Ω there exists a compact Ky � Ω such that
supp v ∩Ky = ∅ implies supp(Av) ∩Kx = ∅.

Proof:
We first show the necessity of i) and ii) for any given properly supported

operator A. To show i), let Ky be any fixed compact subset of Ω. Then define

Kx := {x ∈ Ω | there exists y ∈ Ky with (x, y) ∈ suppKA ∩ (Ω ×Ky)}

where KA is the Schwartz kernel of A. Clearly, Kx is a compact subset of
Ω since suppKA ∩ (Ω ×Ky) is compact because KA is properly supported.
In order to show i), i.e. supp(Av) ⊂ Kx, we consider any v ∈ C∞

0 (Ω) with
supp v ⊂ Ky and ψ ∈ C∞

0 (Ω \Kx). Then

〈Av, ψ〉 =
∫

Ω

∫

Ω

KA(x, y)v(y)dyψ(x)dx

=
∫

Ky

∫

Ω

KA(x, y)ψ(x)v(y)dxdy = 0

since for x ∈ suppψ ⊂ Ω\Kx and all y ∈ supp v we have (x, y) �∈
suppKA ∩ (Ω×Ky). Hence, 〈Av, ψ〉 = 0 for all ψ ∈ C∞

0 (Ω \Kx) and we find
supp(Av) ⊂ Kx.

For ii), let Kx be any compact fixed subset of Ω. Then define

Ky := {y ∈ Ω | there exists x ∈ Kx with (x, y) ∈ suppKA ∩ (Kx ×Ω)} ,

which is a compact subset of Ω. For v ∈ C∞
0 (Ω\Ky) and ψ ∈ C∞

0 (supp(Av)∩
Kx) we have

〈Av, ψ〉 =
∫

Ω

∫

Ω

KA(x, y)v(y)ψ(x)dydx = 0

since for every y ∈ supp v we have y �∈ Ky and (x, y) �∈ suppKA ∩ (Kx ×Ω)
for all x ∈ suppψ. Hence, 〈Av, ψ〉 = 0 for all ψ ∈ C∞

0 (supp(Av)∩Kx) which
implies supp(Av) ∩Kx = ∅.
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Next, we show the sufficiency of i) and ii). Let Kx be any compact subset
of Ω and Ky the corresponding subset in ii) such that supp v∩Ky = ∅ implies
supp(Av) ∩Kx = ∅. We want to show that suppKA ∩ (Kx ×Ω) is compact.
To this end, we consider ψ ∈ C∞

0 (Ω) with suppψ ⊂ Kx. Then

〈Av, ψ〉 =
∫

Ω

∫

Ω

KA(x, y)v(y)ψ(x)dydx

=
∫

Ω

∫

Ω\Ky

KA(x, y)v(y)dyψ(x)dx = 0

for every v ∈ C∞
0 (Ω) with supp v∩Ky = ∅ due to ii). This implies suppKA∩(

Kx × (Ω \Ky)
)

= ∅; so,

suppKA ∩ (Kx ×Ω) = suppKA ∩ (Kx ×Ky) ⊂ Kx ×Ky .

Hence, suppKA∩(Kx×Ω) is compact because Kx×Ky is compact. To show
that for any chosen compact Ky � Ω, the set suppKA∩ (Ω×Ky) is compact
we invoke i) and take Kx to be the corresponding compact set in Ω. Then
for any v ∈ C∞

0 (Ω) with supp v ⊂ Ky, we have supp(Av) ⊂ Kx. Hence, for
every ψ ∈ C∞

0 (Ω \Kx),
∫

Ω

∫

Ω

KA(x, y)v(y)dyψ(x)dx = 〈Av, ψ〉 = 0 .

As a consequence, we find suppKA ∩ (Ω ×Ky) = suppKA ∩ (Kx ×Ky)
⊂ Kx × Ky; so, suppKA ∩ (Ω × Ky) is compact. Thus, KA is properly
supported. �

Lemma 6.1.4 implies the following corollary.

Corollary 6.1.5. The operator A : C∞
0 (Ω) → C∞ is properly supported if

and only if the following two conditions hold:
i) For any compact subset Ky � Ω there exists a compact Kx � Ω

such that
A : C∞

0 (Ky) → C∞
0 (Kx) is continuous. (6.1.21)

ii) For any compact subset Kx � Ω there exists a compact Ky � Ω
such that

A� : C∞
0 (Kx) → C∞

0 (Ky) is continuous. (6.1.22)

Proof: Since A : C∞
0 (Ω) → C∞(Ω) is continuous, i) in Lemma 6.1.4 is

equivalent to (6.1.21).
Now, if A is properly supported then K�

A (x, y) = KA�(y, x) is the
Schwartz kernel of A� and, hence, also properly supported. Therefore i)
in Lemma 6.1.4 is valid for KA�(x, y) = K�

A (y, x) which, for this case, is
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equivalent to (6.1.22). Consequently, (6.1.21) and (6.1.22) are satisfied if A
is properly supported.

Conversely, if (6.1.21) and (6.1.22) hold, then i) in Lemma 6.1.4 is already
satisfied. In order to show ii) let us choose any compact subset Kx of Ω and
let Ky be the corresponding compact subset in (6.1.22). Let v ∈ C∞

0 (Ω \Ky).
Then Av ∈ C∞

0 (Ω) due to (6.1.21). Now, let ψ ∈ C∞
0 (Ω) be any function

with suppψ ⊂ Kx. Then suppA�ψ ⊂ Ky because of (6.1.22). Hence,

〈Av, ψ〉 = 〈v,A�ψ〉 = 0

for any such ψ. Therefore, supp(Av)∩Kx = ∅ which is the second proposition
ii) of Lemma 6.1.4. �

As an obvious consequence of Corollary 6.1.5, the following proposition
is valid.

Proposition 6.1.6. If A and B : C∞
0 (Ω) → C∞(Ω) are properly supported,

then the composition A ◦B is properly supported, too.

Theorem 6.1.7. If A ∈ OPSm(Ω × IRn) is properly supported then

a(x, ξ) = e−ix·ξ(Aeiξ•)(x) (6.1.23)

is the symbol (see Taylor [302, Chap. II, Theorem 3.8]).

To express the transposed operator A� of A ∈ OPSm(Ω × IRn) with the
given symbol a(x, ξ) , a ∈ SSSm(Ω × IRn) we use the distributional relation

〈Au, v〉 = 〈u,A�v〉 =
∫

Ω

Au(x)v(x)dx =
∫

Ω

u(x)A�v(x)dx for u, v ∈ C∞
0 (Ω) .

Then from the definition (6.1.8) of A, we find

A�v(x) = (2π)−n

∫

IRn

∫

Ω

ei(x−y)·ξa(y,−ξ)v(y)dydξ . (6.1.24)

From this representation it is not transparent that A� is a standard
pseudodifferential operator since it does not have the standard form (6.1.8).
In fact, the following theorem is valid.

Theorem 6.1.8. (Taylor [302, Chap. II, Theorem 4.2]) If A ∈ OPSm(Ω ×
IRn) is properly supported, then A� ∈ OPSm(Ω × IRn).

If, however, A ∈ OPSm(Ω × IRn) is not properly supported, then A�

belongs to a slightly larger class of operators. Note that if we let

�a(x, y, ξ) := a(y,−ξ)
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then we may rewrite A�v in the form

A�v(x) = (2π)−n

∫

IRn

∫

Ω

�a(x, y, ξ)ei(x−y)·ξv(y)dydξ . (6.1.25)

Therefore, Hörmander in [129] introduced the more general class of Fourier
integral operators of the form

Au(x) = (2π)−n

∫

IRn

∫

Ω

ei(x−y)·ξa(x, y, ξ)u(y)dydξ (6.1.26)

with the amplitude function a ∈ SSSm(Ω×Ω× IRn) and with the special phase
function ϕ(x, y, ξ) = (x− y) · ξ. The integral in (6.1.26) is understood in the
sense of oscillatory integrals by employing the same procedure as in (6.1.11),
(6.1.12). (See e.g. Hörmander [129], Treves [306, Vol. II p. 315]). This class
of operators will be denoted by Lm(Ω).

Theorem 6.1.9. (Hörmander [129, Theorem 2.1.1], Taira [301, Theorem
6.5.2]) Every operator A ∈ Lm(Ω) can be written as

A = A0(x,−iD) + R

where A0(x,−iD) ∈ OPSm(Ω× IRn) is properly supported and R ∈ L−∞(Ω)
where

L−∞(Ω) :=
⋂

m∈IR

Lm(Ω) = OPS−∞(Ω ×Ω × IRn) .

Proof: A simple proof by using a proper mapping is available in [301]
which is not constructive. Here we present a constructive proof based on the
presentation in Petersen [247] and Hörmander [131, Prop. 18.1.22]. It is based
on a partition of the unity over Ω with corresponding functions {φ�} , φ� ∈
C∞

0 (Ω) ,
∑

� φ�(x) = 1. For every x0 ∈ Ω and balls Bε(x0) ⊂ Ω with fixed
ε > 0, the number of φ� with suppφ� ∩Bε(x0) �= ∅ is finite. Let us denote by
I1 = {(j, �) | suppφj ∩ suppφ� �= ∅} and by I2 = {(j, �) | suppφj ∩ suppφ� =
∅} the corresponding index sets. Then

Au(x) =
∑

j,�

φj(x)(Aφ�u)(x)

=
∑

I1

φj(x)Aφ�u +
∑

I2

φj(x)Aφ�u .

For every (j, �) ∈ I2 we see that the corresponding Schwartz kernel is given by

φj(x)k(x, x− y)φ�(y)

which is C∞
0 (Ω ×Ω). Moreover, for any pair (x0, y0) ∈ Ω ×Ω, the sum
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∑

I2

φj(x)k(x, x− y)φ�(y) for (x, y) ∈ Bε(x0)×Bε(y0)

for ε > 0 chosen appropriately small, has only finitely many nontrivial terms.
Hence,

R :=
∑

I2

φjAφ� ∈ OPS−∞(Ω × IRn) .

The operator Q :=
∑

I1
φjAφ�, however, is properly supported since it has

the Schwartz kernel
∑

I1
φj(x)k(x, x− y)φ�(y). Each term has compact sup-

port for fixed x with respect to y and with fixed y with respect to x.
Now, if x ∈ K � Ω then, due to the compactness of K, we have suppφj ∩

K �= ∅ only for finitely many indices j whose collection we call J (K). For
every j ∈ J (K), there are only finitely many � with suppφj ∩ suppφ� �= ∅;
we denote the collection of these � by J (K, j). Hence, if x traces K, then
φj(x)k(x, x− y)φ�(y) �= 0 only for finitely many indices (j, �) with j ∈ J (K)
and � ∈ J (K, j); and we see that

supp
∑

j∈J (K)
�∈J (K,j)

(
φj(x)K(x, x− y)φ�(y)

)
∩ (K ×Ω)

is compact since there are only finitely many terms in the sum. If y ∈ K � Ω,
we find with the same arguments that

(K ∩Ω) ∩ supp
∑

�∈J (K)
j∈J (K,�)

(
φj(x)k(x, x− y)φ�(y)

)

is compact. Hence, Q is properly supported. �

We emphasize that Lm(Ω) �= OPSm(Ω × IRn) ⊂ Lm(Ω). The operators
R ∈ L−∞ are called smoothing operators. (In the book by Taira [301] the
smoothing operators are called regularizers.)

Definition 6.1.5. A continuous linear operator A : C∞
0 (Ω) → D′(Ω) is

called a smoothing operator if it extends to a continuous linear operator
from E ′(Ω) into C∞(Ω).

The following theorem characterizes the smoothing operators in terms of
our operator classes.

Theorem 6.1.10. (Taira [301, Theorem 6.5.1, Theorem 4.5.2])
The following four conditions are equivalent:

(i) A is a smoothing operator,
(ii) A ∈ L−∞(Ω) =

⋂

m∈IR

Lm(Ω),

(iii) A is of the form (6.1.26) with some a ∈ SSS−∞(Ω ×Ω × IRn),
(iv) A has a C∞(Ω ×Ω) Schwartz kernel.
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Theorem 6.1.11. (Hörmander [129, p. 103], Taylor [302, Chap. II, Theorem
3.8]) Let A ∈ Lm(Ω) be properly supported. Then

a(x, ξ) = e−ix·ξA(eiξ·•)(x) (6.1.27)

with a ∈ SSSm(Ω × IRn) and A = A(x,−iD) ∈ OPSm(Ω × IRn). Furthermore,
if A has an amplitude a(x, y, ξ) with a ∈ SSSm(Ω × Ω × IRn) then a(x, ξ) has
the asymptotic expansion

a(x, ξ) ∼
∑

α≥0

1
α!

(( ∂

∂ξ

)α(
− i

∂

∂y

)α

a(x, y, ξ)
)

|y=x

. (6.1.28)

Here we omit the proof.
Theorems 6.1.9 and 6.1.11 imply that if A ∈ Lm(Ω) then A can always

be decomposed in the form
A = A0 + R

with A0 ∈ OPSm(Ω× IRn) having a properly supported Schwartz kernel and
a smoothing operator R. Clearly, A0 is not unique. Hence, to any A and A0

we can associate with A a symbol

a(x, ξ) := e−ix·ξA0(eiy·ξ)(x) (6.1.29)

and the corresponding asymptotic expansion (6.1.28). Now we define

σA := the equivalence class of all the symbols associated (6.1.30)
with A defined by (6.1.29) in SSSm(Ω × IRn)

/
SSS−∞(Ω × IRn) .

This equivalence class is called the complete symbol class of A ∈ Lm(Ω).
Clearly, the mapping

Lm(Ω) 
 A �→ σA ∈ SSSm(Ω × IRn)
/
SSS−∞(Ω × IRn)

induces an isomorphism

Lm(Ω)
/
L−∞ → SSSm(Ω × IRn)

/
SSS−∞(Ω × IRn) .

The equivalence class defined by

σmA := the equivalence class of all the symbols associated
with A defined by (6.1.29) in SSSm(Ω × IRn)

/
SSSm−1(Ω × IRn)

(6.1.31)

is called the principal symbol class of A which induces an isomorphism

Lm(Ω)
/
Lm−1 → SSSm(Ω × IRn)

/
SSSm−1(Ω × IRn) .

As for equivalence classes in general, one often uses just one representative
(such as the asymptotic expansion (6.1.28)) of the class σA or σmA, respec-
tively, to identify the whole class in SSSm(Ω × IRn).

In view of Theorem 6.1.10, we now collect the mapping properties of
the pseudodifferential operators in Lm(Ω) in the following theorem without
proof.
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Theorem 6.1.12. If A ∈ Lm(Ω) then the following mappings are continu-
ous (see Treves [306, Chap. I, Corollary 2.1 and Theorem 2.1], Taira [301,
Theorem 6.5.9]):

A : C∞
0 (Ω) → C∞(Ω) ,

A : E ′(Ω) → D′(Ω) ,
A : Hs

comp(Ω) → Hs−m
loc (Ω) .

(6.1.32)

If in addition, A ∈ Lm(Ω) is properly supported, then the mappings can be
extended to continuous mappings as follows [306, Chap. I, Proposition 3.2],
[301, Theorem 6.5.9]:

A : C∞
0 (Ω) → C∞

0 (Ω) ,
A : C∞(Ω) → C∞(Ω) ,
A : E ′(Ω) → E ′(Ω) ,
A : D′(Ω) → D′(Ω) ,
A : Hs

comp(Ω) → Hs−m
comp(Ω) ,

A : Hs
loc(Ω) → Hs−m

loc (Ω) .

(6.1.33)

Based on Theorem 6.1.9 and the concept of the principal symbol, one may
consider the algebraic properties of pseudodifferential operators in Lm(Ω).
The class Lm(Ω) is closed under the operations of taking the transposed and
the adjoint of these operators.

Theorem 6.1.13. If A ∈ Lm(Ω) then its transposed A� ∈ Lm(Ω) and its
adjoint A∗ ∈ Lm(Ω). The corresponding complete symbol classes have the
asymptotic expansions

σA� ∼
∑

α≥0

1
α!

(
∂

∂ξ

)α (
−i

∂

∂x

)α (
σA(x,−ξ)

)�
(6.1.34)

and

σA∗ ∼
∑

α≥0

1
α!

(
∂

∂ξ

)α (
−i

∂

∂x

)α (
σA(x, ξ)

)∗
(6.1.35)

where σA denotes one of the representatives of the complete symbol class.

For the detailed proof we refer to [306, Chap. I, Theroem 3.1].
With respect to the composition of operators, the class of all Lm(Ω) is

not closed. However, the properly supported pseudodifferential operators in
Lm(Ω) form an algebra. More precisely, we have the following theorem [131,
18.1], [302, Chap. II, Theorem 4.4.].

Theorem 6.1.14. Let A ∈ Lm1(Ω) , B ∈ Lm2(Ω) and one of them be prop-
erly supported. Then the composition

A ◦B ∈ Lm1+m2(Ω) (6.1.36)
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and we have the asymptotic expansion for the complete symbol class:

σA◦B ∼
∑

α≥0

1
α!

(( ∂

∂ξ

)α

σA(x, ξ)
)((

− i
∂

∂x

)α

σB(x, ξ)
)

. (6.1.37)

Here, σA(x, ξ) and σB(x, ξ) denote one of the respective representatives in
the corresponding equivalence classes of the complete symbol classes.

For the proof, we remark that with Theorem 6.1.9 we have either
A = A0 + R and B = B0 or A = A0 and B = B0 + Q. Then

A ◦B = A0 ◦B0 + R ◦B0

or

A ◦B = A0 ◦B0 + A0 ◦Q .

Since A0 and B0 are properly supported, R ◦ B0 or A0 ◦ Q are continuous
mappings from E ′(Ω) to C∞(Ω) and, hence, are smoothing operators. (Note
that for A and B both not properly supported, the composition generates
the term R ◦Q, the composition of two regularizers, which is not defined in
general.)

For the remaining products A0 ◦ B0, we can use that without loss of
generality, A0 = A0(x,D) ∈ OPSm1(Ω) and B0 = B0(x,D) ∈ OPSm2(Ω).
Hence, one obtains for C := A0 ◦ B0 a representation in the form (6.1.26)
with the amplitude function

c(x, z, η) =
∫

IRn

∫

Ω

a(x, ξ)ei(x−y)·ξb(y, η)ei(y−z)·ηdydξ

for which one needs to show c ∈ Sm1+m2(Ω×Ω× IRn) and, with the Leibniz
rule, to evaluate the asymptotic expansion (6.1.28) for c. For details see e.g.
[306, Chap. I, Theorem 3.2].

As an immediate consequence of Theorem 6.1.14, the following corollary
holds.

Corollary 6.1.15. Let A ∈ Lm1(Ω) , B ∈ Lm2(Ω) and one of them be
properly supported. Then the commutator satisfies

[A,B] := A ◦B −B ◦A ∈ Lm1+m2−1(Ω) . (6.1.38)

Proof: For A ◦B and B ◦A we have Theorem 6.1.14 and the commutator’s
symbol has the asymptotic expansion

σ[A,B] ∼
∑

|α|≥1

1
α!

{(( ∂

∂ξ

)α

σA(x, ξ)
)((

− i
∂

∂x

)α

σB(x, ξ)
)

−
(( ∂

∂ξ

)α

σB(x, ξ)
)((

− i
∂

∂x

)α

σA(x, ξ)
)}

.

Hence, the order of [A,B] equals m1 − 1 + m2. �
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To conclude this section, we now return to a subclass, the class of classi-
cal pseudodifferential operators, which is very important in connection with
elliptic boundary value problems and boundary integral equations.

Definition 6.1.6. A pseudodifferential operator A ∈ Lm(Ω) is said to
be classical if its complete symbol σA has a representative in the class
SSSm
c�(Ω × IRn), cf. (6.1.19). We denote by Lm

c�(Ω × IRn) the set of all clas-
sical pseudodifferential operators of order m.

We remark that for Lm
c�(Ω × IRn), the mapping

Lm
c�(Ω) 
 A �→ σA ∈ SSSm

c�(Ω × IRn)
/
SSS−∞(Ω × IRn)

induces the isomorphism

Lm
c�(Ω)

/
L−∞(Ω) → SSSm

c�(Ω × IRn)
/
SSS−∞(Ω × IRn) . (6.1.39)

Moreover, we have
L−∞(Ω) =

⋂

m∈IR

Lm
c�(Ω) . (6.1.40)

In this case, for A ∈ Lm
c�(Ω), the principal symbol σmA has a representative

a0
m(x, ξ) := |ξ|mam

(
x,

ξ

|ξ|

)
(6.1.41)

which belongs to C∞(Ω×(IRn\{0})) and is positively homogeneous of degree
m with respect to ξ. The function a0

m(x, ξ) in (6.1.41) is called the homo-
geneous principal symbol of A ∈ Lm

c�(Ω). Note, in contrast to the principal
symbol of A defined in (6.1.31), the homogeneous principal symbol is only
a single function which represents the whole equivalence class in (6.1.31).
Correspondingly, if we denote by

a0
m−j(x, ξ) := |ξ|m−jam−j

(
x,

ξ

|ξ|

)
(6.1.42)

the homogeneous parts of the asymptotic expansion of the classical symbol
σmA, which have the properties

a0
m−j(x, ξ) = am−j(x, ξ) for |ξ| ≥ 1 and

a0
m−j(x, tξ) = tm−ja0

m−j(x, ξ) for all t > 0 and ξ �= 0 ,

thenσmA may be represented asymptotically by the formal sum
∞∑

j=0

a0
m−j(x, ξ).
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Coordinate Changes
Let Φ : Ω → Ω′ be a C∞–diffeomorphism between the two open subsets

Ω and Ω′ in IRn, i.e. x′ = Φ(x). The diffeomorphism is bijective and x =
Φ−1(x′).

If v ∈ D(Ω′) then

u(x) := (v ◦ Φ)(x) =: (Φ∗v)(x) (6.1.43)

defines u ∈ D(Ω) and the linear mapping Φ∗ : D(Ω′) → D(Ω) is called the
pullback of v by Φ.

Correspondingly, the pushforward of u by Φ is defined by the linear map-
ping Φ∗ : D(Ω) → D(Ω′) given by

v(x′) := u ◦ Φ−1(x′) =: (Φ∗u)(x′) . (6.1.44)

Now we consider the behaviour of a pseudodifferential operator A ∈ Lm(Ω)
under changes of coordinates given by a C∞–diffeomorphism Φ.

Theorem 6.1.16. (Hörmander [131, Th. 18.1.17]) Let A ∈ Lm(Ω) then
AΦ := Φ∗AΦ∗ ∈ Lm(Ω′). Moreover, if A = A0+R with A0 properly supported
and R a smoothing operator then in the decomposition

AΦ = Φ∗A0Φ
∗ + Φ∗RΦ∗ ,

Φ∗A0Φ
∗ is properly supported and Φ∗RΦ∗ is a smoothing operator on Ω′. The

complete symbol class of AΦ has the following asymptotic expansion

aΦ(x′, ξ′) ∼
∑

0≤|α|

1
α!

(( ∂

∂ξ′

)α(
− i

∂

∂y′

)α

aΦ(x′, y′, ξ′)
)

|y′=x′
(6.1.45)

where

aΦ(x′, y′, ξ′) =
(
det

∂Φ

∂y
(y)

)−1(
det Ξ�(x′, y′)

)−1

ψ
(x′ − y′

ε

)

a
(
x,

(
Ξ�(x′, y′)

)−1

ξ′
)

(6.1.46)

with x = Φ−1(x′) , y = Φ−1(y′) and where the smooth matrix–valued function
Ξ(x′, y′) is defined by

Ξ(x′, y′)(x′ − y′) = Φ−1(x′)− Φ−1(y′) (6.1.47)

which implies

Ξ(x′, x′) =
(
∂Φ

∂x

)−1

. (6.1.48)

The constant ε > 0 is chosen such that
(
Ξ(x′, y′)

)−1 exists for |x′− y′| ≤ 2ε.
(6.1.45) yields for the principal symbols the relation
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D(Ω) �A
E(Ω)

�
Φ∗

�
Φ∗

D(Ω′) �AΦ∗ Φ∗

AΦ
E(Ω′)

Figure 6.1.1: The commutative diagram of a pseudodifferential operator under
change of coordinates

σAΦ,m(x′, ξ′) = σA,m

(
Φ(−1)(x′) ,

(∂Φ

∂x

)�
ξ′
)
. (6.1.49)

Here, ψ(z) is a C∞
0 cut–off function with ψ(z) = 1 for all |z| ≤ 1

2 and
ψ(z) = 0 for all |z| ≥ 1.

Remark 6.1.4: The relation between AΦ and A can be seen in Figure 6.1.1

Proof: i) If A0 is properly supported, so is Φ∗A0Φ
∗ due to the following.

With Lemma 6.1.4, we have that to any compact subset Ky′ � Ω′ the subset
Φ(−1)(Ky′) = Ky ⊂ Ω is compact. Then to Ky � Ω there exists the compact
subset Kx � Ω such that for every u ∈ D(Ω) with suppu ⊂ Ky there holds
suppA0u ⊂ Kx. Consequently, for any v ∈ D(Ω′) with supp v ⊂ Ky′ we have
suppΦ∗v ⊂ Φ(−1)(Ky′) = Ky and suppA0Φ

∗v ⊂ Kx. This implies

suppΦ∗A0Φ
∗v = suppA0Φv = Φ(suppA0Φ

∗v) ⊂ Φ(Kx) =: Kx′ .

On the other hand, if Kx′ � Ω′ is a given compact subset then Kx :=
Φ(−1)(Kx′) is a compact subset in Ω to which there exists a compact subset
Ky � Ω with the property that for every u ∈ D(Ω) with suppu ∩ Ky = ∅
there holds suppA0u ∩Kx = ∅. Now let Ky′ := Φ(Ky) which is a compact
subset of Ω′. Thus, if v ∈ D(Ω′) with supp v ∩Ky′ = ∅ then

suppΦ∗v ∩Ky = (Φ(−1) supp v) ∩Ky = Φ(−1)(supp v ∩Ky′) = ∅

and, since A0 is properly supported, suppA0Φ
∗v ∩Kx = ∅. Hence,

Φ(−1)
(
Φ(suppA0Φ

∗v) ∩ Φ(Kx)
)

= ∅ which yields

suppΦ∗A0Φ
∗v ∩Kx′ = ∅ .

According to Lemma 6.1.4, this implies that Φ∗A0Φ
∗ is properly supported.

Clearly, for v ∈ D(Ω′) we have

(Φ∗RΦ∗v)(x′) =
∫

Ω′

kR
(
Φ(−1)(x′) , Φ(−1)(y′)

)
v(y′)

(
det

(∂Φ

∂y

))−1

dy′



322 6. Introduction to Pseudodifferential Operators

with the Schwartz kernel kR ∈ C∞(Ω × Ω) of R. The transformed operator
Φ∗RΦ∗ has the Schwartz kernel

kR
(
Φ(−1)(x′) , Φ(−1)(y′)

)(
det

(∂Φ

∂y

))−1

∈ C∞(Ω′ ×Ω′) .

Hence, Φ∗RΦ∗ is a smoothing operator.

ii) It remains to show that the properly supported part Φ∗A0Φ
∗ ∈

OPSm(Ω′ × IRn). For any v ∈ D(Ω′) we have the representation

(Φ∗A0Φ
∗v)(x′) = (A0Φ

∗v)
(
Φ(−1)(x′)

)

= (2π)−n

∫

IRn

∫

Ω

ei(x−y)·ξa(x, ξ)(v ◦ Φ)(y)dydξ

= (2π)−n

∫

IRn

∫

Ω′∧|x′−y′|≤2ε

ei(x−y)·(Ξ�(x′,y′)ξ)a(x, ξ)v(y′)×

×ψ

(
x′ − y′

ε

)(
det

∂φ

∂y

)−1

dy′dξ + Rv

where

(Rv)(x) = (2π)−n

∫

IRn

∫

Ω′

ei(x−y)·ξa(x, ξ)v(y′)
(
1− ψ

(x′ − y′

ε

))
×

×
(
det

∂φ

∂y

)−1

dy′dξ

and y = Φ(−1)(y′) , x = Φ(−1)(x′).
With the affine transformation of coordinates,

Ξ�(x′, y′)ξ = ξ′ ,

the first integral reduces to

(AΦ,0v)(x′) = (2π)−n

∫

IRn

∫

Ω′

ei(x
′−y′)·ξ′v(y′)aΦ(x′, y′, ξ′)dy′dξ′

with aΦ(x′, y′, ξ′) given by (6.1.46). Since a(x, ξ) belongs to SSSm(Ω×, IRn),
with the chain rule one obtains the estimates

∣∣∣
( ∂

∂x′

)β( ∂

∂y′

)γ( ∂

∂ξ′

)α

aΦ(x′, y′, ξ′)
∣∣∣ ≤ c(K,α, β, γ)(1 + |ξ′|)m−|α|

for all (x′, y′) ∈ K ×K , ξ′ ∈ IRn and any compact subset K � Ω′. Hence,
aΦ ∈ SSSm(Ω′ ×Ω′ × IRn).
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Since the Schwartz kernel of AΦ,0 satisfies

KAΦ,0(x
′, x′ − y′) = KΦ∗A0Φ∗(x′, x′ − y′)ψ

(x′ − y′

ε

)

and Φ∗A0Φ
∗ is properly supported, so is AΦ,0. Now Theorem 6.1.11 can be

applied to AΦ,0.

Since the function v(y′)
(
1−ψ

(
x′−y′

ε

))(
det ∂φ

∂y

)−1

vanishes in the vicin-
ity of x′ = y′ identically, we can proceed in the same manner as in the proof
of Theorem 6.1.2 and obtain

Rv(x′) = (2π)−n

∫

IRn

∫

Ω′

ei(x−y)·ξv(y′)
(
1− ψ

(x′ − y′

ε

))
×

×
(
det

∂φ

∂y

)−1(
(−∆ξ)Na(x, ξ)

)
dy′dξ .

Here, for N > m + n + 1 we may interchange the order of integration and
find that R is a smoothing integral operator with C∞–kernel. Therefore,
Φ∗A0Φ

∗ ∈ OPSm(Ω′ × IRn) and the asymptotic formula (6.1.45) is a conse-
quence of Theorem 6.1.11. This completes the proof. �

The transformed symbol in (6.1.45) is not very practical from the compu-
tational point of view since one needs the explicit form of the matrix Ξ(x′, y′)
in (6.1.47) and its inverse. Alternatively, one may use the following asymp-
totic expansion of the symbol.

Lemma 6.1.17. Under the same conditions as in Theorem 6.1.16, the com-
plete symbol class of AΦ also has the asymptotic expansion

aΦ(x′, ξ′) ∼
∑

0≤α

1
α!

(( ∂

∂ξ

)α

a(x, ξ)
)

|
ξ= ∂Φ

∂x
�

ξ′

((
− i

∂

∂z

)α

eiξ
′·r

)

|z=x

(6.1.50)

where x′ = Φ(x) and

r = Φ(z)− Φ(x)− ∂Φ

∂x
(x)(z − x) . (6.1.51)

Moreover,

((
− i

∂

∂z

)α

eiξ
′·r

)
|z=x =

{
0 for |α| = 1 ,

(−i)|α|−1
((

∂
∂x

)α

Φ(x)
)
· ξ′ for |α| ≥ 2 .

(6.1.52)

Proof: In view of Theorem 6.1.16 it suffices to consider properly supported
operators A0 and AΦ,0. Therefore the symbol class to AΦ,0 can be found by
using formula (6.1.29), i.e.,
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σAΦ,0(x
′, ξ′) = e−ix′·ξ′AΦ,0e

iξ′·•(x′)

= e−iΦ(x)·ξ′A0e
iξ′·Φ(·)(x) for x = Φ−1(x′)

after coordinate transform. With the substitution

Φ(z) = Φ(x) +
∂Φ

∂x
(x)(z − x) + r(x, z)

we obtain

σAΦ,0(x
′, ξ′) = e−ix·( ∂Φ

∂x
�
ξ′)(2π)−n

∫

IRn

∫

Ω

e−i(x−z)·ξa(x, ξ)×

×eiz·(
∂Φ
∂x

�
ξ′)eir(x,z)·ξ

′
dzdξ

= e−ix·ζA ◦Bei•·ζ

where A = a(x,D) and B is the multiplication operator defined by the symbol

σB(z, ξ) = eir(x,z)·ξ
′

with x and ξ′ fixed as constant parameters. With formula (6.1.29) we then
find

σAΦ,0(x
′, ξ′) ∼ σA◦B(x, ζ) where x′ = Φ(x) and ζ =

∂Φ

∂x

�
ξ′ .

The symbol of A ◦B is given by (6.1.37), which now implies

σAΦ,0(x
′, ξ′) ∼

∑

α≥0

1
α!

(( ∂

∂ξ

)α

a(x, ξ)
)

|ξ=ζ

((
− i

∂

∂z

)α

eir(x,z)·ξ
′
)

|z=x

with constant ζ = ∂Φ
∂x

�
ξ′, which is the desired formula (6.1.50).

To show (6.1.52) we employ induction for α with |α| ≥ 1. In particular
we see that

∂

∂zj
e
iξ′·r(x,y)
|z=x

=
{
ieiξ

′·r(x,z)
(

∂Φ

∂zj
(z)− ∂Φ

∂xj
(x)

)
· ξ′

}

|z=x

= 0

and

∂

∂zk

∂

∂zj
e
iξ′·r(x,z)
|z=x

=
{
i2eiξ

′·r(x,z)
(

∂Φ

∂zj
(z)− ∂Φ

∂xj
(x)

)
· ξ′×

(
∂Φ

∂zk
(z)− ∂Φ

∂xk
(x)

)
· ξ′

+ieiξ
′·r(x,z) ∂2Φ

∂zj∂zk
(z) · ξ′

}

|z=x

= i
∂2Φ

∂xj∂xk
(x) · ξ′ ,
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which is (6.1.52) for 1 ≤ |α| ≤ 2. For |α| > 2, we observe that every
differentiation yields terms which contain at least one factor of the form( ∂Φ

∂z�
(z)− ∂Φ

∂x�
(x)

)
· ξ′ which vanishes for z = x, except the last term which

is of the form
i
( ∂

∂x

)α

Φ(x) · ξ′ ,

which proves (6.1.52). �

We comment that in this proof we did not use the explicit representation of
AΦ,0 in the form

(AΦ,0v)(x) = (2π)−n

∫

IRn

∫

Ω′

a
(
x,

∂Φ

∂x

�
ξ′
)
eih+i(x′−y′)·ξ′×

×v(y)
(
det

∂Φ

∂y

)−1(
det

∂Φ

∂x

)
dy′dξ′

where

h(x′, y′, ξ′) =
{∂Φ

∂x
(x′ − y′)

}
· ξ′ with x = Φ−1(x′) and y = Φ−1(y′) .

Now it follows from Theorem 6.1.11 that

aΦ(x′, ξ′) ∼
∑

|α|≥0

1
α!

(( ∂

∂ξ′

)α(
− i

∂

∂y′

)α

aΦ(x′, y′, ξ′)
)

|y′=x′

where

aΦ(x′, y′, ξ′) = a
(
x,

∂Φ

∂x

�
ξ′
)
eir

(
det

∂Φ

∂y

)−1(
det

∂Φ

∂x

)
.

Since
(
det

∂Φ

∂x

)
a
(
x,

∂Φ

∂x

�
ξ′
)

is independent of y′, interchanging differentia-
tion yields the formula

aΦ(x′, ξ′) ∼
∑

0≤|α|

1
α!

(
det

∂Φ

∂x

)( ∂

∂ξ′

)α{
a
(
x,

(∂Φ

∂x

)�
ξ′
)
×

×
(
− i

∂

∂y′

)α(
eih(x′,y′,ξ′)

(
det

∂Φ

∂y
(y′)

)−1)}

|y′=x′
.

(6.1.53)

Needless to say that both formulae (6.1.50) and (6.1.53) are equivalent, how-

ever, in (6.1.53) one needs to differentiate the Jacobian
(
det

∂Φ

∂y

)−1

which

makes (6.1.53) less desirable than (6.1.50) from the practical point of view.
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6.2 Elliptic Pseudodifferential Operators on Ω ⊂ IRn

Elliptic pseudodifferential operators form a special class of Lm(Ω) which are
essentially invertible. This section we devote to some basic properties of this
class of operators on Ω. In particular, we will discuss the connections between
the parametrix and the Green’s operator for elliptic boundary value prob-
lems. The development here will also be useful for the treatment of boundary
integral operators later on.

Definition 6.2.1. A symbol a(x, ξ) in SSSm(Ω× IRn) is elliptic of order m
if there exists a symbol b(x, ξ) in SSS−m(Ω × IRn) such that

ab− 1 ∈ SSS−1(Ω × IRn) . (6.2.1)

This definition leads at once to the following criterion.

Lemma 6.2.1. A symbol a ∈ SSSm(Ω × IRn) is elliptic if and only if for any
compact set K � Ω there are constants c(K) > 0 and R(K) > 0 such that

|a(x, ξ)| ≥ c(K)〈ξ〉m for all x ∈ K and |ξ| ≥ R(K) . (6.2.2)

We leave the proof to the reader.
For a pseudodifferential operator A ∈ Lm(Ω) we say that A is elliptic of

order m, if one of the representatives of the complete symbol σA is elliptic
of order m.

For classical pseudodifferential operators A ∈ Lm
c�(Ω), the ellipticity of

order m can easily be characterized by the homogeneous principal symbol
a0
m and the ellipticity condition

a0
m(x, ξ) �= 0 for all x ∈ Ω and |ξ| = 1 . (6.2.3)

As an example we consider the second order linear differential operator P as
in (5.1.1) for the scalar case p = 1 which has the complete symbol

a(x, ξ) =
n∑

j,k=1

ajk(x)ξjξk − i

n∑

k=1

(
bk(x)−

n∑

j=1

∂ajk
∂xj

(x)
)
ξk + c(x) . (6.2.4)

In particular, Condition (6.2.3) is fulfilled for a strongly elliptic P satisfying
(5.4.1); then

a0
2(x, ξ) :=

n∑

j,k=1

ajk(x)ξjξk �= 0 for |ξ| �= 0 and x ∈ Ω , (6.2.5)

and P is elliptic of order m = 2.
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Definition 6.2.2. A parametrix Q0 for the operator A ∈ Lm(Ω) is a prop-
erly supported operator which is a two–sided inverse for A modulo L−∞(Ω):

A ◦Q0 − I = C1 ∈ L−∞(Ω)

and
Q0 ◦A− I = C2 ∈ L−∞(Ω)

(6.2.6)

Theorem 6.2.2. (Hörmander[129], Taylor [302, Chap. III, Theorem 1.3])
A ∈ Lm(Ω) is elliptic of order m if and only if there exists a parametrix
Q0 ∈ L−m(Ω) satisfying (6.2.6).

Proof: (i) Let A be a given operator in Lm(Ω) which is elliptic of order
m. Then to the complete symbol class of A there is a representative a(x, ξ)
satisfying (6.2.2). If Q would be known then (6.1.37) with (6.2.6) would imply

σQ◦A = 1 ∼
∑

0≤j

q−m−j(x, ξ)a(x, ξ) +
∑

1≤|α|

1
α!

( ∂

∂ξ

)α(∑

0≤�

q−m−�(x, ξ)
)
×

×
(
− i

∂

∂x

)α

a(x, ξ) . (6.2.7)

So, to a we choose a function χ ∈ C∞(Ω× IRn) with χ(x, ξ) = 1 for all x ∈ Ω
and |ξ| ≥ C ≥ 1 where C is chosen appropriately large, and χ = 0 in some
neighbourhood of the zeros of a. Then define

q−m(x, ξ) := χ(x, ξ)a(x, ξ)−1 (6.2.8)

and, in view of (6.2.7), recursively for j = 1, 2, . . .,

q−m−j(x, ξ) := (6.2.9)

−
∑

1≤|α|≤j

1
α!

(( ∂

∂ξ

)α

q−m−j+|α|(x, ξ)
)((

− i
∂

∂x

)α

a(x, ξ)
)
q−m(x, ξ) .

From this construction one can easily show that q−m−j ∈ SSS−m−j(Ω × IRn).
The sequence {q−m−j} can be used to define an operator Q ∈ OPS−m(Ω ×
IRn) with

∞∑
j=0

q−m−j as the asymptotic expansion of σQ, see Theorem 6.1.3.

With Q available, we use the decomposition of Q = Q0 + R, Theorem 6.1.9,
where Q0 ∈ OPS−m(Ω × IRn) is properly supported and still has the same
symbol as Q. Then we have with Theorem 6.1.14 that Q0 ◦A ∈ L0(Ω) and by
construction in view of (6.1.37) σQ0◦A ∼ 1. Hence, Q0◦A−I = R2 ∈ L−∞(Ω).

In the next step it remains to show that A ◦Q0 − I ∈ L−∞(Ω), too.
The choice of q−m also shows that Q0 is an elliptic operator of order

−m. Therefore, to Q0 there exists an operator Q
(−1)
0 ∈ OPSm which is also

properly supported and satisfies Q
(−1)
0 ◦Q0 − I = R1 ∈ L−∞(Ω), where R1

is properly supported, due to Proposition 6.1.6. Then
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Q
(−1)
0 ◦Q0 ◦A ◦Q0 − I = Q

(−1)
0 ◦ (I + R2) ◦Q0 − I

= Q
(−1)
0 ◦Q0 − I + Q

(−1)
0 ◦R2 ◦Q0

= R1 + Q
(−1)
0 ◦R2 ◦Q0 .

Since both, Q0 and Q
(−1)
0 are properly supported, Q(−1)

0 ◦R2 ◦Q0 again is a
smoothing operator due to Theorem 6.1.14. Hence, Q(−1)

0 ◦Q0 ◦A◦Q0− I =:
S1 ∈ L−∞(Ω).

On the other hand,

A ◦Q0 − I = Q
(−1)
0 ◦Q0 ◦A ◦Q0 + (I −Q

(−1)
0 ◦Q0) ◦A ◦Q0 − I

= S1 −R1 ◦A ◦Q0

and R1 ◦A ◦Q0 is a smoothing operator since Q0 and R1 are both properly
supported and R1 ∈ L−∞(Ω). This shows with the previous steps that
A ◦Q0 − I ∈ L−∞(Ω). Hence, Q0 satisfies (6.2.6) and is a parametrix.

(ii) If Q is a parametrix satisfying (6.2.6), then with (6.1.37) we find

σA◦Q − aq ∼
∑

|α|≥1

1
α!

(( ∂

∂ξ

)α

σA(x, ξ)
)((

− i
∂

∂x

)α

q(x, ξ)
)
.

Hence, σA◦Q−aq ∈ SSS−1(Ω×IRn), i.e. (6.2.1) with b = q. Moreover, σA◦Q−1 ∈
SSS−∞(Ω × IRn) because of (6.2.6). �

6.2.1 Systems of Pseudodifferential Operators

The previous approach for a scalar elliptic operator can be extended to gen-
eral elliptic systems. Let us consider the p × p system of pseudodifferential
operators

A = ((Ajk))p×p

with symbols ajk(x; ξ) ∈ SSSsj+tk(Ω × IRn) where we assume that there exist
two p–tuples of numbers sj , tk ∈ IR ; j, k = 1, . . . , p. As a special example we
consider the Agmon–Douglis–Nirenberg elliptic system of partial differential
equations

p∑

k=1

sj+tk∑

|β|=0

ajkβ (x)Dβuk(x) = fj(x) for j = 1, . . . , p . (6.2.10)

Without loss of generality, assume sj ≤ 0. The symbol matrix associated
with (6.2.10) is given by

sj+tk∑

|β|=0

ajkβ (x)i|β|ξβ = ajk(x; ξ) (6.2.11)
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and its principal part is now defined by

ajksj+tk
(x; ξ) :=

∑

|β|=sj+tk

ajkβ (x)i|β|ξβ (6.2.12)

where ajksj+tk
(x; ξ) is set equal to zero if the order of ajk(x; ξ) is less than

sj + tk. Then

ajk0
sj+tk

(x; ξ) = |ξ|sj+tkajksj+tk

(
x;

ξ

|ξ|
)

(6.2.13)

is a representative of the corresponding homogeneous principal symbol.
For the more general system of operators Ajk ∈ Lsj+tk(Ω) we can asso-

ciate in the same manner as for the differential operators in (6.2.10) represen-
tatives (6.2.11) by first using the principal symbol class (6.1.31) of Ajk and
then taking the homogeneous representatives (6.2.13) and neglecting those
ajksj+tk

from (6.1.31) of order less than sj + tk.

Definition 6.2.3. Let the characteristic determinant H(x, ξ) for the system
((Ajk)) be defined by

H(x, ξ) := det
((
ajk0
sj+tk

(x; ξ)
))

p×p
. (6.2.14)

Then the system is elliptic in the sense of Agmon–Douglis–Nirenberg 2 if

H(x, ξ) �= 0 for all x ∈ Ω and ξ ∈ IRn \ {0} . (6.2.15)

With this definition of ellipticity, Definition 6.2.2 of a parametrix Q0 = ((Qjk))
for the operator A = ((Ajk))p×p with Ajk ∈ Lsj+tk(Ω) as well as Theorem
6.2.2 with Qjk ∈ Lsj+tk(Ω) remain valid.

The Stokes system (2.3.1) is a simple example of an elliptic system in
the sense of Agmon–Douglis–Nirenberg. If we identify the pressure in (2.3.1)
with un+1 for n = 2 or 3 then the Stokes system takes the form (6.2.10) with
p = n + 1, for n = 3:

4∑

k=1

sj+tj∑

|β|=0

ajkβ Dβuk =

⎛

⎜⎜⎝

−µ∆ 0 0 ∂
∂x1

0 −µ∆ 0 ∂
∂x2

0 0 −µ∆ ∂
∂x3

∂
∂x1

∂
∂x2

∂
∂x3

0

⎞

⎟⎟⎠

⎛

⎜⎜⎝

u1

u2

u3

p

⎞

⎟⎟⎠ = f

where sj = 0 for j = 1, n , sn+1 = −1 and tk = 2 for k = 1, n , tn+1 = 1. The
coefficients are given by ajkβ = −µδjk for |β| = 2 and j, k = 1, n;

a14
(1,0,0) = a24

(0,1,0) = a34
(0,0,1) = a41

(1,0,0) = a42
(0,1,0) = a43

(0,0,1) = 1 for n = 3 ;

a13
(1,0) = a23

(0.1) = a31
(1,0) = a32

(0,1) = 1 for n = 2

2Originally called Douglis–Nirenberg elliptic.
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and all other coefficients are zero. Then the symbol matrix (6.2.12) for (2.3.1)
reads

a(x, ξ) =

⎛

⎜⎜⎝

µ|ξ|2 0 0 −iξ1
0 µ|ξ|2 0 −iξ2
0 0 µ|ξ|2 −iξ3
−iξ1 −iξ2 −iξ3 0

⎞

⎟⎟⎠

For n = 2, the third column and third row are to be discarded. The charac-
teristic determinant becames

H(x, ξ) = det a(x, ξ) = µ2|ξ|2n for n = 2, 3 .

Hence, the Stokes system is elliptic in the sense of Agmon–Douglis–Nirenberg.

Theorem 6.2.3. (see also Chazarain and Piriou [39, Chap.4, Theorem 7.7])
A = ((Ajk))p×p is elliptic in the sense of Agmon–Douglis–Nirenberg if and
only if there exists a properly supported parametrix Q0 = ((Qjk))p×p with
Qjk ∈ L−tj−sk(Ω).

Proof: Assume that A is elliptic. By the definition of ellipticity, the homo-
geneous principal symbol is then of the form

ajk0
sj+tk

(x; ξ) = ((|ξ|sjδj�))((a�rsj+tk
(x; Θ̂) ))((|ξ|trδrk))

where Θ̂ = ξ
|ξ| and Einstein’s rule of summation is used, and where

H(x; Θ̂) = det ((ajksj+tk
(x; Θ̂) )) for every x ∈ Ω and Θ̂ ∈ IRn , |Θ̂| = 1 .

This implies that for every fixed x ∈ Ω there exists R(x) > 0 such that
det((ajk(x; ξ) )) �= 0 for all |ξ| ≥ R(x). By setting a(x; ξ) := ((ajk(x; ξ) ))p×p

and using an appropriate cut–off function χ ∈ C∞(Ω× IRn) with χ(x, ξ) = 1
for all x ∈ Ω and |ξ| ≥ 2R(x) and with χ(x, ξ) = 0 in some neighbourhood
of the zeros of det a(x, ξ), we define q−m(x, ξ) by (6.2.8) as a matrix–valued
function. Recursively, then q−m−j(x, ξ) can be obtained by (6.2.9) providing
us with asymptotic symbol expansions of all the matrix elements of the op-
erator Q which we can find due to Theorem 6.1.3. The properly supported
parts of Q define the desired Q0 satisfying the second equation in (6.2.6),
i.e., Q0 is a left parametrix. To show that Q0 is also a right parametrix, i.e.
to satisfy the first equation in (6.2.6), the arguments are the same as in the
scalar case in the proof of Theorem 6.2.2.

Conversely, if Q is a given parametrix for A with Qjk ∈ L−tj−sk(Ω) being
properly supported then its homogeneous principal symbol has the form

((qjk0
−tj−sk

(x; ξ) )) = ((|ξ|−tj−skqjk0
−tj−sk

(x; Θ̂) ))

= ((|ξ|−tjδj�))q�r0−tj−sk
(x; Θ̂) ))((|ξ|−skδrk)) .
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This implies with (6.2.6)

ajk0
sj+tk

(x; ξ) = |ξ|sj+tk((q−1
tj+sk

(x; Θ̂) ))jk

where q−1
tj+sk

denotes the inverse of ((qjk0
−tj−sk

)). The latter exists since

det ((qjk0
−tj−sk

(x; Θ̂) ))det ((ajk0
0 (x; Θ̂) )) = 1 .

Hence, A is elliptic in the sense of Agmon–Douglis–Nirenberg. Because of
(6.2.6) we also have Ajk ∈ Lsj+tk(Ω). �

In Fulling and Kennedy [86] one finds the construction of the parametrix
of elliptic differential operators on manifolds.

6.2.2 Parametrix and Fundamental Solution

To illustrate the idea of the parametrix we consider again the linear second
order scalar elliptic differential equation (5.1.1) for p = 1, whose differential
operator can be seen as a classical elliptic pseudodifferential operator of order
m = 2.

Let us first assume that P has constant coefficients and, moreover, that
the symbol satisfies

a(ξ) =
n∑

j,k=1

ajkξjξk − i

n∑

k=1

bkξk + c �= 0 for all ξ ∈ IRn . (6.2.16)

Then the solution of (5.1.1) for f ∈ C∞
0 (Ω) can be written as

u(x) = Nf(x) := F−1
ξ �→x

(
1

a(ξ)
Fy �→ξf

)
(x) . (6.2.17)

The operator N ∈ L−2(Ω) defines the volume potential for the operator P ,
the generalized Newton potential or free space Green’s operator. When f(y)
is replaced by δ(y − x) then we obtain the fundamental solution E(x, y) for
P explicitly:

E(x, y) = (2π)−n

∫

IRn

1
a(ξ)

ei(x−y)·ξdξ . (6.2.18)

If condition (6.2.16) is replaced by

a(ξ) �= 0 for ξ �= 0

(as for c = 0 in (6.2.16)) then, as in (6.2.8), we take

q−2(ξ) = χ(ξ)
1

a(ξ)
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where the cut–off function χ ∈ C∞(IRn) satisfies

χ(ξ) = 1 for |ξ| ≥ 1 and χ(ξ) = 0 for |ξ| ≤ 1
2
. (6.2.19)

We define the parametrix by

Qf := F−1
ξ �→x(q−2(ξ)Fy �→ξf)

with Q ∈ L−2(IRn); and we have

u(x) = Qf(x) + Rf(x)

with the remainder

Rf(x) = F−1
ξ �→x

((
1− χ(ξ)

) 1
a(ξ)

f̂(ξ)
)
. (6.2.20)

Since f ∈ C∞
0 (Ω) we have f̂ ∈ C∞ from the Paley–Wiener–Schwartz theorem

3.1.3 (iii). Hence, with
(
1 − χ(ξ)

)
= 0 for |ξ| ≥ 1 and 1

a(ξ) having a singu-
larity only at ξ = 0 and having quadratic growth, due to Lemma 3.2.1,(
1 − χ(ξ)

)
1

a(ξ) f̂(ξ) defines a distribution in E ′. Hence, Rf ∈ C∞ and R ∈
L−∞(Ω) by applying Theorem 3.1.3 (ii). (Note that R �∈ OPS−∞(Ω× IRn)).

Thus, Q+R ∈ L−2(Ω) defining again N := Q+R, the Newton potential
operator, which can now still be written as

Nf(x) = F−1
ξ �→x

(
1

a(ξ)
Fy �→ξf(y)

)
(x) . (6.2.21)

As in the previous case, we still can define the fundamental solution

E(x, y) = Nδ(x− y) (6.2.22)

where δ(x − y) is the Dirac functional with singularity at y. Note that δ ∈
E ′(IRn) and N : E ′(IRn) → D′(IRn) is well defined. E(x, y) will satisfy (3.6.4).

We now return to the more general scalar elliptic equation (5.1.1) with
C∞–coefficients (but p = 1). Here, the symbol a(x, ξ) in (6.2.4) depends on
both, x and ξ. The construction of the symbols (6.2.8) and (6.2.9) leads to
an asymptotic expansion and via (6.1.18), i.e., by

q(x, ξ) :=
∞∑

j=0

Ξ

(
ξ

tj

)
q−2−j(x, ξ)

we define the symbol q where Ξ ∈ C∞ is a cut–off function satisfying Ξ(y)=0
for |y| ≤ 1

2 and Ξ(y) = 1 for |y| ≥ 1. Then q ∈ SSS−2(Ω × IRn) and
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Q(x,−iD)f(x) =
1

(2π)n

∫

IRn

∫

Ω

ei(x−y)ξq(x, ξ)f(y)dydξ (6.2.23)

is a (perhaps not properly supported) parametrix Q ∈ L−2(Ω).
With Q = Q0 + R, the equations (6.2.6) yield

P ◦Q = P ◦ (Q0 + R) = I + C1 + P ◦R =: I + R1 ,
Q ◦ P = (Q0 + R) ◦ P = I + C2 + R ◦ P =: I + R2 .

(6.2.24)

Since P is properly supported, P ◦R and R◦P are still smoothing operators;
so are R1 and R2. The equations (6.2.24) read for the differential equation:

P ◦ (Qf)(x) = f(x) +
∫

Ω

r1(x, y)f(y)dy (6.2.25)

and

Q(x,−iD) ◦ Pu(x) = u(x) +
∫

Ω

r2(x, y)u(y)dy (6.2.26)

where r1(x, y) and r2(x, y) are the C∞(IRn)–Schwartz kernels of the smooth-
ing operators R1 and R2, respectively. We note that both smoothing operators
R1 and R2 can be constructed since in (6.2.24) the left-hand sides are known.

Theorem 6.2.4. If R2 extends to a continuous operator C∞(Ω) → C∞(Ω)
and ker(Q ◦ P ) = {0} in C∞(Ω) then the Newton potential operator N is
given by

u(x) = (Nf) := (I + R2)−1 ◦Q(x,−iD)f(x) . (6.2.27)

where f ∈ C∞
0 (Ω). Moreover, in this case, the fundamental solution exists

and is given by

E(x, y) = (Nδy)(x) =
(
(I + R2)−1 ◦Q(x,−iD)δy

)
(x) (6.2.28)

where δy(·) := δ(· − y).

Our procedure for constructing the fundamental solution, in principle, can be
extended to general elliptic systems. Similar to the second order case we will
arrive at an expression as (6.2.28). The difficulty is to show the invertibility
as well as the continuous extendibility of I +R2. We comment that this is, in
general, not necessarily possible. Hence, for general elliptic linear differential
operators with variable coefficients it may not always be possible to find a
fundamental solution. We shall provide a list of references concerning the
construction of fundamental solutions at the end of the section. In any case,
even if the fundamental solution does not exist, for elliptic operators one can
always construct a parametrix.

From the practical point of view, however, it is more desirable to construct
only a finite number of terms in (6.2.9) rather than the complete symbol. This
leads us to the idea of Levi functions.
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6.2.3 Levi Functions for Scalar Elliptic Equations

From the homogeneous constant coefficient case we have an explicit formula
to construct the fundamental solution via the Fourier transformation. How-
ever, in the case of variable coefficients, fundamental solutions can not be
constructed explicitly, in general. This leads us to the idea of freezing coeffi-
cients in the principal part of the differential operator and, by following the
idea of the parametrix construction, one constructs the Levi functions which
dates back to the work of E.E. Levi [187] and Hilbert [125]. These can be
used as approximations of the fundamental solution for the variable coeffi-
cient equations. In general, one can show that Levi functions always exist
even if there is no fundamental solution.

Pomp in [250] developed an iterative scheme for constructing Levi func-
tions of arbitrary order for general elliptic systems, from the distributional
point of view. Here we combine his approach with the concept of pseudodif-
ferential operators.

To illustrate the idea, we use the scalar elliptic equation of the form (3.6.1)
with p = 1 and the order 2κ (instead of 2m). For fixed y ∈ Ω, we define

P0(y)v(x) =
∑

|α|=2κ

aα(y)Dα
xv(x) (6.2.29)

and write the original equation in the form

Pu(x) = P0(y)u(x)− T (y)u(x) = f(x) , (6.2.30)

where

T (y)u(x) =
(
P0(y)− P

)
u(x) (6.2.31)

=
∑

|α|=2κ

(
aα(y)− aα(x)

)
Dα

xu(x)−
∑

|α|<2κ

aα(x)Dα
xu(x) .

Note that P0(y) is the principal part of P with coefficients frozen at y.
Its fundamental solution exists and has the form

E0(x, z; y) = (2π)−n

∫

IRn

ei(x−z)·ξ

a0
2κ(y, ξ)

dξ (6.2.32)

with a parameter y, where

a0
2κ(y, ξ) = (−1)κ

∑

|α|=2κ

aα(y)ξα (6.2.33)

is the (principal) symbol of P0(y). If one identifies z = y, then L0(x, y) =
E0(x, y; y) is called the Levi function of order 0 for P in (6.2.30) and has the
singular behaviour of the form



6.2 Elliptic Pseudodifferential Operators on Ω ⊂ IRn 335

L0(x, y) = |x− y|2κ−n�00(x, |x− y|, Θ̂)+ log |x− y|�01(x, |x− y|, Θ̂) (6.2.34)

with Θ̂ = (x− y)
/
|x− y| where the functions �00 and �01 are C∞(Ω × IR+ ×

{Θ̂ ∈ IRn | |Θ̂| = 1}). The integral operator defined by the kernel L0(x, y)
will be denoted by N∼0

;

(N∼0
v)(x) :=

∫

Ω

L0(x, y)v(y)dy =
1

(2π)n

∫

IRn

∫

Ω

ei(x−y)·ξ

a0
2κ(y, ξ)

v(y)dydξ . (6.2.35)

This is a pseudodifferential operator of the form (6.1.26) with the amplitude
function

a(x, y, ξ) = a0
2κ(y, ξ)−1 ;

and L0(x, y) is the Schwartz kernel of N∼0
.

We remark that the only singularity of a0
2κ(y, ξ)−1 at ξ = 0 can be

handled, by introducing the cut–off function χ(ξ), in the same manner
as in Remark 3.2.2. Hence, χ(ξ)a0

2κ(y, ξ)−1 ∈ SSS−2κ(Ω × Ω × IRn) and
N∼0

∈ L−2κ(Ω).
To derive higher order Levi functions, we return to (6.2.30). Define the

pencil of pseudodifferential operators by
(
A0(x,−iD; y)f

)
(x) = F−1

ξ �→x

(
a0
2κ(y, ξ)

)−1Fz �→ξf(z)

=
∫

Ω

E0(x, z; y)f(z)dz . (6.2.36)

Then A0(x,D; y) ∈ L−2κ(Ω) for every y ∈ Ω. Moreover,

P0(y)A0(x,−iD; y) = I and A0(x,−iD; y)P0(y) = I . (6.2.37)

In accordance with the Neumann series, we introduce the recursive se-
quence of operators

Aj(x,−iD; y) :=
j∑

�=0

(
A0(x,−iD; y)T (y)

)�
A0(x,−iD; y) (6.2.38)

= A0(x,−iD; y) + Aj−1(x,−iD; y)T (y)A0(x,−iD; y) ,

j = 1, 2, . . . . We note that

PAj(x,−iD; y) =
(
P0(y)− T (y)

) j∑

�=0

(
A0(·,−iD; y)T (y)

)�
A0(x,−iD; y)

= I −
(
T (y)A0(·,−iD; y)

)j+1 (6.2.39)

for every y ∈ Ω and every j ∈ IN0.
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We are now in the position to define Levi functions of various orders
recursively as follows.

L0(x, y) := A0(x,−iD; y)δ(· − y) ,
Lj(x, y) := L0(x, y) + A0(x,−iD; y)T (y)Lj−1(x, y) .

= A0(x,−iD; y)
j∑

�=0

(
T (y)A0(·,−iD; y)

)�
δ(· − y) ,

= Aj(x,−iD; y)δ(· − y) . (6.2.40)

Lj(x, y) is the Levi function of order j for the operator P .
By applying P to Lj(x, y) we obtain

PLj(x, y) =
(
P0(y)− T (y)

)
Lj(x, y)

=
(
P0(y)− T (y)

)
A0(x,−iD; y)

j∑

�=0

(
T (y)A0(·,−iD; y)

)�
δ(· − y)

=
{ j∑

�=0

(
T (y)A0(·,−iD; y)

)� −
j+1∑

�=1

(
T (y)A0(·,−iD; y)

)�}
δ(· − y)

= δ(x− y)−
(
T (y)A0(·,−iD; y)

)j+1
δ(· − y) .

By introducing N0(x, y) := L0(x, y) and

Nj+1(x, y) := A0(x,−iD; y)T (y)Nj(·, y) (6.2.41)

we can write
PLj = δ(x− y)− T (y)Nj+1(x, y) . (6.2.42)

In the following, we want to show that every Nj(x, y) is a Schwartz kernel of
a pseudodifferential operator N∼j

∈ L−j−2κ(Ω) , j = 0, 1, . . . and, hence, the

kernel Nj(x, y) has the form

Nj(x, y) = |x−y|−n+j+2κ
(
fj

(
x, |x−y|, Θ̂

)
+

(
log |x−y|

)
gj(x, |x−y|, Θ̂)

)
,

fj , gj ∈ C∞(Ω × IR× {Θ̂ ∈ IRn | |Θ̂| = 1}) . (6.2.43)

(The latter will be shown in Theorem 7.1.8).
We further consider the kernels

Tj(x, y) := T (y)Nj(x, y) (6.2.44)

and will show that Tj(x, y) is also a Schwartz kernel of a pseudodifferential
operator T∼j

∈ L−j−1(Ω). Hence, Tj(x, y) also has the form (6.2.43) with
j + 2κ replaced by j + 1.
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Before we proceed to prove these assertions, we remark that Nj(x, y)
can be computed explicitly by using the fundamental solution E0(x, z; y) in
(6.2.32); namely by the recursion procedure

N0(x, y) := E0(x, y; y) = L0(x, y) ,

N�(x, y) =
∫

Ω

E0(x, z; y)Tz(y)N�−1(z, y)dz (6.2.45)

for � = 1, 2, . . . , j + 1 .

We remark that the kernels in (6.2.45) are all of weakly singular type as
in (6.2.43) (with j ≥ −1). The composite integrals of this kind can also be
analyzed according to estimates obtained by Sobolev [285] and Mikhlin [212]
(see Mikhlin and Prößdorf [215, p. 214]).

So, the Levi function Lj(x, y) of order j has the form

Lj(x, y) =
j∑

�=0

N�(x, y) . (6.2.46)

With the Levi function available, we may seek a solution of the partial dif-
ferential equation (6.2.30) in the form

u(x) =
∫

Ω

Lj(x, y)Φ(y)dy . (6.2.47)

By applying the distributions in (6.2.42) to u(x), we obtain the equation

f(x) = Φ(x)−
∫

Ω

T (y)Nj+1Φ(y)dy . (6.2.48)

This is a Fredholm integral equation of the second kind for the unknown
density Φ(x). The integral operator T∼j+1

in (6.2.48) has the kernel

Tj+1(x, y) = T (y)Nj+1(x, y)

belonging to Cj+1−n(Ω × Ω) for j + 1 − n ≥ 0. If the kernel Tj+1(x, y) is
properly supported, then the integral operator defines a continuous mapping
C∞(Ω) → C∞(Ω) and for (6.2.48), the classical Fredholm theory is available.

We now return to the proof of the above made assertions for Nj(x, y) and
Tj(x, y).

Lemma 6.2.5. Let Nj(x, y) be the Schwartz kernel of a pseudodifferential
operator N∼j

∈ L−j−2κ , j ∈ IN0. Then

T (y)Nj(x, y) =: Tj(x, y) (6.2.49)
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is the Schwartz kernel of a pseudodifferential operator T∼j
∈ L−j−1 and

T∼j
= T∼ ◦N∼j

where T∼ ∈ L
2κ−1 is generated by the operation T (y)Nj(x, y) on the Schwartz

kernel Nj of N∼j
.

Note that the operator T∼ is defined here implicitly and does not coincide
with the differential operator T (y).

Proof: From the definition of Nj(x, y) with N∼j
we have

N∼j
δ(· − y) = Nj(x, y) =

1
(2π)n

∫

IRn

σN∼j

(x, ξ)ei(x−y)·ξdξ + Nj∞(x, y)

where Nj∞(x, y) is the C∞–kernel of a smoothing operator. Here, the symbol
σN∼j

∈ S−j−2κ(Ω × IRn) is a representative of the complete symbol of N∼j
.

Applying T (y) to the kernel, we first consider the new kernel

∂

∂xk
Nj(x, y)

=
1

(2π)n

∫

IRn

{∂σN∼j

∂xk
(x, ξ)− iξkσNj

(x, ξ)
}
ei(x−y)·ξdξ +

∂

∂xk
Nj∞(x, y) .

Hence, the differentiated kernel defines a new operator with the new symbol

{∂σN∼j

∂xk
(x, ξ)− iξkσN∼j

(x, ξ)
}
∈ S−j−2κ+1(Ω × IRn) . (6.2.50)

Repeating this argument, we find that the Schwartz kernels
∑

|α|<2κ

aα(x)Dα
xNj(x, y) and Dα

xNj(x, y) for |α| = 2κ

define pseudodifferential operators in SSS−j−2κ+|α|(Ω × IRn) for |α| < 2κ and
SSS−j(Ω × IRn), respectively. Therefore,

∫

Ω

Dα
xNj(x, y) • dy =

∫

Ω

kαj(x, y) • dy for |α| = 2κ

defines a Schwartz kernel kαj(x, y) for a pseudodifferential operator in
L−j(Ω). If kp(x, y) is the properly supported part of the Schwartz kernel
kαj(x, y) due to Theorems 6.1.9 and 6.1.11 then its symbol can be com-
puted by
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σK(x, ξ) =
∫

Ω

kp(x, y)ei(y−x)·ξdξ . (6.2.51)

The factors (aα(y)− aα(x)) in (6.2.31) induce new kernels of the form
(
aα(y)− aα(x)

)
Dα

xNj(x, y) =
(
aα(y)− aα(x)

)
kαj(x, y)

and can be written as asymptotic sums
∑

|β|≥1

cαjβ(x)(x− y)βkαj(x, y)

by using the Taylor expansion for aα. The new Schwartz kernels

(x− y)αkp(x, y) + (x− y)αk∞(x, y)

generate properly supported pseudodifferential operators with symbols

σ(x, ξ) =
∫

Ω

(x− y)βkp(x, y)ei(y−x)·ξdy .

The latter can be rewritten as

σ(x, ξ) =
(
−i

∂

∂ξ

)β ∫

Ω

kp(x, y)ei(y−x)·ξdy

=
(
−i

∂

∂ξ

)β

σK(x, ξ) ∈ SSS−j−|β|(Ω × IRn) with |β| ≥ 1 .

Consequently, T (y)Nj(x, y) = Tj(x, y) defines the Schwartz kernel of a
pseudodifferential operator T∼j

∈ L−j−1(Ω) and, also, defines the operator

T∼ with T∼ ∈ L
2κ−1(Ω). �

We now justify the assumption for N∼j
made in Lemma 6.2.5. For N∼j

given

by the Schwartz kernel Nj in (6.2.43), we have already shown N∼0
∈ L−2κ(Ω).

For j ∈ IN, the following lemma justifies the desired property of N∼j
∈ Lj−2κ.

Lemma 6.2.6. Let Tj(x, y) be the Schwartz kernel of a pseudodifferential
operator T∼j

∈ L−j−1 with j ∈ IN0. Then

A0(x,D; y)Tj(·, y) =: Nj+1(x, y) (6.2.52)

defines the Schwartz kernel of a pseudodifferential operator
N∼j+1

∈ L−(j+2κ+1)(Ω).
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Note that the special choice of Tj in (6.2.44) and Nj in (6.2.41) leads to the
assumption in Lemma 6.2.6.

Proof: From the definition (6.2.52) of the kernel function Nj+1 one has the
representation

Nj+1(x, y) =
1

(2π)n

∫

IRn

∫

Ω

1
a0
2κ(y, ξ)

ei(x−z)·ξTj(z, y)dzdξ .

Hence, this kernel defines the operator

(N∼j+1
f)(x) =

1
(2π)n

∫

IRn

∫

Ω

∫

Ω

ei(x−z)·ξ

a0
2κ(y, ξ)

Tj(z, y)f(y)dzdydξ .

Since T∼j
∈ L−j−1, we also have T∼

�
j
∈ L−j−1 due to Theorem 6.1.8 and,

for the properly supported part Tjp we may use (6.1.27) which yields
∫

Ω

ei(y−z)·ξTjp(z, y)dz = σT�
jp

(y,−ξ) .

Hence, performing the integration with respect to z yields

(N∼j+1
f)(x) =

1
(2π)n

∫

IRn

∫

Ω

ei(x−y)·ξ

a0
2κ(y, ξ)

σT�
jp

(y,−ξ)f(y)dydξ

+
1

(2π)n

∫

IRn

∫

Ω

∫

Ω

ei(x−z)·ξ

a0
2κ(y, ξ)

Tj∞(z, y)f(y)dzdydξ .
(6.2.53)

The first term on the right–hand side defines an operator of the form (6.1.26)
with the amplitude function

a(x, y, ξ) = σT�
jp

(y,−ξ)
χ(ξ)

a0
2κ(y, ξ)

∈ SSS−(j+2κ+1)(Ω ×Ω × IRn) . (6.2.54)

Here, χ(ξ) is again the cut–off function with χ(ξ) = 1 for |ξ| ≥ 1 and χ(ξ) = 0
for |ξ| ≤ 1

2 . The remaining (1−χ(ξ))a(x, y, ξ) is a distribution with compact
support, and, hence, defines a smoothing operator.

The second term in (6.2.53) has the Schwartz kernel

k(x, y) :=
∫

IRn

∫

Ω

ei(x−z)·ξ

a0
2κ(y, ξ)

Tj∞(z, y)dzdξ

which is C∞(Ω × Ω). Hence, it defines a smoothing operator. This implies
N∼j+1

∈ L−(j+2κ+1)(Ω), completing the proof. �
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6.2.4 Levi Functions for Elliptic Systems

In view of the construction of Levi functions for scalar elliptic differential
operators of order 2κ we now are able to extend the approach to systems
(6.2.10), i.e.

p∑

k=1

sj+tk∑

|β|=0

ajkβ (x)Dβuk(x) = fj(x) , j = 1, . . . , p

where sj ≤ 0 and tk ≥ 0, which are elliptic in the sense of Agmon–Douglis–
Nirenberg, i.e.

H2κ(x, ξ) := det
(( ∑

|β|=sj+tk

ajkβ i|β|ξβ
))

p×p
�= 0

for ξ ∈ IRn \ {0} where ajkβ is set to be zero for terms with order less than
sj+tk. We note that the determinant itself defines a scalar elliptic differential
operator

H2κ(x;D) := det
(( ∑

|β|=sj+tk

ajkβ (x)Dβ
))

of order 2κ =
(∑p

j=1 sj +
∑p

k=1 tk

)
whose homogeneous symbol is H2κ(x; ξ).

Let B(x, ξ) denote the cofactor matrix of a0(x, ξ) = ((ajksj+tk
(x; ξ) ))p×p de-

fined by

a0(x, ξ)B(x, ξ) = B(x, ξ)a0(x, ξ) = H2κ(x, ξ)((δjk) ))p×p . (6.2.55)

It is not difficult to see that the cofactor matrix ((Bk�(x, ξ) ))p×p given implic-
itly by (6.2.55) defines a system of differential operators Bk�(x, iD) of orders
2κ− tk − s�. Then we can define

a−1
0 (y;D) := B(y, iD)H−1

−2κ(y, iD) ,
where

(
H−1

−2κ(y, iD)f
)
(x) :=

1
(2π)n

∫

IRn

∫

Ω

ei(x−z)·ξ

H2κ(y, ξ)
f(z)dzdξ . (6.2.56)

The integral in (6.2.56) is defined in the sense of Hadamard’s finite part
integral. Hence, the integral operator H

(−1)
−2κ (y; iD) is a pseudodifferential op-

erator of order −2κ having the homogeneous symbol 1/H2κ(y, ξ) with y as
a frozen parameter. Consequently, the operator a

(−1)
0 is a right inverse to

a0(y;D), the principal part of the differential equations with constant coeffi-
cients frozen at y. The differential operator a(x;D) can be decomposed by

a(x;D) = a0(y;D)− T (y;D)
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where T (y;D) denotes the difference of the differential operators, i.e.,

T (y;D) = a0(y,D)− a(x,D) .

Now, the inverse of a(x,D) can formally be written in the form of Neumann’s
series

a−1(x,D) =
∑

�≥0

(
a
(−1)
0 (y;D)T (y;D)

)�
a
(−1)
0 (y;D) .

This leads us to the following successively defined sequence of kernel functions

N (0)(x, y) := a
(−1)
0 (y;D)((δ(x− y)δjk))p×p , (6.2.57)

N (�+1)(x, y) := a
(−1)
0 (y;D)T (y;D)N (�)(x, y) for � = 0, 1, . . . .

The Levi function of order µ to the system of differential equations (6.2.10)
assumes the form

L(µ)(x, y) :=
µ∑

�=0

N (�)(x, y) . (6.2.58)

In the same way as for the scalar case we may seek the solution u(x) =(
u1(x), . . . , up(x)

)� to the system (6.2.10) in the form

uk(x) =
p∑

�=1

∫

Ω

L
(µ)
k� (x, y)φ�(y)dy for x ∈ Ω (6.2.59)

where φ(x) =
(
φ1(x), . . . , φp(x)

)� denotes an unknown vector–valued den-
sity. By applying the differential operator A to (6.2.59) we obtain a system
of domain integral equations of the second kind,

fj(x) = φj(x)−
p∑

k=1

∫

Ω

Tjk(y,D)N (µ+1)
km (x, y)φm(y)dy (6.2.60)

by using the relation

AL(µ)(x, y) = δ(x− y)− T (x,D)N (µ+1)(x, y) . (6.2.61)

The integral operator in (6.2.60) has the kernel

T (y,D)N (µ+1)(x, y)

which belongs to the class Cλ(Ω×Ω) with λ = µ+1−n−maxk=1,...,p |sk|. For
� sufficiently large and compact Ω, the integral equation (6.2.60) is a classical
Fredholm integral equation of the second kind with continuous kernel in Ω.
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6.2.5 Strong Ellipticity and G̊arding’s Inequality

One of the advantages of considering integral operators as pseudodifferential
operators is that the mapping properties of the boundary integral operators
can be deduced by examining the symbols of the pseudodifferential operators.
On the other hand, G̊arding’s inequality for the integral operators plays a
fundamental role in the variational formulation of the integral equations. The
latter follows from the definition of uniform strong ellipticity of pseudodiffer-
ential operators.

Definition 6.2.4. (see Stephan et al [296]) We call a system of pseudodif-
ferential operators
Ajk ∈ Lsj+tk

c� (Ω) uniformly strongly elliptic if to the principal part
matrix
a0(x; ξ) =

((
ajk0
sj+tk

(x; ξ)
))

p×p
there exist a C∞–matrix valued function

Θ(x) =
((
Θjk(x)

))
p×p

and a constant γ0 > 0 such that

Re ζ�Θ(x)a0(x, ξ)ζ ≥ γ0|ζ|2 (6.2.62)

for all x ∈ Ω , ζ ∈ C
p and ξ ∈ IRn with |ξ| = 1.

Remark 6.2.1: In order to show G̊arding’s inequality let Λα be the Bessel
potential of order α ∈ IR which is the pseudodifferential operator (−∆+1)α/2

with the symbol (|ξ|2 + 1)α/2 defining isomorphisms Hσ(IRn) → Hσ−α(IRn)
for every σ ∈ IR.

Theorem 6.2.7. Let Ω ⊂ IRn be a bounded domain and let A be a strongly
elliptic system of pseudodifferential operators and let K � Ω be a compact
subregion. Then there exist constants γ1 > 0 and γ2 ≥ 0 such that G̊arding’s
inequality holds in the form

Re (w,ΛσΘΛ−σAw)∏p
�=1 H(t�−s�)/2(Ω)

≥ γ1‖w‖2∏p
�=1 Ht� (Ω) − γ2‖w‖2∏p

�=1 Ht�−1(Ω)

(6.2.63)

for w ∈
∏p

�=1 Ht�
comp(Ω) with supp w ⊂ K where Λσ =

((
Λsjδj�

))
p×p

(see
(4.1.45)) and where γ1 > 0 and γ2 ≥ 0 depend on Θ,A,Ω, the compact
K � Ω and on the indices tj and sk.

The last term in (6.2.63) defines a linear compact operator
C :

∏p
�=1 Ht�

comp(Ω) →
∏p

�=1 H−s�
comp(Ω) which is given by

(v, Cw)∏p
�=1 H(t�−s�)/2(Ω) = γ2(v, w)∏p

�=1 Ht�−1(Ω) .

With this operator C, the G̊arding inequality (6.2.63) becomes

Re
(
w,

(
ΛσΘΛ−σA + C

)
w
)
∏p

�=1 H(t�−s�)/2(Ω)
≥ γ1‖w‖2∏p

�=1 Ht� (Ω) . (6.2.64)



344 6. Introduction to Pseudodifferential Operators

Proof: 3 For the proof let us consider the operator

A1 := ΘΛ−σAΛ−τ

where τ = (t1, . . . , tp) and σ = (s1, . . . , sp), which is now a pseudodifferential
operator of order zero and let us prove (6.2.63) for A1 first. The strong
ellipticity of A implies that the operator

ReA1 = 1
2 (A1 + A∗

1)

has a positive definite hermitian principal symbol matrix a0
ReA1

(x, ξ) whose

positive definite hermitian square root
(
a0

ReA1
(x, ξ)

) 1
2 ∈ SSS0(Ω × IRn) de-

fines via

Bu(x) := (2π)n/2
∫

IRn

eix·ξ
(
a0

ReA1
(x, ξ)

) 1
2 û(ξ)dξ = B0u(x) + Ru(x)

a strongly elliptic pseudodifferential operator of order zero, where B0 denotes
its properly supported part and R ∈ L−∞(Ω) due to Theorem 6.1.9. Hence,
B admits a properly supported parametrix Q0 due to Theorem 6.2.3. For
u ∈ L2(Ω) with supp u ⊂ K extended by zero to ũ ∈ L2(IRn), formula
(6.2.6) yields

ũ = Q0Bũ + C2ũ = Q0B0ũ + (Q0R + C2)ũ , (6.2.65)

where C2 ∈ L−∞, and Q0R ∈ L−∞ because of Theorem 6.1.14. Since ũ has
compact support and Q0B0 is properly supported due to Proposition 6.1.6,
there exists a compact set K1 � Ω and supp Q0B0ũ ⊂ K1. Hence,
supp (Q0R + C2) ⊂ K ∪K1 � Ω. Now, (6.2.65) yields

‖ũ‖L2(IRn) = ‖u‖L2(K) ≤ c1‖B0ũ‖L2(IRn) + c2‖ũ‖H−1(IRn)

with some c1 > 0 since B0ũ has compact support in Ω. Hence, there exists
γ0 > 0 such that

(B∗
0B0ũ, ũ)L2(IRn) ≥ γ0‖ũ‖2L2(IRn) − c′2‖ũ‖2H−1(IRn), .

Since ReA1 = B∗B + C = B∗
0B0 + B∗

0R + R∗B0 + R∗R + C with some
C ∈ L−1

c� (Ω) due to Theorem 6.1.14, we get

Re (A1u, u) = Re (A1ũ, ũ)
= (B0ũ, B0ũ) + (Rũ,B0ũ) + (B0ũ, Rũ) + (Rũ,Rũ) + (Cũ, ũ)

3The authors are grateful to one of the reviewers who suggested the following
proof.
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and

Re (A1u, u)L2(Ω) ≥ γ0‖u‖2L2(Ω) − c3‖ũ‖2H−1(IRn) − c4‖ũ‖L2(Ω)‖ũ‖H−1(IRn)

≥ γ0

2
‖u‖2L2(Ω) − c5‖ũ‖2H−1(Ω) (6.2.66)

with an appropriate constant c5. This, in fact, is already the proposed
G̊arding inequality for the special case αjk = 0.

Now, for the general case, we employ the isometries Λα from Hs(IRn) to

Hs−α(IRn) and replace u by ηΛτw, where η ∈ C∞
0 (

◦
K2) and K2 � Ω with

K �
◦
K2 , η|K ≡ 1 and 0 ≤ η ≤ 1. For w ∈ Hτ (Ω) with suppw ⊂ K � Ω

now apply (6.2.66) and obtain

Re (ηΛτw,ΘΛ−σAΛ−τηΛτw)L2(IRn)

≥ γ′
0‖ηΛτw‖2L2(Ω) − c′3‖ηΛτw‖2H−1(Ω)

≥ γ′
0‖Λτw‖2L2(Ω) − c′′3‖w‖2Hτ−1(Ω) − 4γ′

0‖[η, Λτ ]w‖2L2(Ω)

≥ γ′′
0 ‖w‖2Hτ (Ω) − c6‖w‖2Hτ−1(Ω) (6.2.67)

with γ′′
0 > 0 since [η, λτ ] ∈ Lτ−1

c� due to Corollary 6.1.15. The left–hand side
can be reformulated as

(ηΛτw,A1ηΛ
τw) = Re (w,ΛτΘΛ−σAw)L2

+
(
[η, Λτ ]w,A1ηΛ

τw
)

+
(
Λτw,A1[η, Λτ ]w

)
.

So, with Corollary 6.1.15,

Re (w,ΛσΘΛ−σAw) p∏
j=1

H(tj−sj)/2(Ω)
= Re (w,ΛτΘΛ−σAw)L2(Ω)

≥ γ′′
0 ‖Λτw‖2L2(Ω) − c6‖w‖2Hτ−1(Ω) − c7‖Λτw‖L2(Ω) ‖Λτ−1w‖L2(Ω)

≥ γ′′
0 ‖w‖2Hτ (Ω) − c8‖w‖2Hτ−1(Ω)

as proposed. �

Remark 6.2.2: In the special case when αjk = 2α is constant, where 2α is
the same order for all Ajk, we may choose α = sj = tk, and if the system
is strongly elliptic then G̊arding’s inequality (6.2.64) reduces to the familiar
form

Re ((ΘA+C)w,w)L2(Ω) ≥ γ1‖w‖2Hα(Ω) with γ1 > 0 , for all w ∈ Hα
comp(Ω) .

(For differential operators Ajk see Miranda [217, p. 252]).
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6.3 Review on Fundamental Solutions

As is well known, the fundamental solution plays a decisive role in the method
of boundary integral equations. It would be desirable to have a general con-
structive method to find an explicit calculation of fundamental solutions.
However, in general it is not easy to obtain the fundamental solution explic-
itly whereas Levi functions can always be constructed. The latter will allow
us to construct at least local fundamental solutions.

The existence of a fundamental solution is closely related to the existence
of solutions of

Pu = f in Ω . (6.3.1)

More precisely, we have the following theorem (Komech [165], Miranda [217]).

Theorem 6.3.1. A necessary and sufficient condition for the existence of a
fundamental solution for P is that the equation (6.3.1) admits at least one
solution u ∈ E ′ for every f ∈ E ′.
Consequently, in all the cases when variational solutions exist, we also have
a fundamental solution.

To our knowledge it seems that the most comprehensive survey on fun-
damental solutions of elliptic equations is due to Miranda in [217]. Here we
quote his useful remarks:

“The first research on fundamental matrices looks at particular systems
and is due to C. Somigliana [288], E.E. Levi [186], G. Giraud [98, 99]. For
elliptic systems in the sense of Lopatinskii this study then was taken up
in general by this author [193], first for equations with constant coefficients
and then, with Levi’s method in a sufficiently restricted domain, for equa-
tions with variable coefficients. For elliptic systems in the sense of Petrowskii
the case of constant coefficients was treated by F. John [151] as a particular
case of systems with analytic coefficients and by C.B. Morrey [219, 220] in the
case r = 1. Y.B. Lopatinskii [192] proved, with Levi’s method, the existence
in the small of fundamental matrices for systems with variable coefficients,
while the existence in certain cases of principal fundamental matrices was es-
tablished by A. Avantaggiati [10]. For elliptic systems in the sense of Douglis
and Nirenberg the construction of the fundamental matrix, in the case of
constant coefficients, was done by these authors [62] with a procedure due to
F. Bureau [30]. Also for these systems, V.V. Grusin [112] and A. Avantaggiati
[10] proved the existence of principal fundamental matrices in certain cases.
For the case of variable coefficients, some indication relating to the existence
in the small is given in §10.6 of the volume [130] by Hörmander. Finally, for
certain systems of particular type see D. Greco [106] and L.L. Parasjuk [246].

As for the case of a single equation, the problem of existence of a fun-
damental matrix can be related on one hand with that of the existence for
arbitrary f of at least one solution of the equation Mu = f and on the
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other hand with that of the validity of the unique continuation property4.
Each one of these questions has separately been an object for study, but the
relationship between the results obtained had to be deepened later.

Regarding the first question we note that from theorems of existence in the
small of a fundamental matrix it follows that in every sufficiently restricted
domain an elliptic system always admits at least one solution.”

In the recent publication [250], Pomp also discusses currently available
existence results for fundamental solutions.

6.3.1 Local Fundamental Solutions

In this section we present Levi’s method for constructing local fundamental
solutions.

Let us assume that a fundamental solution E(x, y) exists. Then with the
Levi function LN (x, y) constructed in (6.2.40) for a scalar operator P or
L(N)(x, y) = LN (x, y) by (6.2.58) for an Agmon–Douglis–Nirenberg system
we consider

W (x, y) := E(x, y)− LN (x, y) for x, y,∈ Ω . (6.3.2)

Then for fixed y ∈ Ω,

PxW (x, y) = δ(x− y)−
(
δ(x− y)− T (y)NN+1(x, y)

)
(6.3.3)

due to (6.2.42) or (6.2.61). The function TN+1(x, y) is the Schwartz ker-
nel of a pseudodifferential operator in L−N−2(Ω) and, moreover, TN+1 ∈
CN+1−n(Ω×Ω). For N ≥ n− 1 , TN+1 is at least continuous. Now, W (x, y)
can be represented in the form (6.2.47) or (6.2.59), namely

W (x, y) =
∫

Ω

LN (x, z)Φ(z, y)dz (6.3.4)

with Φ(x, y) the solution of the integral equation

TN+1(x, y) = Φ(x, y)−
∫

Ω

TN+1(x, z)Φ(z, y)dz . (6.3.5)

If the existence of E(x, y) is assumed then (6.3.5) has a solution Φ(x, y)
and E(x, y) is given by

E(x, y) = LN (x, y) +
∫

Ω

LN (x, z)Φ(z, y)dz . (6.3.6)

Conversely, if (6.3.5) has a solution Φ(x, y) which is at least continuous
for (x, y) ∈ Ω×Ω then E(x, y) in (6.3.6) is the desired fundamental solution.

4Mu = Pu in our notation as in (6.3.1).
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Note that Fredholm’s alternative for the integral equation (6.3.5) can be
applied if the integral operator in (6.3.5) defines a compact mapping on the
solution space for Φ(x, y), e.g., on the space of continuous functions. In view of
the properties of TN+1, this can be guaranteed if Ω is replaced by a compact
region Ω′ � Ω with a sufficiently smooth boundary ∂Ω′. In this case, the
whole construction procedure of the Levi function should be carried out on
Ω′. If then for (6.3.5) uniqueness of the solution holds then the corresponding
uniquely determined function Φ(x, y) generates a local fundamental solution
by (6.3.6) associated with Ω′.

If |Ω′| is sufficiently small then the integral operator’s norm in (6.3.5) is
less than 1 and Banach’s fixed point theorem in the form of Neumann’s series
will provide the local existence of Φ(x, y) and, hence, that of E(x, y).

If (6.3.5) has eigensolutions, the representation of E(x, y) in (6.3.6) and
the integral equation are to be appropriately modified. We refer to the details
in Miranda [217] and in Ljubič [191]. For bounded regions in IR2 and elliptic
systems in the sense of Petrovski, Fichera also gave a complete constructive
existence proof in [74].

For real analytic coefficients in Agmon–Douglis–Nirenberg elliptic sys-
tems, John presents the construction of a local fundamental solution in [151].
In [311] Vekua constructs, for second order systems with the Laplacian ∆
as principal part and analytic coefficients and also for higher order scalar
equations in IR2, the fundamental solution. For a scalar elliptic differential
operator having C∞–coefficients, Theorem 13.3.3 by Hörmander [131, Vol II]
provides a local fundamental solution.

6.3.2 Fundamental Solutions in IRn for Operators with Constant
Coefficients

In the previous chapters we have introduced fundamental solutions for par-
ticular elliptic partial differential equations which are defined in the whole
space IRn. Fundamental solutions in the whole space IRn are often referred
to as principal fundamental solutions. In particular, we have principal fun-
damental solutions for the Laplacian (1.1.2), the Helmholtz equation (2.1.4),
the Lamé system (2.3.10) and the biharmonic equation (2.4.7).

Notice that all these partial differential equations have constant coeffi-
cients.

Scalar equations with constant coefficients
For scalar differential equations with constant coefficients, in particular

the elliptic ones, the principal fundamental solution always exists due to
Malgrange and Ehrenpreis (see also Folland [81], Wagner [315]).

Theorem 6.3.2. (Ehrenpreis [69], Malgrange [196]) For the scalar partial
differential operator P with symbol

∑
|α|≤m

i|α|cαξ
α, the fundamental solution

exists and is given by the complex contour integral
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E(x, y) =
(2π)−n/2

am(ξ)

∫

λ∈C∧|λ|=1

λmeiλξ·(x−y)
{
F−1
η �→(x−y)

a(η + λξ)
a(η + λξ)

} dλ

2πiλ
.

(6.3.7)

where am(ξ) =
∑

|α|=m

imcαξ
α is the principal symbol and ξ ∈ C is fixed such

that am(ξ) �= 0 (see Wagner [315]).

A different formula by König for this case can also be found in [161]. Treves
constructs in [304] fundamental solutions for several differential polynomials.

Wagner in [314] illustrates how to apply the method of Hörmander’s
stairs to construct fundamental solutions in this case. In [244, 245], Ortner
presents a collection of some fundamental solutions for constant coefficient
operators. For second order systems in IR2 with constant coefficients see also
Clements [45].

John in [151, (3.53)] obtains more explicit expressions for fundamental
solutions depending on n odd or even.

For n odd he obtains the general representation formula

E(x, y) =
i

4(2πi)n
(∆y)(n−1)/2

∫

|ξ|=1

sign[ξ · (x− y)]
∮

|λ|=M

eiλ(x−y)·ξ

a(λξ)
dλdωξ

(6.3.8)

where M is chosen large enough such that all zeros of a(λξ) are contained in
the circle |λ| = M . He also simplifies this formula for subcases of odd n.

For n even and n < m, he obtains the explicit expression [151, (3.64)]

E(x, y) =
i

(2π)n+1

∫

|ξ|=1,ξ∈IRn

log |(x− y) · ξ|
∮

|λ|=M

eiλ(x−y)·ξ

a(λξ)
λn−1dλdωξ .

(6.3.9)

For even n ≥ m, he presents E(x, y) only for the case of the homogeneous
equation with a(ξ) = am(ξ):

E(x, y) = − 1
m!(2πi)n

(∆y)n/2
∫

|ξ|=1,ξ∈IRn

(
(x−y)·ξ

)m log |(x−y)·ξ| 1
am(−iξ)

dωξ .

(6.3.10)

In special cases, these integrations can be carried out explicitly. For in-
stance, if P is the iterated Laplacian in IRn,

Pu = ∆qu with q ∈ IN (6.3.11)

then a fundamental solution is given in [151, (3.5)],

E(x, y) =
(−1)qΓ (n2 − q)
22qπn/2Γ (q)

|x− y|2q−n for n odd and for even n > 2q ;

(6.3.12)
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and for even n ≤ 2q, one has [151, (3.6)],

E(x, y) =
−(−1)

n
2

22q−1πn/2(q − 1)!(q − n
2 )!
|x− y|2q−n log |x− y| . (6.3.13)

For the Helmholtz operator in IRn,

Pu = ∆u + k2u

one has

E(x, y) =
1
4

( k

2π|x− y|
)n−2

2
Hn−2

2
(k|x− y|) (6.3.14)

where Hν is the Bessel function of the second kind.

Petrovski elliptic systems with constant coefficients
Fichera in [77] has carried out Fritz John’s construction of the fundamen-

tal solution for even order, m = 2m′, homogeneous elliptic systems in the
sense of Petrovski which have the form

Pu =
∑

|α|=|β|=m′

aαβD
α+βu in IRn (6.3.15)

where u = (u1, . . . , up)� and aα,β = a∗β,α. The symbol matrix P is then
given by

σαβ(ξ) = (−1)m
′
aαβξ

α+β ; (6.3.16)

and ellipticity in the sense of Petrovski means:

Q(ξ) := det
(
(−1)m

′
aαβξ

α+β
)
�= 0 for all ξ ∈ IRn with ξ �= 0 . (6.3.17)

Let L̃(ξ) be defined by the inverse of the symbol matrix times Q, i.e.,

L̃(ξ) = Q(ξ)
((

(−1)m
′
aαβξ

α+β
))−1 (6.3.18)

which consists of the cofactors to the symbols σαβ(ξ) and, hence, of homo-
geneous polynomials. Due to Fichera [77], the fundamental solution then is
given explicitly by

E(x, y) = L̃(x,D)S(x, y) (6.3.19)
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where for n odd,

S(x, y) =
1

4(2πi)n−1(m− 1)!
(∆y)

n−1
2

∫

|ξ|=1

|(x− y) · ξ|
Q(ξ)

m−1

dωξ (6.3.20)

and for n even

S(x, y) =
−1

4(2πi)nm!
(∆y)

n
2

∫

|ξ|=1

|(x− y) · ξ|m log |(x− y) · ξ|
Q(ξ)

dωξ . (6.3.21)

Agmon–Douglis–Nirenberg elliptic systems with constant coeffi-
cients

In [151] Fritz John represents explicitly the fundamental solution for the
principal part of an elliptic system (6.2.10), i.e.,

Pju =
p∑

k=1

∑

|β|=sj+tk

ajkβ Dβuk for j = 1, . . . , p , (6.3.22)

having the symbol matrix (6.2.13), i.e.,

σjk(ξ) := ajk0
sj+tk

(ξ) =
∑

|β|=sj+tk

ajk0
β i|β|ξβ . (6.3.23)

Let mk := maxj=1,...,p(sj + tk) ≥ 0 and let P q�(ξ) denote the components
of the inverse matrix to

((
σjk(ξ)

))
. Then the fundamental solution is given

by the matrix components for n odd:

E�
q(x, y) =

1
4(2πi)n−1(mq − 1)!

× (6.3.24)

×(∆y)
n−1

2

∫

|η|=1,η∈IRn

(
(x− y) · η

)mq−1 sign
(
(x− y) · η

)
P q�(−iη)dωη ,

and for n even,

E�
q(x, y) =

−1
mq!(2πi)n

× (6.3.25)

×(∆y)
n
2

∫

|η|=1,η∈IRn

(
(x− y) · η

)mq log |(x− y) · η|P q�(−iη)dωη .
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6.3.3 Existing Fundamental Solutions in Applications

For various existing problems in applications, explicit fundamental solutions
are available. Here we collect a list of a few relevant references which may be
useful but is by no means complete.

For harmonic elastodynamics, fundamental solutions were given in [132].
For the Yukawa equation, for ∆m−s∆m−1 and the Oseen equation one finds
fundamental solutions in [136]. In the book by Natroshvili [224] one finds
the construction of the fundamental solution of anisotropic elasticity in IR3

(see also Natroshvili et al [225, 226]). The book by Kythe [178] contains
several examples ranging from classical potential theory, elastostatics, elas-
todynamics, Stokes flows, piezoelectricity to some nonlinear equations such
as the p–Laplacian and the Einstein–Yang–Mills equations. The proceedings
by Benitez (ed.) [14] contain the topics: methodology for obtaining funda-
mental solutions, numerical evaluation of fundamental solutions and some
applications for not–well–known fundamental solutions.

In the engineering community one may find many further interesting ex-
amples of fundamental solutions. To name a few, we list some of these pub-
lications: Balaš et al [11], Bonnet [18], Brebbia et al [24], Gaul et al [94],
Hartmann [121], Kohr and Pop [163], Kupradze et al [177] and Pozrikidis
[252] — without claiming completeness.



7. Pseudodifferential Operators as Integral
Operators

All of the integral operators with nonintegrable kernels are given in terms of
computable Hadamard’s partie finie, i.e. finite part integrals [117], which can
be applied to problems in applications (Guiggiani [114], Schwab et al [274]).

In this chapter, we discuss the interpretation of pseudodifferential op-
erators as integral operators. In particular, we show that every classical
pseudodifferential operator is an integral operator with integrable or non-
integrable kernel plus a differential operator of the same order as that of the
pseudodifferential operator in case of a nonnegative integer order. In addi-
tion, we also give necessary and sufficient conditions for integral operators to
be classical pseudodifferential operators in the domain. Symbols and admis-
sible kernels are closely related based on the asymptotic expansions of the
symbols and corresponding pseudohomogeneous expansions of the kernels as
examined by Seeley [279]. The main theorems in this context are Theorems
7.1.1, 7.1.6 and 7.1.7 below.

7.1 Pseudohomogeneous Kernels

In order to introduce appropriate kernel functions for integral operators we
need the concept of pseudohomogeneous functions as defined in Definition
3.2.1, (3.2.1). In this context, we first recapture the definition of pseudoho-
mogeneous functions.

Definition 7.1.1. A function kq(x, z) is a C∞(Ω × IRn \ {0}) pseudohomo-
geneous function (w.r. to z) of degree q ∈ IR:

kq(x, tz) = tqkq(x, z) for every t > 0 and z �= 0 if q �∈ IN0 ;
kq(x, z) = fq(x, z) + log |z|pq(x, z) if q ∈ IN0 ,

(7.1.1)

where pq(x, z) is a homogeneous polynomial in z of degree q having C∞–
coefficients and where the function fq(x, z) satisfies

fq(x, tz) = tqfq(x, z) for every t > 0 and z �= 0 .

In short, we denote the class of pseudohomogeneous functions of degree
q ∈ IR by Ψhfq. Note that for q �∈ IN0, in this case kq is positively homoge-
neous of degree q with respect to z as well as fq in the case q ∈ IN0.
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A kernel function k(x, x− y) with (x, y) ∈ Ω ×Ω , x �= y, is said to have
a pseudohomogeneous expansion of degree q if there exist kq+j ∈ Ψhfq+j for
j ∈ IN0 such that

k(x, x− y)−
J∑

j=0

kq+j(x, x− y) ∈ Cq+J−δ(Ω ×Ω) (7.1.2)

for some δ with 0 < δ < 1. In what follows, for simplicity, we call this class
of kernel functions pseudohomogeneous kernels of degree q.

The class of all kernel functions with pseudohomogeneous expansions of
degree q ∈ IR will be denoted by Ψhkq(Ω).

As examples, the fundamental solutions of the Helmholtz equation are of
this form: Ek(x, y) ∈ Ψhk0 in (2.1.18) for n = 2 and Ek(x, y) ∈ Ψhk−1 for
n = 3 in (2.1.19).

We note that for q > −n, the integral operator
∫

Ω

kq(x, x− y)u(y)dy (7.1.3)

for u ∈ C∞
0 (Ω) is well defined as an improper integral. For q ≤ −n, however,

kq(x, x − y) is non integrable except that u(y) and its derivatives up to the
order κ := [−n− q] vanish at y = x. For fixed x ∈ Ω, hence, (7.1.3) defines a
homogeneous distribution on C∞

0 (Ω\{x}). In order to extend this distribution
to all of C∞

0 (Ω), we use the Hadamard finite part concept which is the most
natural one for integral operators.

Definition 7.1.2. Let Ω0 with Ω0 � Ω be a convex domain with x ∈ Ω0

and R(Θ̂) the radial distance from x to y ∈ ∂Ω0 depending on the angular
coordinate Θ̂ = x−y

|x−y| on the unit sphere.
The Hadamard finite part integral operator is defined by

p.f.
∫

Ω

kq(x, x− y)u(y)dy := (7.1.4)

∫

Ω

kq(x, x− y)
{
u(y)−

∑

|α|≤κ

1
α!

(y − x)αDαu(x)
}
dy +

∑

|α|≤κ

dα(x)Dαu(x)

where κ := [−n− q] and � := −n− q − κ. For 0 < � < 1,

dα(x) = − 1
(j + �)

1
α!

∫

|Θ̂|=1

R−j−�(Θ̂)Θ̂αkq(x,−Θ̂)dω

+
1
α!

∫

Ω\Ω0

kq(x, x− y)(y − x)αdy (7.1.5)

for all multi–indices α with |α| = κ− j and j = 0, . . . , κ.
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If � = 0, then

dα(x) =
1
α!

∫

|Θ̂|=1

logR(Θ̂)Θ̂αkq(x,−Θ̂)dω +
1
α!

∫

Ω\Ω0

kq(x, x− y)(y − x)αdy

(7.1.6)

for |α| = κ, i.e. j = 0; and the dα(x) for j = 1, . . . , κ are given by (7.1.5)
where � = 0.

Note that in the one–dimensional case n = 1, integrals over |Θ̂| = 1 will
always be understood as

∫

|Θ̂|=1

Ψ(x, Θ̂)dω = Ψ(x, 1) + Ψ(x,−1) (7.1.7)

according to Definition 3.2.2.

Here, Ω0 with x ∈ Ω0 and Ω0 ⊂ Ω is any star–shaped domain with
respect to x, and Θ̂ = (y−x)/|y−x|, where dω(Θ̂) is the surface element on
the unit sphere and R(Θ̂) describes the boundary of Ω0 in polar coordinates.
Note that this definition resembles the Definition 3.2.2 of Hadamard’s finite
part integral.

In the following we are going to show that every classical pseudodifferen-
tial operator can be written as an integral operator in the form of Hadamard’s
finite part integral operators with pseudohomogeneous kernels together with
a differential operator and vice versa. Our presentation follows closely the
article by Seeley [279] (see also [278]), the book by Pomp [250] and Schwab
et al [274]. In view of the definition of Lm

c�(Ω) and Theorem 6.1.2, this means
that for A ∈ Lm

c�(Ω) we have the general representation

(Au)(x) =
∑

|α|≤2N

cα(x)Dαu(x) + p.f.
∫

Ω

k(x, x− y)u(y)dy (7.1.8)

where

cα(x) = (2π)−n 1
α!

{ ∫

IRn

∫

Ω

(y − x)αψ(y)ei(x−y)·ξdya(x, ξ)dξ

− p.f.
∫

Ω

k(x, x− y)(y − x)αψ(y)dy
}

(7.1.9)

with k(x, x− y) given by (6.1.12).
Note that for n + m �∈ IN0 and m + n ≥ 0, the coefficients aα(x) must

vanish since the finite part integral is a classical pseudodifferential operator
of order m whereas the orders of aα(x)Dα(x) are |α| ∈ IN0.
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7.1.1 Integral Operators as Pseudodifferential Operators
of Negative Order

We begin with the case A ∈ Lm
c�(Ω) for m < 0 since, in this case, the corre-

sponding integral operators do not involve finite part integrals.

Theorem 7.1.1. (Seeley [279, p. 209]) Let m < 0. Then A ∈ Lm
c�(Ω) if and

only if

(Au)(x) =
∫

Ω

k(x, x− y)u(y)dy for all u ∈ C∞
0 (Ω) (7.1.10)

with the Schwartz kernel k satisfying k ∈ Ψhk−m−n(Ω).

Remark 7.1.1: Note that for the elliptic differential equations, the para-
metrix Q0 (6.2.6) as well as the free space Green’s operator (6.2.11) are of
the form (7.1.10) with m < 0.

The proof needs some detailed relations concerning the properties of
pseudohomogeneous kernels. We, therefore, first present these details and
return to the proof of Theorem 7.1.1 later on.

Lemma 7.1.2. Let k−n ∈ Ψhf−n, i.e. k−n(x, z) be a homogeneous function
of degree −n and let ψ(r) be a C∞–cut–off function, 0 ≤ ψ(r) ≤ 1 with
ψ(r) = 0 for r ≥ 2 and ψ(r) = 1 for 0 ≤ r ≤ 1. Then

bψ(x, ξ) := p.f.
∫

IRn

k−n(x, z)ψ(|z|)e−iz·ξdz

= (2π)n/2Fz �→ξ

(
k−n(x, z)ψ(|z|)

)

has the following properties:

bψ(x, ξ) = aψ(x, ξ) + c(x){a0 + a1 log |ξ|} (7.1.11)

with aψ ∈ SSS0(Ω × IRn) and c(x) := 1
ωn

∫

|Θ̂|=1

k−n(x, Θ̂)dω, for n ≥ 2 where,

for n ≥ 2, a0 = (2−1π−n/2)c(n)
0 , a1 = (2−1π−n/2)c(n)

−1 with the constants
c
(n)
0 , c

(n)
−1 given in Gelfand and Shilov [97, p.364], i.e.,

c
(n)
0 = 2 Re

{ in−1

(n− 1)!

(
1 +

1
2

+ · · ·+ 1
n− 1

+ Γ ′(1) + i
π

2

)}
,

c
(n)
−1 = 2 Re

(−1)n−1

(n− 1)!
cos(n− 1)

π

2
.

Moreover,

lim
t→∞

aψ

(
x, t

ξ

|ξ|
)

= a0
ψ(x, ξ0) with ξ0 :=

ξ

|ξ| (7.1.12)
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and

a0
ψ(x, ξ0) =

∫

|Θ̂|=1

(
k−n(x, Θ̂)− c(x)

){
log

1

|Θ̂ · ξ0|
− iπ

2
Θ̂ · ξ0
|Θ̂ · ξ0|

}
dω (7.1.13)

In the case n = 1, one has c(x) = 1
2

(
k−1(x, 1) + k−1(x,−1)

)
,

a0 = 2α0 , a1 = −2 where α0 =
1∫
0

(cos t− 1)dtt +
∞∫
1

cos tdtt ; and

a0(x, ξ0) = − 1
2

(
k−1(x, 1)− k−1(x,−1)

)
iπ sign ξ0 . (7.1.14)

Proof: From the definition of bψ it follows with the Paley–Wiener Theorem
3.1.3 that bψ ∈ C∞(Ω× IRn). Hence, we only need to consider the behaviour
of bψ(x, ξ) for |ξ| ≥ q. There, with the Fourier transform of distributions, we
write

bψ(x, ξ) = (2π)n/2Fz �→ξk−n(x, z)

−(2π)n/2Fz �→ξ{k−n(x, z)
(
1− ψ(|z|)

)
}

= I1(x, ξ)− I2(x, ξ) .

We first consider I2(x, ξ) for |ξ| ≥ 1 and the multiindex γ with |γ| ≥ 1:

ξγI2(x, ξ) =
∫

|z|≥1

e−iz·ξ
(
− i

∂

∂z

)γ

{k−n(x, z)
(
1− ψ(|z|)

)
}dz .

Since ∣∣∣
(
− i

∂

∂z

)γ

{k−n(x, z)
(
1− ψ(|z|)

)
}
∣∣∣ ≤ cγ(x)|z|−n−|γ| ,

we have

|ξγI2(x, ξ)| ≤ cγ(x) for x ∈ Ω and any γ with |γ| ≥ 1 .

Hence,

I2 ∈ S−∞(Ω × IRn) and
∣∣∣I2

(
x, t

ξ

|ξ|
)∣∣∣ ≤ t−|γ|cγ(x) for t ≥ 1 . (7.1.15)

Now we consider the case n ≥ 2. For I1(x, ξ) we first modify the homoge-
neous kernel function as

o
k−n(x, z) := k−n(x, z)− c(x)|z|−n , (7.1.16)

which satisfies the Tricomi condition
∫

|Θ̂|=1

o
k−n(x, Θ̂)dω(Θ̂) = 0 . (7.1.17)
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Then

I1(x, ξ) = (2π)n/2Fz �→ξ

o
k−n(x, z) + c(x)(2π)n/2Fz �→ξ|z|−n

= a0
ψ(x, ξ) + c(x){a0 + a1 log |ξ|}

where, after introducing polar coordinates, we arrive at

a0
ψ(x, ξ) = p.f.

∫

|θ̂|=1

∞∫

0

o
k−n(x, Θ̂)e−iΘ̂·ξ0rr−1drdω(Θ̂)

=
∫

|θ̂|=1

o
k−n(x, Θ̂)

{ 1∫

0

(
e−iΘ̂·ξ0r − 1

)
r−1dr

+

∞∫

1

e−iΘ̂·ξ0rr−1dr
}
dω(Θ̂)

with (7.1.17). From the Calderón–Zygmund formula (see also Mikhlin and
Prössdorf[215, p. 249])

{ ∞∫

0

(
e−iΘ̂·ξ0r − 1

)dr
r

+

∞∫

1

e−iΘ̂·ξ0r dr

r

}
= − log |Θ̂ · ξ0| −

iπ

2
Θ̂ · ξ0
|Θ̂ · ξ0|

+ α0

(7.1.18)
With some constant α0 given explicitly in [215] we find

a0
ψ(x, ξ) = −

∫

|Θ̂|=1

o
k−n(x, Θ̂)

{
log |Θ̂ · ξ0|+

iπ

2
Θ̂ · ξ0
|Θ̂ · ξ0|

+ α0

}
dω .

For a given vector ξ = |ξ|ξ0 ∈ IRn, the integrand is weakly singular along
the circle Θ̂ · ξ0 = 0 on the unit sphere |Θ̂| = 1. Hence, a0

ψ(x, ξ) is uniformly
bounded for every x ∈ K � Ω and all ξ ∈ IRn \ {0} and is homogeneous of
degree zero.

For n = 1, the proof follows in the same manner, except the Tricomi
condition (7.1.17) now is replaced by

k0
−1(x, 1) + k0

−1(x,−1) = 0 . (7.1.19)

Here, instead of the Calderón–Zygmund formula (7.1.18) we use its one–
dimensional version, i.e.,

p.f.

∞∫

0

e−iξz dz

z
= − log |ξ| − iπ

2
ξ

|ξ| + α0 . (7.1.20)
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Collecting the above results, we find by using (7.1.17),

bψ(x, ξ) = a0
ψ(x, ξ)− I2(x, ξ) + c(x){a0 + a1 log |ξ|} .

Since
lim
t→∞

aψ(x, tξ0) = a0
ψ(x, ξ0)− lim

t→∞
I2(x, tξ0) = a0

ψ(x, ξ0)

from (7.1.15) we obtain the desired property (7.1.12). �

The next lemma, due to Seeley [279], is concerned with the differentiation
and primitives of pseudohomogeneous functions.

Lemma 7.1.3. Let m ∈ IR , k ∈ IN0 and m− k > −n.

(i) If f(z) ∈ Ψhfm then
(
−i ∂

∂z

)α
f(z) ∈ Ψhfm−k for all |α| = k. If m ∈ IN

and if fm, the homogeneous part of f , satisfies the compatibility condi-
tions

∫

|z|=1

fm(Θ̂)Θ̂αdω = 0 for all |α| = m for n ≥ 2 (7.1.21)

where Θ̂ = z
|z| , and

f(1) + (−1)mfm(−1) = 0 for n = 1 ,

then ∂fm

∂zj
will satisfy

∫

|z|=1

∂fm
∂zj

Θ̂βdω = 0 for all |β| = m− 1 if n ≥ 2 (7.1.22)

and
f ′
m(1) + (−1)m−1f ′

m(−1) = 0 for n = 1 .

(ii) Let n ≥ 2 and h(α)(z) ∈ Ψhfm−k for all α with |α| = k with the addi-
tional property that there exists some function F ∈ C∞(IRn \ {0}) and

h(α)(z) =
(
−i

∂

∂z

)α

F (z) for all α with |α| = k .

Then there exists a function f ∈ Ψhfm with the property that

F (z)− f(z) = pk−1(z)

is a polynomial of degree less than k.
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If m �= 0 then f ∈ Ψhfm is uniquely determined.
In the one–dimensional case n = 1, the space IR \ {0} is not connected.
Therefore we obtain only the weaker result

F (z)− f(z) = p±k−1(z)

with two polynomials for z > 0 and z < 0, respectively, which in general
might be different, provided m �∈ IN0 or m ∈ IN0 and m − k ≥ 0. In the
case m ∈ IN0 and m − k < 0, the function h(k)(z) must also satisfy the
additional assumption

h(k)(1)− (−1)kh(k)(−1) = 0 .

Proof:

(i) The function f ∈ Ψhfm is of the form f = fm(z) with fm(tz) = tmfm(z)
for t > 0 and z �= 0, provided m �∈ IN0. Then differentiation with |α| = 1
yields for h

(α)
m−1(z) := ∂αfm

∂zα (z) the relation

tmh
(α)
m−1(z) = tm

∂αfm
∂zα

(z) = t
∂αfm
∂zα

(tz) = th
(α)
m−1(tz) .

Hence, h(α)
m−1 ∈ Ψhfm−1 and also m− 1 �∈ IN0.

For m ∈ IN0, the function f is of the form

f(z) = fm(z) + pm(z) log |z|

where fm(z) is a positively homogeneous function and pm(z) is a homo-
geneous polynomial of degree m. Then

∂

∂zk
f(z) =

∂

∂zk
fm(z) + zkpm(z) · 1

|z|2 + log |z| ∂

∂zk
pm(z) .

The first two terms now are positively homogeneous of degree m − 1
whereas ∂

∂zk
pm(z) is a homogeneous polynomial of degree m − 1. By

repeating the same argument k times, the assertion follows.
If, in addition, (7.1.21) is fulfilled then we distinguish the cases n ≥ 2
and n = 1. We begin with the case n ≥ 2 and consider the integral

I(r) :=
∫ (

∂fm
∂zj

zβ
) ∣∣∣

|z|=r
dω = r2m−2

∫

|Θ̂|=1

∂fm
∂zj

(Θ̂)Θ̂βdω

where β is an arbitrarily chosen multiindex with |β| = m − 1 and dω
denotes the surface element of the unit sphere. Integrating r2I(r) =(∑n

�=1 z2
�

)
I(r) from r = 0 to �, we obtain with the divergence theorem:
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�∫

0

rn+1I(r)dr =
∫

V (�)

∂fm
∂zj

zβ

(
n∑

�=1

z2
�

)
dv

=−
∫

V (�)

fm(z)
∂

∂zj

(
zβ

n∑

�=1

z2
�

)
dv +

∫

|z|=�

fm(z)zβ
(

n∑

�=1

z2
�

)
zj�

n−2dω

=−
∫

V (�)

fm(z)
∂

∂zj

(
zβ

n∑

�=1

z2
�

)
dv + �2m+n

∫

|Θ̂|=1

fm(Θ̂)Θ̂βΘ̂jdω .

V (�) denotes the volume of the ball with radius �. The last integrals on
the right–hand side vanish due to assumption (7.1.21). Then taking d

d�
on both sides at � = 1, we find

I(1) = −
∫

|Θ̂|=1

fm(Θ̂)

{
n∑

�=1

(
∂zβ

∂zj
(Θ̂)

)
Θ̂2

� + Θ̂βΘ̂j

}
dω .

Each of the polynomials ∂β

∂zj
(Θ̂)Θ̂2

� and Θ̂βΘ̂j is homogeneous of order
|β|+ 1 = m. Again, with (7.1.21) for each of these terms, we obtain

I(1) =
∫

|Θ̂|=1

∂f

∂zj
Θ̂βdω = 0 for any |β| = m− 1 .

Now we consider the case n = 1. Then

f ′
m(1) + f ′

m(−1)(−1)m−1 =

1∫

0

{f ′(1) + f ′
m(−1)(−1)m−1}dr

=

1∫

0

f ′
m(r)r−m+1dr +

1∫

0

f ′
m(−r)r−m+1(−1)m−1dr ,

since f ′
m(r) is positively homogeneous of degree (m− 1).

Integration by parts gives with (7.1.21):

f ′
m(1) + f ′

m(−1)(−1)m−1 = −
1∫

0

fm(r)(1−m)r−mdr

+ (−1)m−1

1∫

0

fm(−r)(1−m)r−mdr

= −{fm(1) + fm(−1)(−1)m} = 0 ,

as proposed.
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(ii) For this part of the theorem we confine ourselves only to the case k = 1.
Then the general case can be treated by standard induction.
We will consider the three different subcases m < 0 , m > 0 and m = 0,
separately. For m < 0, let

∂F

∂zj
= ih

(j)
m−1(z) ∈ Ψhfm−1 for j = 1, . . . , n .

Since we assume that F (z) is a given primitive of the h
(j)
m−1 the indefinite

line integral

F (z) = i

z∫

∞

n∑

j=1

h
(j)
m−1(ζ)dζj + c0 for z ∈ IRn \ {0} ,

for n ≥ 2 is independent of the path of integration avoiding the origin.
All that remains to show is the positive homogeneity of

f(z) :=

z∫

∞

n∑

j=1

h
(j)
m−1(ζ)dζj

which is well defined because of

lim
ζ→∞

h
(j)
m−1(ζ) = h

(j)
m−1(Θ̂) lim

ζ→∞
|ζ|m−1 = 0

uniformly and m − 1 < −1. A simple change of variables ζj = tζ̃j with
any t > 0 shows with the homogeneity of h

(j)
m−1 for z �= 0 that

f(z) =
1
m

n∑

j=1

h
(j)
m−1(z)zj

which is obviously homogeneous of degree m. This is Euler’s formula for
positively homogeneous functions of degree m.

For n = 1, the integration paths are from (sign z)∞ to z and are different
for z > 0 and z < 0. Hence, in general one obtains two different constants
c±0 accordingly.

For m > 0 and m �∈ IN, we proceed in the same manner as before by
defining

f(z) :=

z∫

0

n∑

j=1

h
(j)
m−1(ζ)dζj =

1
m

n∑

j=1

h
(j)
m−1(z)zj .

This representation also shows that f is uniquely determined.
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Again, in the case n = 1, one may obtain different contants c±0 corre-
sponding to z > 0 or z < 0, respectively.

Now, let us consider the case m ∈ IN and n ≥ 2. Here,

h(j)(z) = h
(j)
m−1(z) + p

(j)
m−1(z) log |z| = −i

∂F

∂zj
(z)

is pseudohomogeneous of degree m− 1. Hence,

∂F

∂zj
(tz) = itm−1h

(j)
m−1(z) + itm−1p

(j)
m−1(z) {log |z|+ log t}

for every t > 0 and z �= 0. For F (z), we find the path–independent line
integral

F (z) =
n∑

j=1

z∫

0

∂F

∂zj
(ζ)dζj + c

where c is any constant. By changing the variable of integration ζ = τz
and integrating along the straight lines where τ ∈ [0, 1], we find

F (z) = i
n∑

j=1

1∫

τ=0

τm−1
(
h

(j)
m−1(z) + p

(j)
m−1(z) log |z|

)
zjdτ

+ i

n∑

j=1

1∫

0

τm−1 log τdτp
(j)
m−1(z)zj + c ,

i.e., the explicit representation

F (z) =
i

m

n∑

j=1

(
h

(j)
m−1(z) + p

(j)
m−1(z) log |z| − 1

m
p
(j)
m−1(z)

)
zj + c

with any constant c. Therefore,

fm(z) =
i

m

n∑

j=1

(
h

(j)
m−1(z)−

1
m

p
(j)
m−1(z)

)
zj ,

pm(z) =
i

m

n∑

j=1

p
(j)
m−1(z)zj .

Both functions, fm(z) and the polynomial pm(z) are homogeneous of
degree m and F = fm + pm log |z|+ c.

Finally, for n ≥ 2, let us consider the case m = 0. Here the desired form
of f is
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f(z) = c0 + g0(z) + p0 log |z|
where g0 and p0 both are to be found. The yet unknown function g0(z)
is positively homogeneous of degree zero, hence, the desired function

n∑

j=1

∂g0

∂zj
(z)zj is positively homogeneous

of degree zero again, due to the first part of our theorem. Now we require
that the condition ∫

|z|=1

n∑

j=1

∂g0

∂zj
Θjdω = 0 (7.1.23)

is satisfied. This implies with

∂F

∂zj
=

∂g0

∂zj
+ p0

zj
|z|2 = h(j)(z) (7.1.24)

that p0 must be chosen as to satisfy

p0

∫

|z|=1

n∑

j=1

zj
|z|2Θjdω =

n∑

j=1

∫

|z|=1

h(j)(z)Θjdω . (7.1.25)

With the constant p0, we now define the function

g0(z) =
n∑

j=1

z∫

Θ

∂g0

∂zj
dζj :=

n∑

j=1

z∫

Θ

(
h(j)(ζ)− p0

ζj
|ζ|2

)
dζj (7.1.26)

where Θ is a point on the unit sphere which fulfills

n∑

j=1

(
h(j)(Θ)− p0Θj

)
Θj = 0 .

This is always possible because of (7.1.24). Since h(j) = ∂F
∂zj

and zj

|z|2 =
∂ log |z|
∂zj

, the value of the line integral in (7.1.26) is independent of the path
as long as IRn \ {0} is simply connected. It will be independent of the
path in every case if for a closed curve C on the unit sphere, C : z = Θ(τ)
for τ ∈ [0, T ] with Θ(0) = Θ(T ) = 0, the integral

n∑

j=1

∮

C

(
h(j)(Θ(τ))− p0Θ(τ)

) dΘj

dτ
dτ

vanishes. Since h(j)(z) = ∂F
∂zj

with F ∈ C∞(IRn \ {0}) and
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d

dτ

n∑

j=1

Θ2
j (τ) =

n∑

j=1

Θj(τ)
∂Θj

∂τ
= 0

for any curve on |Θ(τ)| = 1, we find, indeed,

n∑

j=1

∮

C

∂g0

∂zj
dζj = 0 .

To show that g0 is positively homogeneous of degree zero, we first show
with (7.1.24) and (7.1.25)

tΘ∫

Θ

n∑

j=1

∂g0

∂zj
(ζ)dζj =

n∑

j=1

tΘ∫

Θ

{
h(j)(τΘ)− p0

τΘj

τ2

}
Θjdτ

= log t
{ n∑

j=1

h(j)(Θ)Θj − p0

}
= 0

for every t > 0. Then, with ζ̃j = ζj
/
|z|,

g0(z) =
n∑

j=1

|z|Θ∫

Θ

∂g0

∂zj
dζj +

n∑

j=1

z∫

|z|Θ

∂g0

∂zj
dζj

= 0 +
n∑

j=1

z/|z|∫

Θ

∂g0

∂zj
(|z|ζ̃)|z|dζ̃j

=
n∑

j=1

z/|z|∫

Θ

∂g0

∂zj
(ζ̃)dζ̃j = g0

(
z

|z|

)

where we have used the homogeneity of ∂g0
∂zj

due to (7.1.24).

We note that we may add to g0 an arbitrarily chosen constant which
defines a homogeneous function of degree zero. Hence, g0 is not unique.

In the remaining case n = 1 and m = 0, for k = 1 we have for h(1) ∈ Ψhf−1

the explicit representation

h(1)(z) = h(1)(sign z) · 1
|z| .

Hence,
f(z) = (sign z) · h(1)(sign z) log |z|+ c±0 ,
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and only with
h(1)(1)− (−1)h(1)(−1) = 0

we find
f(z) = h(1)(1) log |z|+ c±0 ∈ Ψhf0

as proposed. �

In the following lemma we show how one can derive the homogeneous
symbol from the integral operator with a kernel given as a pseudohomoge-
neous function.

Lemma 7.1.4. Let kκ(x, z) ∈ Ψhfκ with κ > −n. Then the integral operator
Km defined by

(Kmu)(x) =
∫

Ω

kκ(x, x− y)u(y)dy for x ∈ Ω , u ∈ C∞
0 (Ω) (7.1.27)

belongs to Lm
c�(Ω) where m = −κ− n.

In addition, if ψ(z) is a C∞ cut–off function with ψ(z) = 1 for
|z| ≤ ε , ε > 0, and ψ(z) = 0 for |z| ≥ R then

aψ(x, ξ) := e−ix·ξ
∫

Ω

kκ(x, x− y)ψ(x− y)eiy·ξdy (7.1.28)

is a symbol in Sm
c� (Ω × IRn) and the limit

am(x, ξ) := lim
t→+∞

t−maψ(x, tξ) (7.1.29)

exists for x ∈ Ω and ξ �= 0 and defines the positively homogeneous represen-
tative of degree m of the complete symbol class σKm

∼ am(x, ξ).

Proof: With ψ(z), first write

(Kmu)(x) =
∫

Ω

kκ(x, x−y)ψ(x−y)u(y)dy+
∫

Ω

kκ(x, x−y)
(
1−ψ(x−y)

)
u(y)dy .

Since the kernel {kκ(x, x− y)
(
1−ψ(x− y)

)
} of the second integral operator

is a C∞(Ω × Ω) function, the latter defines a smoothing operator due to
Theorem 6.1.10 (iv). Hence, it suffices to consider only the first operator

(Kψu)(x) :=
∫

Ω

kκ(x, x− y)ψ(x− y)u(y)dy .

Note that kκ(x, z)ψ(z) is weakly singular and has compact support with
respect to z, hence, the symbol aψ(x, ξ) given by (7.1.28) is just its Fourier
transformation and, therefore, due to the Paley–Wiener–Schwartz theorem
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(Theorem 3.1.3) aψ ∈ C∞(Ω × IRn). It remains to show that aψ ∈ Sm
c� (Ω ×

IRn), that am(x, ξ) is well defined by (7.1.29) and, finally, that aψ ∼ am (for
|ξ| ≥ 1).

We first show the existence of the limit am. To do so, choose a multi–index
γ with |γ| > −m and consider

ξγ
(
aψ(x, ξ)− t−maψ(x, tξ)

)

= ξγ
∫

IRn

e−iz·ξkκ(x, z)
{
ψ(z)− ψ

(z

t

)}
dz

+ ξγ
∫

IRn

e−iz·ξpκ(x, z)ψ
(z

t

)
dz log t

=
∫

ε≤|z|

e−iz·ξ
(
− i

∂

∂z

)γ(
kκ(x, z)

{
ψ(z)− ψ

(z

t

)})
dz

+
∫

IRn

e−iz·ξ
∑

0≤β≤γ
|β|≤κ

∫

ε≤|z|≤R

e−iz·ξ
((
− i

∂

∂z

)β

pκ(x, z)
)
×

× cβγ

(
− i

∂

∂z

)γ−β

ψ
(z

t

)
dz log t

provided t ≥ R, by using the Leibniz rule. Then we obtain

ξγ
(
aψ(x, ξ)− t−maψ(x, tξ)

)
= I1(t) +

∑

0≤λ<γ

I2λγ(t) +
∑

0≤β≤γ
|β|≤κ

I3βγ(t)

where

I1(t) :=
∫

|z|≥ε

e−iz·ξk
(γ)
κ−|γ|(x, z)

{
ψ(z)− ψ

(z

t

)}
dz

with k
(γ)
κ−|γ|(x, z) :=

(
− i

∂

∂z

)γ

kκ(x, z) ;

I2λγ(t) := cλγ

∫

ε≤|z|

e−iz·ξk
(λ)
κ−|λ|(x, z)

{
ψγ−λ(z)− t|λ|−|γ|ψγ−λ

(z

t

)}
dz

with ψγ−λ(z) :=
(
− i

∂

∂z

)γ−λ

ψ(z) �= 0 for ε < |z| < R ;

I3βγ(t) = cβγ

∫

|z|≤tR

e−iz·ξp(β)
κ (x, z)ψγ−β

(z

t

)
dzt−|γ−β| log t .

We note from Lemma 7.1.3 part (i) that the kernels k(λ)
κ−|λ| belong to Ψhfκ−|λ|.

Since |γ| > −m, for fixed x ∈ Ω, the integral I1(t) converges uniformly
as t→∞ for all |z| ≥ ε:
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lim
t→∞

I1(t) =
∫

|z|≥ε

e−iz·ξk
(γ)
κ−|γ|(x, z) {ψ(z)− 1} dz .

A simple manipulation shows that the second term in I2λγ(t) can be estimated
by

∣∣∣cλγ
∫

ε≤|z|≤tR

k
(λ)
κ−|λ|(x, z)t

|λ|−|γ|ψγ−λ

(z

t

)
dz

∣∣∣

≤ c(x, λ, γ, ε, R)

tR∫

r=ε

rκ−|λ|t|λ|−|γ|rn−1(1 + | log r|)dr = O(t−1 log t)

→ 0 as t→∞ since |γ| > κ + n .

For the third term we find similarly

|I3βγ(t)| = O(t−1 log t)→ 0 as t→∞ .

Hence, the limit exists; and for ξ �= 0 we find

am(x, ξ) := lim
t→∞

t−maψ(x, tξ) (7.1.30)

= aψ(x, ξ)− ξ−γ

∫

|z|≥ε

e−iz·ξ k
(γ)
κ−|γ|(x, z) {ψ(z)− 1} dz

− ξ−γ
∑

0≤λ<γ

cλγ

∫

ε≤|z|≤R

e−iz·ξ k
(λ)
κ−|λ|(x, z)ψγ−λ(z)dz .

Clearly, (7.1.30) implies with the Paley–Wiener–Schwartz theorem 3.1.3
that am(x, ξ) ∈ C∞(

Ω × (IRn \ {0})
)
. From the definition (7.1.29) it is also

clear, that am(x, ξ) is positively homogeneous of degree m:

am(x, τξ) = τm lim
t→+∞

τ−mt−maΨ (x, τtξ)

= τmam(x, ξ) for τ > 0 and ξ �= 0 .

Finally, we show that aψ(x, ξ) − χ(ξ)am(x, ξ) ∈ S−∞(Ω × IRn) for any
C∞–cut–off function χ with χ(ξ) = 0 for |ξ| ≤ 1

2 and χ(ξ) = 1 for all |ξ| ≥ 1.
Let Ω̃ � Ω be any compact subset; consider any multiindices α, β, γ.

Then, for |ξ| ≥ 1 from (7.1.30),
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( ∂

∂x

)β

ξγ
( ∂

∂ξ

)α(
aψ(x, y)− am(x, ξ)

)

=
( ∂

∂ξ

)α
∫

|z|≥ε

e−iz·ξ
(( ∂

∂x

)β

k
(γ)
κ−|γ|(x, z)

)
{ψ(z)− 1}dz

+
∑

0≤λ<γ

cλγ

( ∂

∂ξ

)α
∫

ε≤|z|≤R

e−iz·ξ
(( ∂

∂x

)β

k
(λ)
κ−|λ|(x, z)

)
ψγ−λ(z)dz

=
∫

|z|≥ε

e−iz·ξ(−iz)α
(( ∂

∂x

)β

k
(γ)
κ−|γ|(x, z)

)
{ψ(z)− 1}dz

+
∑

0≤λ<γ

cλγ

∫

ε≤|z|≤R

e−iz·ξ(−iz)α
(( ∂

∂x

)β

k
(λ)
κ−|λ|(x, z)

)
ψγ−λ(z)dz .

For any α and β and for every γ with |γ| > κ + n + |α|, the first integral
on the right–hand side is uniformly bounded for x ∈ Ω̃ and all ξ ∈ IRn.
The remaining integrals on the right–hand side are the Fourier transforms
of C∞–functions with compact support in ε ≤ |z| ≤ R and are infinitely
differentiable for x ∈ Ω̃. Consequently, with Theorem 3.1.3, we have for any
α, β and for every γ with |γ| > κ + n + |α| the estimates

sup
x∈Ω̃,|ξ|≥1

∣∣∣
( ∂

∂x

)β( ∂

∂ξ

)α(
aψ(x, ξ)− am(x, ξ)

)∣∣∣|ξγ | ≤ C(Ω̃, α, β, γ) .

Hence,
(
aψ(x, ξ)−χ(ξ)am(x, ξ)

)
∈ S−∞(Ω×IRn) and aψ(x, ξ) ∈ Sm

c� (Ω×IRn).
�

Remark 7.1.2: For κ ∈ IN0, consider the whole class of integral operators
with the kernels of the form

kκ(x, z) = fκ(x, z) + pκ(x, z) log |z|+ qκ(x, z) (7.1.31)

where qκ(x, z) =
∑

|γ|=κ cγ(x)zγ is a homogeneous polynomial of degree κ.
Then all kκ of the form (7.1.31) belong to Ψhfκ. For given fκ and pκ, and for
any choice of qκ(x, z) in (7.1.31), kκ has the same positively homogeneous
principal symbol

a0
m(x, ξ) = am

(
x,

ξ

|ξ|

)
|ξ|m

since the integral operator defined by the kernel function qκ is a smoothing
operator.

For fixed x and κ �∈ IN0, the symbol of kκ(x, z) = fκ(x, z) is a positively
homogeneous function given by the Fourier transform of fκ which also defines
a homogeneous distribution of degree m = −κ−n with a singularity at ξ = 0
for m < 0.
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Let us recall that a distribution u is said to be homogeneous of degree
λ ∈ C if

tλ+n〈u, ϕ(xt)〉 = 〈u, ϕ〉 for all ϕ ∈ C∞
0 (IRn) and t > 0 . (7.1.32)

For the case κ ∈ IN0, and pseudohomogeneous kernels of the form (7.1.31),
we again consider the Fourier transform of the kernel. The latter defines the
density of a distribution whose Fourier transform can be written as

k̂κ(x, ξ) = ̂(pκ
(
x, ·) log | · |

)
(x, ξ) + Fz �→ξfκ(x, z) .

We first consider

̂fκ(x, •)(ξ) = (2π)−n/2

∫

|z|≤R

fκ(x, z)ψ(z)e−iz·ξdz (7.1.33)

+ |ξ|−2k(2π)−n/2

∫

|z|≥ε

e−iz·ξ(−∆k
z)

(
fκ(x, z)(1− ψ(z))

)
dz

which exists for ξ �= 0 since both integrals exist, provided that for the second
one 2k > κ + n. Similar to the previous analysis, one can easily show that
f̂κ(x, ξ) = O(|ξ|m) as |ξ| → 0. Moreover, with the identity

̂
ϕ
(•
t

)
(z) = tnϕ̂(tz) for t > 0

we obtain
∫

IRn

f̂κ(x, ξ)ϕ
(
ξ

t

)
dξ = tn

∫

IRn

fκ(x, z)ϕ̂(tz)dz

= tn+m

∫

IRn

fκ(x, z)ϕ̂(z)dz = tm+n

∫

IRn

f̂κ(x, ξ)ϕ(ξ)dξ
(7.1.34)

for all ϕ ∈ C∞
0 (IRn\{0}) and t > 0 , m = −κ−n. According to the definition

of homogeneity of generalized functions in Hörmander [131, Vol.I, Definition
3.2.2], Equation (7.1.34) implies that f̂κ(x, ξ) is a positively homogeneous
function of degree m for ξ �= 0. To extend f̂κ(x, ξ) as a distribution on
C∞

0 (IRn), we use the canonical extension through the finite part integral
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p.f.
∫

IRn

f̂κ(x, ξ)ϕ(ξ)dξ (7.1.35)

=
∫

|ξ|<R

f̂κ(x, ξ)
{
ϕ(ξ)−

∑

|α|≤κ

1
α!

ξα
∂αϕ

∂ξα
(0)

}
dξ

−
∑

|α|<κ

1
κ− |α|

1
α!

∫

|θ|=1

R−κ+|α| θαf̂κ(x, θ)dω(θ)
∂αϕ

∂ξα
(0)

+
∑

|α|=κ

1
α!

∫

|θ|=1

logRθαf̂κ(x, θ)dω(θ)
∂αϕ

∂ξα
(0) +

∫

|ξ|≥R

f̂κ(x, ξ)ϕ(ξ)dξ

for ϕ ∈ C∞
0 (IRn) and any R > 0.

If the logarithmic term is present, the canonical extension is not homoge-
neous anymore, but only pseudohomogeneous.

For the term pκ(x, z) log |z|, the Fourier transform can be obtained ex-
plicitly (see Schwartz [276, VII. 7.16]),

̂pκ(x, ·) log | · | =
∑

|γ|=κ

cγ(x)
(
i
∂

∂ξ

)γ {
Cn

1
|ξ|n + C ′

nδ0(ξ)
}

where pκ(x, z) =
∑

|γ|=κ cγ(x)zγ , where δ0(ξ) is the Dirac functional and

where Cn and C ′
n are universal constants. Here, the first terms

(
i ∂
∂ξ

)γ
1

|ξ|n

are homogeneous functions and, again, we use the canonical extension
∫

IRn

pκ(x, z) log |z|ϕ̂(z)dz (7.1.36)

= p.f.
∫

IRn

∑

|γ|=κ

cγ(x)
(( ∂

∂ξ

)γ Cn

|ξ|n
)

ϕ(ξ)dξ + iκC ′
n

∑

|γ|=κ

cγ(x)
∂ϕγ

∂ξγ
(0)

where the finite part integral takes a form corresponding to (7.1.35).
Summing (7.1.35) and (7.1.36) yields the representation of the Fourier

transform of the kernel kκ(x, z) in the sense of distributions, i. e., am(x, ξ) =
k̂κ(x, ξ).

To test the homogeneity of the distribution given by k̂κ(x, ξ), we choose
R = t in (7.1.35) and (7.1.36) to compute p.f.

∫

IRn

k̂κ(x, ξ)ϕ
(
ξ
t

)
dξ. Then, by

setting t = 1 in the latter we get p.f.
∫

IRn

k̂κ(x, ξ)ϕ(ξ)dξ. Hence, we obtain
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〈k̂κ(x, ·), ϕ〉 = p.f.
∫

IRn

k̂κ(x, ξ)ϕ(ξ)dξ + iκC ′
n

∑

|γ|=κ

cγ(x)
∂ϕγ

∂ξγ
(0) (7.1.37)

= t−m−n
{

p.f.
∫

IRn

k̂κ(x, ξ)ϕ
(ξ

t

)
dξ

+ iκC ′
n

∑

|γ|=κ

cγ(x)
(( ∂

∂ξ

)γ

ϕ(
(ξ

t

))
|ξ=0

}

− log t
∑

|γ|=κ

1
α!

∫

|θ|=1

θα
(
f̂κ(x, θ)

+
∑

|γ|=κ

cγ(x)
((

i
∂

∂ξ

)γ Cn

|ξ|n
)
|ξ=0

)
dω(θ)

∂αϕ

∂ξα
(0) .

From Equation (7.1.37) we see, that the Fourier transform k̂κ(x, ξ) defines
a pseudohomogeneous distribution which becomes homogeneous only if the
following compatibility condition is fulfilled:

∫

|θ|=1

θα
(
f̂κ(x, θ) +

∑

|γ|=κ

cγ(x)
((

i
∂

∂ξ

)γ Cn

|ξ|n
)
|ξ=θ

)
dω(θ) = 0 . (7.1.38)

On the other hand, as we shall see, if we have kκ ∈ ψhfκ, the correspond-
ing Fourier transformed k̂κ(x, ξ) = a(x, ξ) always defines the homogeneous
symbol of order m. We will return to this remark later on in Theorem 7.1.6.

Lemma 7.1.5. Let am(x, ξ) ∈ C∞(
Ω × (IRn \ {0})

)
be a positively homoge-

neous function of degree m < −n; i.e.,

am(x, tξ) = tmam(x, ξ) for all x ∈ Ω , t > 0 , ξ �= 0 .

Then
k−m−n(x, z) := (2π)−n p.f.

∫

IRn

eiz·ξam(x, ξ)dξ (7.1.39)

exists and defines a positively pseudohomogeneous kernel function of degree
−m− n.

Proof: Let χ(ξ) be a C∞ cut–off function with χ(ξ) = 1 for |ξ| ≥ 1 and
χ(ξ) = 0 for |ξ| ≤ 1

2 . Then each of the following integrals,

k(x, z) = (2π)−n

∫

IRn

eiz·ξam(x, ξ)χ(ξ)dξ

+ (2π)−n p.f.
∫

IRn

eiz·ξ
(
1− χ(ξ)

)
am(x, ξ)dξ ,
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exists since the first has integrable integrand because of m < −n and the
second one is defined by the Fourier transform of a distribution with compact
support, therefore it is a C∞(Ω × IRn)–function according to the Paley–
Wiener–Schwartz theorem, Theorem 3.1.3. Hence, for x fixed, k(x, z) is a
Fourier transformed positively homogeneous distribution.

We now show that k ∈ C∞(Ω × IRn \ {0}). For z �= 0 one finds with
(6.1.11)

(
− i

∂

∂z

)α

k(x, z) = (2π)−n|z|−2k

∫

IRn∩{|ξ|≥ 1
2}

eiz·ξ(∆ξ)k
(
ξαam(x, ξ)χ(ξ)

)
dξ

+(2π)−n
(
− i

∂

∂z

)α
∫

IRn∩{|ξ|≤1}

eiz·ξ
(
1− χ(ξ)

)
am(x, ξ)dξ . (7.1.40)

The first integral on the right–hand side is continuous if |α| < −n−m + 2k
for any chosen k ∈ IN0 whereas the second integral is C∞(Ω × IRn) for any
α ≥ 0. Hence, k(x, z) ∈ C∞(Ω × IRn \ {0}).

Since, in general, the Fourier transform of a positively homogeneous distri-
bution is not necessarily positively homogeneous, we consider first the deriv-
atives

k(α)(x, z) :=
(
− i

∂

∂z

)α

k(x, z)

given by (7.1.40) with |α| > −m − n and k chosen with 2k > |α| + n +
m. For these α one will see that k(α) is positively homogeneous of degree
−m− n− |α|. For this purpose we use (6.1.11) and begin with the limit

lim
t→0+

tm+n+|α|k(α)(x, tz)

= (2π)−n lim
t→0+

tm+n+|α|
{
|tz|−2k

∫

IRn∩{|ξ|≥ 1
2}

eitz·ξ(∆ξ)k
(
ξαam(x, ξ)χ(ξ)

)
dξ

+
∫

IRn∩{|ξ|≤1}

eitz·ξξα
(
1− χ(ξ)

)
am(x, ξ)dξ

}

= (2π)−n lim
t→0+

{
|z|−2k

∫

|ξ′|≥t 1
2

eiz·ξ
′
(∆ξ′)k

(
ξ′

α

am(x, ξ′)χ
(
ξ′

t

)
dξ′

+
∫

|ξ′|≤t

eiz·ξ
′
ξ′

α

(
1− χ

(
ξ′

t

))
am(x, ξ′)dξ′

}
,

where the transformation ξ′ = tξ and the positive homogeneity of am(x, ξ)
have been employed. Since |α| > −m−n, the integrand of the second integral
on the right–hand side is continuous, uniformly bounded and tends to zero
as t→ 0+. The first term on the right–hand side can be rewritten as follows:
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lim
t→0+

tm+n+|α|k(α)(x, tz)

= (2π)−n|z|−2k

∫

1
2≤|ξ′|

eiz·ξ
′
(∆ξ′)k

(
ξ′

α

am(x, ξ′)χ(ξ′)
)
dξ′

+(2π)−n lim
t→0+

|z|−2k

∫

1
2 t≤|ξ′|≤1

eiz·ξ
′
(∆ξ′)k

(
ξα

′
am(x, ξ′)

(
χ
(ξ′

t

))
χ(ξ′)

)
dξ′

= (2π)−n|z|−2k

∫

1
2≤|ξ|

eiz·ξ(∆ξ)k
(
ξαa(x, ξ)χ(ξ)dξ

+(2π)−n

∫

|ξ|≤1

eiz·ξξαa(x, ξ)(1− χ(ξ))dξ

= k(α)(x, z) ,

since the second term has a continuous, uniformly bounded integrand which
tends to the corresponding integrand in (7.1.40). Thus,

lim
t→0+

tm+n+|α|k(α)(x, tz) = k(α)(x, z) . (7.1.41)

Equation (7.1.41) implies that k(α)(x, z) ∈ Ψhfκ−|α| is positively homoge-
neous with κ = −m− n. Hence, for n ≥ 2 it follows from Lemma 7.1.3 part
(ii) that k(x, z)−p|α|−1(z) ∈ Ψhf−m−n where p|α|−1(x, z) is some polynomial
of degree less than |α|.

In what follows, for n ≥ 2 we shall now present the explicit form of the
kernel

k(x, z) = f−m−n(x, z) + p−m−n(x, z) log |z|
which shows that p|α|−1 = 0. From Definition 7.1.2 applied to (7.1.39) we
find with Ω0 = {ξ ∈ IRn | |ξ| < R} for κ = −m− n > 0,

k(x, z) = (2π)−n
{ ∫

|ξ|<R

am(x, ξ)
{
eiξ·z −

∑

|α|≤κ

1
α!

(iz)αξα
}
dξ (7.1.42)

−
∑

|α|<κ

1
κ− |α|

1
α!

∫

|θ|=1

R−κ+|α|θαam(x, θ)dω(θ)(iz)α

+
∑

|α|=κ

1
α!

∫

|θ|=1

(logR) θαam(x, θ)dω(θ)(iz)α +
∫

|ξ|≥R

eiξ·zam(x, ξ)dξ
}
.

Here R > 0 can be chosen arbitrarily. The dilatation of the kernel with t > 0
reads after proper change of variables,
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k(x, tz) = (2π)−n

⎧
⎪⎨

⎪⎩
tκ

∫

|ξ|<tR

am(x, ξ)
{
eiξ·z −

∑

|α|≤κ

1
α!

(iz)αξα
}
dξ

−
∑

|α|<κ

1
κ− |α|

1
α!

R−κ+|α| t|α|
∫

|θ|=1

θαam(x, θ)dω(θ)(iz)α

+
∑

|α|=κ

1
α!

tκ logR

∫

|θ|=1

θαam(x, θ)dω(θ)(iz)α

+tκ
∫

|ξ|≥tR

eiξ·zam(x, ξ)dξ

⎫
⎪⎬

⎪⎭
. (7.1.43)

Comparing (7.1.43) with (7.1.42) suggests the choice of R = 1
t which yields

k(x, tz) = t−m−nk(x, z) + t−m−n log t pκ(x, z) (7.1.44)

where

pκ(x, z) := −
∑

|α|=κ

(2π)−n

α!

∫

|θ|=1

θαam(x, θ)dω(θ)(iz)α . (7.1.45)

Then we obtain

k(x, z) = tm+nk(x, tz)− log t pκ(x, z)

for any t > 0. Hence, the choice t = 1/|z| gives

k(x, z) = |z|−m−nk

(
x,

z

|z|

)
+ log |z| · p−m−n(x, z) . (7.1.46)

This is a pseudohomogeneous function with the positively homogeneous part

f−m−n(x, z) := |z|−m−n(2π)−n (7.1.47)
{ ∫

|ξ|<1

am(x, ξ)
{
eiΘ·ξ −

∑

|α|≤κ

1
α!

(iΘ)αξα
}
dξ

−
∑

|α|<κ

1
κ− |α|

1
α!

∫

|ϑ|=1

ϑαam(x, ϑ)dω(ϑ)(iΘ)α +
∫

|ξ|≥1

eiξ·Θam(x, ξ)dξ
}

where Θ =
z

|z| , and the homogeneous polynomial is given by (7.1.45) with

κ = −m− n.
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If n = 1, then Lemma 7.1.3 part (ii) implies that k(x, z) − p±|α|−1(z) ∈
Ψhfm−1. On the other hand,

k(x, z) = (2π)−1

∫

IR1

eizξa0
m(x, ξ)dξ

= (2π)−1
{ ∞∫

0

eizξa0
m(x, 1)ξmdξ +

∞∫

0

e−izξa0
m(x,−1)ξmdξ

}

and the one–dimensional Fourier transform of ξm+ in the book by Gelfand and
Shilov [97, p. 360] provides us with the explicit formula

k(x, z) = |z|−m−1iΓ (m + 1)
{
eim

π
2 a0

m(x, sign z)− e−imπ
2 a0

m(x,− sign z)
}
.

Hence, the polynomials p±|α|−1(x, z) ≡ 0 as in the cases for n ≥ 2. This
completes the proof of Lemma 7.1.5. �

Now we are in the position to prove Theorem 7.1.1.

Proof of Theorem 7.1.1: (i) We begin with A ∈ Lm
c�(Ω) given, provided

m < −n. Then there exists a properly supported operator Am of order m
such that A − Am has a Schwartz kernel in C∞(Ω × IRn); and the symbol
a(x, ξ) of Am is given by

a(x, ξ) = e−ix·ξAmeiξ·• ∈ SSSm
c�(Ω × IRn) .

With this symbol, we define

k(x, z) := (2π)−n p.f.
∫

IRn

eiz·ξa(x, ξ)dξ . (7.1.48)

In order to find the pseudohomogeneous expansion of k, we use the asymptotic
expansion of the symbol

a(x, ξ) ∼
∑

j≥0

am−j(x, ξ)

where each am−j ∈ C∞(Ω × IRn \ {0}) is a positively homogeneous function
of degree m− j < −n. To each am−j , we define the kernel

k−m−n+j(x, z) := (2π)−n p.f.
∫

IRn

eiξ·zam−j(x, ξ)dξ (7.1.49)

which is positively homogeneous of degree −m− n + j due to Lemma 7.1.5.
Now we show that the remainder
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kJ(x, z) := k(x, z)−
∑

j<J

k−m−n+j(x, z) ∈ C�(Ω × IRn) (7.1.50)

for � < J −m− n. By definition, we then have

kJ (x, z) = (2π)−n p.f.
∫

IRn

eiξ·z
(
a(x, ξ)−

∑

j<J

am−j(x, ξ)
)
dξ

= (2π)−n p.f.
∫

|ξ|≤1

eiξ·z
(
1− χ(ξ)

)(
a(x, ξ)−

∑

j<J

am−j(x, ξ)
)
dξ

+ (2π)−n p.f.
∫

|ξ|≥ 1
2

eiξ·z
(
a(x, ξ)−

∑

j<J

am−j(x, ξ)
)
χ(ξ)dξ

where χ(ξ) is a C∞ cut–off–function with 0 ≤ χ(ξ) ≤ 1 , χ(ξ) = 0 for
|ξ| ≤ 1

2 and χ(ξ) = 1 for |ξ| ≥ 1. The first integral on the right–hand
side is a distribution with compact support defining a function kJ1(x, z) ∈
C∞(Ω × IRn) due to Theorem 3.1.3. The second integral kJ2(x, z) has an
integrable integrand since it decays as |ξ|m−J . Moreover, we may differentiate
and obtain
(
− i

∂

∂z

)α

kJ2(x, z) = (2π)−n

∫

|ξ|≥ 1
2

eiξ·zξα
(
a(x, ξ)−

∑

j<J

am−j(x, ξ)
)
χ(ξ)dξ ,

which implies
(
−i ∂

∂z

)α
kJ2(x, z) ∈ C0(Ω × IRn) for m − J + |α| < −n, i. e.

(7.1.50). This shows that k(x, z) ∈ Ψhkκ with κ = −m− n.
It remains to show that

(Amu)(x) =
∫

Ω

k(x, x− y)u(y)dy for u ∈ C∞
0 (Ω) and x ∈ Ω

with the kernel k(x, z) defined by (7.1.48). Collecting the terms in the above
expansion, from (7.1.50) and Lemma 7.1.5 we have

(Amu)(x) = (2π)−n

∫

IRn

∫

Ω

ei(x−y)·ξa(x, ξ)u(y)dydξ

= (2π)−n

∫

IRn

∫

Ω

ei(x−y)·ξ
(
a(x, ξ)−

∑

j<J

am−j(x, ξ)
)
u(y)dydξ

+
∑

j<J

∫

Ω

kκ+j(x, x− y)u(y)dy

=
∫

Ω

(
kJ (x, x− y) +

∑

j<J

kκ+j(x, x− y)
)
u(y)dy

=
∫

Ω

k(x, x− y)u(y)dy ,
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i.e., the proposed representation:

(Au)(x) =
∫

Ω

k(x, x− y)u(y)dy +
∫

Ω

r(x, y)u(y)dy

where k ∈ Ψhkκ and r ∈ C∞(Ω ×Ω).

(ii) For −n ≤ m < 0 we choose � ∈ IN with 2� > m + n and define kb(x, z)
for the modified symbol a(x, ξ)|ξ|−2� =: b(x, ξ). Then one has

kb(x, z) = (2π)−n

∫

IRn

eiξ·za(x, ξ)|ξ|−2�dξ

with kb ∈ Ψhk−m−n+2� from the previous case m − 2� < −n. With the
distributional derivatives, this implies

k(x, z) = (−∆z)�kb(x, z) = (2π)−n

∫

IRn

eiξ·za(x, ξ)dξ (7.1.51)

with k ∈ Ψhk−m−n as proposed. The rest of the proof follows as in case
(i). Hence, we have shown, if A ∈ Lm(Ω), then A admits the representation
(7.1.10).

Conversely, let k ∈ ψhkκ(Ω) with κ = −m − n and m < 0 be given.
Then k admits an asymptotic expansion into pseudohomogeneous functions
kκ−j ∈ Ψkfκ for j ∈ IN0, see (7.1.2). We define

aψ(x, ξ) :=
∫

|z|≤R

e−iz·ξk(x, z)ψ(z)dz ,

where the cut–off function ψ is defined as in Lemma 7.1.4; here we choose
R = 1 and ε = 1

2 . Now apply Lemma 7.1.4 to each kκ+j ∈ Ψhfκ+j . Then the
operators Kκ+j defined by

(Kκ+ju)(x) =
∫

Ω

kκ+j(x, x− y)u(y)dy

belong to Lm−j
c� (Ω) and each of them has the positively homogeneous symbol

am−j(x, ξ) defined by (7.1.29). Correspondingly, the operators defined by

(K̃κ+ju)(x) =
∫

Ω

kκ+j(x, x− y)ψ(x− y)u(y)dy

= (Kκ+ju)(x) +
∫

Ω

kκ+j(x, x− y)
(
ψ(x− y)− 1

)
dy
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also belong to Lm−j
c� (Ω) with the same positively homogeneous representa-

tive am−j(x, ξ) of the complete symbol class ãm−j , since the second integral
operator on the right–hand side has a C∞(Ω ×Ω) kernel. Now,

Ra(x, ξ) := ξγ
(

∂

∂x

)β (
∂

∂ξ

)α (
aψ(x, ξ)−

∑

j<J

ãm−j(x, ξ)
)

= ξγ
∫

|z|≤1

e−iz·ξ(−iz)α
(∂βk(x, z)

∂xβ
−

∑

j<J

∂βkκ+j(x, z)
∂xβ

)
ψ(z)dz

=
∫

|z|≤1

e−iz·ξ
(
−i

∂

∂z

)γ {
(−iz)α

∂β

∂xβ

(
kκ+J (x, z) + �κ+J+1(x, z)

)
ψ(z)

}
dz

where kκ+J is the next pseudohomogeneous function and �κ+J+1 the cor-
responding remainder in the asymptotic kernel expansion in (7.1.2). Due
to the Paley–Wiener–Schwartz theorem 3.1.3, the function Ra(x, ξ) is in
C∞(Ω × IRn). Since |γ − α| = J −m, we have

Ra(x, ξ) = (2π)n/2Fz �→ξk
(α,β,γ)
−n (x, z) +

∫

|z|≤1

e−iz·ξO(|z|−n+1)dz + ca(x, ξ)

where

k
(α,β,γ)
−n (x, z) = (−i)|γ|+|α|

(
∂β

∂xβ

)β (
∂

∂z

)γ

zαkκ+y(x, z)

is a homogeneous function of degree −n and, hence, of the form (7.1.1). The
term ca(x, ξ) can be estimated in the same manner as in the proof of Lemma
7.1.2, namely

|ξδca(x, ξ)| ≤ cK,δ for any |δ| > 1 for x ∈ K � Ω

with any compact K. The second term in Ra is uniformly bounded since it
has a weakly singular kernel. Lemma 7.1.2 implies the estimates

|Ra(x, ξ)| ≤ c1K + c2K log |ξ| for |ξ| ≥ 1 and x ∈ K

with any compact set K � Ω. Consequently, we obtain estimates

∣∣∣
(

∂

∂x

)β (
∂

∂ξ

)α (
aψ(x, ξ)−

∑

j<J

ãm−j(x, ξ)
)∣∣∣

≤
∣∣∣
(

∂

∂x

)β (
∂

∂ξ

)α

ãm−J(x, ξ)
∣∣∣

≤
(
c1(α, β,K) + c2(α, β,K) log |ξ|

)
〈ξ〉m−J−|α|−1 + c3(α, β,K)〈ξ〉m−J−|α|

≤ c4(α, β,K)〈ξ〉m−J−|α| for all |ξ| ≥ 1 , x ∈ K .



380 7. Pseudodifferential Operators as Integral Operators

Hence,
aψ(x, ξ) ∼

∑
ãm−j(x, ξ) ∼

∑
am−j(x, ξ)

as claimed. This completes the proof of Theorem 7.1.1. �

7.1.2 Non–Negative Order Pseudodifferential Operators
as Hadamard Finite Part Integral Operators

We now consider the case m ≥ 0. We begin with 0 < m �∈ IN and consider a
positively homogeneous kernel fκ(x, z) of degree κ = −m− n.

Theorem 7.1.6. Let m > 0 , m �∈ IN and κ = −m−n. Then every positively
homogeneous function fκ(x, z) of degree κ, i.e. fκ ∈ Ψhfκ defines via

(Amu) := p.f.
∫

Ω

fκ(x, x− y)u(y)dy for u ∈ C∞
0 (Ω) (7.1.52)

a classical pseudodifferential operator Am ∈ Lm
c�(Ω). The complete symbol

class σAm
is given by the positively homogeneous representative am(x, ξ) of

order m defined by

am(x, ξ) = p.f.
∫

IRn

fκ(x, z)e−iz·ξdz . (7.1.53)

Proof: The function am(x, ξ) defined by (7.1.53) is well defined for all ξ ∈
IRn due to (7.1.4) with u(z) = e−iz·ξ. The positive homogeneity of am(x, tξ) =
tmam(x, ξ) for t > 0 and ξ �= 0 follows immediately also from (7.1.4):

am(x, tξ) =
{ ∫

|z|≤R

fκ(x, z)
{
e−iz·tξ −

∑

|α|<m

1
α!

zα(−itξ)α
}
dz

+
∑

|α|<m

1
m− |α|

1
α!

∫

|ϑ|=1

R−m+|α|ϑαfκ(x, ϑ)dω(ϑ)(−itξ)α

+
∫

|z|≥R

e−iz·tξfκ(x, z)dz
}

(7.1.54)

where new coordinates z′ = zt and the choice of R = t−1 provides us with
the desired identity.

Now, write

(Amu)(x) = p.f.
∫

Ω

fκ(x, x− y)ψ(x− y)u(y)dy

+
∫

Ω

fκ(x, x− y)
(
1− ψ(x− y)

)
u(y)dy .
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Since the kernel of the second integral operator is in C∞(Ω × Ω), it defines
a smoothing operator due to Theorem 6.1.10 (iv). The kernel of the first
operator fκ(x, z)ψ(z), for fixed x ∈ Ω, has compact support. Therefore, the
symbol

a(x, ξ) := p.f.
∫

IRn

e−iz·ξfκ(x, z)ψ(z)dz

is in C∞(Ω × IRn) due to the Paley–Wiener–Schwartz theorem 3.1.3. More-
over, for |ξ| ≥ 1 we find

∣∣∣ξγ
( ∂

∂x

)β( ∂

∂ξ

)α(
a(x, ξ)− am(x, ξ)

)∣∣∣

= |ξ|−2k
∣∣∣

∫

|z|≥1

e−iz·ξ(−∆z)k
(
− i

∂

∂z

)γ

(−iz)α
( ∂

∂x

)β

{fκ(x, z)
(
ψ(z)− 1

)
}dz

∣∣∣

≤ c(α, β, γ) (7.1.55)

for every γ and α, β with the choice of k such that 2k ≥ |α| − |γ| and the
choice ε = 1 , R = 2 for ψ (Lemma 7.1.4).

For |ξ| ≥ 1, this estimate implies a ∼ am and the complete symbol class
of Am is given just by the homogeneous symbol (7.1.53). �

Similarly, for m ∈ IN0 and κ = −m − n we have the following relation
between fκ and Am.

Theorem 7.1.7. Let m ∈ IN0 and κ = −m − n. A pseudohomogeneous
function fκ(x, z) ∈ Ψhfκ defines the Schwartz kernel of a pseudodifferential
operator in Lm

c�(Ω) if and only if the Tricomi compatibility conditions
∫

|Θ|=1

Θαfκ(x,Θ)dω(Θ) = 0 for all |α| = m (7.1.56)

are satisfied.

Proof: As in the case of m �∈ IN0, we write with a C∞ cut–off function ψ
as in Lemma 7.1.4,

(Amu)(x) = p.f.
∫

Ω

fκ(x, x− y)ψ(x− y)u(y)dy

+
∫

Ω

fκ(x, x− y)
(
1− ψ(x− y)

)
u(y)dy .

The second term defines again a smoothing operator due to Theo-
rem 6.1.10 (iv).
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The case m = 0 now follows from Lemma 7.1.2 where c(x) = 0 is just the
Tricomi condition for m = 0. For m ∈ IN, as in the case m �∈ IN0, we define

f̂κ(x, ξ) := (2π)−n/2 p.f.
∫

IRn

e−iz·ξfκ(x, z)dz .

Similarly, for the properly supported operator

Am0u := p.f.
∫

Ω

fκ(x, x− y)ψ(x− y)u(y)dy

operating on u ∈ C∞
0 (Ω), we define the symbol

a(x, ξ) := p.f.
∫

IRn

e−iz·ξfκ(x, z)ψ(z)dz , (7.1.57)

which is a well–defined C∞(Ω × IRn) function due to the Paley–Wiener–
Schwartz theorem 3.1.3. Hence,

Am0u(x) := (2π)−n/2 p.f.
∫

IRn

eiz·ξa(x, ξ)û(ξ)dξ .

Moreover, for every α, β, γ we find the estimate
∣∣∣ξγ

( ∂

∂x

)β( ∂

∂ξ

)α(
a(x, ξ)− (2π)n/2f̂κ(x, ξ)

)∣∣∣ ≤ c(α, β, γ)

for |ξ| ≥ 1 in the same manner as in (7.1.55) in the case m �∈ IN0. Hence,
f̂κ(x, ξ) represents the complete asymptotic expansion of a(x, ξ). However, in
order to have positive homogeneity for f̂κ, we use the same procedure as in
(7.1.42), (7.1.43) and obtain for m ≥ 1 finally

f̂κ(x, ξ) = |ξ|mf̂κ

(
x,

ξ

|ξ|

)
(7.1.58)

−(2π)−n/2 log |ξ|
∑

|α|=m

1
α!

∫

|Θ|=1

Θαfκ(x,Θ)dω(Θ)(−iξ)α .

This relation shows that the Tricomi condition is necessary for f̂κ(x, ξ) to
define a homogeneous symbol. Consequently, a(x, ξ) ∈ SSSm(Ω × IRn) only if
the Tricomi condition (7.1.56) is fulfilled. �

Theorem 7.1.8. i) Let 0 < m �∈ IN and κ = −m − n. Then A ∈ Lm
c�(Ω) if

and only if

(Au)(x) = p.f.
∫

Ω

k(x, x− y)u(y)dy for all u ∈ C∞
0 (Ω) (7.1.59)
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with the Schwartz kernel satisfying k ∈ Ψhkκ(Ω). The kernel function k
admits the pseudohomogeneous asymptotic expansion

k(x, x− y) ∼
∑

j≥0

kκ+j(x, x− y)

with kκ+j ∈ Ψhfκ+j for j ∈ IN0.

ii) If m ∈ IN0 then A ∈ Lm
c�(Ω) if and only if it has the representation

(Au)(x) =
∑

|α|≤m

aα(x)Dαu(x) + p.f.
∫

Ω

k(x, x− y)u(y)dy (7.1.60)

for all u ∈ C∞
0 (Ω), the Schwartz kernel satisfies k ∈ Ψhkκ(Ω); and, in

addition, the Tricomi conditions
∫

|Θ̂|=1

Θ̂αkκ+j(x, Θ̂)dω(Θ̂) = 0 for all α with |α| = m− j (7.1.61)

and all j ∈ IN0 with j ≤ m are fulfilled. The coefficients aα(x) are given by
⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

aα(x) = 1
α!

(
A
(
(• − x)αψ(| • −x|)|x

− p.f.
∫

Ω

k(x, x− y)(y − x)αψ(|y − x|)dy
)
,

where ψ ∈ C∞
0 is a cut–off function with ψ(z) = 1 for

|z| ≤ ε, ε > 0 and ψ(z) = 0 for |z| ≥ 2ε .

(7.1.62)

Proof: i) Let A ∈ Lm
c�(Ω) be given where m ≥ 0. Then to A there exists a

properly supported operator Am of order m such that A−Am has a C∞(Ω×
IRn) Schwartz kernel. Am ∈ OPSm(Ω × IRn) has the symbol

a(x, ξ) := e−ix·ξ(Ameiξ·•)(x) ∈ SSSm
c�(Ω × IRn) .

Then a(x, ξ) admits a complete symbol class with positively homogeneous
representatives a0

m−j(x, ξ) ∈ C∞(Ω × IRn \ {0}) and

a(x, ξ) ∼
∑

j≥0

a0
m−j(x, ξ) .

The kernel k(x, x− y) of the operator Am then satisfies

k(x, z) = (2π)−n

∫

IRn

eiξ·za(x, ξ)
(
1− χ(ξ)

)
dξ

+ |z|−2k(2π)−n

∫

IRn

eiξ·z(−∆ξ)k{a(x, ξ)χ(ξ)}dξ
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provided 2k > m+n, where χ(ξ) with 0 ≤ χ(ξ) ≤ 1 is a C∞ cut–off function
with χ(ξ) = 0 for |ξ| ≤ 1

2 and χ(ξ) = 1 for |ξ| ≥ 1. Corresponding to the
asymptotic expansion of the symbol a(x, ξ), we define

kκ+j(x, z) := (2π)−n/2F−1
ξ �→za

0
m−j(x, ξ)−

∑

|α|≤2k

aα,κ+j(x)(−D)αδ(z) .

(7.1.63)
In the case j ≤ m + n, the kernel in (7.1.63) is given by

kκ+j(x, z) := (2π)−n

∫

IRn

eiξ·za0
m−j(x, ξ)

(
1− χ(ξ)

)
dξ

+|z|−2k(2π)−n

∫

IRn

eiξ·z(−∆ξ)k{a0
m−j(x, ξ)χ(ξ)}dξ

(7.1.64)

for 2k > m + n− j, where both integrals exist.
For the homogeneity of km−j(x, z) we see that with ξ′ = tξ, we have

kκ+j(x, tz)

= (2π)−n

∫

IRn

eiξ
′·za0

m−j(x, ξ
′)t−m+j

(
1− χ

(ξ′

t

))
t−ndξ′

+|zt|−2k(2π)−n

∫

IRn

eiξ
′·z(−∆ξ′)kt2k−m+j−n

{
a0
m−j(x, ξ

′)χ
(ξ′

t

)}
dξ′

= tκ+jkκ+j(x, z)

since the cut–off function χ is arbitrary. Hence, kκ+j ∈ Ψhfκ+j for κ +
j < 0, i.e. kκ+j is even positively homogeneous of degree κ + j. In the case
m ∈ IN0, the homogeneous functions kκ+j(x, x − y) are the kernels of the
pseudodifferential operators a0

m−j(x,−iD) ∈ OPSm−j(Ω × IRn) which are
of nonnegative orders if m − j ≥ 0. Hence, for j = 0, . . . ,m, Theorem 7.1.7
implies that kκ+j(x, z) must satisfy the Tricomi conditions (7.1.61).

For j ≥ m + n, we distinguish the subcases m �∈ IN0 and m ∈ IN0. We
begin with m �∈ IN0. Then j > m + n and (7.1.63) reads as

kκ+j(x, z) = (2π)−n p.f.
∫

IRn

eiξ·za0
m−j(x, ξ)dξ (7.1.65)

which clearly exists. In particular, with the homogeneity of a0
m−j(x, ξ), we

find
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kκ+j(x, tz) = (2π)−n
{ ∫

|ξ|≤R

a0
m−j(x, ξ){eiξ·tz −

∑

|α|<κ+j

1
α!

ξα(itz)α}dξ

−
∑

|α|<κ+j

1
κ + j − |α|

1
α!

∫

|Θ|=1

R−κ−j+|α|Θαa0
m−j(x,Θ)dω(Θ)(itz)α

+
∫

|ξ|≥R

eiξ·tza0
m−j(x, ξ)dξ

}

Now set t = 1 and R = 1, which gives the form of kκ+j(x, z). Next, set
R = t−1 and change the coordinates ξ′ = tξ which yields the identity

kκ+j(x, tz) = tκ+jkκ+j(x, z) .

Again, kκ+j ∈ ψhfκ+j .
For m ∈ IN0, let us consider first the case κ + j = 0. Then (7.1.63) reads

k0(x, z) = (2π)−n/2F−1
ξ �→za

0
−n(x, ξ)−

∑

|α|≤2k

aα,0(x)(−D)αδ(z)

where a0
−n(x, ξ) = |ξ|−na0

−n(x, Θ̂). In this case Lemma 7.1.2 implies

k0(x, z) = c(x){a0 + a1 log |z|} (7.1.66)

+(2π)−n

∫

|Θ̂|=1

(
a0
−n(x, Θ̂)− c(x)

)
{

log
1

|Θ̂ · z0|
+

iπ

2
Θ̂ · z0

|Θ̂ · z0|

}
dω(Θ̂)

where z0 = z/|z| and c(x) = 1
ωn

∫

|Θ̂|=1

a0
−n(x, Θ̂)dω(Θ̂). The constants a0

and a1 are explicitly given by Lemma 7.1.2. This shows that k0(x, z) ∈
ψhf0(Ω × IRn) and for x �= y, the function k0(x, x − y) is the Schwartz
kernel of a0

−n(x,−iD).
For the remaining case κ + j ∈ IN, i.e. j > m + n, we have again the

representation (7.1.65) for the Schwartz kernel of am−j(x,−iD). For the ho-
mogeneity of kκ+j , we see that

kκ+j(x, tz) = (2π)−n
{ ∫

|ξ|≤R

a0
m−j(x, ξ)

{
eiξ·tz −

∑

|α|≤κ+j

1
α!

ξα(itz)α
}
dξ

−
∑

|α|<κ+j

1
κ + j − |α|

1
α!

∫

|Θ|=1

R−κ−j+|α|Θ̂αa0
m−j(x, Θ̂)dω(Θ̂)(itz)α

+
∑

|α|=κ+j

1
α!

∫

|Θ|=1

(logR)Θ̂αa0
m−j(x, Θ̂)dω(Θ̂)(itz)α +

∫

R≤|ξ|

eiξ·tza0
m−j(x, ξ)dξ

}

(7.1.67)
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By choosing first R = 1 one finds representations of kκ+j(x, tz) and of
kκ+j(x, z) where t = 1. Transforming ξ′ = tξ and afterwards choosing
R = t−1, we finally obtain

k(x, tz) = tκ+j
{
kκ+j(x, z)−log t

∑

|α|=κ+j

1
α!

∫

|Θ|=1

Θ̂αa0
m−j(x, Θ̂)dω(Θ̂)(iz)α

}
.

Hence, kκ+j ∈ Ψhfκ+j(Ω × IRn) can be written explicitly as

kκ+j(x, z) = |z|κ+j(2π)−n p.f.
∫

IRn

eiξ·z0a0
m−j(x, ξ)dξ − (log |z|)pκ+j(x, z)

with

pκ+j(x, z) =
∑

|α|=κ+j

1
α!

∫

|Θ|=1

Θ̂αa0
m−j(x, Θ̂)dω(Θ̂)(iz)α .

It remains to establish that

k(x, z) =
∑

0≤j<J

kκ+j is in C�(Ω × IRn) for 0 ≤ � < κ + J.

From the definitions of k and kκ+j we obtain

(
−i

∂

∂z

)α (
∂

∂x

)β (
k(x, z)−

∑

0≤j<J

kκ+j(x, z)
)

= (2π)−n

∫

IRn

eiξ·zξα
(

∂

∂x

)β (
a(x, ξ)−

∑

j<J

am−j(x, ξ)
)
dξ

= (2π)−n

∫

|ξ|≤1

(
1− χ(ξ)

)
eiξ·zξα

(
∂

∂x

)β (
a−

∑

j<J

am−j

)
dξ

+ (2π)−n

∫

|ξ|≥ 1
2

χ(ξ)eiξ·zξα
(

∂

∂x

)β (
a−

∑

j<J

am−j

)
dξ

where |α| ≤ � < κ + J . The first of the integrals on the right–hand side is
in C∞(Ω× IRn) due to the Paley–Wiener–Schwartz theorem 3.1.3. The inte-
grand of the second integral can be estimated by c(α , β , m , J)|ξ||α|+m−J

where |α|+m−J < κ+J+m−J = −n. Therefore, this integral is continuous
for all these α and any β.

(ii) Now let k ∈ ψhkκ with κ = −m− n for m ≥ 0 be given. Then k admits
the pseudohomogeneous expansion

∑

j≥0

kκ+j with
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k(x, z)−
∑

0≤j<J

kκ+j(x, z) ∈ C�(Ω × IRn) for 0 ≤ � < κ + J (7.1.68)

where kκ+j ∈ ψhfκ+j . If m ∈ IN0 then, for 0 ≤ j ≤ m we require kκ+j to
satisfy the Tricomi conditions (7.1.56) with κ + j instead of κ.

Note that condition (7.1.68) implies k ∈ C∞(Ω×IRn\{0}). With a cut-off
function ψ(z), the integral operator

Au(x) := p.f.
∫

Ω

k(x, x− y)u(y)dy

operating on u ∈ C∞
0 (Ω) can be written as

Au = Amu + Ru = p.f.
∫

Ω

k(x, x− y)ψ(x− y)u(y)dy

+
∫

Ω

(
1− ψ(x− y)

)
k(x, x− y)u(y)dy

where R is a smoothing operator since it has a C∞–kernel. For Am we have
the representation

Amu(x) = F−1
ξ �→x

(
a(x, ξ)û(ξ)

)

where

a(x, ξ) := (2π)n/2Fz �→ξ

(
k(x, z)ψ(z)

)
(7.1.69)

is in C∞(Ω × IRn) due to the Paley–Wiener–Schwartz theorem 3.1.3.
For the pseudohomogeneous functions kκ+j we know from Theorem 7.1.7,

that the operators

Am−ju(x) =
∫

Ω

kκ+j(x, x− y)u(y)dy for u ∈ C∞
0 (Ω)

are pseudodifferential operators Am−j ∈ Lm−j
c� (Ω) where for 0 ≤ j ≤ m with

m ∈ IN0 the Tricomi conditions are assumed to be satisfied. Moreover, their
homogeneous symbols are given by

a0
m−j(x, ξ) = (2π)n/2Fz �→ξkκ+j(x, z) .

So, in order to show Am ∈ Lm
c�(Ω) it suffices to show

a(x, ξ)−
∑

j<L

a0
m−j(x, ξ)χ(ξ) ∈ SSSm−L(Ω × IRn) (7.1.70)

where χ(ξ)is the cut–off function with χ(ξ) = 0 for |ξ| ≤ 1
2 and χ(ξ) = 1 for

|ξ| ≥ 1. We note that (7.1.70) is equivalent to the estimate
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∣∣∣
(

∂

∂ξ

)α (
∂

∂x

)β (
a(x, ξ)−

∑

j<J

a0
m−j(x, ξ)

)∣∣∣ ≤ c(α, β, J)|ξ|m−|α|−J (7.1.71)

for |ξ| ≥ 1 and any multiindices α and β. For showing (7.1.71), let L ∈ IN
and the multiindex γ be chosen arbitrarily and consider the estimate

∣∣∣ξγ
( ∂

∂ξ

)α( ∂

∂x

)β(
a(x, ξ)−

∑

j<L

a0
m−j(x, ξ)

)
(7.1.72)

≤
∣∣∣

∫

|z|≤1

e−iz·ξ
( ∂

∂z

)γ{
(−iz)α

(∂βk(x, z)
∂xβ

−
∑

j<L

∂βkκ+j(x, z)
∂xβ

)
ψ(z)

}
dz

∣∣∣

+
∑

j<L

∣∣∣
∫

|z|≥ 1
2

e−iz·ξ
(
− i

∂

∂z

)γ{
(−iz)α

∂βkκ+j(x, z)
∂xβ

(
1− ψ(z)

)}
dz

∣∣∣

where (7.1.69) is employed. From (7.1.68) we conclude that the integrand of
the first integral on the right–hand side in (7.1.72) is in Cq(Ω × IRn) with
q = κ + L − 1 + |α| − |γ|. Hence, this integral is bounded for q = 0 which
corresponds to the choice of γ so that |γ| = L − 1 + |α| − m − n. For the
remaining terms we notice that, for any integer k we have the estimates

|ξ|2k
∣∣∣

∫

|z|≥ 1
2

e−iz·ξ
(
−i

∂

∂z

)γ {
(−iz)α

∂βkκ+j

∂xβ
(x, z)

(
1− ψ(z)

)}
dz

∣∣∣

=
∣∣∣

∫

|z|≥ 1
2

e−iz·ξ(∆z)k
(
−i

∂

∂z

)γ

{· · · }dz
∣∣∣

≤ c

∫

|z|≥ 1
2

|z|−2k−|γ|+κ+j+|α|dz <∞

provided −2k−|γ|+κ+ j+ |α| < −n. So, we choose 2k ≥ −m−|γ|+L+ |α|.
Then (7.1.72) implies the estimates

∣∣∣
(

∂

∂ξ

)α (
∂

∂x

)β (
a(x, ξ)−

∑

j<L

a0
m−j(x, ξ)

)∣∣∣

≤ c(α, β,m,L)|ξ|−|γ| (7.1.73)

≤ c(α, β,m,L)|ξ|m−|α|−L+n+1 for |ξ| ≥ 1 .

To obtain the desired estimates (7.1.71) we now choose L = J + n + 1

and exploit the homogeneity of
(

∂

∂x

)β

a0
m−j(x, ξ) of degree m− j. Then it

follows with (7.1.73) and the triangle inequality that
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∣∣∣
(

∂

∂ξ

)α (
∂

∂x

)β (
a(x, ξ)−

∑

j<L

a0
m−j(x, ξ)

)∣∣∣

≤
∑

J≤j≤J+n

∣∣∣
(

∂

∂ξ

)α (
∂

∂x

)β

a0
m−j(x, ξ)

∣∣∣ + c(α, β,m, J + n + 1)|ξ|m−|α|−J

≤ c1(α, β,m, J)|ξ|m−|α|−J for |ξ| ≥ 1 ,

which are the desired estimates (7.1.71).
Consequently, Am ∈ Lm

c�(Ω) and A ∈ Lm
c�(Ω) as proposed. �

7.1.3 Parity Conditions

Definition 7.1.3. (Hörmander [131, Vol.I, Section 3.2])
The pseudohomogeneous function kq ∈ Ψhfq for q ∈ Z is of parity σ if it

satisfies the condition

kq(x,−z) = (−1)σ kq(x, z) for z �= 0 . (7.1.74)

We now state the following crucial result concerning the transformation of
the finite part integral operators.

Lemma 7.1.9. The parity condition (7.1.74) for kq ∈ Ψhfq with q ∈ Z,
is satisfied if and only if the corresponding homogeneous symbol a0

−n−q(x, ξ)
satisfies the parity condition

a0
−n−q(x,−ξ) = (−1)σa0

−n−q(x, ξ) for ξ �= 0 . (7.1.75)

Proof: i) Let kq ∈ Ψhfq satisfy the parity condition (7.1.74). Then with
Lemma 7.1.4, the symbol

aψ(x, ξ) := e−ix·ξ
∫

IRn

kq(x, x− y)ψ(x− y)eiy·ξdy

associated with a suitable cut–off function ψ ∈ C∞
0 with ψ(z) = 1 for |z| ≤

ε , ε > 0, and ψ(z) = 0 for |z| ≥ 2ε and ψ(−z) = ψ(z) satisfies the parity
condition, i.e.

aψ(x,−ξ) =
∫

IRn

eiz·ξkq(x, z)ψ(z)dz

=
∫

IRn

e−iz·ξkq(x,−z)ψ(z)dz

=
∫

IRn

e−iz·ξ(−1)σkq(x, z)ψ(z)dz

= (−1)σe−i·ξ
∫

IRn

kq(x, x− y)eiy·ξψ(x− y)dy

= (−1)σaψ(x, ξ) .
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Hence, by taking the limit 0 < t→∞, we have

a0
−n−q(x,−ξ) = lim

t→∞
tn+qaψ(x,−tξ)

= (−1)σ lim
t→∞

tn−qaψ(x, tξ)

= (−1)σa0
−n−q(x, ξ) .

ii) Conversely, the kernel kq(x, x− y) can be expressed in the form (6.1.12),
i.e.

kq(x, x− y) = |y − x|−2N (2π)−n

∫

IRn

(−∆ξ)Na0
−n−q(x, ξ)e

i(x−y)·ξdξ .

Then
kq(x, x− y) = (−1)σkq(x, x− y)

follows immediately from a0
−n−q(x,−ξ) = (−1)σa0

−n−q(x, ξ). �

As a consequence of Lemma 7.1.9, the parity conditions will provide us
with a criterion when the local differential operator in the representation
(7.1.60) will vanish.

Theorem 7.1.10. Let A ∈ Lm
c�(Ω) , m ∈ IN0 and suppose the parity condi-

tions

a0
m−j(x,−ξ) = (−1)m−j+1a0

m−j(x, ξ) for 0 ≤ j ≤ m (7.1.76)

for the homogeneous terms in the symbol expansion of A. Then

(Au)(x) = p.f.
∫

Ω

k(x, x− y)u(y)dy . (7.1.77)

Proof: From the representation (7.1.60) we observe that

A
(
(• − x)βψ(| • −x|)

)
|x = 0 +

∫

Ω

(k(x, x− y)(y − x)βψ(|y − x|)dy

for any |β| > m and A ∈ Lm
c�(Ω). This implies

m∑

j=0

am−j(x,D)
(
(• − x)βψ(| • −x|)

)
+ AR

(
(• − x)βψ(| • −x|)

)
(x)

=
m∑

j=0

{ ∑

|α|=m−j

aα(x)Dα
y

(
(y − x)βψ(|y − x|)

)
|y=x

+ p.f.
∫

Ω

kκ+j(x, x− y)(y − x)βψ(|y − x|)dy
}

+
∫

kR(x, x− y)(y − x)βψ(|y − x|)dy (7.1.78)
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for any |β| ≥ 0. Now, choose |β| = m. Then, with the previous remark we
have

β!aβ(x) = am(x,D)
(
(• − x)βψ(| • −x|)

)

− p.f.
∫

Ω

kκ(x, x− y)(y − x)βψ(|y − x|)dy

= (2π)−n/2

∫

IRn

∫

IRn

(y − x)βei(x−y)·ξψ(|y − x|)am(x, ξ)dydξ

− p.f.
∫

IRn

kκ(x, x− y)(y − x)βψ(|y − x|)dy .

We want to show aβ(x) = 0 under assumption (7.1.76). First we note that
Lemma 7.1.9 implies the parity conditions

kκ+j(x, x− y) = (−1)m−j+1kκ+j(x, x− y) (7.1.79)

for the homogeneous term of the asymptotic kernel expansion. A straightfor-
ward computation shows for j = 0 by substituting z = y− x and replacing ξ
by −ξ, that

aβ(x) = 1
β!

(
(2π)−n/2

∫

IRn

∫

IRn

zβeiz·ξam(x,−ξ)ψ(|z|)dzdξ

− p.f.
∫

IRn

kκ(x,−z)zβψ(|z|)dz
)
.

Now, use the parity conditions for am as well as for kκ after transforming z
to −z and obtain

aβ(x) = −aβ(x) , i.e. aβ(x) = 0 for all |β| = m.

Substituting this into (7.1.78) and choosing |β| = m− 1, we obtain

β!aβ(x) = a1(x,D)
(
(• − x)βψ(| • −x|)

)

− p.f.
∫

Ω

kκ+1(x, x− y)(y − x)βψ(| • −x|)dy

= (2π)−n/2

∫

IRn

∫

IRn

(y − x)βei(x−y)·ξψ(| • −x|)a1(x, ξ)dydξ

− p.f.
∫

Ω

kκ+1(x, x− y)(y − x)βψ(| • −x|)dy

with the application of our theorem to the particular operator a0(x,D). Ap-
plying again the parity conditions (7.1.76) and (7.1.79), we find in the same
manner as for |β| = m, now
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aβ(x) = 0 for all |β| = m− 1 .

Repeating this process we finally obtain aβ(x) = 0 for all |β| ≤ m which
assures the representation (7.1.77) of our theorem. �

7.1.4 A Summary of the Relations between Kernels and Symbols

As we have seen in this section, a pseudodifferential operator A ∈ Lm
c�(Ω)

can be expressed in terms of either a given Schwartz kernel or in terms
of its symbol. The relations between these two representations have been
given explicitly so far. However, for ease of reading, we now summarize these
relations in the following.

Kernel to symbol
Let the operator A ∈ Lm

c�(Ω) be given in the form (7.1.8) or, more pre-
cisely, in the form (7.1.60) where the Schwartz kernel of the finite part integral
operator in (7.1.60) is a given function in the class Ψhkκ(Ω) with κ = −m−n
for fixed m ∈ IR (see Definition 7.1.1). Then this kernel has an asymptotic
expansion in the form (7.1.2), i.e.,

k(x, x− y) ∼
∞∑

j=0

kκ+j(x, x− y) where kκ+j ∈ Ψhfκ+j .

In the case that m− j ∈ IN0, we assume that the corresponding terms in the
asymptotic expansion satisfy the Tricomi conditions (7.1.56), i.e.,

∫

|Θ|=1

Θαkκ+j(x,Θ)dω(Θ) = 0 for all |α| = m− j ,

(see Theorem 7.1.7). For n = 1, again this formula is interpreted as in (3.2.14).
With a properly supported part A0 of A, the symbol corresponding to A0

can be computed according to the formula (6.1.23), i.e.,

a(x, ξ) := e−ix·ξA0(eiξ•)(x) .

The symbol a(x, ξ) admits for A ∈ Lm
c�(Ω) a classical asymptotic expansion

a(x, ξ) ∼
∞∑

j=0

a0
m−j(x, ξ) (7.1.80)

(see (6.1.42)). Each term in the expansion (7.1.80) can be calculated from the
corresponding pseudohomogeneous terms of the kernel expansion explicitly
depending on m− j.

For m − j < 0 we have:
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a0
m−j(x, ξ) = lim

t→+∞

∫

IRn

kκ+j

(
x, z

)
ψ
(
z
t

)
e−iξ·zdz for x ∈ Ω (7.1.81)

where the cut–off function ψ(z) = 1 for |z| ≤ 1
2 and ψ(z) = 0 for |z| > 1 (see

Lemma 7.1.4, equations (7.1.28) and (7.1.29)).

For m �∈ IN0 and m− j > 0 we have

a0
m−j(x, ξ) = p.f.

∫

IRn

kκ+j(x, z)e−iξ·zdz (7.1.82)

(see Theorem 7.1.6, formula (7.1.53)).

For m ∈ IN0 and m − j ≥ 0 and if the Tricomi conditions (7.1.56) are
satisfied, then we have

a0
m−j(x, ξ) =

∑

|α|=m−j

cα(x)(iξ)α + p.f.
∫

IRn

kκ+j(x, z)e−iξ·zdz (7.1.83)

(see Theorem 7.1.7, formula (7.1.57)).

Symbol to kernel
For the operator A ∈ Lm

c�(Ω), let the classical symbol a(x, ξ) be given
by its homogeneous classical asymptotic symbol expansion (7.1.80). Then
the corresponding pseudohomogeneous kernel expansion can be calculated
explicitly as follows.

For m − j < 0 we have

kκ+j(x, z) = (2π)−n p.f.
∫

IRn

eiz·ξa0
m−j(x, ξ)dξ for x ∈ Ω and z ∈ IRn

(7.1.84)
(see in the proof of Theorem 7.1.1, formulae (7.1.48), (7.1.51)).

For m − j ≥ 0 we have

kκ+j(x, z) = (2π)−n

∫

IRn

eiξ·za0
m−j(x, ξ)ψ(ξ)dξ

+|z|−2�(2π)−n

∫

IRn

eiξ·z(−∆ξ)�
{
a0
m−j(x, ξ)

(
1− ψ(ξ)

)}
dξ

(7.1.85)

where � ∈ IN satisfying 2� > m + n− j (see in the proof of Theorem 7.1.8 i),
formula (7.1.64)). This formula is valid for arbitrary m ∈ IR.

If m ∈ IN0 then the Schwartz kernel is given by (7.1.85) for j = 0, . . . ,m
whereas the operator a0

m−j(x,−iD) contains a differential operator of the
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form
∑

|α|=m−j

cα(x)Dα. Then the coefficients cα(x) can be recovered by for-

mula (7.1.9), i.e.

cα(x) = (2π)−n 1
α!

{ ∫

IRn

∫

Ω

(y − x)αψ(y)ei(x−y)·ξdya0
m−j(x, ξ)dξ

− p.f.
∫

Ω

kκ+j(x, x− y)(y − x)αψ(y)dy
}

for |α| = m− j .

(7.1.86)

If the decomposition

a0
m−j(x, ξ) =

∑

|α|=m−j

cα(x)(iξ)α + a00
m−j(x, ξ)

is known then in formula (7.1.86) one can simply replace a0
m−j by a00

m−j .

7.2 Coordinate Changes and Pseudohomogeneous
Kernels

As we have seen in Theorems 7.1.1 and 7.1.8, all the pseudodifferential op-
erators A ∈ Lm

c�(Ω) have the general form (7.1.8) with a kernel function
k ∈ Ψhkκ(Ω). In particular, for m < 0 the integral operator is weakly sin-
gular and the change of coordinates x′ = Φ(x) with Φ a diffeomorphism and
x = Φ(−1)(x′) = Ψ(x′) results in the traditional transformation formula
∫

Ω

k(x, x− y)u(y)dy =
∫

Ω′

k
(
Ψ(x′) , Ψ(x′)− Ψ(y′)

)
u
(
Ψ(y′)

)
J(y′)dy′ (7.2.1)

with the Jacobian J(y′) =
(
det

∂Ψ

∂y′

)
. The new kernel k̃(x′, x′ − y′) is still

weakly singular in Ω′.
In the case m ≥ 0, however, k is strongly singular and the traditional

transformation rule (7.2.1) needs to be modified.
In what follows, we first examine the properties of the pseudohomogeneous

kernel under the change of coordinates.

Lemma 7.2.1. Let

k(x, x− y) ∼
∑

j≥0

kκ+j(x, x− y) (7.2.2)

(see (7.1.2)) be the pseudohomogeneous asymptotic expansion of k ∈ Ψhkκ.
Then the transformed kernel

k̃(x′, x′ − y′) := k
(
Ψ(x′) , Ψ(x′)− Ψ(y′)

)
∼

∑

p≥0

k̃κ+p(x′, x′ − y′) (7.2.3)

is in Ψhkκ, too.
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Proof: Since with Φ, also Ψ(y′) is a smooth diffeomorphism, the Taylor
expansion of z = x− y about x′ can be written as the asymptotic expansion

x− y = Ψ(x′)− Ψ(y′) ∼
∑

|α|≥1

πα(x′, x′ − y′) . (7.2.4)

The homogeneous polynomials πα are given explicitly as

πα(x′, x′ − y′) =
(−1)
α!

(α)
∂αΨ

∂x′α (x′)(x′ − y′)α . (7.2.5)

By using the homogeneity of πα and setting Θ′ =
y′ − x′

|y′ − x′| , the relation

(7.2.4) yields

|x− y| = |x′ − y′|
∣∣∣
∑

|α|≥1

|x′ − y′||α|−1πα(x′,−Θ′)
∣∣∣ . (7.2.6)

Hence,

Θ =
y − x

|y − x| = −
∑

|α|=1 πα(x′,−Θ′) +
∑

|α|≥2 |x′ − y′||α|−1πα(x′,−Θ′)
∣∣∣
∑

|α|=1 πα(x′,−Θ′) +
∑

|α|≥2 |x′ − y′||α|−1πα(x′,−Θ′)
∣∣

holds for every |x′ − y′| > 0. This implies with |x′ − y′| → 0,

Θ = Θ(Θ′) = −
∑

|α|=1 πα(x′,−Θ′)
∣∣∣
∑

|α|=1 πα(x′,−Θ′)
∣∣∣
. (7.2.7)

The denominator does not vanish since ∂Ψ
∂x′ is invertible. In fact, Θ(Θ′) defines

a diffeomorphic mapping of the unit sphere onto itself.
Now we consider first the positively homogeneous terms of the asymptotic

expansion of k(x, x− y), namely

f(x, x− y) ∼
∑

j≥0

fκ+j(x, x− y) . (7.2.8)

In terms of the transformation and homogeneity of fκ+j , this reads
∑

j≥0

fκ+j(x, x− y) =
∑

j≥0

|x− y|κ+jfκ+j

(
Ψ(x′), Θ(Θ′)

)

=
∑

j≥0

|x′ − y′|κ+j
∣∣∣
∑

|α|≥1

|x′ − y′||α|−1πα(x′,−Θ′)
∣∣∣
κ+j

fκ+j

(
Ψ(x′), Θ(Θ′)

)
.

The second factor can be rewritten in the form
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∣∣∣
∑

|α|=1

πα(x′,−Θ′) +
∑

|α|≥2

|x′ − y′||α|−1πα(x′,−Θ′)
∣∣∣
κ+j

=
∣∣∣
∑

|α|=1

πα(x′,−Θ′)
∣∣∣
κ+j{

1 +
∑

�≥1

|x′ − y′|�q�,κ+j(x′, Θ′)
}

where the functions q�,κ+j(x′, Θ′) defined on (Ω′ × {|Θ′| = 1}) are obtained
by using a power series representation. Collecting terms, we obtain

∑

j≥0

fκ+j(x, x− y) ∼
∑

p≥0

|x′ − y′|κ+pf̃κ+p(x′, Θ′) (7.2.9)

where

f̃κ+p(x′, Θ′) =
∑

j+�=p
j,�≥0

∣∣∣
∑

|α|=1

πα(x′,−Θ′)
∣∣∣
κ+j

q�,κ+j(x′, Θ′)fκ+j

(
Ψ(x′), Θ(Θ′)

)
.

If κ ∈ Z then

k(x, x− y) ∼
∑

j≥0

fκ+j(x, x− y) +
∑

j≥0
κ+j≥0

log |x− y|pκ+j(x, x− y)

where pκ+j(x, z) are homogeneous polynomials of degree κ+ j. According to
our previous analysis it suffices to consider only the terms

Q(x, x− y) :=
∑

j≥0
κ+j≥0

log |x− y|pκ+j(x, x− y) .

In view of (7.2.6) we may rewrite

Q(x, x− y) ∼
∑

j≥0
κ+j≥0

log |x′ − y′|pκ+j(x, x− y)

+ log
∣∣∣
∑

|α|=1

πα(x′,−Θ′)
∣∣∣pκ+j(x, x− y) (7.2.10)

+ log
(∣∣∣1 +

∑

�≥1

|x′ − y′|�q�,1(x′, Θ′)
∣∣∣
)
pκ+j(x, x− y) .

For the polynomials pκ+j we use (7.2.4) to obtain

pκ+j(x, x− y) ∼ pκ+j

(
Ψ(x′) ,

∑

|α|≥1

πα(x′, x′ − y′)
)

∼
∑

�≥j+κ

p̃κ+�,j(x′, x′ − y′) (7.2.11)

with the homogeneous polynomials p̃κ+� of degrees κ + �.
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By substituting (7.2.11) into (7.2.10) we see that the first sum has the
form
∑

�≥1

log |x′−y′|
{ ∑

−κ≤j≤�,
0≤j

p̃κ+�,j(x′, x′−y′)
}

=:
∑

�≥0

log |x′−y′|p′�+κ(x′, x′−y′) .

(7.2.12)
The other two terms have an asymptotic expansion of the same form as
(7.2.4), namely ∑

p≥0

|x′ − y′|κ+pf ′
κ+p(x

′, Θ′) (7.2.13)

which follows in the same manner as for the homogeneous expansion. Col-
lecting (7.2.11) and (7.2.13) yields

k(x, x− y) ∼
∑

p≥0

|x′ − y′|κ+p
(
f̃κ+p(x′, Θ′) + f ′

κ+p(x
′, Θ′)

)

+
∑

�≥0,
�+κ≥0

log |x′ − y′|p′�+κ(x′, x′ − y′) .

as proposed. �

7.2.1 The Transformation of General Hadamard Finite Part
Integral Operators under Change of Coordinates

Now we return to the transformation properties of the operator
A ∈ Lm

c�(Ω) in the form (7.1.8),

(Au)(x) =
∑

|α|≤m

aα(x)Dαu(x) + p.f.
∫

Ω

k(x, x− y)u(y)dy . (7.2.14)

If m �∈ IN0 then aα(x) = 0. For m < 0, the integral operator is weakly singular
and its transformation was already discussed. For m ≥ 0, we regularize the
finite part integral in (7.2.14) and write

(Au)(x) =
∑

|α|≤m

(
aα(x) + dα(x)

)
Dαu(x) (7.2.15)

+
∫

Ω

k(x, x− y)
{
u(y)−

∑

|α|≤m

1
α!

(y − x)αDαu(x)
}
dy

where
dα(x) =

1
α!

p.f.
∫

Ω

k(x, x− y)(y − x)αdy (7.2.16)

(see also (7.1.5) and (7.1.6)). For the transformation of the derivatives due
to x = Ψ(x′), we need the identity (3.4.1), i.e.
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∂

∂xj
=

n∑

m,�=1

∂Ψj

∂x′
m

(x′)gm�(x′)
∂

∂x′
�

=: D̃j , (7.2.17)

where the Riemanian metric is given by the tensor (3.4.2), i.e.

gik =
( ∂Ψ

∂x′
j

· ∂Ψ

∂x′
k

)

and the gm�(x′) are given by its inverse, see (3.4.4).
Both, the differential operators and the regularized integral in (7.2.15)

can now be transformed in the usual way. With ũ(x′) := u
(
Ψ(x′)

)
, we obtain

(Au)(x) = (Ãũ)(x′) =
∑

|α|≤m

(
aα

(
Ψ(x′)

)
+ dα

(
Ψ(x′)

))
D̃αũ(x′)

+
∫

Ω′

k̃(x′, x′ − y′)J(y′)
{
ũ(y′)−

∑

|α|≤m

1
α!

(
Ψ(y′)− Ψ(x′)

)α
D̃αũ(x′)

}
dy′ .

(7.2.18)
From Lemma 7.2.1 we know that the transformed kernel k̃ ∈ Ψhkκ with
κ = −n − m. Therefore, we may write (7.2.18) in terms of a finite part
integral and obtain

(Ãũ)(x′) =
∑

|α|≤m

{
aα

(
Ψ(x′)

)
+ dα

(
Ψ(x′)

)

− 1
α!

p.f.
∫

Ω′

k̃(x′, x′ − y′)J(y′)
(
Ψ(y′)− Ψ(x′)

)α
dy′

}
D̃αũ(x′)

+ p.f.
∫

Ω′

k̃(x′, x′ − y′)J(y′)ũ(y′)dy′

= (Au)
(
Ψ(x′)

)
. (7.2.19)

We summarize these results in the following theorem.

Theorem 7.2.2. Let m ∈ IR. The operator A ∈ Lm
c�(Ω) in the form (7.2.14)

under change of coordinates x = Ψ(x′) becomes Ã ∈ Lm
c�(Ω

′) and has the
form

(Au)
(
Ψ(x′)

)
= (Ãũ)(x′) =

∑

|α|≤m

aα
(
Ψ(x′)

)
D̃αũ(x′) +

∑

|α|≤m

bα(x′)D̃αũ(x′)

+ p.f.
∫

Ω′

k̃(x′, x′ − y′)J(y′)ũ(y′)dy′ (7.2.20)

where
k̃(x′, x′ − y′) := k

(
Ψ(x′), Ψ(x′)− Ψ(y′)

)
(7.2.21)
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and

bα(x′) :=
1
α!

{
p.f.

∫

Ω

k(x, x− y)(y − x)αdy|x=Ψ(x′)

− p.f.
∫

Ω′

k̃(x′, x′ − y′)J(y′)
(
Ψ(y′)− Ψ(x′)

)α
dy′

}
. (7.2.22)

For m < 0, the differential operator terms with the coefficients aα and bα do
not appear and

Ãũ(x′) =
∫

Ω′

k̃(x′, y′ − x′)J(y′)ũ(y′)dy′ . (7.2.23)

In comparison with A in (7.2.14), we note that for m ≥ 0 the coefficients
of the differential operator part contain the extra terms bα(x′), which for
m ∈ IN0, in general, do not vanish. In the special case when m = 0, see
Mikhlin and Prössdorf [215, Formulae (8) p.223 and (11) p.226]. This is a
very important difference from the coordinate transformation for operators
with weakly singular or regular kernel functions as in (7.2.23). Fore more
general m see also Sellier [281].

In the case 0 < m �∈ IN0 we shall show that the bα(x′) in (7.2.22) will
vanish. For this purpose we first need the following lemma concerning the
coordinate transformation Ψ .

Lemma 7.2.3. Let �ε(ω) denote the distance between x = Ψ(x′) and y =
Ψ(y′) where |y′−x′| = ε > 0 and y = x+�ε(ω)ω is the image of the sphere in
terms of polar coordinates (�ε, ω) about x. Then, for sufficiently small ε > 0
and Ψ a C∞–diffeomorphism, one admits the asymptotic representation

�ε(ω) =
N∑

k=1

ck(ω)εk + O(εN+1) (7.2.24)

for any N ∈ IN. The coefficients ck(ω) satisfy the parity conditions

ck(−ω) = (−1)k+1ck(ω) . (7.2.25)

Proof: With the C∞–diffeomorphism Φ(x) = x′ , Φ(y) = y′, inverse to Ψ ,
the Taylor expansion about x′ reads

y′ − x′ =
∑

|α|≥1

1
α!

DαΦ(x)ωα�|α| .

Hence,

ε2 = |y′ − x′|2 =
∑

|α|≥1,|β|≥1

(
DαΦ(x)ωα

)
·
(
DβΦ(x)ωβ

)
�|α|+|β|
ε (7.2.26)
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which implies, if we define

F (ε, �, ω) := −ε + �

√ ∑

|α|≥1,|β|≥1

(
DαΦ(x)ωα

)
•
(
DβΦ(x)ωβ

)
�|α|−|β|−2

for |�| ≤ �0 and |ε| ≤ ε0 , |ω| = 1, that the equation

F (ε, �, ω) = 0

admits a unique C∞–solution

� = f(ε, ω), i.e. F
(
ε, f(ε, ω), ω

)
= 0

since
∂F

∂�
|�=0 =

√√√√
∑

|α|=1
|β|=1

(
DαΦ(x)ωα

)
·
(
DβΦ(x)ωβ

)
> 0

for all ω on the unit sphere, because Φ is diffeomorphic. Moreover, f(ε, ω) is
also defined for ε < 0 where f(ε, ω) < 0. In particular, we see that

−f(−ε,−ω) = f(ε, ω) (7.2.27)

since
F (−ε,−�, ω) = −F (ε, �, ω) = 0 .

Since F is C∞, so is f the asymptotic expansion (7.2.24) for any N ∈ IN.
Hence, the parity condition (7.2.25) then is an immediate consequence of
(7.2.27). �

Lemma 7.2.4. For 0 < m �∈ IN0, the coefficients bα(x′) = 0 in (7.2.20).

Proof: Since A ∈ Lm
c�(Ω), it follows from Theorem 7.1.8 that the kernel k

belongs to Ψhkκ(Ω) with κ = −n−m. Hence,

k(x, x− y) =
L∑

j=0

kκ+j(x, x− y) + kR(x, x− y)

where kR ∈ Cκ+L−δ(Ω ×Ω) with some δ ∈ (0, 1) and kκ+j ∈ Ψhfκ+j . For L
sufficiently large,

p.f.
∫

Ω

kR(x, x− y)(y − x)αdy|x=Ψ(x′)

=
∫

Ω

kR(x, x− y)(y − x)αdy|x=Ψ(x′)

=
∫

Ω′

k̃R(x′, x′ − y′)J(y′)
(
Ψ(y′)− Ψ(x′)

)α
dy′
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since the integrand is continuous. To show that bα(x′) = 0 it therefore suffices
to prove that

p.f.
∫

Ω′

kq(x, x− y)(y − x)αχ(|y − x|)J(y′)dy′

= p.f.
∫

Ω

kq(x, x− y)(y − x)αχ(|y − x|)dy (7.2.28)

for q = κ + j �∈ IN0 and j = 0, . . . , L, in view of the asymptotic expansion
of k. In the integral on the left–hand side set x = Ψ(x′) and y = Ψ(y′). The
C∞ cut–off function χ(�) has the properties χ(�) = 1 for 0 ≤ � ≤ �0 and
χ(�) = 0 for 2�0 ≤ � with some fixed �0 > 0. For ε > 0, the integral on the
right–hand side is given by

p.f.
∫

Ω

kq(x, x− y)(y − x)αχ(|y − x|)dy

= p.f.
ε→0

∫

|ω|=1

2�0∫

r=ε

rq+|α|+n−1χ(r)drkq(x,−ω)ωαdω

= p.f.
ε→0

{ �
q+|α|+n
0

q + |α|+ n
+

2�0∫

�0

rq+|α|+n−1χ(r)dr − εq+|α|+n

q + |α|+ n

}
×

×
∫

|ω|=1

kq(x,−ω)ωαdω

= cχ

∫

|ω|=1

kq(x,−ω)ωαdω

where

cχ =
�q+|α|+n

q + |α|+ n
+

2�0∫

�0

rq+|α|+n−1χ(r)dr

is a constant.
In the same manner, for the integral on the left–hand side in (7.2.28), and

by employing the transformation, we obtain
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I ′(ε) :=
∫

Ω′\{|y′−x′|<ε}

kq(Ψ(x′), Ψ(x′)− Ψ(y′))(Ψ(y′)− Ψ(x′))α ×

×χ(|Ψ(y′)− Ψ(x′)|)J(y′)dy′

=
∫

Ω\{|y−x|<�ε(ω)}

kq(x, x− y)(y − x)αχ(|y − x|)dy

=
∫

|ω|=1

2�0∫

�=�ε(ω)

�q+n−1+|α|χ(�)d�kq(x,−ω)ωαdω

=
∫

|ω|=1

⎧
⎨

⎩
�
q+|α|+n
0

q + |α|+ n
+

2�0∫

�0

rq+|α|+n−1χ(r)dr − �ε(ω)q+|α|+n

q + |α|+ n

⎫
⎬

⎭×

× kq(x,−ω)ωαdω .

Hence, with the expansion of �ε(ω) in Lemma 7.2.3,

p.f.
ε→0

I ′(ε)

= cχ

∫

|ω|=1

kq(x,−ω)ωαdα− p.f.
ε→0

∫

|ω|=1

1
q + |α|+ n

P (ε, ω)kq(x,−ω)ωαdω

with

P (ε, ω) :=
{ N∑

k=1

ck(ω)εk + O(εN+1)
}q+|α|+n

.

By using the geometric series, P (ε, ω) can be written in the form

P (ε, ω) = −εq+n+|α|(c1(ω)
)q+n+|α|{1 +

N∑

k=1

ck
c1

(ω)εk−1 + O(εN )
}q+n+|α|

= −εq+n+|α|(c1(ω)
)q+n+|α|×

×
∞∑

�=0

(
q + n + |α|

�

)( N∑

k=2

ck
c1

(ω)εk−1 + O(εN )
)�

= −
∑

�≥0

εq+n+|α|+�c̃�(ω) + O(εq+n+|α|+N )

where q + n + |α|+ � �= 0 for all � ∈ IN0. Hence,

I ′(ε) = −
∑

�≥0

εq+n+|α|+�

∫

|ω|=1

c̃�(ω)kq(x,−ω)ωαdω

+
∫

|ω|=1

cχ(ω)kq(x,−ω)ωαdω + O(εq+n+|α|+N ) .
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Consequently, for N sufficiently large, we have

p.f.
ε→0

I ′(ε) =
∫

|ω|=1

cχ(ω)kq(x,−ω)ωαdω . (7.2.29)

Hence,

p.f.
ε→0

∫

|ω|=1

P (ε, ω)
1

q + |α|+ n
kq(x,−ω)ωα = 0

and, consequently,

p.f.
ε→0

I ′(ε) = cχ

∫

|ω|=1

kq(x,−ω)ωαdω

which proves (7.2.28).
Note that cχ(ω) is independent of the coordinate transformation, therefore

this integral is independent of the special choice of Ψ , and, hence, is invariant
with respect to the change of coordinates. �

In general, for m ∈ IN0, the extra differential operator
∑

|α|≤m

bα(x′)D̃αũ(x′)

is unpleasant for m > 2 in view of (7.2.17). However, if the transformation
is a linear diffeomorphism ΨL(x′) then this extra differential operator can be
represented in a more simplified manner (see Kieser [156, Theorem 2.2.9]).

Theorem 7.2.5. If k ∈ Ψhkκ with κ = −n − m, m ∈ IN0, and ΨL(x′) is
a bijective linear transformation then the coefficients bα(x′) can be written
explictly in the form

bα(x′) =
1
α!

∫

|ω|=1

k−n−|α|(x,−ω)ωα logR(ω)dω for |α| ≤ m, x = ΨL(x′) .

(7.2.30)

Here, k =
∑J

j=0 kκ+j + kR where kR ∈ Cκ+J−δ(Ω ×Ω) with some δ ∈ (0, 1)
and kκ+j ∈ Ψhfκ+j(Ω). Moreover, R(ω) := |L−1ω|−1 where L is the matrix
representation for the linear transformation ΨL : y − x = L(y′ − x′).

Proof: From (7.2.22) it is clear, that the difference defining bα(x′) is deter-
mined by the singular behavior of the integrals near to y = x only. In view
of (3.2.18) for the finite part integrals, we now consider

∫

Ω′\{|x′−y′|<ε}

k̃κ+j(x′, x′ − y′)J(y′)
(
ΨL(y′)− ΨL(x′)

)α
dy′

=
∫

Ω\{|x−y|<εR(ω)}

kκ+j(x, x− y)(y − x)αdy .
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Hence,

bα(x′) =
1
α!

p.f.
{ ∫

Ω\{|x−y|<ε}

kκ+j(x, x− y)(y − x)αdy

−
∫

Ω\{|x−y|<εR(ω)}

kκ+j(x, x− y)(y − x)αdy
}
.

Since κ + j = −m − n + j �∈ IN0, the kernel function kκ+j is positively
homogeneous without log–terms. Then, in terms of polar coordinates y−x =
�ω, we have

bα(x′) =
1
α!

p.f.
{ ∫

|ω|=1

kκ+j(x,−ω)ωα

εR(ω)∫

r=ε

rκ−m+|α|+j−1drdω
}
.

Since κ = −m− n, we have to distinguish two cases:
|α| �= m− j:

bα(x′) =
1
α!

p.f.
ε→0

ε|α|−m+j 1
m− |α|+ j

×

×
∫

|ω|=1

(
R(ω)|α|−m+j − 1

)
kκ+j(x,−ω)ωαdω = 0

since |α| −m + j �= 0.

|α| = m− j:

bα(x′) =
1
α!

∫

|ω|=1

kκ+j(x,−ω)ωα logR(ω)dω .

This gives with j = m− |α| and κ = −n−m the desired formula (7.2.30). �

7.2.2 The Class of Invariant Hadamard Finite Part Integral
Operators under Change of Coordinates

For m ∈ IN0, we shall see that the extra terms bα in Theorem 7.2.2 also
vanish for a large class of operators whose kernel functions satisfy the parity
conditions.

We now state the following crucial result concerning the transformation
of finite part integral operators.



7.2 Coordinate Changes and Pseudohomogeneous Kernels 405

Theorem 7.2.6. (Kieser [156, Theorem 2.2.12])
For A ∈ Lm

c�(Ω) with m ∈ IN0 let the Schwartz kernel of A be k(x, x−y) ∼∑
j≥0

kκ+j(x, x− y) and let kκ+j satisfy the parity conditions (7.1.74) with

σj = j −m + 1 for 0 ≤ j ≤ m. (7.2.31)

Then the finite part integral is invariant under change of coordinates; namely

p.f.
∫

Ω

k(x, x− y)u(y)dy = p.f.
∫

Ω′

k̃(x′, x′ − y′)ũ(y′)J(y′)dy′ (7.2.32)

where k̃ is given by (7.2.21).

Remark 7.2.1: This class of operators includes all of the boundary inte-
gral operators generated by the reduction to the boundary of regular elliptic
boundary value problems based on Green’s formula. The proof of this the-
orem is delicate and will be presented after we establish some preliminary
results.

Let P denote the class of all polynomials in ε of the form

℘(ω, ε) =
∑

j≥0

aj(ω)εj with aj(−ω) = (−1)jaj(ω)

where ω ∈ IRn with |ω| = 1.

Lemma 7.2.7. If ℘1, ℘2 ∈ P then ℘1 + ℘2 ∈ P and ℘1℘2 ∈ P.

Proof: Let ℘1 =
∑
j≥0

aj(ω)εj and ℘2 =
∑
k≥0

bk(ω)εk. Then

℘1 + ℘2 =
∑

�≥0

c�(ω)ε� with c� = a� + b� .

Clearly,

c�(−ω) = a�(−ω) + b�(−ω) = (−1)�
(
a�(ω)− b�(ω)

)
= (−1)�c�(ω) .

Similarly, by the use of the Cauchy product,

℘1℘2 =
∑

�≥0

c�(ω)ε� where c�(ω) =
∑

j+k=�

aj(ω)bk(ω) .

Hence,

c�(−ω) =
∑

j+k=�

aj(−ω)bk(−ω) = (−1)�
∑

j+k=�

aj(ω)bk(ω) = (−1)�c�(ω) .

�
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Lemma 7.2.8. Let kq ∈ Ψhfq(Ω). In the case when q ≤ −n is an integer
then we require in addition that kq satisfies the parity condition

kq(x, y − x) = (−1)−q−n+1kq(x, x− y) for y �= x . (7.2.33)

Then the following invariance properties hold:

p.f.
∫

Ω′

kq(x, x− y)(y − x)αχ(|y − x|)J(y′)dy′

= p.f.
∫

Ω

kq(x, x− y)(y − x)αχ(|y − x|)dy . (7.2.34)

In the integral on the left–hand side it is understood that x = Ψ(x′) and
y = Ψ(y′). The C∞ cut–off function χ(�) has the properties χ(�) = 1 for
0 ≤ � ≤ �0 , χ(�) = 0 for 2�0 ≤ � for some fixed �0 > 0. In formula (7.2.34)
we assume that B2�0 ⊂ Ω and Ψ

(
Bε(x′)

)
⊂ B�0(x) for all sufficiently small

ε > 0.

Proof: With the polar coordinates y−x = rω, the right–hand side of (7.2.34)
is given by

Ir = p.f.
ε→0

∫

|ω|=1

2�0∫

r=ε

kq(x,−ω)ωαχ(r)rq+|α|+n−1drdω .

For the left–hand side of (7.2.34), since for ε > 0 the integrand is regular, we
have similarly

I� = p.f.
ε→0

∫

|ω|=1

2�0∫

r=ε(ω)

kq(x,−ω)ωαχ(r)rq+|α|+n−1drdω .

Now we first consider the case q + n + |α| = 0. Then,

Ir = p.f.
ε→0

{
log �0 +

2�0∫

�0

r−1χ(r)dr − log ε
} ∫

|ω|=1

kq(x,−ω)ωαdω

= cχ(0)
∫

|ω|=1

kq(x,−ω)ωαdω

with the constant cχ(0) := log �0 +
2�0∫
�0

r−1χ(r)dr.

For the left–hand side of (7.2.34) we have
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I� = p.f.
ε→0

{
log �0 +

2�0∫

�0

r−1χ(r)dr − log �ε(ω)
} ∫

|ω|=1

kq(x,−ω)ωαdω .

In terms of the expansion (7.2.24) of �ε(ω) in Lemma 7.2.3, we have

− log �ε(ω) = − log

{
N∑

k=1

ck(ω)εk + O(εN+1)

}

= − log ε− log c1(ω)− log
(
1 +

N∑

k=2

ck(ω)
c1(ω)

εk−1 + O(εN )
)

from which we obtain

p.f.
ε→0

(
− log �ε(ω)

)

= p.f.
ε→0

{
− log c1(ω)− log ε +

∞∑

�=1

1
�

( N∑

k=2

ck
c1

εk−1 + O(εN )
)�

}

= − log c1(ω) .

Hence,

I� = cχ(0)
∫

|ω|=1

kq(x,−ω)ωαdω −
∫

|ω|=1

(
log c1(ω)

)
kq(x, ω)ωαdω .

Since the integration is taken over the unit sphere, we have

−
∫

|ω|=1

log
(
c1(ω)

)
kq(x,−ω)ωαdω

= −
∫

|ω|=1

log c1(−ω)kq(x,+ω)(−ω)αd(−ω)

= −
∫

|ω|=1

log c1(ω)(−1)−q−n−1+|α|kq(x,−ω)ωαdω

=
∫

|ω|=1

log c1(ω)kq(x,−ω)ωαdω

which implies ∫

|ω|=1

log c1(ω)kq(x,−ω)ωαdω = 0 .

Consequently,
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I� = cχ(0)
∫

|ω|=1

kq(x,−ω)ωαdω = Ir ,

which implies the proposed result (7.2.34) in this case.
Next, we consider the case −p := q + n + |α| < 0. Then the right–hand

side in (7.2.34) takes the form

Ir = p.f.
ε→0

⎧
⎨

⎩−
�−p
0

p
+

2�0∫

�0

r−p−1χ(r)dr +
ε−p

p

⎫
⎬

⎭

∫

|ω|=1

kq(x,−ω)ωαdω

= cχ(p)
∫

|ω|=1

kq(x,−ω)ωαdω

where

cχ(p) =

2�0∫

�0

r−p−1χ(r)dr − �−p
0

p
.

Similarly,

I� = cχ(p)
∫

|ω|=1

kq(x,−ω)ωαdω +
1
p

p.f.
ε→0

∫

|ω|=1

P (ε, ω)kq(x,−ω)ωαdω

with
P (ε, ω) =

(
�ε(ω)

)−p
.

By inserting the expansion (7.2.24) of �ε(ω), we obtain

P (ε, ω) =
( N∑

k=1

ck(ω)εk + O(εN+1)
)−p

= c1(ω)−pε−p

{
1 +

N∑

k=2

ck(ω)
c1(ω)

εk−1 + O(εN )

}−p

= c1(ω)−pε−p

{ ∞∑

�=0

(−1)�
( N∑

k=2

ck(ω)
c1(ω)

εk−1 + O(εN )
)�

}p

.

We note that by setting ℘1 :=
N∑

k=2

ck(ω)
c1(ω) ε

k−1 that ℘1 ∈ P since (7.2.25) holds.

Now, apply � · p times Lemma 7.2.7; then it follows that

P (ε, ω) = c1(ω)−pε−p
(
℘ + O(εN )

)

with ℘ ∈ P. If N = p + 1, then
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p.f.
ε→0

P (ε, ω) = p.f.
ε→0

c1(ω)−pε−p℘(ε, ω) .

Therefore, employing ℘(ε, ω) =
p+1∑
j=0

aj(ω)εj with aj(−ω) = (−1)jaj(ω), we

find

1
p

p.f.
ε→0

∫

|ω|=1

P (ε, ω)kq(x,−ω)ωαdα

=
1
p

p.f.
ε→0

∫

|ω|=1

p+1∑

j=0

aj(ω)εj−pkq(x,−ω)ωαdω

=
1
p

∫

|ω|=1

ap(ω)kq(x,−ω)ωαdω .

The latter integral as an integral over the unit sphere satisfies

1
p

∫

|ω|=1

ap(ω)kq(x,−ω)ωαdω

=
1
p

∫

|ω|=1

ap(−ω)kq(x, ω)(−ω)αd(−ω)

=
1
p
(−1)p−q−n−1+|α|

∫

|ω|=1

ap(ω)kq(x,−ω)ωαdω

= −1
p

∫

|ω|=1

ap(ω)kq(x,−ω)ωαdω

and, hence, vanishes. This implies again

I� = cχ(p)
∫

|ω|=1

ap(ω)kq(x,−ω)ωαdω = Ir .

This completes the proof of Lemma 7.2.8. �

We are now able to prove Theorem 7.2.6.

Proof of Theorem 7.2.6: With the asymptotic pseudohomogeneous ex-
pansion of the Schwartz kernel of A,

k(x, x− y) =
L∑

j=0

kκ+j(x, x− y) + kR(x, x− y) ,
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to prove (7.2.32), it suffices to consider the coordinate transformation for a
typical term in the expansion since kR is not singular any more. To this end
consider kq = kκ+j in Lemma 7.2.8 and we have the parity condition

kq(x, x− y) = kκ+j(x, x− y) = (−1)σjkκ+j(x, y − x)

with σj = j −m + 1. Hence,

kq(x, x− y) = (−1)j−m+1kq(x, y − x)
= (−1)q+n+1kq(x, y − x)
= (−1)−q−n−1kq(x, y − x)

as assumed in (7.2.33) and kq ∈ Ψhfq. Therefore, with L sufficiently large,

p.f.
∫

Ω

k(x, x− y)u(y)dy = p.f.
L∑

j=0

∫

Ω

kκ+j(x, x− y)u(y)dy

+
∫

Ω

kR(x, x− y)u(y)dy

= p.f.
L∑

j=0

∫

Ω′

k̃κ+j(x′, x′ − y′)ũ(y′)J(y′)dy′

+
∫

Ω′

k̃R(x′, x′ − y′)ũ(y′)J(y′)dy′

= p.f.
∫

Ω′

k̃(x′, x′ − y′)ũ(y′)J(y′)dy′ ,

which completes the proof of Theorem 7.2.6. �

In fact, the parity conditions required in Theorem 7.2.6 are in-
variant under the change of coordinates since that is a special case of
the following theorem.

Theorem 7.2.9. Let A ∈ Lm
c�(Ω) with m ∈ Z having the pseudohomogeneous

kernel expansion of the Schwartz kernel

kA(x, x− y) ∼
∑

j≥0

kκ+j(x, x− y) .

Suppose that the parity conditions

kκ+j(x, x− y) = (−1)m−j+σ0kκ+j(x, x− y) for 0 ≤ j ≤ L (7.2.35)

with a fixed σ0 ∈ IN0 are satisfied. Let Φ be a diffeomorphism defining by
x′ = Φ(x), a change of coordinates, and let
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k̃AΦ
(x′, x′ − y′) ∼

∑

j≥0

k̃κ+j(x′, x′ − y′)

be the pseudohomogeneous kernel expansion of the transformed Schwartz ker-
nel to AΦ in terms of the new coordinates. Then the parity conditions in
(7.2.35) are invariant under the change of coordinates, i.e.

k̃κ+j(x′, x′ − y′) = (−1)m−j+σ0 k̃κ+j(x′, x′ − y′) for 0 ≤ j ≤ L . (7.2.36)

Proof: For the proof we employ Lemma 7.1.9. Then (7.2.35) is equivalent
to

a0
m−j(x,−ξ) = (−1)m−k−σ0a0

m−j(x, ξ) for ξ �= 0 and 0 ≤ j ≤ L ,
(7.2.37)

where a0
m−j are the homogeneous symbols of the complete symbol expansion

of A. Since the symbol aΦ(x′, ξ′) is given by (6.1.45) with (6.1.46), by rear-
ranging terms, the corresponding asymptotic homogeneous expansion of the
symbol reads

∑

j≥0

a0
Φ,m−j(x

′, ξ′)

=
∑

j≥0

{ j∑

�=0

∑

|α|=�

1
α!

(
− i

∂

∂y′

)α(
det

∂Φ

∂y

)−1(
Ξ�(x′, y′)

)−1
Ψ
(x′ − y′

ε

)
×

×
( ∂

∂ξ′

)α

a0
m−j+�

(
x,

(
Ξ�(x′, y′

)−1

ξ′
)}
|y′=x′ .

We observe that (7.2.37) implies

( ∂

∂ξ′

)α

a0
m−j+�

(
x,−

(
Ξ�(x′, y′

)−1

ξ′
)

= (−1)m−j+σ0

( ∂

∂ξ′

)α

a0
m−j+�

(
x,

(
Ξ�(x′, y′

)−1

ξ′
)
.

Then it follows from the above representation that

a0
Φ,m−j(x

′,−ξ′) = (−1)m−j+σ0a0
Φ,m−j(x

′,−ξ′)

which implies (7.2.37) by the application of Lemma 7.1.9 again. �

To conclude this section, we observe for the Tricomi conditions, that as a
consequence of Theorem 6.1.13 and A ∈ Lm

c�(Ω), we also have Ã ∈ Lm
c�(Ω

′).
Hence, one may apply Theorem 7.1.7 to the kernels kκ+j and k̃κ+j of A

and Ã, respectively. This yields the following lemma which shows that the
Tricomi conditions are invariant under the change of coordinates.
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Lemma 7.2.10. Let A ∈ Lm
c�(Ω) and m ∈ IN0,

k(x, x−y) ∼
∑
j≥0

kκ+j(x, x−y) and k̃(x′, x′−y′) ∼
∑
j≥0

k̃κ+j(x′, x′−y′). Then

the Tricomi conditions
∫

|Θ|=1

Θαkκ+j(x,Θ)dω(Θ) = 0 =
∫

|Θ|=1

Θαk̃κ+j(x′, Θ)dω(Θ) (7.2.38)

are satisfied for all |α| = m− j and 0 ≤ j ≤ m.

We remark that for 0 ≤ j ≤ m, one has κ + j = −n − (m − j) < 0. Hence,
from Definition 7.1.1, we conclude that kκ+j and k̃κ+j are both positively
homogeneous of degree κ + j.



8. Pseudodifferential and Boundary Integral
Operators

This chapter concerns the relation between the boundary integral operators
and classical pseudodifferential operators. A large class of boundary integral
operators including those presented in the previous chapters belong to the
special class of classical pseudodifferential operators on compact manifolds.
We are particularly interested in strongly elliptic systems of pseudodifferen-
tial operators providing G̊arding’s inequality, see Theorem 8.1.4. The partic-
ular class of operators in the domain having symbols of rational type enjoys
many special properties such as their relation to Newton potentials, which
define genuine pseudodifferential operators in IRn and which satisfy in par-
ticular the transmission conditions covered in the work of Boutet de Monvel
for a more general class of pseudodifferential operators. The traces of their
composition with tensor product distributions involving δ

(k)
Γ (i.e. the trace

of Poisson operators by Boutet de Monvel [19, 20, 21] and Grubb [110]),
generate, in a natural way, boundary integral operators as pseudodifferential
operators on the boundary manifold.

In fact, it should be mentioned that Boutet de Monvel found a complete
calculus of Green operators (see Chapter 9) where all compositions of these
operators belong to the same class. For the special class of pseudodifferential
operators with symbols of rational type, corresponding results are presented
in the Theorems 8.5.5 and 8.5.8.

To obtain these results, we present a detailed analysis of the boundary
potentials (or Poisson operators) in the vicinity of the boundary which is
based on properties of the pseudohomogeneous expansions of the Schwartz
kernel (see the extension properties Theorems 8.3.2 and 8.3.8). It should
be noted that in contrast to the requirements of C∞–extensions as for the
transmission conditions, here we only need finitely many conditions and cor-
responding finite regularity of Γ . Our conditions can be obtained directly
from the Schwartz kernels which is costumarily employed in practical appli-
cations. Once the resulting boundary operator given by the original Schwartz
kernel reduced to Γ satisfies the Tricomi conditions it automatically becomes
a pseudodifferential operator on the boundary.

The relations between various conditions such as the extension condi-
tions, Tricomi conditions, parity conditions as well as transmission condi-
tions are summarized in Table 8.3.1. Moreover, the invariance properties and
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transmission conditions under change of local coordinates of Γ lead to the re-
sult of Theorem 8.4.6 which implies that all these boundary integral operators
are invariant under the change of coordinates. In particular, the Hadamard
finite part integral operators in this class transform into Hadamard’s finite
part integral operators without producing local differential operator contri-
butions.

We also collect in this chapter the relevant mapping properties and jump
relations for the boundary potentials (or Poisson operators) as well as for
the volume potentials, which are covered by Boutet de Monvel’s work for
even more general pseudodifferential operators satisfying the transmission
conditions including those of operators with symbols of rational type.

The last section is devoted to the concept of strong ellipticity and Fred-
holm properties of boundary pseudodifferential operators.

The presentation of this chapter is partially based on the book by
Chazarain and Piriou [39], the PHD dissertation by Kieser [156] and
Hörmander’s book [131, Vol. III] and covers only a small part of Boutet
de Monvel’s analysis (see [19, 20, 21], Grubb [110] and Schulze [273]).

8.1 Pseudodifferential Operators on Boundary
Manifolds

In Section 3.3 we introduced the parametric representation of the boundary
Γ = ∂Ω (cf.(3.3.6),(A.0.1)). This defines Γ as an (n − 1)–dimensional pa-
rameterized surface. We may also consider Γ as a manifold immersed into
IRn in the sense of differential geometry and associate Γ with an atlas A

which is a family of local charts {(Or , Ur , χr) | r ∈ I}. Each of the local
charts is a triplet with Ur ⊂ IRn−1 an open subset of the parametric space

IRn−1; and where the representation x = Tr(�′) = χ
(−1)
r (�′) for �′ ∈ Ur

defines a parameterized patch Or := Tr(Ur) of the surface Γ , or, reversely,
Ur = χr(Or). The mappings Tr and χr are both bijective and bicontinuous,
hence, Tr = χ

(−1)
r is a homeomorphism, see Fig. 8.1.1. For an atlas we require

Γ = ∪
r∈I

Or. Moreover, if Ort := Or ∩Ot �= ∅ then the mapping

Φrt := χt ◦ Tr = χt ◦ χ(−1)
r : χr(Ort) → χt(Ort) (8.1.1)

is supposed to be a sufficiently smooth diffeomorphism. (For details see also
Section 3.3.) Note that any union of two atlases is again an atlas on Γ .

Definition 8.1.1. Let A : D(Γ ) → E(Γ ) be a continuous linear operator.
Then A is said to be in the class Lm(Γ ) of pseudodifferential operators if for
every chart (Or , Ur , χr) the associated local operator

Aχr
:= χr∗Aχ∗

r : D(Ur) → E(Ur) (8.1.2)

belongs to Lm(Ur). Here,
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χr∗v := v ◦ Tr maps v given on Or to v ◦ χ(−1)
r ,

a function on Ur ;

χ∗
ru := u ◦ χr maps u given on Ur to u ◦ χr ,

a function on Or ⊂ Γ ,

(8.1.3)

are defining the pushforward χr∗ and pullback χ∗
r, respectively.

A function v on Γ is said to be in the class Ck(Γ ) if for every chart the
pushforward has the property v ◦ Tr = χr∗v ∈ Ck(Ur). Hence,

χr∗ : C∞(Or) → C∞(Ur) ,

χ∗
r : C∞(Ur) → C∞(Or)

(8.1.4)

and
χr∗ : C∞

0 (Or) → C∞
0 (Ur) ,

χ∗
r : C∞

0 (Ur) → C∞
0 (Or) .

(8.1.5)

In addition, we require the following smoothing property to be satisfied: If
ϕ , ψ ∈ C∞

0 (Γ ) with suppϕ∩ suppψ = ∅ then the composition ϕAψ• extends
to a smoothing operator on Γ , i.e., for every u ∈ C∞(Γ ) one has ϕAψu ∈
C∞(Γ ).

An immediate consequence of these definitions is the following theorem.

Theorem 8.1.1. Let A ∈ Lm(Γ ) and let A = {(Or , Ur , χr) | r ∈ I} be an
atlas on Γ . Then for every pair of charts (Or, Ur, χr) , (Ot, Ut, χt) and the
induced mapping Φrt in (8.1.1), the induced local pseudodifferential operators
satisfy the compatibility relations

χ∗
tAχt

χt∗ = χ∗
rAχr

χr∗ = A on D(Ort) (8.1.6)

and

Aχt
= χt∗χ

∗
rAχr

χr∗χ
∗
t = Φrt∗Aχr

Φ∗
rt = (Aχr

)Φrt
on D

(
χt(Ort)

)
;

(8.1.7)

(see Remark 6.1.4).

Fig. 8.1.1. The local surface representation.
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For the principal symbols of the local operators Aχr
one has

σAχr ,m

(
χr(x), ξ

)
= σAχt ,m

(
χt(x), ξ′

)
(8.1.8)

where x = Tr(�′) = Tt(τ ′) ∈ Ort ⊂ Γ and the variables ξ and ξ′ in IRn−1\{0}
are related by the equations

n−1∑

ι=1

∂Tt

∂τ ′
ι

(τ ′)ξι =
n−1∑

ι=1

∂Tr

∂�′ι
(�′)ξ′ι . (8.1.9)

Conversely, if a family of local pseudodifferential operators Aχr
∈ Lm(Ur)

is given satisfying (8.1.7) for the whole atlas A and satisfying the smooth-
ing property in Definition 8.1.1, then (8.1.6) defines a pseudodifferential
operatorA ∈ Lm(Γ ).

Proof: The equations (8.1.6) and (8.1.7) are immediate consequences of the
previous definitions.

For the transformation proposed in (8.1.8) we employ the coordinate
transformation Φrt = χt ◦ χ

(−1)
r given in (8.1.1), apply (6.1.49) to (8.1.7)

and obtain

σAχt ,m
(τ ′, ξ′) = σAχr ,m

(
Φ

(−1)
rt (τ ′) ,

(∂Φrt

∂�′

)�
ξ′
)
.

The argument in the right–hand side can be expressed component–wise as

ξλ :=
((∂Φrt

∂�′

)�
ξ′
)

λ
=

n−1∑

ι=1

∂τ ′
λ

∂�′ι
ξ′ι =

n−1∑

ι=1

n∑

�=1

∂τ ′
λ

∂x�

∂x�

∂�′ι
ξ′ι , λ = 1, . . . , n− 1 .

Inserting (3.4.27) with gnλt = 0 and the inverse γµλ
t to γtµλ =

n∑
�=1

∂x�

∂τ ′
µ

∂x�

∂τ ′
λ

on

Γ (c.f. (3.4.2), (3.4.4)) we find with (3.4.24), (3.4.28):

ξλ =
n−1∑

ι=1

n−1∑

µ=1

n∑

�=1

∂x�

∂τ ′
µ

∂x�

∂�′ι
γµλ
t ξ′ι for λ = 1, . . . , n− 1 . (8.1.10)

On the other hand, if (8.1.9) is satisfied, the scalar multiplication of both
sides of (8.1.9) by ∂Tt

∂τ ′
µ

gives

n−1∑

ι=1

γtµιξι =
n−1∑

ι=1

n∑

�=1

∂x�

∂�′ι

∂x�

∂τ ′
µ

ξ′ι .

Multiplication by γµλ
t yields

ξλ =
n−1∑

µ=1

n−1∑

ι=1

n∑

�=1

∂x�

∂�′ι

∂x�

∂τ ′
µ

γµλ
t ξ′ι ,
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which coincides with (8.1.10). Hence, (8.1.9) is equivalent to (8.1.10) and
(8.1.8) together with (8.1.9) is justified. �

This theorem suggests to us how to define the principal symbol of A ∈
Lm(Γ ). To this end we introduce the tangent and the cotangent bundles at
x ∈ Γ . For any fixed x ∈ Γ , we denote by the tangent space Tx(Γ ) the
(n− 1)–dimensional vector space of all tangent vectors to Γ at x. If x ∈ Or

for some chart (Or, Ur, χr) then the vectors ∂x
∂�′

ι
= ∂Tr(�′)

∂�′
ι

, ι = 1, . . . , (n−1),
form a basis of Tx(Γ ). By T ∗

x (Γ ), the cotangent space, we denote the space
of all linear functionals ζ operating on the tangent space Tx. For the above
chart, the values

ξι = ζ

(
∂x

∂�′ι

)
(8.1.11)

define the contravariant coordinates of ζ with respect to the basis ∂x
∂�′

ι
of Tx.

The collection of all the tangent spaces for x tracing Γ is called the tan-
gent bundle of T (Γ ) and, correspondingly, the collection of all the cotangent
spaces is called the cotangent bundle T ∗(Γ ) of Γ .

In terms of this terminology the identity (8.1.9) is just the transformation
between the contravariant coordinates ξ and ξ′ for the same linear functional
ζ ∈ T ∗

x where

ξ′ι = ζ

(
∂x

∂τ ′
ι

)
,

under the change of variables (8.1.1). Now we are in the position to define
the principal symbol σA,m(x, ζ) of A ∈ Lm(Γ ) for x ∈ Γ and ζ ∈ T ∗

x (Γ )\{0}
as follows: For x ∈ Γ we choose a chart (Or, Ur, χr) with x ∈ Or. Then Aχr

is well defined and to any chosen ζ ∈ T ∗
x (Γ ) \ {0} there belongs a vector

ξ ∈ IRn−1 given by (8.1.11). To Aχr
∈ Lm(Ur) and ξ ∈ IRn−1 then we find

the complete symbol class (6.1.30) and also via (6.1.31) the corresponding
principal symbol

σAχr ,m
(�′, ξ) =: σA,m(x, ζ) (8.1.12)

in the class SSSm(Ur × IRn−1)/SSSm−1(Ur × IRn−1).
Theorem 8.1.1 now implies that for fixed x ∈ Γ and fixed ζ ∈ T ∗

x the
value of the principal symbol is invariant with respect to changing charts.
Consequently, σA,m(x, ζ) is well defined on the manifold Γ and the cotangent
bundle T ∗(Γ ) and we write

σA,m ∈ SSSm
(
Γ × T ∗(Γ )

)
.

In order to extend the domain of the definition of A ∈ Lm(Γ ) from local
functions to functions u ∈ C∞(Γ ) we need the concept of the partition of
unity subordinate to the open covering {Or}r∈I of an atlas A. Since we al-
ways assume that Γ is a compact boundary manifold, Heine–Borel’s theorem
implies that we may consider only finite atlases, i.e. I is a finite index set.
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Then there exists a C∞–partition of unity subordinate to the finite covering
{Or}r∈I . This means that there are nonnegative functions ϕr ∈ C∞

0 (Or), i.e.
χr∗ϕr ∈ C∞

0 (Ur), such that
∑

r∈I
ϕr(x) = 1 for all x ∈ Γ . (8.1.13)

For its construction we refer to Schechter [271, Section 9-4]. In addition, to the
partition of unity let {ψr}r∈I be another system of functions ψr ∈ C∞

0 (Or),
i.e. χr∗ψr ∈ C∞

0 (Ur), with the property

ψr(x) = 1 for all x ∈ suppϕr .

Then A can be written as

A =
∑

r∈I
Ar1 + R1 with Ar1 := ϕrAψr ,

A =
∑

r∈I
Ar2 + R2 with Ar2 := ψrAϕr ,

(8.1.14)

and R1 and R2 both are smoothing operators mapping C∞(Γ ) into C∞(Γ )
due to the smoothing property required in Definition 8.1.1.

In terms of the local operators Aχr
defined in (8.1.2), A can be written as

A =
∑

r∈I
ϕrχ

∗
rAχr

χr∗ψr + R1 =
∑

r∈I
ψrχ

∗
rAχr

χr∗ϕr + R2 . (8.1.15)

As a consequence of the mapping properties of pseudodifferential operators in
the parametric domains formulated in Theorem 6.1.12, we have the following
mapping properties for pseudodifferential operators on Γ .

Theorem 8.1.2. If A ∈ Lm(Γ ) then the following mappings are continuous:

A : C∞(Γ ) → C∞(Γ ) ,

A : E ′(Γ ) → E ′(Γ ) ,

A : Hs(Γ ) → Hs−m(Γ ) .

(8.1.16)

Here Hs(Γ ) and Hs−m(Γ ) are the standard trace spaces with norm and
topology defined in (4.2.27) for every s ∈ IR.

8.1.1 Ellipticity on Boundary Manifolds

Since the pseudodifferential operators on the manifold Γ are characterized
by their representations with respect to an atlas of Γ and its local charts
A = {(Or, Ur, χr) | r ∈ I}, the concept of ellipticity in the domain given in
Definition 6.2.1 carries over to the pseudodifferential operators on Γ .
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Definition 8.1.2. Let A ∈ Lm
c�(Γ ) and let A = {(Or, Ur, χr) | r ∈ I} be an

atlas on Γ and let σAχr,m
(χr(x), ξ) be the corresponding family of principal

symbols. Then A is called elliptic on Γ if there exists an operator B ∈ L−m(Γ )
such that

σAχr,m(χr(x), ξ)σBχr,−m(χr(x), ξ)− 1 ∈ SSS−1(Ur × IRn) (8.1.17)

Clearly, Lemma 6.2.1 remains valid for an elliptic pseudodifferential operator
on Γ . If A = ((Ajk))p×p is given as a system of pseudodifferential operators
on Γ then also Definition 6.2.3 of ellipticity in the sense of Agmon–Douglis–
Nirenberg can be carried over in the same manner to ((Ajk))p×p on Γ .

Since for every elliptic operator A ∈ Lm
c�(Γ ) there exists a parametrix

Q0 ∈ L−m
c� (Γ ), as a consequence we have the following theorem.

Theorem 8.1.3. Every elliptic operator A ∈ Lm
c�(Γ ) is a Fredholm operator,

A : H1 = Hs+m(Γ ) → H2 := Hs(Γ ). The parametrix Q0 ∈ L−m
c� is also

elliptic and a Fredholm operator Q0 : H2 → H1. Moreover,

index(A) = −index(Q0) .

Proof: Since Γ is compact, the operators C1 and C2 in (6.2.6) now are com-
pact linear operators in Hs+m(Γ ) and Hs(Γ ), respectively, and the results
follow from Theorem 6.2.4 with Q1 = Q2 = Q0. �

Remark 8.1.1: As a consequence, the equation

Au = f on Γ (8.1.18)

with A ∈ Lm
c�(Γ ) is solvable if and only if f ∈ Hs(Γ ) satisfies the compatibility

conditions (5.3.27) with the adjoint pseudodifferential operator A∗. In accor-
dance with Stephan et al. [296] we call the system ((Ajk))p×p on Γ strongly

elliptic if to the principal symbol matrices a0(x, ξ) =
((
ajk0
sj+tk

(χr(x), ξ)
))

p×p

on the charts (Or, Ur, χr) of the atlas A there exists a C∞ matrix–valued
function Θ(x) = ((Θj�))p×p on Γ , and a constant β0 > 0 such that for all
x ∈ Γ , all ζ ∈ C

p and all ξ′ ∈ IRn−1 with |ξ′| = 1

Re ζ�Θ(x)a0(x, ξ′)ζ ≥ β0|ζ|2 (8.1.19)

is satisfied. In terms of the Bessel potential on Γ defined by
Λα
Γ = (−∆Γ + 1)α/2 where ∆Γ is the Laplace–Beltrami operator (3.4.64) for

the Laplacian on Γ , Theorem 6.2.7 implies the following G̊arding inequality
on the whole of Γ since Γ here is a compact manifold.

Theorem 8.1.4. If A = ((Ajk))p×p is a strongly elliptic system of pseudodif-
ferential operators on Γ then there exist constants β0 > 0 and β1 ≥ 0 such
that G̊arding’s inequality holds in the form
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Re (w,Λσ
ΓΘΛ−σ

Γ Aw)∏p
�=1 H(t�−s�)/2(Γ )

≥ β0‖w‖2∏p
�=1 Ht� (Γ ) − β1‖w‖2∏p

�=1 Ht�−1(Γ ) (8.1.20)

for all w ∈
∏p

�=1 Ht�(Γ ), where Λσ
Γ = ((Λsj

Γ δj�))p×p. The last lower order
term in (8.1.20) defines a linear compact operator C :

∏p
�=1 Ht�(Γ ) →∏p

�=1 H−s�(Γ ) which is given by

(v, Cw)∏p
�=1 H(t�−s�)/2(Γ ) = β1(v, w)∏p

�=1 Ht�−1(Γ ) .

With this compact operator C, the G̊arding inequality (8.1.20) takes the
form

Re
(
w, (Λσ

ΓΘΛ−σ
Γ A + C)w

)
∏p

�=1 H(t�−s�)/2(Γ )
≥ β0‖w‖2∏p

�=1 Ht� (Γ ) . (8.1.21)

Remark 8.1.2: As a consequence, any strongly elliptic pseudodifferential
operator or any strongly elliptic system of pseudodifferential operators defines
a Fredholm operator of index zero since for the corresponding bilinear form

a(v, w) := (v, Λσ
ΓΘΛ−σ

Γ Aw)∏℘
�=1 H(t�−s�)/2(Γ )

one may apply Theorem 5.3.10 which means that the classical Fredholm
alternative holds implying dim N (A) = dim N (A∗), hence, index (A) = 0.

8.1.2 Schwartz Kernels on Boundary Manifolds

For the representation of A ∈ Lm(Γ ) in terms of the Schwartz kernel we
consider the local operator Aχr

∈ Lm(Ur) which has the representation

(Aχr
χr∗v)(�′) =

∑

|α|≤m

a(r)
α (�′)(Dα

�′χr∗v)(�′)

+ p.f.
∫

Ur

k(r)(�′, �′ − τ ′)(χr∗v)(τ ′)dτ ′ .
(8.1.22)

with the Schwartz kernel k(r) given in Theorems 6.1.2, 7.1.1 and 7.1.8.
For two charts (Or, Ur, χr) , (Ot, Ut, χt) with Ort = Or ∩ Ot �= ∅ let

Φrt = χt ◦ χ(−1)
r be the associated diffeomorphism from χr(Ort) to χt(Ort).

Then the representation (8.1.22) is transformed into

(Aχt
χt∗v)(τ ′) =

∑

|α|≤m

a(t)
α (τ ′)(Dα

τ ′χt∗v)(τ ′)

+ p.f.
∫

Ut

k(t)(τ ′, τ ′ − λ′)(χt∗v)(λ′)dλ′
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where the kernel k(t)(τ ′, τ ′ − λ′) = k̃(r)(τ ′, τ ′ − λ′)J(λ′) and the coeffi-
cients a

(r)
α (�′) and a

(t)
α (τ ′) transform according to formulae (7.2.3), (7.2.12),

(7.2.19).
As a consequence of (8.1.22), the operator A ∈ Lm(Γ ) now has the rep-

resentations (8.1.15) by substituting (8.1.22) into (8.1.15). The smoothing
operators R1 and R2, respectively, have the representation

Rjv(x) =
∑

r∈I

∫

Ur

KRj

(
x, Tr(�′)

)
(χr∗ϕr)(χr∗v)dsr for j = 1, 2 (8.1.23)

where dsr denotes the surface element of Or ⊂ Γ in terms of the parametric
representation in Ur under Tr.

8.2 Boundary Operators Generated by Domain
Pseudodifferential Operators

We are interested in boundary operators on functions given on Γ , in some n–
dimensional domain that contains Γ in its interior. This amounts to studying
the trace of a pseudodifferential operator A given on some tubular neighbour-
hood of Γ .

In Chapter 3 we introduced the local coordinates (3.3.2) which can be
used to define a special atlas Ã of some spatial tubular neighbourhood of Γ
in IRn. Let (Or, Ur, χr) be any local chart of a finite atlas for Γ with the
parametrization Tr = χ

(−1)
r . Then for every point x ∈ Õr ⊂ IRn where Õr is

an open set containing Or, we define the mapping

x = Ψr(�) := Tr(�′) + �nn(�′) , � = (�′, �n) (8.2.1)

for �′ ∈ Ur ⊂ IRn−1 and �n ∈ (−ε, ε) with ε > 0. Then, as in (3.3.7), Õr =
Ψr

(
Ur × (−ε, ε)

)
⊂ IRn. Note that for a smooth surface Γ and appropriate

ε > 0, the inverse mapping Φr = Ψ
(−1)
r exists,

� = Φr(x) for x ∈ Õr , (8.2.2)

which maps Ω ∩ Õr onto (�′, �n) ∈ Ur × (−ε, 0). The boundary patch Or is
mapped to Ur × {0}, i.e. �n = 0 (see Figure 8.2.1).
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Figure 8.2.1: The tubular neighbourhood of Or

In addition, we call Ω̃ :=
⋃
r∈I

Õr ⊂ IRn a tubular neighbourhood of Γ .

In Chapter 3, for such special mappings, we already discussed the following
relations:

gjk = gkj =
∂Ψ

∂�j
· ∂Ψ

∂�k
, j, k = 1, . . . , n ,

gνµ = (1− �2
nK)γνµ − 2�n(1− �nH)Lνµ , (8.2.3)

gνn = δνn for ν, µ = 1, . . . , n− 1 ,

see (3.4.2), (3.4.21) and (3.4.22). Moreover, we have

ds(�′) =
√
γd�′ , (8.2.4)

see (3.4.16). From (3.4.31), with integration by parts, one obtains

(
∂�

∂n

)k

ϕ = (−1)kΦ∗ 1
√
g

(
∂

∂�n

)k (√
g Φ∗ϕ

)
= (−1)k

1
√
g

(
∂

∂n

)k (√
gϕ

)

for ϕ ∈ C∞(Õr) and any k ∈ IN0.
For the special distribution of the form u⊗ δΓ we also have (see (3.7.1))

Φr∗(u⊗ δΓ ) = (χr∗u)(�′)⊗ δ(�n) . (8.2.5)

If {ϕr}r∈I is the partition of unity (8.1.13) subordinate to the finite atlas
A then it is obvious how to construct a partition of unity {φr}r∈I subordinate
to the atlas (Õr, Ur×(−ε, ε), Φr)r∈I for Ω̃ ∩{|�n| ≤ 1

2} with φr ∈ C∞
0 (Õr) and

∑

r∈I
φr(x) = 1 for all x ∈ Ω̃ with |�n| ≤

1
2
.

Correspondingly, ψr ∈ C∞
0 (Õr) are functions with ψr|suppφr

= 1. Then for
A ∈ Lm

c�(Ω̃) we have

Aw(x) =
∑

r∈I
ψr(x)Φ∗

rAΦr,0Φr∗(φrw) + R2w (8.2.6)
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and for w = u⊗ δΓ we get

A(u⊗ δΓ ) =
∑

r∈I
ψr(x)Φ∗

rAΦr,0

(
(χr∗ϕru)⊗ δ(ηn)

)

+
∑

r∈I

∫

Ur

KR2

(
x, x− Tr(η′)

)
(χr∗ϕru)(η′)ds(η′)

=
∑

r∈I
Φ∗
r(Φr∗ψr)AΦr,0

(
(χr∗ϕru)⊗ δ(ηn)

)

+
∑

r∈I

∫

Ur

KR

(
x, x− Tr(η′)

)
(χr∗ϕru)(η′)ds(η′)

(8.2.7)

where the symbol of AΦr,0 is a
(
�; (ξ′, ξn)

)
with ξ = (ξ′, ξn) and ξ′ ∈

IRn−1. Hence, we need to characterize the composition of AΦr,0 ∈ OPSm
(
Ur × (−ε, ε), IRn

)
with distributions of the form v(�′)⊗ δ(�n).

In order to discuss surface potentials supported by Γ we begin with the
special case when Γ = IRn−1 in the parametric domain. The surface potential
operators are also called Poisson operators in Boutet de Monvel’s theory
[19, 20, 21] and Grubb [110].

8.3 Surface Potentials on the Plane IRn−1

According to the representation (8.2.7), a typical term of the pseudodiffer-
ential operator in the half space in terms of local coordinates in the domain
Õr belonging to the chart (Or, Ur, χr) where Ur ⊂ IRn−1corresponds to Γ , is
given by

(
AΦr,0v ⊗ δ(�n)

)
(�) =

∑

|α′|≤m

aα′(�)Dα′
v(�′) +

∫

IRn−1

k(�, �−
(
η′, 0)

)
v(η′)dη′

for � = (�′, �n) with �n �= 0 . (8.3.1)

Here α = (α′, 0) ∈ INn
0 are the multi–indices corresponding to the tangential

derivatives, v = χr∗ϕru ∈ C∞
0 (Ur), and k ∈ Ψhκ(Ũr) is the Schwartz kernel

of the pseudodifferential operator AΦr,0 ∈ Lm
c�(Ũr) where Ũr = Ur×(−ε, ε) =

Ψr(Õr). In (8.3.1), the operator defined by

Q̃v(�) =
∫

IRn−1

k
(
�, �− (η′, 0)

)
v(η′)dη′ (8.3.2)

gives a surface potential supported by the plane �n = 0 which is also called
Poisson operator due to Boutet de Monvel [21].

As a consequence of Theorems 7.1.1 and 7.1.8, the Schwartz kernel of
AΦr,0 admits an asymptotic expansion
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k(�, �− η) ∼
∑

j≥0

kκ+j(�, �− η) ,

and hence, due to (7.1.2),

Q̃v(�) =
∑

0≤j≤J

∫

IRn−1

kκ+j

(
�, �− (η′, 0)

)
v(η′)dη′

+
∫

IRn−1

kR
(
�, �− (η′, 0)

)
v(η′)dη′ ,

(8.3.3)

where kR ∈ Cκ+j+J−δ(Ũr× Ũr). Clearly, Q̃v ∈ C∞(Ũr \{�n = 0}). However,
for �n → 0, the limit of Q̃v(�′, �n) might not exist, in general. In fact, if the
limit exists and even defines a C∞ function on Ur× [0, ε) and on Ur× (−ε, 0]
then AΦr,0 is said to satisfy the transmission condition (see Boutet de Monvel
[19, 20, 21] and Hörmander [131, Definition 18.2.13]). In the following we
now shall investigate these limits in terms of the pseudohomogeneous kernel
expansion since these are explicitly given by the boundary integral operators
in applications.

We first consider the limits of the typical terms in (8.3.3), i.e.,
∫

IRn−1

kκ+j

(
�, �− (η′, 0)

)
v(�′)dη′ ,

since the remaining integral in (8.3.3) with a continuous kernel kR has al-
ways a limit and is continuous across �n = 0. The kernels kκ+j satisfy the
inequalities

|kκ+j(�, �− η)| ≤ c

|�− η|m+n−j

and

|Dβ
�D

α
z k(�, z)| ≤ cαβ |z|j−m−n−|α| for κ + j < 0 and for κ + j �∈ IN0

and

|kκ+j(�, �, η)| ≤ c

|�− η|m+n−j
(1 + | log |x− y||) ,

|Dβ
�D

α
z k(�, z)| ≤ cα,β |z|j−m−n−|α|(1 + | log |x− y||) if κ + j ∈ IN0 .

Therefore, we shall distinguish two cases: m− j + 1 < 0 and m− j + 1 ≥ 0.
We begin with the simple case where m − j + 1 < 0. Here, the kernels

satisfy
|kκ+j

(
�, �− (η′, 0)

)
| ≤ c

(�2
n + |�′ − η′|2)(m+n−j)/2

and depend on its first argument continuously. Therefore, for �n = 0, we
obtain surface integrals whose kernels are at most weakly singular. Conse-
quently, in this case we have continuous limits across �n = 0 and
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lim
�n→0

∫

IRn−1

kκ+j

(
�, �− (η′, 0)

)
v(η′)dη′=

∫

IRn−1

kκ+j

(
(�, 0) , (�′ − η′, 0)

)
v(η′)dη′ .

(8.3.4)
Therefore, we can choose J = [m + 1] in (8.3.3).

For the remaining case m− j + 1 ≥ 0, the limits will generally not exist.
We begin with the investigation by using a regularization procedure on Ur,
namely

∫

IRn−1

kκ+j

(
�, �− (η′, 0)

)
v(η′)dη′ =

∫

IRn−1

kκ+j(1− ψ)vdη′

+
∫

IRn−1

kκ+j

(
�, �− (η′, 0)

){
v(η′)−

[m−j+1]∑

|α|=0

1
α!D

α
�′v(�′)(η′ − �′)α

}
ψ(|η′ − �′|)dη′

+
[m−j+1]∑

|α|=0

1
α!D

α
�′v(�′)

(
p.f.

∫

IRn−1

kκ+j

(
(�′, 0) ; (�′ − η′, 0)

)
(η′ − �′)αψdη′

)

+
[m−j+1]∑

|α|=0

1
α!I(�, κ + j, α)Dα

�′v(�′) .

Here, α = (α1, . . . , αn−1) ∈ INn−1
0 is a multi–index and the coefficients are

defined by

I(�, κ + j, α) := p.f.
∫

IRn−1

(
kκ+j(�, �− (η′, 0)

)
− kκ+j

(
(�′, 0) , (�′ − η′, 0)

))
×

×(η′ − �′)αψ(|η′ − �′|)dη′ ,

where we tacitly have used the C∞
0 cut–off function ψ(t) to guarantee the

compact support of the integrand. Here ψ has the properties ψ(t) = 1 for
0 ≤ t ≤ c0 , ψ(t) = 0 for 2c0 ≤ t and 0 ≤ ψ ≤ 1 for all t ≥ 0.

To investigate the limits of I, we use polar coordinates η′ − �′ = tΘ′ ∈
IRn−1 and 0 ≤ t ∈ IR with |Θ′| = 1. Then

I(�, κ + j, α) =

2c0∫

c0

∫

|Θ′|=1

{
kκ+j(�nn + �′ ; �nn− tΘ′)

− kκ+j

(
(�′, 0) ; (−tΘ′, 0)

)}
Θ′αdω(Θ′)t|α|+n−2ψ(t)dt

+ Ĩ(�, κ + j, α) , (8.3.5)

where Ĩ is defined by
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Ĩ((�, κ + j, α) :=

c0∫

t=0

∫

|Θ′|=1

kκ+j(�nn + �′; �nn− tΘ′)Θ′αdω(Θ′)t|α|+n−2dt

− p.f.

c0∫

t=0

∫

|Θ′|=1

kκ+j

(
(�′, 0) ; (−Θ′, 0)

)
Θ′αdω(Θ′)t|α|+j−m−2dt

where the homogeneity property of kκ+j has been employed in the second
integral.

In the limit �n → 0 we see that the first integral in the right–hand side
of (8.3.5) vanishes and

lim
�n→0

Q̃v(�) = p.f.
∫

IRn−1

k
(
(�′, 0) ; (�′ − η′, 0)

)
v(η′)dη′

+ lim
�n→0

[m+1]∑

j=0

[m−j+1]∑

|α|=0

1
α! Ĩ(�, κ + j, α)Dα

�′v(�′) .

Hence, this limit exists for every v ∈ D(Ur) if and only if the limits

lim
�n→0

[m+1]∑

j=0

Ĩ(�, κ + j, α) for every α ∈ INn−1
0 with 0 ≤ |α| ≤ [m + 1]

(8.3.6)
exist.

Lemma 8.3.1. i) For 0 < m − j + 1 �∈ IN the limits in (8.3.6) exist if and
only if for every multi–index α ∈ INn−1

0 with 0 ≤ |α| ≤ [m+1] the following
extension conditions are satisfied:

For each ν = 0, . . . , [m + 1] :
[m+1]−|α|−ν∑

j=0

(−1)�

�!
d±(�′, κ + j, α, �) = 0 , (8.3.7)

where � = [m + 1] − |α| − ν − j ≥ 0. If the conditions (8.3.7) are satisfied
then

lim
�n→0±

[m+1]∑

j=0

Ĩ(�, κ + j, α) = 0 .

ii) For m − j + 1 ∈ IN0, the limits in (8.3.6) exist if and only if for every
α with 0 ≤ |α| < m − j + 1 the extension conditions (8.3.7) for each
ν = 1, . . . ,m + 1 are satisfied together with the Tricomi conditions

∫

|Θ′|=1

kκ+j

(
(�′, 0) ; (−Θ′, 0)

)
Θ′αdω(Θ′) = 0 for |α| = m−j+1 . (8.3.8)
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If the conditions (8.3.7) and (8.3.8) are fulfilled then

lim
�n→0±

[m+1]∑

j=0

Ĩ(�, κ + j, α) =
m+1−|α|∑

j=0

(−1)�

�!
d±(�′, κ + j, α, �) , (8.3.9)

where � = m + 1− |α| − j.
Here, in i) and ii), for all |α| ≤ [m− j + 1] and 0 ≤ � ≤ [m− j + 1]− |α|,
the coefficients d± are defined by

d±(�′, κ + j, α, �) := (8.3.10)
1∫

0

√
1 + τ2

κ+j{
τ |α|+n−2

∫

|Θ′|=1

k
(�)
κ+j

(
(�′, 0) ;

±n− τΘ′
√

1 + τ2

)
Θ′αdω(Θ′)

+ τm−j−|α|
∫

|Θ′|=1

k
(�)
κ+j

(
(�′, 0) ;

±τn−Θ′
√

1 + τ2

)
Θ′αdω(Θ′)

}
dτ

where
k

(�)
κ+j(�, z) :=

(
n(�′) · ∇�

)�
kκ+j(�; z) .

Remarks 8.3.1: The ± signs indicate the one–sided limits from �n > 0 and
�n < 0 corresponding to the limits from Ωc and Ω, respectively. In general,
the limits from both sides may not necessarily exist simultaneously. Note that
for m + 1 ∈ IN0 and |α| = m − j + 1, the second integral in (8.3.10) exists
if and only if the Tricomi condition (8.3.8) holds whereas the coefficients d±

are well defined otherwise.

Proof: From the definition of Ĩ in (8.3.4), Taylor expansion of kκ+j about
�n = 0 in the first argument and the definition of finite part integrals, we see
that

Ĩ(�, κ + j, α) =
[m−j+1]−|α|∑

�=0

1
�!�

�
n

c0∫

0

∫

|Θ′|=1

k
(�)
κ+j

(
(�′, 0) ; �nn− tΘ′)Θ′αdω(Θ′)t|α|+n−2dt

+ 1
(R+1)!�

R+1
n

c0∫

0

∫

|Θ′|=1

k
(R)
κ+j(�

′, �n ; �nn− tΘ′)Θ′αdω(Θ′)t|α|+n−2dt

− Pf (�′, κ + j,m− j + 1, α) ,

where k
(R)
κ+j denotes the remainder term, R = [m− j + 2]− |α| and
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Pf (�′, κ + j,m− j + 1, α) =
∫

|Θ′|=1

kκ+j

(
(�′, 0) ; (−Θ′, 0)

)
Θ′αdω(Θ′)×

×
{

1
(|α|+j−m−1)c

|α|+j−m−1
0 for m− j + 1− |α| �= 0,

ln c0 for |α| = m− j + 1 .

Now, by using the homogeneity of k(�)
κ+j and the new variable t

|�n| = t′ we
obtain

Ĩ =
[m−j+1]−|α|∑

�=0

(−1)�|�n|�+j−m+|α|−1 ×

× 1
�!

{ c0/|�n|∫

t′=0

∫

|Θ′|=1

k
(�)
κ+j

(
(�′, 0) ; ±n− t′Θ′)Θ′αdω(Θ′)t′|α|+n−2dt′

}

+ (−1)R+1|�n|[m+1]−m ×

× 1
(R + 1)!

c0/|�n|∫

t′=0

∫

|Θ′|=1

k
(R)
κ+j(�

′, �n;±n− t′Θ′)Θ′αdω(Θ′)t′|α|+n−2dt′

− Pf (�′, κ + j,m− j + 1, α) .

Next, for |�n| < c0, we split the interval of integration into 0 ≤ t′ ≤ 1 and
1 ≤ t′ =: 1

τ ≤
c0
|�n| . This leads to

Ĩ =
[m−j+1]−|α|∑

�=0

(−1)�|�n|�+j−m+|α|−1× (8.3.11)

× 1
�!

{ 1∫

τ=0

∫

|Θ′|=1

k
(�)
κ+j

(
(�′, 0) ;

±n− τΘ′
√

1 + τ2

)√
1 + τ2

κ+j
Θ′αdω(Θ′)τ |α|+n−2dτ

+

1∫

|
n|
c0

∫

|Θ′|=1

k
(�)
κ+j

(
(�′, 0) ;

±τn−Θ′
√

1 + τ2

)√
1 + τ2

κ+j
Θ′αdω(Θ′)τm−j−|α|dτ

}

− Pf (�′, κ + j,m− j + 1, α) + |�n|[m+1]−mC(R) ,

where
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C(R) = − (−1)R

(R + 1)!

{ 1∫

τ=0

∫

|Θ′|=1

k
(R)
κ+j

(
�′, �n ;

±n− τΘ′
√

1 + τ2

)
×

×
√

1 + τ2
κ+j

Θ′αdω(Θ′)τ |α|+n−2dτ

+

1∫

|
n|
c0

∫

|Θ′|=1

k
(R)
κ+j

(
�′, �n ;

±τn−Θ′
√

1 + τ2

)√
1 + τ2

κ+j
Θ′αdω(Θ′)τm−j−|α|dτ

}

with R = [m− j + 2]− |α|.
Let us first complete the proof for the special case i) where 0 < m−j+1 �∈

IN. From (8.3.11) we see that

Ĩ = |�n|−(m−j+1−|α|)
{
d±(�′, κ + j, α, 0) (8.3.12)

−

|
n|
c0∫

0

∫

|Θ′|=1

kκ+j

(
(�′, 0) ; ±τn−Θ′)Θ′αdω(Θ′)τm−j−|α|dτ

}

− c
|α|+j−m−1
0

|α|+ j −m− 1

∫

|Θ′|=1

kκ+j

(
(�′, 0) ; (−Θ′, 0)

)
Θ′αdω(Θ′)

+
[m−j+1]−|α|∑

1≤�

(−1)�|�n|�−(m−j+1−|α|) 1
�!

{
d±(�′, κ + j, α, �)

−

|
n|
c0∫

0

∫

|Θ′|=1

k
(�)
κ+j

(
(�′, 0) ; ±τn−Θ′)Θ′αdω(Θ′)τm−j−|α|dτ

}

+O(|�n|[m+1]−m) ,

since in the remainder integrals n ≥ 2 and |α| < m + 1 − j, hence C(R) is
bounded.

In the first integral on the right–hand side we apply the Taylor formula
to kκ+j

(
(�′, 0) ; ±τn−Θ′) with respect to τ about 0 which yields
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−

|
n|
c0∫

0

∫

|Θ′|=1

kκ+j

(
(�′, 0) ; ±τn−Θ′)Θ′αdω(Θ′)τ−|α|+m−jdτ

= −

|
n|
c0∫

0

∫

|Θ′|=1

kκ+j

(
(�′, 0) ; (−Θ′, 0)

)
Θ′αdω(Θ′)τ−|α|+m−jdτ

+O(|�n|m−j+2−|α|)

=
c
|α|+j−m−1
0

|α|+ j −m− 1

∫

|Θ′|=1

kκ+j

(
(�′, 0) ; (−Θ′, 0)

)
Θ′αdω(Θ′)|�n|m−j+1−|α|

+O(|�n|m−j+2−|α|) .

Moreover, for the last integrals on the right–hand side of (8.3.12) we obtain

|
n|
c0∫

0

∫

|Θ′|=1

k
(�)
κ+j

(
(�′, 0) ; ±τn−Θ′)Θ′αdω(Θ′)τ−|α|+m−jdτ = O(|�n|m−j−|α|+1) .

So,

Ĩ =
[m−j+1]−|α|∑

�=0

(−1)�

�! |�n|�−(m−j+1−|α|)d±(�′, κ + j, α, �) + O(|�n|[m+1]−m) .

(8.3.13)
Hence,

[m+1]∑

j=0

Ĩ(�, κ + j, α)

=
[m+1]∑

j=0

[m−j+1]−|α|∑

�=0

(−1)
�!

�
|�n|�−(m+1−j−|α|)d±(�′, κ + j, α, �)

+ O(|�n|[m+1]−m)

=
[m+1]−|α|∑

ν=0

|�n|−ν+[m+1]−(m+1)

[m+1]−|α|−ν∑

j=0

(−1)
�!

�
d±(�′, κ + j, α, �)

+ O(|�n|[m+1]−m)

where � = [m + 1]− |α| − ν − j.
For any given α ∈ INn−1

0 with 0 ≤ |α| ≤ [m + 1], the limit of∑[m+1]
j=0 Ĩ(�, κ+j, α) exists as |�n| → 0 if and only if for each ν = 0, . . . , [m+1],

the coefficient of |�n|−ν−(m+1)+[m+1] vanishes.
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In the case ii) where m − j + 1 ∈ IN0, we can treat all the terms of Ĩ in
(8.3.11) in the same manner as in the case i) except for � = m− j − |α|+ 1.

If |α| ≤ m− j, we again find

Ĩ(�, κ + j, α) =
m−j−|α|∑

�=0

(−1)�

�!
|�n|�−(m−j+1−|α|)d±(�′, κ + j, α, �)

+
(−1)m−j+1−|α|

(m− j + 1− |α|)!d
±(�′, κ + j, α,m− j + 1− |α|)

+ O(|�n ln |�n||) . (8.3.14)

If |α| = m− j + 1 then (8.3.11) reduces to one term in the sum, i.e.,

Ĩ(�, κ + j, α)

=

1∫

τ=0

∫

|Θ′|=1

kκ+j

(
(�′, 0) ;

±n− τΘ′
√

1 + τ2

)√
1 + τ2

κ+j
Θ′αdω(Θ′)τ |α|+n−2dτ

+

1∫

|
n|
c0

∫

|Θ′|=1

kκ+j

(
(�′, 0) ;

±τn−Θ′
√

1 + τ2

)√
1 + τ2

κ+j
Θ′αdω(Θ′)τ−1dτ

+ O(|�n ln |�n||)− Pf (�′, κ + j, |α|, α) .

Now we use a one term Taylor expansion of kκ+j

(
(�′, 0) ; ±τn−Θ′) about

τ = 0 and obtain

Ĩ(�, κ + j, α)

=

1∫

0

∫

|Θ′|=1

kκ+j

(
(�′, 0) ;

±n− τΘ′
√

1 + τ2

)√
1 + τ2

κ+j
Θ′αdω(Θ′)τ |α|+n−2dτ

+
(

ln
c0
|�n|

) ∫

|Θ′|=1

kκ+j

(
(�′, 0) ; (−Θ′, 0)

)
Θ′αdω(Θ′)

+

1∫

0

∫

|Θ′|=1

{ ∂

∂t
kκ+j

(
(�′, 0) ; ±tn−Θ′)}|t=ϑτΘ

′αdω(Θ′)dτ

−Pf (�′, κ + j, |α|, α) + O(|�n ln |�n||)

where 0 < ϑ < 1.
Clearly, the limit lim

�n→0
Ĩ(�, κ + j, α) exists if and only if the Tricomi con-

dition ∫

Θ′|=1

kκ+j

(
(�′, 0) ; (−Θ′, 0)

)
Θ′αdω(Θ′) = 0
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is satisfied. If this is the case then Pf (�′, κ+ j, |α|, α) = 0 for |α| = m− j +1.
Moreover, then the integrals defining d±(�′, κ+j, α, 0) given by (8.3.10) exist
in this case and

Ĩ(�, κ + j, α) = d±(�′, κ + j, α, 0) + O(|�n ln |�n||) .

�

As a consequence of Lemma 8.3.1, we have the following main result for
the surface potentials on the plane.

Theorem 8.3.2. Let AΦr,0 ∈ Lm
c�(Ũr) and Q̃ be the associated integral oper-

ator defined by (8.3.2). Then, for m < −1, the operator Q̃ has a continuous
extension to �n ≤ 0. For m > −1 and m + 1 �∈ IN0 , Q̃v(�) has a continuous
extension to �n ≤ 0 if and only if for all j ∈ IN0 with 0 ≤ j ≤ m + 1 and
every multi–index α ∈ INn−1

0 with 0 ≤ |α| < m + 1, the extension conditions

[m+1]−|α|−j−ν∑

j=0

(−1)
�!

�
d−(�′, κ + j, α, �) = 0 for each ν = 0, . . . , [m + 1]

(8.3.15)

(cf. (8.3.7)) hold, where � = [m + 1]− |α| − j − ν. If the limit exists, then

lim
0>�n→0

Q̃v(�) = Qv(�′) = p.f.
∫

IRn−1

k
(
(�′, 0) ; (�′ − η′, 0)

)
v(η′)dη′ (8.3.16)

and it defines on Ur ⊂ IRn−1 a pseudodifferential operator Q ∈ Lm+1
c� (Ur)

with the Schwartz kernel of AΦr,0,

k
(
(�′, 0) ; (�′ − η′, 0)

)
∈ Ψhkm+1

having the pseudohomogeneous expansion

k
(
(�′, 0) ; (�′ − η′, 0)

)
∼

∑

j≥0

kκ+j

(
(�′, 0) ; (�′ − η′, 0)

)
. (8.3.17)

Moreover, the finite part operator in (8.3.16) is invariant under the change
of coordinates in Ur.

If m ≥ −1 and m + 1 ∈ IN0, then Q̃v(�) has a continuous extension to
�n ≤ 0 if and only if in addition to the extension conditions (8.3.15) for each
ν = 1, . . . ,m + 1 also the Tricomi conditions

∫

|Θ′|=1

kκ+j

(
(�′, 0) ; (−Θ′, 0)

)
Θ′αdω(Θ′) = 0 for all α with |α| = m− j + 1

(8.3.18)

are satisfied where Θ′ ∈ IRn−1. In the latter case, the limit is given by
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Qv(�′) = p.f.
∫

IRn−1

k
(
(�′, 0) ; (�′ − η′, 0)

)
v(η′)dη′ − T v(�′) , (8.3.19)

where T is the tangential differential operator

T v(�′) =
∑

0≤|α|≤m+1

m+1−|α|∑

j=0

(−1)m−j−|α|

(m− j + 1− |α|)!×

× d−(�′, κ + j, α,m + 1− j − |α|) 1
α!D

α
�′v(�′) (8.3.20)

and, again, Q ∈ Lm+1
c� (Ur).

Proof: It only remains to show that for m+1 �∈ IN0, the finite part integral
operator Q is invariant under the change of coordinates on Ur ⊂ IRn−1. This
fact follows from an application of Theorem 7.2.2 together with Lemma 7.2.4
to this operator. In view of Lemma 8.3.1 we then only need to show that the
limit Q ∈ Lm+1

c� (Ur). The latter is a consequence of the pseudohomogeneous
expansion (8.3.17), where

k−n−m+j

(
(�′, 0) ; (�′ − η′, 0)

)
= k−(n−1)−(m+1)+j

(
(�′, 0) ; (�′ − η′, 0)

)
.

For m+1 ∈ IN0, the Tricomi conditions (8.3.18) are satisfied due to Theorem
7.1.8 (with (7.1.61) and n replaced by (n − 1)), and again the fact that the
Schwartz kernel has the pseudohomogeneous asymptotic expansion (8.3.17).
Consequently, Q ∈ Lm+1

c� (Ur) also in this case. �

We remark that Theorem 8.3.2 holds for �n ≥ 0 correspondingly if d− is
replaced by d+ in (8.3.15) and (8.3.20) whereas (8.3.19) changes slightly. In
this case, we denote by Qc the corresponding pseudodifferential operator;

Qcv(�′) = lim
0<�n→0

Q̃v(�) = p.f.
∫

IRn−1

k
(
(�′, 0) ; (�′−η′, 0)

)
v(η′)dη′+Tcv(�′) ,

(8.3.21)
where Tc is the tangential operator

Tcv(�′) :=
∑

0≤|α|≤m+1

m+1−|α|∑

j=1

(−1)m−j−|α|+1

(m− j − |α|+ 1)!
×

× d+(�′, κ + j, α,m + 1− j − |α|) 1
α!

Dα
�′v(�′) .

We comment that for m + 1 ∈ IN0, the finite part integral operator in
(8.3.19) and in (8.3.21) are in general not invariant under the change of
coordinates in Ur.

Note that we claim in Theorem 8.3.2 only the continuous extension of Q̃
up to �n = 0 whereas it is not yet clear when this extension is in C∞ up to
�n = 0 as is required for the transmission condition.
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For the derivatives with respect to �′, however, we shall only need more
extension conditions.

Corollary 8.3.3. Let Q̃ possess a continuous limit for �n → 0−. Then also
the limits

lim
�n→0−

( ∂

∂�j
Q̃v

)
(�) = D�j

◦Qv(�′) for j = 1, . . . , n− 1 (8.3.22)

exist and equal the pseudodifferential operators D�j
◦ Q ∈ Lm+2

c� (Γ ) on the
plane �n = 0. They have the representations

D�j
◦Qv(�′) = p.f.

∫

IRn−1

{ ∂

∂�j
k
(
(�′, 0) ; (�′ − η′), 0

)}
v(η′)dη′ −D�j

T v(�′) ,

(8.3.23)

where for m + 1 �∈ IN0 we set T = 0.

Clearly, this Corollary holds also for �n → 0+ and Qc, correspondingly.

Proof: Let �n < 0. Then, for k = 1, . . . , n − 1 one has with integration by
parts

[m+1]∑

j=0

∂

∂�k

∫

IRn−1

kκ+j

(
�; (�′ − η′, �n)

)
v(η′)dη′

+
∫

IRn−1

∂

∂�k
kR

(
�; (�′ − η′, �n)

)
v(η′)dη′

=
m+1∑

j=0

∫

IRn−1

{∂kκ+j

∂�k

(
�; (z′, �n)

)}
|z′=�′−η′v(η′)dη′

+
∫

IRn−1

∂

∂�k
kR

(
�; (z′, �n)

)
|z′=�′−η′v(η′)dη′ + Q̃

( ∂v

∂ηk

)
(�) .

The limit of the second term exists and becomes the operator Q ◦Dη ∈
Lm+2
c� (Ur) since ∂v

∂η ∈ C∞
0 . The limit of the first term,

lim
�n→0

m+1∑

j=0

∫

IRn−1

{∂kκ+j

∂�k

(
(�′, �n) ; (z′, �n)

)}
|z′=�′−η′v(η′)dη′

exists since, for �′ ∈ Ur,

∂

∂�k

{ [m+1]−|α|−ν∑

j=0

(−1)
�!

�

d−(�′, κ + j, α, �)
}

= 0
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by differentiation of (8.3.15). For m + 1 ∈ IN0, the corresponding Tricomi
conditions are also satisfied by differentiation of (8.3.18) with respect to �′k
if 0 < k < n. Hence, for the limit we obtain by again using integration by
parts,

lim
�n→0−

( ∂

∂�k
Q̃v(�)

)
= p.f.

∫

IRn−1

{ ∂

∂�k
k
(
(�′, 0) ; (z′, 0)

)}
|z′=�′−η′v(η′)dη′

+ p.f.
∫

IRn−1

k
(
(�′, 0) ; (�′ − η′, 0)

) ∂v

∂ηk
(η′)dη′

−
∑

0≤|α|≤m+1

m+1−|α|∑

j=0

(−1)m−j−|α|

(m− j − |α|+ 1)!
( ∂

∂�k
d−(�′, κ + j, α,m + 1− j − |α|)

)
Dα

�′v(�′)− T ∂

∂�k
v(�′)

= p.f.
∫

IRn−1

{ ∂

∂�k
k
(
(�′, 0) ; (�′ − η′, 0)

)}
v(η′)dη′ − ∂

∂�k
T v(�′)

which shows (8.3.20). �

Now let us consider the derivative with respect to �n. In this case for
�n < 0, we have

( ∂

∂�n
Q̃v

)
(�) =

[m+1]+1∑

j=0

∫

IRn−1

∂

∂�n
kκ+j

(
�; �− (η′, 0)

)
v(η′)dη′

+
∫

IRn−1

∂

∂�n
kR

(
�; �− (η′, 0)

)
v(η′)dη′

=
[m+1]+1∑

j=0

∫

IRn−1

(
n(�′) · ∇�kκ+j(�, z)

)
|z=�−(η′,0)v(η′)dη′

+
[m+1]+1∑

j=0

∫

IRn−1

(
n(�′) · ∇zkκ+j(�, z)

)
|z=�−(η′,0)v(η′)dη′

+
∫

IRn−1

∂

∂�n
kR

(
�; �− (η′, 0)

)
v(η′)dη′

=: Q̃1v(�) + Q̃2v(�) + Q̃3v(�) . (8.3.24)

The operator Q̃1 with the Schwartz kernel
∑[m+1]+1

j=0 n(�′) · ∇�kκ+j(�; z) is
a sum of pseudodifferential operators in Lm−j

c� (Ũr), while the operator Q̃2

is a sum of pseudodifferential operators in Lm−j+1
c� (Ũr) and has the kernel
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∑[m+1]+1
j=0 n(�′)·∇zkκ+j(�; z). For the limit as �n → 0−, we perform the same

calculations as in the proof of Lemma 8.3.1 and obtain

lim
�n→0−

( ∂

∂�n
Q̃v

)
(�)

= p.f.
[m+1]+1∑

j=0

∫

IRn−1

k
(1)
κ+j

(
(�′, 0) ; (�′ − η′, 0)

)
v(η′)dη′

+ p.f.
[m+1]+1∑

j=0

∫

IRn−1

k2,κ+j−1

(
(�′, 0) ; (�′ − η′, 0)

)
v(η′)dη′

+ lim
�n→0−

[m+1]+1∑

j=0

[ [m−j+1]∑

|α|=0

1
α!

Dα
�′v(�′)×

×
{
|�n|−(m−j+1−|α|)

[m−j+1]−|α|∑

�=0

(−1)�

�!
d−(�′, κ + j, α, � + 1)

}

+
[m−j+2]∑

|α|=0

1
α!

Dα
�′v(�′)×

×
{
|�n|−(m−j+2−|α|)

[m−j+2]−|α|∑

�=0

(−1)�

�!
d(2)−(�′, κ + j − 1, α, �)

}]

for all v ∈ C∞
0 (Ur). Here we have denoted by d(2) the coefficients as in (8.3.10)

for the operator Q̃2.
From this calculation, we see that as �n → 0 the limit of ∂

∂�n
Q̃v exists

for every v if and only if the limits of both operators Q̃1 and Q̃2 exist in-
dependently, since the coefficients of Dα

�′v(�′) are of different orders, namely
|�n|−(m−j+1−|α|) and |�n|−(m−j+2−|α|).

Corollary 8.3.4. Under the assumptions of Theorem 8.3.2, for m > −1 and
m + 1 �∈ IN0, the limit

lim
�n→0−

(
∂

∂�n
Q̃v

)
(�) = lim

�n→0−
(Q̃1v)(�) + lim

�n→0−
(Q̃2v)(�)

+
∑

IRn−1

( ∂

∂�n
kR

)(
(�′, 0) ; (�′ − η′, 0)

)
v(η′)dη′

exists if and only if the first two limits on the right–hand side exist separately,
where Q̃1 and Q̃2 are defined in (8.3.24). Moreover, the extension conditions
for Q̃1 now read:
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For each ν = 0, . . . , [m + 1] :
[m+1]−|α|−ν∑

j=0

(−1)�

�!
d−(�′, κ + j, α, � + 1) = 0 , (8.3.25)

where � = [m + 1]− |α| − j − ν for all α ∈ INn−1
0 with 0 ≤ |α| < m + 1.

For Q̃2 which has the pseudohomogeneous asymptotic expansion
∑

j≥0

k2,κ+j−1(�; z) :=
∑

j≥0

n(�′) · ∇zkκ+j(�; z) ,

the extension conditions are:

For each ν = 0, . . . , [m + 2] :
[m+2]−|α|−ν∑

j=0

(−1)�

�!
d−2 (�′, κ + j − 1, α, �) = 0 , (8.3.26)

where � = [m + 2]− |α| − j − ν, for all α ∈ INn−1
0 with 0 ≤ |α| < m− j + 2,

where the coefficients d−2 are given by (8.3.10), correspondingly.

Proof: From the previous discussion, we now consider Q̃1 and Q̃2 sepa-
rately. The operator Q̃1 has the Schwartz kernel n(�′) · ∇�k(�; z) with the
pseudohomogeneous expansion

∑

j≥0

(
n(�′) · ∇�

)
kκ+j(�; z) =

∑

j≥0

k
(1)
κ+j(�; z) .

Applying Theorem 8.3.2 to Q̃1, we have the desired result for Q̃1. For Q̃2,
which has the Schwartz kernel n(�′)·∇zk(�; z), we again apply Theorem 8.3.2
to obtain the desired result. �

In the case m + 2 ∈ IN0, the extension conditions (8.3.25) must be satisfied
for ν = 1, . . . ,m + 2. In addition, one needs the Tricomi conditions

∫

|Θ′|=1

k
(1)
κ+j

(
(�′, 0) ; (−Θ′, 0)

)
Θ′αdω(Θ′) = 0 for |α| = m− j + 1

and
∫

|Θ′|=1

k2,κ+j−1

(
(�′, 0) ; (−Θ′, 0)

)
Θ′αdω(Θ′) = 0 for |α| = m− j + 2 .

We again remark that for �n → 0+, one can see that the same arguments
carry over and, consequently, the Corollary 8.3.4 holds for this case as well.

For higher order derivatives with respect to �n, it is clear that we need
to apply Corollary 8.3.4 repeatedly. This means, in each step we will have to
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apply a relation like (8.3.24) to the corresponding higher–order derivatives,
and more extension conditions will be needed depending on the order of the
derivatives.

We recall that for m + 1 �∈ IN0, in Theorem 8.3.2 the finite part inte-
gral operators Q and Qc are invariant under the change of coordinates on
Ur ⊂ IRn−1. This fact follows from an application of Theorem 7.2.2 together
with Lemma 7.2.4 to these operators. In order to have the same invariance
properties also for the cases m + 1 ∈ IN0, we consider now the subclass of
operators AΦr,0 ∈ Lm

c�(Ũr) whose asymptotic kernel expansions satisfy the
parity conditions (7.2.35) with σ0 = 0, i.e.,

kκ+j(�; η − �) = (−1)m−jkκ+j(�; �− η) for 0 ≤ j ≤ m + 1 . (8.3.27)

In view of Theorem 7.2.6, this condition implies that the finite part inte-
gral (8.3.16) is now also invariant under the change of coordinates since n is
to be replaced by (n− 1) and m by m + 1 in (7.2.31).

Lemma 8.3.5. Let AΦr,0 ∈ Lm
c�(Ũr) with m + 1 ∈ IN0. Let the asymptotic

kernel expansion of AΦr,0 satisfy the special parity conditions (8.3.27). Then
the Tricomi conditions (8.3.18) are satisfied.

Proof: The parity conditions (8.3.27) imply with Θ̃′ = −Θ′,
∫

|Θ′|=1

kκ+j

(
�; (−Θ′, 0)

)
Θ′αdω

=
∫

|Θ′|=1

kκ+j

(
�; (Θ′, 0)

)
Θ′αdω(−1)m−j

=
∫

|Θ̃′|=1

kκ+j

(
�; (−Θ̃′, 0)

)
Θ̃′αdω(−1)m−j+|α|

= −
∫

|Θ̃′|=1

kκ+j

(
�; (−Θ̃′, 0)

)
Θ̃′αdω for |α| = m− j + 1 .

Hence,
∫

|Θ′|=1

kκ+j

(
�; (−Θ′, 0)

)
Θ′αdω = 0 for |α| = m− j + 1 .

�

Theorem 8.3.6. Let AΦr,0 ∈ Lm
c�(Ũr) with m + 1 ∈ IN0 satisfy the special

parity conditions (8.3.27) in addition to the extension conditions (8.3.15) for
ν = 1, . . . ,m + 1. Let Λ : U ′

r → Ur be a coordinate transform in IRn−1.
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Then the finite part integral operator in (8.3.19) has the following invariance
property:

p.f.
∫

IRn−1

k
(
(�′, 0) ; (�′ − η′, 0)

)
v(η′)dη′

= p.f.
∫

IRn−1

k̃(�
′′

; �′′ − η′′)ṽ(η′′)J(η′′)dη′′ (8.3.28)

where k̃(�
′′
, �′′− η′′) = k

((
Λ(�′′), 0

)
; (Λ(�′′)−Λ(η′′), 0)

)
, ṽ(η′′) = v

(
Λ(η′′)

)

and J(η′′) = det
(

∂Λ
∂η′′

)
.

Remark 8.3.2: This theorem is of particular importance for boundary in-
tegral operators from the computational point of view since these finite part
integrals in (8.3.28) can be calculated by using appropriate transformations of
boundary elements to canonical representations. We shall return to this topic
when we discuss a special class of operators having symbols of the rational
type.

Proof: Here we use the representation of the finite part integral in terms of
the pseudohomogeneous expansion of the Schwartz kernel of AΦr,0 which is
also pseudohomogeneous with respect to (�′ − η′) in

p.f.
∫

IRn−1

k
(
(�′, 0) ; (�′ − η′, 0)

)
v(η′)dη′

=
m+1∑

j=0

∫

IRn−1

kκ+j

(
(�′, 0) ; (�′ − η′, 0)

)
v(η′)dη′

+
∫

IRn−1

kR
(
(�′, 0) ; (�′ − η′, 0)

)
v(η′)dη′ .

Then we apply Theorem 7.2.6 to the (n− 1)–dimensional finite part integral
operators

p.f.
∫

IRn−1

kκ+j

(
(�′, 0) ; (�′ − η′, 0)

)
v(η′)dη′

for 0 ≤ j ≤ m + 1 whose kernels satisfy the parity conditions (7.1.74), i.e.,

kκ+j

(
(�′, 0) ; (�′ − η′, 0)

)
= (−1)j−(m+1)+1kκ+j

(
(�′, 0) ; (η′ − �′, 0)

)

as required in Theorem 7.2.6 if n is replaced by n−1 and m by m+1. Hence,
these finite part integrals are invariant under the change of coordinates and
the remainder integrals are weakly singular and transform in the standard
way. �
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Up to now, the extension conditions are given only for a fixed, particular
manifold which is the plane �n = 0 in Ũr = Ur×(−ε, ε). Since A ∈ Lm

c�(Ũr) is
given in the whole region Ũr, there is no reason to define Q solely on one single
fixed plane �n = 0. In fact, as will be seen, the concept of our approach for
obtaining Q from AΦr,0 can be made more universal in the sense that there
is a family of operators Q(τ) generated by AΦr,0 for the family of planes
characterized by �n = const = τ . More precisely, we now consider for each
fixed τ ∈ Iτ , where Iτ is some small neighbourhood of 0, the surface integral

Q̃(τ)v(�) = AΦr,0

(
v ⊗ δ(ηn − τ)

)
(�) (8.3.29)

at the plane �n = τ . This amounts to considering the family of operators
AΦr,0(τ) given by the family of Schwartz kernels k(� + τn; z) where we have
replaced �n by the new coordinate �n + τ ; and the associated limits as �→0±
of the family of surface potentials

lim
�n→0−

(
Q̃(τ)v

)
(� + τn)

= lim
�n→0−

∫

IRn−1

k
(
� + τn ; (�′ − η′, �n)

)
v(η′)dη′ =: Q(τ)v(�′) . (8.3.30)

For �n → 0+ , Qc(τ)v(�′) is defined correspondingly.
In order to ensure the existence of these limits as in Theorem 8.3.2 for

the whole family of planes with τ ∈ Iτ , we need more restrictive extension
and Tricomi conditions than were previously required. In particular, in the
coefficients d±(�′, κ+ j, α, �) in (8.3.10) and in the Tricomi conditions (8.3.8)
we replace the kernels kκ+j

(
(�′, 0); . . .

)
by kκ+j(�; . . . ) and write d±(�, κ +

j, α, �), correspondingly. Then � varies in Ũr.
These more restrictive canonical extension conditions are defined by

[m+1]−|α|−ν∑

j=0

(−1)
�!

�

d±(�, κ + j, α, �) = 0 for � ∈ Ũr = Ur × (−ε, ε) (8.3.31)

and for 0 ≤ |α| ≤ m + 1 and ν = 0, . . . , [m + 1] if m + 1 �∈ IN0,
and for ν = 1, . . . ,m + 1 if m + 1 ∈ IN0, where � = [m + 1]− |α| − ν − j ≥ 0;
the canonical Tricomi conditions are defined by

∫

|Θ′|=1

kκ+j

(
�; (−Θ′, 0)

)
Θ′αdω(Θ′) = 0 for � ∈ Ũr = Ur × (−ε, ε) (8.3.32)

and |α| = m− j + 1, where 0 ≤ j ≤ m + 1 and m ∈ IN0.
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Lemma 8.3.7. Under the canonical extension conditions (8.3.31) we have

d±(�, κ + j, α, �) = 0 for � ∈ Ũr and all � ∈ IN0 (8.3.33)

in the case m + 1 �∈ IN0 for 0 ≤ |α| ≤ [m + 1] and 0 ≤ j ≤ [m + 1]− |α| and
in the case m + 1 ∈ IN0 for 0 ≤ |α| ≤ m− j and 0 ≤ j ≤ m.

Proof: Let us begin with the case m + 1 �∈ IN0.
Our proof will be based on induction with respect to p := [m+1]−|α|−ν

with 0 ≤ p ≤ [m+1] which corresponds to ν = 0, . . . , [m+1]. Then 0 ≤ j ≤ p
in (8.3.31).

For p = 0, in (8.3.31) we have

d±(�, κ, α, 0) = 0 , where |α| ≤ [m + 1] .

Then differentiation yields

(
n(�′) · ∇�

)�
d±(�, κ, α, 0) = d±(�, κ, α, �) = 0 for � ∈ Ũr and every � ∈ IN0 .

Now assume that (8.3.33) is fulfilled for all 0 ≤ j ≤ p , |α| ≤ [m + 1]− j and
� ∈ IN0. Then (8.3.31) with p + 1 instead of p gives

p∑

j=0

(−1)p+1−j

(p + 1− j)!
d±(�, κ + j, α, p + 1− j) + d±(�, κ + p + 1, α, 0) = 0 .

By induction assumption, d±(�, κ + j, α, p + 1 − j) = 0 for j ≤ p and |α| ≤
[m + 1]− j. Hence,

d±(�, κ + p + 1, α, 0) = 0 for all |α| ≤ [m + 1]− p− 1

and differentiation with respect to � implies

d±(�, κ + p + 1, α, �) = 0 for all � ∈ IN0 .

Hence, induction up to p = [m + 1] completes the proof for m + 1 �∈ IN0.
In the case m + 1 ∈ IN0, the proof is exactly the same as above, now for

0 ≤ p ≤ m. �

As a consequence of Lemma 8.3.7, Theorem 8.3.2 remains valid for the whole
family of planes Γτ with τ ∈ Iτ , the family parameter. Without loss of gen-
erality we suppose that all the members of this family have local parametric
representations defined on the same parametric domain Ũr = Ur × (−ε, ε).

Theorem 8.3.8. Let AΦτ,0 ∈ Lm
c�(Ũr) denote the family of operators gen-

erated by the family of planes Γτ . Let Q̃(τ) be the corresponding family of
integral operators defined by (8.3.29) for �n �= 0. For m < −1 all Q̃(τ)v(�)
have continuous extensions up to �n = 0. For m > −1 and m + 1 �∈ IN, all
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Q̃(τ)v(�) have continuous extensions up to �n ≤ 0 (� ≥ 0 respectively), if
and only if the conditions (8.3.31) are satisfied with d− (d+ respectively) for
� ∈ Ũr. If these limits exist then

lim
0>�n→0

Q̃(τ)v(�) = lim
0<�n→0

Q̃(τ)v(�) = Q(τ)v(�′) (8.3.34)

= p.f.
∫

IRn−1

k
(
(�′, τ) ; (�′ − η′, 0)

)
v(η′)dη′

for the whole family. Moreover, Q(τ) ∈ Lm+1
c� (Ur) are pseudodifferential op-

erators on Ur with the kernel functions k
(
(�′, τ) ; (�′ − η′, 0)

)
∈ ψhkm+1

having the pseudohomogeneous expansions (8.3.17) where (�′, 0) must be re-
placed by (�′, τ). Moreover, the finite part operator in (8.3.34) is invariant
under the change of coordinates in Ur.

If m ≥ −1 and m + 1 ∈ IN0 then the whole family has continuous ex-
tensions up to �n ≤ 0 (�n ≥ 0 respectively), if and only if the canonical
extension conditions (8.3.31) and canonical Tricomi conditions (8.3.32) both
are satisfied with d− (d+ respectively) for � ∈ Ũr.

In the latter case, the limits are given by

lim
0>�n→0

Q̃(τ)v(�) = Q(τ)v(�′) (8.3.35)

= p.f.
∫

IRn−1

k
(
(�′, τ) ; (�′ − η′, 0)

)
v(η′)dη′ − T v(�′)

and

lim
0<�n→0

Q̃(τ)v(�) = Qc(τ)v(�′)

= p.f.
∫

IRn−1

k
(
(�′, τ) ; (�′ − η′, 0)

)
v(η′)dη′ + Tcv(�′) ,

respectively, where T and Tc are tangential differential operators given by

T v(�′)
Tcv(�′)

}
= ∓

∑

|α|≤m+1

d∓
(
(�′, τ) , κ + m + 1− |α|, 0

)
1
α!D

α
�′v(�′) , (8.3.36)

respectively.

Proof: Since the proof is identical with that for Theorem 8.3.2 we only have
to justify the formula (8.3.35). Since now the canonical extension conditions
(8.3.31) and the canonical Tricomi conditions (8.3.32) are more restrictive,
Lemma 8.3.7 is valid and all the terms in (8.3.20) with 0 ≤ j ≤ m − |α| are
zero because of (8.3.33). �

We observe that the tangential operators given by (8.3.36) are much sim-
pler than those given in (8.3.20) where the extension conditions were required
only at �n = 0.
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Clearly, with the canonical extension conditions, the corollaries 8.3.3 and
8.3.4 concerning the derivatives of the potentials can be also modified in the
same way as for Theorem 8.3.8.

If, in addition, we require the special parity conditions (8.3.27), then the
tangential differential operators T and Tc in (8.3.36) even coincide and the
finite part integral operators will be invariant under change of coordinates.

Theorem 8.3.9. If the operator AΦr,0 ∈ Lm
c�(Ũr) for m + 1 ∈ IN0 satisfies

the canonical extension conditions (8.3.31) and the special parity conditions
(8.3.27) then in Theorem 8.3.8 we have

Tc = T = 1
2 [Qc −Q] . (8.3.37)

Moreover, the finite part integral in (8.3.35) is invariant under the change of
coordinates.

Proof: Lemma 8.3.5 implies that the canonical Tricomi conditions (8.3.32)
are satisfied. Then

Qc −Q = Tc + T . (8.3.38)

On the other hand, from the definition of the coefficients d± in (8.3.10) we
see as in the proof of Lemma 8.3.1 that the integrals

d+(�, κ + j, α, 0) =

1∫

0

τ |α|+n−2

∫

|Θ′|=1

kκ+j

(
�; (n− τΘ′)

)
Θ′αdω(Θ′)dτ

+

1∫

0

τm−j−|α|
∫

|Θ′|=1

kκ+j

(
�; (τn−Θ′)

)
Θ′αdω(Θ′)dτ

exist for j = m + 1− |α| since the canonical Tricomi conditions (8.3.32) are
satisfied. By the change of coordinates τΘ′ = η′ in the first integral and
τ−1Θ′ = η′ in the second integral,

d+(�, κ + j, α, 0) =
∫

IRn−1

kκ+j(�, n− η′)η′αdη′ .

Correspondingly,

d−(�, κ + j, α, 0) =
∫

IRn−1

kκ+j(�,−n− η′)η′αdη′ .

Hence, by applying the parity conditions (8.3.27), we obtain
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d−(�, κ + j, α, 0) = (−1)m−j

∫

IRn−1

kκ+j(�, n + η′)η′αdη′

= (−1)m−j+|α|
∫

IRn−1

kκ+j(�, n− η̃′)η̃′αdη̃′

= (−1)m−j+|α|d+(�, κ + j, α, 0) .

Then j = m + 1− |α| yields

d−(�, κ + m + 1− |α|, α, 0) = −d+(�, κ + m + 1− |α|, α, 0) .

substituting these relations into (8.3.36), the desired result follows from
(8.3.38). �

As an immediate consequence of Theorem 8.3.9 together with 8.3.8 we have
the following representation of Q and Qc, respectively, in terms of the jump
relations (8.3.37) which extend the classical Plemelj–Sochotzki conditions of
complex function theory to our situation.

Corollary 8.3.10. Let A ∈ Lm
c�(Ω̃) satisfy all the conditions of Theorem

8.3.9. Then with the tangential differential operator T in (8.3.36) the operator
Q has the representation

Qv(�′) = p.f.
∫

IRn−1

k
(
(�′, 0) ; (�′ − η′, 0)

)
v(η′)dη′ − T v(�′) (8.3.39)

for every v ∈ C∞
0 (Ur)- The operator Qc has the same representation with T

replaced by −T .

Remark 8.3.3: If one is interested having a C∞–extension up to �n = 0, then
a countable number of infinitely many extension conditions are required. In
performance of these calculations, clearly a chain rule for the Schwartz kernel
is needed and it will become rather tedious and cumbersome. However, if
the calculations are based on the Fourier transform, then the differentiation
is transformed to algebraic calculations and the extension conditions can be
formulated in terms of the asymptotic symbols. These conditions were derived
by Boutet de Monvel [21, 2.3], Grubb [110, Sec. 12 and 2.2] and Hörmander
[131]) and are called the transmission conditions.

Theorem 8.3.11. (Hörmander [131, Vol. III, p. 108]) Let AΦr,0 ∈ Lm
c�(Ũr).

Then the transmission conditions
( ∂

∂�

)β( ∂

∂ξ

)α

a0
m−j(�

′, 0; 0,+1)

= eiπ(m−j−|α|)
( ∂

∂�

)β( ∂

∂ξ

)α

a0
m−j(�

′, 0; 0,−1) (8.3.40)
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for all |α| ≥ 0 , |β| ≥ 0 and j ∈ IN0 are necessary and sufficient for Q̃v to
have a C∞–extension for �n < 0 up to �n → O− , i.e. from Ω, and

( ∂

∂�

)β ( ∂

∂ξ

)α

a0
m−j(�

′, 0 ; 0,−1)

= eiπ(m−j−|α|)
( ∂

∂�

)β ( ∂

∂ξ

)α

a0
m−j(�

′, 0 ; 0,+1) (8.3.41)

for �n > 0 up to �n → O+, i.e., from the exterior. Here a0
m−j(�, ξ) are

the homogeneous terms of the expansion of the symbol a(�, ξ) for AΦ,r,0 (see
Definition 6.1.6 and (6.1.42)). For m ∈ Z, the two conditions coincide.

In conclusion, we remark that the operators AΦr,0 ∈ Lm
c�(Ũr) which sat-

isfy the special parity conditions (8.3.27) for all j ≥ 0 and all � ∈ Ũr which
implies m ∈ Z, will also satisfy the transmission conditions (8.3.40) in view of
Lemma 7.1.9. This shows that for m ∈ Z, the transmission conditions (8.3.40)
are invariant under change of coordinates due to Lemma 7.2.8. For the invari-
ance of the transmission property under change of coordinates preserving Γ
(see Boutet de Monvel [21]).

Table 8.3.1. Extension, Tricomi, parity and transmission conditions

Properties of AΦr,0 ∈ Lm
c�(Ũr) Main results Theorems

extension conditions

and Tricomi conditions Q and Qc ∈ Lm+1
c� (Ur) Theorem 8.3.2

(8.3.15), (8.3.18)

extension conditions Q and Qc and

and parity conditions∗ their invariance Theorem 8.3.6

(8.3.15), (8.3.27)

canonical extension Q and Qc

and Tricomi conditions and simplified T and Tc Theorem 8.3.8

(8.3.31), (8.3.32)

canonical extension conditions Q and Qc,

and parity conditions∗ their invariance and Theorem 8.3.9

(8.3.31), (8.3.27) simplified T = Tc = 1
2
[Q]

transmission conditions Q̃v and Q̃cv

(8.3.40) have C∞–extensions Theorem 8.3.11

and invariance

∗ The parity conditions imply Tricomi conditions (Lemma 8.3.5) and also
the transmission conditions (Lemma 7.1.9).
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The results of this section can be summarized as follows.
If m+1 �∈ IN0 then the extension conditions (8.3.15) are already sufficient

to guarantee the existence of Q and Qc, and the invariance of the finite part
representations under change of coordinates (see Theorem 8.3.2).

The case m + 1 ∈ IN0 is more involved. In order to give an overview of
the development, we summarize the results in Table 8.3.1.

8.4 Pseudodifferential Operators with Symbols
of Rational Type

Theorem 8.3.2 and its corollaries as well as Theorems 8.3.8 and 8.3.9 show
that the extension conditions seem to be rather restrictive and are cumber-
some to verify. Nevertheless, in most applications, including classical bound-
ary potentials, we deal with a class of pseudodifferential operators which
will satisfy all of these conditions. This class of operators is characterized by
thesymbols of rational type and will be considered in this section.

We begin with the definition for the symbol a ∈ SSSm
c�(Ω̃ × IRn) which also

gives the definition when Ω̃ is restricted to Ũr = Ur × (−ε, ε).

Definition 8.4.1. The symbol a ∈ SSSm
c�(Ω̃ × IRn) is called of rational type

if in the complete asymptotic expansion a ∼
∑

j≥0

am−j, each symbol

am−j(x, ξ), which is homogeneous of degree m − j for |ξ| ≥ 1, is a rational
function of ξ, i.e. the homogeneous symbol a0

m−j is given by the equation

a0
m−j(x, ξ) =

{ ∑

|α|=m−j+d(j)

cα(x)ξα
}/{ ∑

|β|=d(j)

bβ(x)ξβ
}

(8.4.1)

for ξ ∈ IRn \ {0} with some d(j) ∈ IN0 satisfying m− j + d(j) ∈ IN0.

Note that a ∈ SSSm(Ω̃ × IRn) can only be of rational type if m ∈ Z. Moreover,
Equations (6.1.45) and (6.1.46) imply that the class of symbols of rational
type is invariant under diffeomorphic coordinate changes.

The latter implies that the symbol of AΦr
in (8.4.1) is of rational type

iff A ∈ Lm
c�(Ω̃) is of rational type. We further note that our assumptions

imply that am−j is C∞ and has compact support with respect to � ∈ Ũr. In
addition, the symbols of rational type satisfy the following parity conditions.

A more general class of pseudodifferential symbols, which includes those
of rational type was considered by Boutet Monvel [21] and Grubb [110]. These
symbols all satisfy the transmission conditions but in general not necessarily
the following parity conditions.
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Lemma 8.4.1. Let a(x, ξ) ∼
∑
j≥0

am−j(x, ξ) be a symbol a ∈ SSSm
c�(Ω̃ ×

IRn) of rational type. Then the corresponding homogeneous rational symbols
a0
m−j(x, ξ) satisfy the special parity conditions (cf. (7.1.74), (7.2.35))

a0
m−j(x,−ξ) = (−1)m−ja0

m−j(x, ξ) for every j ∈ IN0 (8.4.2)

as well as (8.3.27),

kκ+j(x; y − x) = (−1)m−jkκ+j(x;x− y) for every j ∈ IN0 , (8.4.3)

and also the transmission conditions (cf. (8.3.40))

(( ∂

∂ξ′

)γ

a0
m−j

)(
x, (0,−1)

)
= (−1)m−j−|γ|

(( ∂

∂ξ′

)γ

a0
m−j

)(
x, (0, 1)

)
.

(8.4.4)

Therefore, also the Tricomi conditions (8.3.18) are satisfied in view of
Lemma 8.3.5.

We remark that these transmission conditions (8.4.4) will imply (8.3.40) after
differentiation of (8.4.4) with respect to x = � at �n = 0.

Proof: The proof follows from the definition of the homogeneous symbols
a0
m−j in (8.4.1) immediately; i.e.

a0
m−j(x,−ξ) =

{ ∑

|α|=m−j+d(j)

cα(x)ξα(−1)|α|
}/{ ∑

|β|=d(j)

bβξ
β(−1)|β|

}

= (−1)m−ja0
m−j(x, ξ) .

Lemma 7.1.9 then implies the conditions (8.4.3).
For the transmission condition we note that a straightforward computa-

tion yields

( ∂

∂ξ�
a0
m−j

)(
x, (0,−1)

)
= (−1)m−j−1

( ∂

∂ξ�
a0
m−j

)(
x, (0, 1)

)

for any � = 1, . . . , n− 1.
Since the derived symbols on both sides are rational again, induction

implies the desired conditions (8.4.4). �

This special class of symbols of rational type is invariant with respect to
the following operations, such as diffeomorphism, transposition and compo-
sition.

Lemma 8.4.2. Let a(x, ξ) be a symbol of rational type belonging to A ∈
Lm
c�(Ω). Then the symbols of A�, A∗ and AΦ are of rational type, too. If A and

B have symbols of rational type then A◦B also has a symbol of rational type.
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Proof: From formula (6.1.34) for the symbol expansion of A�, it can be
seen that the corresponding homogeneous term a

(T )
m−k(x, ξ) of the asymptotic

expansion of σA� is given in terms of a linear combination of at most k + 1
derivatives of a0

m−j in (8.4.1) with j + |α| = k. Hence, each of the resulting

functions a
(T )
m−k(x, ξ) is rational.

With the same arguments for (6.1.35) and (6.1.37) it follows that A∗ and
A ◦B have symbols of rational type.

Concerning a diffeomorphic coordinate transformation, we use formula
(6.1.45) for the asymptotic expansion of the symbol aΦ. Again, only a finite
number of derivatives of finitely many rational functions

a0
m−j

(
Ψ(x′), Ξ�(x′, y′)−1ξ′

)

will contribute to one typical homogeneous term a0
Φ,m−k(x

′, ξ′) in the result-
ing asymptotic expansion of the transformed symbol. Hence, a0

Φ,m−k(x
′, ξ′)

is a rational function. �

As we observe, the pseudodifferential operators A ∈ Lm
c�(Ω̃) with symbols

of rational type enjoy all the essential properties such as the special parity
conditions and canonical extensions so that their surface potentials Q̃v have
continuous limits Q and Qc, respectively with Q,Qc ∈ Lm+1

c� (Ur).In partic-
ular, Theorem 8.3.9 holds for A which can be formulated in a more specific
form. In contrast to Theorem 8.3.8, we now present a proof different from
the one for Theorem 8.3.8, which takes advantage of the special features of
rational type symbols. In particular, we are able to show that the surface po-
tential Q̃v is C∞ up to the surface �n = 0. In addition, we shall give precise
mapping properties of Q̃, Q and Qc in Sobolev spaces which will be crucial
for boundary integral equation methods.

All of these methods are covered by Boutet de Monvel’s analysis for a
more general class of operators including those with symbols of rational type,
where the surface potential operators Q̃ are called Poisson operators (Boutet
de Monvel [19, 20, 21] and Grubb [110]).

Theorem 8.4.3. (Seeley [278]) Let A ∈ Lm
c�(Ω̃) for m ∈ Z have a symbol of

rational type. Let AΦr,0 ∈ OPSm(Ũr × IRn) be the properly supported part of
the transformed operator in (8.2.7) under transformation (8.2.1) having the
complete symbol a(�, ξ) ∼

∑

j≥0

am−j(�, ξ) with am−j ∈ SSSm−j
c� (Ũr × IRn) where

a0
m−j(�, ξ) is of the form (8.4.1) (with x replaced by �) for every j ∈ IN0 and

where Ũr = Ur × (−ε, ε). Then the Poisson operator Q̃ defined by

Q̃v(�) := AΦr,0

(
v ⊗ δ(ηn)

)
(�) for �n < 0 and v ∈ D(Ur) (8.4.5)

where � = (�′, �n) , �′ ∈ Ur, has a continuous extension up to �n ≤ 0, and
maps D(Ur) to C∞(

Ur × {0 ≥ �n > −ε}).
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Moreover, the limit

Qv(�′) = lim
0>�n→0

AΦr,0(v ⊗ δ)(�′, �n) , (8.4.6)

exists and defines a pseudodifferential operator Q ∈ Lm+1
c� (Ur) which has the

complete symbol q(�′, ξ′) ∈ SSSm+1
c� (Ur × IRn−1). Each term in its asymptotic

expansion q ∼
∑
j≥0

qm+1−j(�′, ξ′) is explicitly given by the contour integral

qm+1−j(�′, ξ′) = (2π)−1

∫

c

am−j

(
(�′, 0), (ξ′, z)

)
dz for |ξ′| ≤ 1 (8.4.7)

and

qm+1−j(�′, ξ′) = |ξ′|m+1−jqm+1−j(�′, ξ′0) for |ξ′| ≥ 1 (8.4.8)

with ξ′0 := ξ′
/
|ξ′| and qm+1−j(�′, ξ′0) given by (8.4.7). The contour c ⊂ C

consists of the points

c =
{
z ∈ [−c0, c0] ∪ {z = c0e

iϑ : 0 ≥ ϑ ≥ −π}
}

(8.4.9)

in the lower–half plane, and is clockwise oriented where c0 > 0 is chosen
sufficiently large so that all the poles of a0

m−j

(
(�′, 0), (ξ′0, z)

)
in the lower

half–plane are enclosed in the interior of c ⊂ C.

Proof: In order to approximate the Dirac functional in the distribution
w = v(�′)⊗δ(�n) by functions in C∞

0

(
Ur×(−ε, ε)

)
we take a cut–off function

g ∈ C∞
0 (−1, 1) with 0 ≤ g(t) ≤ 1 and

1∫
−1

g(t)dt =
√

2π and define

wη := v(�′)
1
η
g
(�n

η

)
∈ D(IRn) with η > 0 .

Then wη → w in D′(IRn) for η → 0. Moreover,

ei�nz ĝ(ηz) =
1√
2π

ei�nz

1∫

ξn=−1

e−iηξnzg(ξn)dξn (8.4.10)

satisfies the estimate

|ei�nz ĝ(ηz)| ≤ c(N)eη| Im z|−�n Im z(1 + |z|)−N (8.4.11)

for every N ∈ IN and for z ∈ C due to the Paley–Wiener–Schwartz Theorem
3.1.3. The constant c(N) depends on g and N but neither on η nor on z.

If |z| ≤ C, Im z ≤ 0 and 0 ≥ �n ≥ −1 then

lim
0<η→0

ei�nz ĝ(ηz) = ei�nzz (8.4.12)

uniformly for any C fixed.
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We also need information concerning the poles of the meromorphic func-
tion a0

m−j

(
(�′, �n), (ξ′, z)

)
depending on �n and ξ′, i.e. the zeros of

℘d(j)(�, ξ′, z) :=
∑

|β|=d(j)

bβ(�′, �n)ξ′β
′
zβn (8.4.13)

where β = (β′, βn) = (β1, . . . , βn−1, βn).
Since �n ∈ [−1, 0] and �′ ∈ Kr � Ur with a fixed compact subset Kr,

for |ξ′| = 1, all zeros of ℘d(j) in the lower half–plane are contained in {z ∈
C | Im z ≤ 0∧|z| ≤ c0} with some appropriately chosen constant c0 > 1. Since
℘d(j) is a homogeneous polynomial of degree d(j) with respect to (ξ′, z), there
holds

℘d(j)(�, ξ′, z) = |ξ′|d℘d(j)

(
�, ξ′0,

z
|ξ′|

)
= 0

for 0 < |ξ′| �= 1 if and only if z = |ξ′|z0 where z0 satisfies ℘d(j)(�, ξ′0, z0) = 0.
Hence, all poles z0 of a0

m−j

(
(�′, �n), (ξ′, z)

)
with negative imaginary part are

contained in the interior of the set

{z ∈ C | Im z ≤ 0 ∧ |z| ≤ c0|ξ′|} .

Now let us consider the family of contour integrals

q̃m+1−j(�, ξ′) := (2π)−1

∮

c

ei�nzam−j

(
�, (ξ′, z)

)
dz for |ξ′| ≤ 1 ,

:= (2π)−1

∮

|ξ′|c

ei�nza0
m−j

(
�, (ξ′, z)

)
dz for |ξ′| ≥ 1

(8.4.14)
where

|ξ′|c :=
{
z ∈ C | z ∈ IR : −|ξ′|c0 ≤ z ≤ |ξ′|c0} ∪ {z = c0|ξ′|eiϑ , 0 ≥ ϑ ≥ −π}

which is oriented clock–wise. For |ξ′| ≥ 1, one has |(ξ′, z)| ≥ 1 and am−j =
a0
m−j . Then

lim
0>�n→0

q̃m+1−j(�, ξ′) = q̃m+1−j

(
(�′, 0), ξ′

)
= qm+1−j(�′, ξ′) (8.4.15)

and

q̃m+1−j

(
(�′, 0), ξ′

)
= |ξ′|m−j+1qm+1−j(�′, ξ′0) for |ξ′| ≥ 1 (8.4.16)

where ξ′0 = ξ′/|ξ′| and qm+1−j is given by (8.4.7).
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To show (8.4.6) for Q̃v, we write

am−j(�,D)wη(�)

= (2π)−n

∫

|ξ′|≤1

ei�
′·ξ′ v̂(ξ′)

∫

|ξn|≤c0

ei�nξnam−j

(
(�′, �n), (ξ′, ξn)

)
ĝ(ηξn)dξndξ′

+(2π)−n

∫

|ξ′|≤1

∫

|ξn|≥c0

ei�
′·ξ′ v̂(ξ′)a0

m−j

(
(�′, �n), (ξ′, ξn)

)
ei�nξn ĝ(ηξn)dξndξ′

+(2π)−n

∫

|ξ′|≥1

∫

IR

ei�
′·ξ′ v̂(ξ′)a0

m−j

(
(�′, �n), (ξ′, ξn)

)
ei�nξn ĝ(ηξn)dξndξ′

=: I1 + I2 + I3 .

Since in I1 the domain of integration is compact and the integrand is C∞,
we get

lim
0<η→0

I1 = (2π)−n

∫

|ξ′|≤1

ei�
′·ξ′ v̂(ξ′)

∫

|ξn|≤c0

ei�nξnam−j

(
(�′, �n), (ξ′, ξn)

)
dξndξ

′ .

(8.4.17)

In I2 we change the path of integration of the inner integral and obtain
∫

|ξn|≥c0

a0
m−j

(
(�′, �n), (ξ′, ξn)

)
ei�nξn ĝ(ηξn)dξn

=
∫

c\[−c0,c0]

a0
m−j

(
(�′, �n), (ξ′, z)

)
ei�nz ĝ(ηz)dz ,

since the estimate (8.4.11) allows us to choose N > m−j+1 and the integrand
is holomorphic in Im z ≤ 0 ∧ |z| ≥ c0 provided 0 ≤ η < −�n. Then we write

I2 = (2π)−n

∫

|ξ′|≤1

ei�
′·ξ′ v̂(ξ′)

∫

c\[−c0,c0]

a0
m−j

(
(�′, �n), (ξ′, z)

)
ei�nz ĝ(ηz)dzdξ′

and the integrand depends continuously on η on the compact domain of
integration. Taking the limit yields

lim
0<η→0

I2

= (2π)−n+1

∫

|ξ′|≤1

ei�
′·ξ′ v̂(ξ′)(2π)−1

∫

c\[−c0,c0]

ei�nza0
m−j

(
(�′, 0), (ξ′, z)

)
dzdξ′ .

This together with (8.4.17) gives

lim
0<η→0

(I1 + I2) = (2π)−n+1

∫

|ξ′|≤1

ei�
′·ξ′ v̂(ξ′)q̃m+1−j(�, ξ′)dξ′ (8.4.18)

since, on z ∈ c \ [−c0, c0] one has am−j

(
�, (ξ′, z)

)
= a0

m−j

(
�, (ξ′, z)

)
.
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It remains now to consider I3. We can write the inner integral as

(2π)−1

∫

IR

a0
m−j

(
(�′, �n), (ξ′, ξn)

)
ei�nξn ĝ(ηξn)dξn

= (2π)−1

∫

|ξ′|c

a0
m−j

(
(�′, �n), (ξ′, z)

)
ei�nz ĝ(ηz)dz

= (2π)−1|ξ′|m−j+1

∫

c

a0
m−j

(
(�′, �n), (ξ′0, z

′)
)
ei�n|ξ′|z′

ĝ(η|ξ′|z′)dz′ .

This is due to the holomorphy of the integrand for Im z ≤ 0 , 1 ≤ c0 ≤
|ξ′|c0 ≤ |z|, the estimate (8.4.11) for η ≤ −�n and the homogeneity of a0

m−j

for |ξ′| ≥ 1. Now we have, for every ξ′ ∈ IRn−1 with |ξ′| ≥ 1,

lim
0<η→0

(2π)−1

∫

IR

a0
m−j

(
(�′, �n), (ξ′, ξn)

)
ei�nξn ĝ(ηξn)dξn

= lim
0<η→0

(2π)−1|ξ′|m−j+1

∫

c

a0
m−j

(
(�′, �n), (ξ′, z′)

)
ei�n|ξ′|z′

ĝ(η|ξ′|z′)dz′

= |ξ′|m−j+1(2π)−1

∫

c

a0
m−j

(
� , (ξ′0, z

′)
)
ei�n|ξ′|z′

dz′

= q̃m+1−j(�, ξ′) .

Hence, the integrand of

I3 = (2π)−n+1

∫

1≤|ξ′|

ei�
′·ξ′ v̂(ξ′)(2π)−1|ξ′|m−j+1×

×
∫

c

a0
m−j

(
(�′, �n), (ξ′, z′)

)
ei�n|ξ′|z′

ĝ(η|ξ′|z′)dz′dξ′

converges point–wise as η → 0. Consequently,

(2π)−n+1

∫

1≤|ξ′|

ei�
′·ξ′ v̂(ξ′)q̃m+1−j(�, ξ′)dξ′ = lim

η→0
I3 (8.4.19)

due to the Lebesgue theorem. Collecting (8.4.18) and (8.4.19) yields

Q̃m+1−jv(�) := (2π)−n+1

∫

IRn−1

ei�
′·ξ′ v̂(ξ′)q̃m+1−j(�, ξ′)dξ′ . (8.4.20)

Clearly, Q̃m+1−jv(�) exists and is a C∞–function for �n < 0. It follows from
(8.4.15) that the integrand of (8.4.20) converges pointwise to
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ei�
′·ξ′ v̂(ξ′)qm+1−j(�′, ξ′)

if 0 > �n → 0. Therefore, the Lebesgue theorem implies

lim
0>�n→0

Q̃m+1−jv(�) = qm+j−1(�′,D)v for j = 0, 1, . . . .

Here, qm+1−j ∈ SSSm−j+1
c� (Ur × IRn−1) is given explicitly by (8.4.7). To this

asymptotic sequence, there exists a symbol q ∈ SSSm+1
c� (Ur × IRn−1) with

q ∼
∑

j≥0

qm+1−j due to Theorem 6.1.3. The symbol then defines a pseudodif-

ferential operator q(�′,D′) ∈ Lm+1
c� (Ur) according to Definition 6.1.2. Hence,

there exists a smoothing operator R such that Q = q(�′,D′)+R with Q given
by (8.4.6).

To see this, note that
(
q −

L∑
j=0

qm+1−j

)
∈ SSSm+1−L(Ur × IRn−1) and,

hence, has a Schwartz kernel in CL−m−n−δ(Ur × Ur) due to Theorem 7.1.1
and (7.1.2) for some δ with 0 < δ < 1 provided L > m + n + 1. On the

other hand, AR =
(
AΦr,0 −

L∑
j=0

Am−j

)
∈ Lm−L

c� (Ω̃ × IRn) has a Schwartz

kernel kAR
(�, � − η) in C−m−n+L−δ′(Ω̃ × Ω̃) for some δ′ with 0 < δ′ < 1.

Therefore the restriction of the kernel, kAR

(
(�′, 0) ,

(
(�′ − η′), 0

))
belongs to

the same class and is the Schwartz kernel of the operator Q −
L∑

j=0

Qm+1−j .

Consequently,

R := Q− q(�′,D′) = −
(
q(�′,D′)−

L∑

j=0

qm+1−j(�′,D′)
)

+
(
Q−

L∑

j=0

Qm+1−j

)

(8.4.21)

has a Schwartz kernel in the class CL−m−n−1(Ur×Ur) for every L > m+n+1,
i.e., a C∞–Schwartz kernel. This completes the proof of Theorem 8.4.3. �

Corollary 8.4.4. Let A ∈ Lm
c�(Ω̃) satisfy all the conditions of Theorem 8.4.3.

Then

Q̃cv(�) := AΦr,0(v ⊗ δ)(�′, �n) for �′ ∈ Ur , �n > 0 and v ∈ D(Ur)
(8.4.22)

has a continuous extension to �n ≥ 0 and Q̃c maps C∞
0 (Ur) to C∞(

Ur ×
(0, ε)

)
. The trace

Qcv(�′) = lim
0<�n→0

AΦr,0(v ⊗ δ)(�′, �n) (8.4.23)

defines an operator Qc ∈ Lm+1
c� (Ur) having the complete symbol

qc ∼
∑
j≥0

qm+1−j,c(�′, ξ′) where qm+1−j,c(�′, ξ′) is explicitly given by
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qm+1−j,c(�′, ξ′) = (2π)−1

∫

cc

am−j

(
(�′, 0), (ξ′, z)

)
dz for |ξ′| ≤ 1 (8.4.24)

and

qm+1−j,c(�′, ξ′) = |ξ′|m+1−jqm+1−j,c(�′, ξ′0) for |ξ′| ≥ 1

where ξ′0 = ξ′/|ξ′|. Here, the contour

cc :=
{
z ∈ IR : −c0 ≤ z ≤ c0} ∪ {z = c0e

iϑ with 0 ≤ ϑ ≤ π
}

in the upper half–plane is counterclockwise oriented and c0 > 0 is chosen
sufficiently large so that all the poles of am−j

(
(�′, 0), (ξ′, z)

)
in the upper

half–plane are enclosed in the interior of cc ⊂ C.

The proof is identical to that of Theorem 8.4.3 except �n ≥ η > 0 and
Im z ≥ 0.

Lemma 8.4.5. Let Γτ be the family of planes �n = τ = const in Ũr with
τ ∈ Iτ . Then the limits of Q̃(τ)v(�) given by (8.4.22) in (8.4.5) and (8.4.22)
for �n → τ±, respectively, exist for every τ ∈ Iτ and depend continuously
on τ .

Proof: The poles of a0
m−j

(
(�′, τ + �n) ; (ξ′, z)

)
, i.e., the zeros of

℘d(j)

(
(� + τn) ; (ξ′, z)

)
in (8.4.13) depend continuously on τ . Therefore, the

contour integrals defined in (8.4.14) also depend on τ continuously. Hence,
each of the potentials (Q̃m+1−jv)(τ)(�) in the family given by (8.4.20) con-
verges to the corresponding limit qm+j−1(τ, �′,D)v for each Γτ . Each of these
limits then depends continuously on τ .

As in (8.4.21) the remaining operator R has a kernel that now depends
continuously on the parameter τ , it follows that the limit operators Q(τ) and
Qc(τ) exist and depend on τ continuously. �

Remark 8.4.1: As a consequence of Lemma 8.4.5, the existence of the limits
Q and Qc implies that the extension conditions are fulfilled for each τ ∈ Iτ .
The latter implies that therefore the canonical extension conditions (8.3.31)
are satisfied. This means that together with the special parity conditions
(8.4.3) all the assumptions of Theorem 8.3.8 are satisfied for our class of
operators A having symbols of rational type. Hence, together with Lemma
8.4.1, Theorem 8.3.9 holds as well.

To sum up these consequences we now have the following theorem which,
again, is the Plemelj–Sochozki jump relation for the class of operators having
symbols of rational type.

Theorem 8.4.6. Let A ∈ Lm
c�(Ω̃) have a symbol of rational type. Let AΦr,0 ∈

Lm
c�(Ũr) be the properly supported part of AΦr in the parametric domain. Then

the jump of AΦr,0

(
v ⊗ δ(�n)

)
across �n = 0 is given by
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lim
0<�n→0

{
AΦr,0(v ⊗ δ)(�′, �n)−AΦr,0(v ⊗ δ)(�′,−�n)

}
= [Q]v(�′) (8.4.25)

and 1
2 [Q] is the tangential differential operator

T = Tc =
1
2
[Q](�′,D′) (8.4.26)

=
1
2

∑

0≤j≤m+1

∑

|α|=m−j+1

(−i)|α|+1 1
α!

∂αa|m|−j

(∂ξ′)α
(
(�′, 0), (0, 1)

)
Dα

�′ .

Moreover, the representation (8.3.37) holds and the invariance (8.3.28) under
change of coordinates remains valid.

Proof: Subtracting (8.4.7) from (8.4.24) we obtain for the jump across
�n = 0, the relation

[Qm+1−j ]v(�′) = [qm+1−j(�′,D′)]v(�′)

with the symbol

[qm+1−j ](�′, ξ′) = (2π)−1

∮

|z|=R

a0
m−j

(
(�′, 0), (ξ′, z)

)
dz (8.4.27)

provided R ≥ c0 ≥ 1 since then |ξ′|2 + |z|2 ≥ 1, where am−j = a0
m−j and the

integrand is holomorphic for |z| ≥ c0.
Since Theorem 8.3.8 is valid here, [qm+1−j ] is a differential operator. In or-

der to show the particular form of T in (8.4.26), we combine the homogeneity
of a0

m−j with the Taylor formula about (0, ξn) and obtain

am−j

(
(�′, 0), (ξ′, ξn)

)
=

∑

0≤|γ|≤N

ξm−j−|γ|
n

∂γam−j

(∂ξ′)γ
(
(�′, 0), (0, 1)

) 1
γ!

ξ′γ

+ a+
m−jR

(
(�′, 0), (ξ′, ξn)

)
provided ξn ≥ 1 . (8.4.28)

In the same manner we have

am−j

(
(�′, 0), (ξ′, ξn)

)

=
∑

0≤|γ|≤N

ξm−j−|γ|
n (−1)m−j−|γ| ∂

γam−j

(∂ξ′)γ
(
(�′, 0), (0,−1)

) 1
γ!

ξ′γ

+a−m−jR

(
(�′, 0), (ξ′, ξn)

)
for ξn ≤ −1 . (8.4.29)

Clearly, the remainders satisfy the estimate

|a±m−jR| ≤ cjN |ξn|m−j−N−1|ξ′|N+1 for

{
ξn ≥ 1 and +
ξn ≤ −1 and −

(8.4.30)

uniformly in ξ′ ∈ IRn−1.
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Because of the transmission conditions (8.4.4), we have

am−j

(
(�′, 0), (ξ′, ξn)

)
= am−jH

(
(�′, 0), (ξ′, ξn)

)
+ a±m−jR

for ξn ≥ 1 or ξn ≤ −1, respectively, where

am−jH =
∑

0≤|γ|≤N

ξm−j−|γ|
n

∂γam−j

(∂ξ′)γ
(
(�′, 0), (0, 1)

) 1
γ!

ξ′γ . (8.4.31)

The main idea for showing that (8.4.27) is of the form (8.4.26), is to
replace a0

m−j in (8.4.27) by am−jH :

[qm+1−j ](�′, ξ′) = (2π)−1

∮

|z|=R

am−jH(�′, ξ′, z)dz

+ (2π)−1

∮

|z|=R

(
a0
m−j

(
(�′, 0), (ξ′, z)

)
− am−jH(�′, ξ′, z)

)
dz .

The first term can be calculated explicitly by the residue theorem,

(2π)−1

∮

|z|=R

am−jH(�′, ξ′, z)dz = i
∑

|γ|=m−j+1

∂γam−j

(∂ξ′)γ
(
(�′, 0), (0, 1)

) 1
γ!

ξ′γ

(8.4.32)
if N > m− j + 1 in (8.4.31).

To estimate the remaining integral we want to show

(2π)−1

∮

|z|=R

(
a0
m−j − am−jH)(�′, 0), (ξ′, z)

)
dz

= (2π)−1

∫

ξn≤−R

a−m−jR

(
(�′, 0), (ξ′, ξn)

)
dξn

−(2π)−1

∫

R≤ξn

a+
m−jR

(
(�′, 0) , (ξ′, ξn)

)
dξn .

The latter then can be estimated by the use of (8.4.30). To this end, employ
(8.4.10), introduce polar coordinates about z = 0 and write

∫

c
+
R

(a0
m−j − am−jH)

(
(�′, 0), (ξ′, z)

)
dz

= lim
�n→0+

{
lim

η→0+

∫

c
+
R

(a0
m−j − am−jH)

(
(�′, �n), (ξ′, z)

)
ei�nz ĝ(ηz)dz

}
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with 0 < η < �n where ĝ(ηz) is defined by (8.4.10). Here, c
+
R is the contour

defined by c
+
R = {Reiϑ with 0 ≤ ϑ < π}. Because of the estimate (8.4.11),

for every η > 0, with an application of the Cauchy integral theorem applied
to the integrand which is a holomorphic function in the upper half–plane
Im z ≥ 0 for |z| ≥ R ≥ c0, we obtain

∫

c
+
R

(a0
m−j − am−jH)

(
(�′, 0), (ξ′, z)

)
dz

=− lim
�n→0+

{
lim

η→0+

∫

|ξn|≥R

(a0
m−j − am−jH)

(
(�′, �n), ξ

)
ei�nξn ĝ(ηξn)dξn

}

=
∫

ξn≤−R

a−m−jR

(
(�′, o)(ξ′, ξn)

)
dξn −

∫

ξn≥R

a+
m−jR

(
(�′, 0), (ξ′, ξn)

)
dξn .

Similarly, with c
−
R := {z = Reiδ with π ≤ δ ≤ 2π}, we obtain

∫

c
−
R

(a0
m−j − am−jH)

(
(�′, 0), (ξ′, z)

)
dz

=
∫

ξn≤−R

a−m−jR

(
(�′, 0), (ξ′, ξn)

)
dξn −

∫

R≤ξn

a+
m−jR

(
(�′, 0) , (ξ′, ξn)

)
dξn .

Collecting terms, we find

[qm+1−j ](�′, ξ′) = i
∑

|γ|=m−j+1

1
γ!

∂γam−j

(∂ξ′)γ
(
(�′, 0), (0, 1)

)
ξ′γ

+ (2π)−1

∫

ξn≤−R

a−m−jRdξn − (2π)−1

∫

R≤ξn

a+
m−jRdξn

for every R ≥ c0 and every fixed �′ ∈ Ur and ξ′ ∈ IRn−1 \ {0}. By taking
the limit as R → ∞, in view of the estimate (8.4.30) we obtain the desired
result. �

Remark 8.4.2: In Theorem 8.4.6, as we mentioned already in Remark 8.4.1,
the invariance property of the finite part integral is crucial for the behaviour
of potential operators. In particular this type of potential operators includes
all the classical boundary integral operators as investigated by R. Kieser in
[156]. This implies that numerical computations for this class of operators
can be performed by the use of classical coordinate transformations.

We now turn to investigating the mapping properties of the Poisson op-
erator Q̃ defined by (8.4.5).
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Theorem 8.4.7. The linear operator Q̃ defined by (8.4.5) satisfies the esti-
mate

‖ϕQ̃v‖
Hs−m− 1

2 (IRn∩{�n≤0})
≤ c‖v‖Hs(K) (8.4.33)

for any s ∈ IR where ϕ ∈ C∞
0 (Ũr), and any compact set K � Ur and every

v ∈ C∞
0 (K). The constant c depends on K,ϕ and s.

The corresponding estimate for Q̃c reads

‖ϕQ̃cv‖
Hs−m− 1

2 (IRn∩{�n≥0})
≤ c‖v‖Hs(K) . (8.4.34)

To prove this theorem we first collect some preliminary results.

Lemma 8.4.8. Let K � IRn−1 be a compact set. Then the distributions of
the form

u(�) = v(�′)⊗ δ(�n) with � = (�′, �n) and v ∈ C∞
0 (K)

will satisfy the estimate

‖u‖
Hs− 1

2 (K×IR)
≤ c‖v‖Hs(K) (8.4.35)

provided s < 0.

Proof: Using duality, the trace theorem and the trace operator (4.2.30), we
find for ϕ ∈ C∞

0 (IRn):

‖u‖
Hs− 1

2 (K×IR)
= sup

‖ϕ‖ 1
2−s

≤1

|〈u, ϕ〉IRn | = sup
‖ϕ‖ 1

2−s
≤1

∣∣∣
∫

K

v(�′)(γ0ϕ)d�′
∣∣∣

≤ c′ · ‖v‖Hs(K) · sup
‖ϕ‖ 1

2−s
≤1

‖γ0ϕ‖H−s(K) ≤ c · ‖v‖Hs(K)

for any s ∈ IR with s < 0. �

We remark that, as a consequence of Lemma 8.4.8 we already obtained the
desired estimate (8.4.33) provided s < 0. In order to extend this estimate to
arbitrary s ≥ 0, we first analyze the function q̃m+1−j in more detail.

Lemma 8.4.9. Let α, β ∈ IN0 and K � Ur be any compact subset. Then
q̃m+1−j(�, ξ′) given in (8.4.14) satisfies the estimates

|�βnDα
�n

q̃m+1−j(�, ξ′)| ≤ c〈ξ′〉m+1+α−β−j (8.4.36)

for �n ∈ [−ε, 0) , �′ ∈ K and ξ′ ∈ IRn−1 where c = c(j, α, β,K) is a constant.

Proof: From (8.4.14) we obtain, by using the transformation z = z′|ξ′|, z′ ∈
c, |ξ′| ≥ 1 and with integration by parts with respect to z′,
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�βnD
α
�n

q̃m+1−j(�, ξ′)

=
1
2π

∫

|ξ′|c

�βn
∑

0≤γ≤α

(
α

γ

)
(iz)γei�nzDα−γ

�n
a0
m−j

(
�, (ξ′, z)

)
dz

=
1
2π

∫

|ξ′|c

∑

0≤γ≤α

(
α

γ

)
�βn

(
i

�n

)β

ei�nzDβ
z

{
(iz)γDα−γ

�n
a0
m−j

(
�, (ξ′, z)

)}
dz

=
1
2π

∑

0≤γ≤α

|ξ′|−β+γ+m−j+1

(
α

γ

)
×

×
∫

c

(i)βei�n|ξ′|z′
Dβ

z′
{
(iz′)γDα−γ

�n
a0
m−j

(
�, (ξ′0, z

′)
)}

dz′ .

Then we obtain the estimates
∣∣�βnDα

�n
q̃m+1−j(�, ξ′)

∣∣ ≤ c|ξ′|m+1−j+α−β for |ξ′| ≥ 1

whereas for |ξ′| ≤ 1 the left–hand side is bounded since it is smooth on
|ξ′| ≤ 1 and has compact support with respect to � and �n ≤ 0. This yields
(8.4.36). �

Lemma 8.4.9 indicates that q̃(�, ξ′) for �n ≤ 0 has properties almost like a
symbol although the inequality (8.4.36) is not strong enough for �n → 0.
However, for applying the techniques of Fourier transform we need a C∞

extension of q̃m+1−j to �n ≥ 0. To this end we use the Seeley extension
theorem proved in [277] by putting

pm+1−j(�, ξ′) :=

⎧
⎪⎪⎨

⎪⎪⎩

q̃m+1−j

(
(�′, �n), ξ′

)
for �n ≤ 0 and

∞∑

p=1

λpq̃m+1−j

(
(�′ ,−2p�n), ξ′

)
for �n > 0

(8.4.37)
where the sequence of real weights

λp =
1,∞∏

� �=p

1− 2−�

1− 2p−�
for p ∈ IN (8.4.38)

satisfies the infinitely many identities

∞∑

p=1

λp2p� = (−1)� for all � ∈ IN (8.4.39)

and these series converge absolutely. With the relations (8.4.39) one can eas-
ily show that all derivatives of q̃m+1−j(�, ξ) are continuously extended across
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�n = 0 since the term–wise differentiated series (8.4.37) still converges ab-
solutely and uniformly. Since q̃m+1−j has compact support with respect to �
and �n ≤ 0, also pm+1−j has compact support in �.

The extended functions pm+1−j define operators

Pm+1−jv(�) := (2π)−n+1

∫

IRn−1

ei�
′·ξ′pm+1−j(�, ξ′)v̂(ξ′)dξ′ (8.4.40)

for � ∈
(
Ur × (−ε, ε)

)
and

Pm+1−jv(�) = Q̃m+1−jv(�) for �n ≤ 0 (8.4.41)

where Q̃m+1−j is given by (8.4.20) via (8.4.16). In order to analyze the map-
ping properties of Pm+1−j , we now consider the Fourier transformed p̂m+1−j

of pj , i.e.

p̂m+1−j(ζ, ξ′) := (2π)−n/2

∫

IRn

e−iζ·�pm+1−j(�, ξ′)d� . (8.4.42)

Lemma 8.4.10. For any q, r ∈ IN, there exist constants c(q, r, j) such that
p̂m+1−j satisfies the estimates

|p̂m+1−j(ζ, ξ′)| ≤ c(1 + |ξ′|)m−j(1 + |ζ ′|)−r
(
1 +

|ζn|
1 + |ξ′|

)−q

. (8.4.43)

Proof: We begin with the case |ξ′| ≥ 1. Then from the definition of pm+1−j ,
we have

p̂m+1−j(ζ, ξ′) = (2π)−n/2

∫

�′∈IRn−1

e−i�′·ζ′×

×
{ 0∫

�n=−∞

e−i�nζn(2π)−1

∫

z∈|ξ′|c

ei�nza0
m−j

(
(�′, �n), (ξ′, z)

)
dzd�n

+

∞∫

�n=0

e−i�nζn(2π)−1

∫

z∈|ξ′|c

∞∑

p=1

λpe
i2p�nza0

m−j

(
(�′ ,−2p�n), (ξ′, z)

)
dzd�n

}
d�′.

By the homogeneity of a0
m−j and ξ′ = |ξ′|ξ′0 and by scaling �̃n = |ξ′|�n , ζ̃n =

|ξ′|−1ζn and z = |ξ′|z′, one obtains

p̂m+1−j(ζ, ξ′) = |ξ′|m−j(2π)−n/2−1

∫

�′∈IRn−1

e−i�′·ζ′{. . . }d�′ ,
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where

{. . . } =
{ 0∫

�̃n=−∞

e−i�̃nζ̃n

∮

z′∈c

ei�̃nz
′
a0
m−j

(
(�′,

�̃n
|ξ′| , (ξ

′
0, z

′)
)
dz′d�̃n

+

∞∫

�̃n=0

e−i�̃nζ̃n

∞∑

p=1

λp

∮

z′∈c

e−i�̃n2pz′
a0
m−j

((
�′,−2p

�̃n
|ξ′|

)
, (ξ′0, z

′)
)
dz′d�̃n

}
.

In the integrands above, we see that the second integral contains the function
∞∑

p=1

λpf
(
�′ ,−2p�̃n

|ξ′| , ξ′0

)
,

which is the C∞ Seeley extension of

f
(
�′,

�̃n
|ξ′| , ξ

′
0

)
:= (2π)−1

∮

z′∈c

ei�̃nz
′
a0
m−j

((
�′,

�̃n
|ξ′|

)
, (ξ′0, z

′)
)
dz′

from �̃n ≤ 0 to �̃n > 0. The function f has compact support with respect
to (�′, �̃n) for every fixed ξ′ and, moreover, is uniformly bounded. Therefore,
its Seeley extension F

(
�′, �̃n

|ξ′|
)

has the same properties and its function series
converges absolutely and uniformly. Since

p̂m+1−j(ζ, ξ′) = |ξ′|m−j(2π)−n/2

∫

�̃∈IRn

e−i�̃·ζ̃F
(
(�′ ,

�̃n
|ξ′| ) , ξ′0

)
d�̃

where �̃ = (�′, �̃n) and ζ̃ = (ζ ′, ζ̃n), the Paley–Wiener–Schwartz theorem
3.1.3 yields the estimates

|p̂m+1−j(ζ, ξ′)| ≤ cN (1 + |ζ̃|)−N |ξ′|m−j for ζ̃ ∈ IRn and ξ′ ∈ IRn−1 , |ξ′| ≥ 1 .

Here, since N ∈ IN is arbitrary, the latter implies with N = r + q,

|p̂m+1−j(ζ, ξ′)| ≤ cN (1 + |ζ ′|)−r

(
1 +

|ζn|
1 + |ξ′|

)−q

(1 + |ξ′|)m−j ,

the proposed estimate (8.4.43) for |ξ′| ≥ 1.
For |ξ′| ≤ 1 one finds the uniform estimates

|p̂m+1−j(ζ, ξ′)| ≤ cN (1 + |ζ ′|)−r(1 + |ζn|)−q

byusingthePaley–Wiener–Schwartztheorem3.1.3again.Then1 ≤ 1 + |ξ′| ≤ 2
implies the desired estimate (8.4.43) for |ξ′| ≤ 1 as well. This completes the
proof. �

Lemma 8.4.10, in contrast to Lemma 8.4.9, will give us the following crucial
mapping properties.
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Lemma 8.4.11. The operator Q̃m+1−j defined by (8.4.20) satisfies the esti-
mates

‖Q̃m+1−jv‖
Hs−m+j− 1

2 (IRn∩{�n≤0})

≤ ‖Pm+1−jv‖
Hs−m+j− 1

2 (IRn)
(8.4.44)

≤ c‖v‖Hs(IRn−1) for v ∈ C∞
0 (Ur) .

Proof: Our proof essentially follows the presentation in the book by
Chazarain and Piriou [39, Chap.5, Sec.2]. Since

‖ψ‖Ht(IRn
−) = inf

{
‖Ψ‖Ht(IRn) with Ψ |IRn

−
= ψ

}

where IRn
− = IRn ∩ {�n ≤ 0} and

(Q̃m+1−jv)(�) = (Pm+1−jv)(�) for �n < 0 ,

the first estimate in (8.4.44) is evident. In order to estimate the norm of
Pm+1−jv we use the Fourier transform of Pm+1−jv. The Parseval identity
implies

〈Pm+1−jv, ϕ〉

:=
∫

IRn

Pm+1−jv(�)ϕ(�)d� = 〈 ̂Pm+1−jv, ϕ̂〉

= (2π)−n+1

∫

ζ∈IRn

∫

ξ′∈IRn−1

p̂m+1−j(ζ − ξ̃, ξ′)(1 + |ζ|)s−m+j− 1
2 ×

× v̂(ξ′)(1 + |ζ|)−s+m−j+ 1
2 ϕ̂(−ζ)dξ′dζ

where ξ̃ = (ξ′, 0) ∈ IRn for any ϕ ∈ C∞
0 (IRn). Consequently,

|〈Pm+1−jv, ϕ〉| ≤ ‖ϕ‖
H−s+m−j+ 1

2 (IRn)
‖Vm+1−jv‖L2(IRn)

where
Vm+1−jv(ζ) := (1 + |ζ|)s−m+j− 1

2 ̂Pm+1−jv(ζ) .

The estimate (8.4.43) of p̂m+1−j in Lemma 8.4.10 gives us

‖Vm+1−jv‖L2(IRn) ≤ c
( ∫

IRn

( ∫

IRn−1

(1 + |ξ′|)s |v̂(ξ′)|
{

(1 + |ζ|)s−m+j− 1
2 ×

×(1 + |ξ′|)m−j−s(1 + |ζ ′ − ξ′|)−r

(
1 +

|ζn|
1 + |ξ′|

)−q }
dξ′

)2

dζ
) 1

2

=: ‖Wm+1−jv‖L2(IRn)

= ‖
∫

IRn−1

(1 + |ξ′|)s |v̂(ξ′)|χm+1−j(·, ξ′)dξ′‖L2(IRn)



8.4 Pseudodifferential Operators with Symbols of Rational Type 463

where χm+1−j(ζ, ξ′) is defined by the kernel function {. . . } above. We note
that χm+1−j(ζ, ξ′) contains one term of convolutional type |ζ ′ − ξ′| in IRn−1

which motivates us to estimate χm+1−j by a convolutional kernel with the
help of Peetre’s inequality, namely

(
1 + |ξ′|
1 + |ζ ′|

)�

≤ (1 + |ξ′ − ζ ′|)|�| for any � ∈ IR . (8.4.45)

In χm+1−j(ζ, ξ′) we use (8.4.45) with � = m− j− s and, also, with � = 1 and
obtain

χm+1−j(ζ, ξ′) ≤ (1 + |ζ|)s−m+j− 1
2 (1 + |ζ ′|)m−j−s×

× (1 + |ξ′ − ζ ′|)|m−j−s|−r

(
1 +

|ζn|
(1 + |ζ ′|)(1 + |ξ′ − ζ ′|)

)−q

.

The last factor in χm+1−j contains a term of the form |ζn|
/
(1 + |ζ ′|) which

motivates us to introduce the new variable ζ̃n = ζn
/
(1 + |ζ ′|). Then

‖Wm+1−jv‖2L2 =
∫

IR

∫

IRn−1

|(Wm+1−jv
(
ζ ′, (1 + |ζ ′|)ζ̃n)

)
|2(1 + |ζ ′|)dζ ′dζ̃n

≤
∫

IR

∫

IRn−1

{ ∫

IRn−1

(1 + |ξ′|)s |v̂(ξ′)| ×

× χm+1−j

(
(ζ ′, ζ̃n(1 + |ζ ′|), ξ′)

)
dξ′(1 + |ζ ′|) 1

2

}2

dζ ′dζ̃n

and

χm+1−j

(
(ζ ′, ζ̃n(1 + |ζ ′|), ξ′)

)
(1 + |ζ ′|) 1

2

≤ (1 + |ζ ′|)m−j−s+ 1
2

(
1 +

√
|ζ ′|2 + (1 + |ζ ′|)2|ζ̃n|2

)s−m+j− 1
2

×

×(1 + |ζ ′ − ξ′|)|m−j−s|−r

(
1 +

|ζ̃n|
1 + |ζ ′ − ξ′|

)−q

.

Since
1√
2
(1 + |ζ ′|)(1 + |ζ̃n|) ≤ (1 +√. . .) ≤ (1 + |ζ ′|)(1 + |ζ̃n|) ,

we finally find

χm+1−j

(
(ζ ′, ζ̃n(1 + |ζ ′|), ξ′)

)
(1 + |ζ ′|) 1

2

≤ c(1 + |ζ ′ − ξ′|)|m−j−s|−r
(
1 +

|ζ̃n|
1 + |ζ ′ − ξ′|

)−q

(1 + |ζ̃n|)s−m+j− 1
2 .
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Hence,

‖Wm+1−jv‖2
L2(IRn) ≤ c

∫

IR

∥∥∥
∫

IRn−1

(1 + |ξ′|)s|v̂(ξ′)|(1 + | • −ξ′|)|m−j−s|−r×

×
(
1 +

|ζ̃n|
1 + | • −ξ′|

)−q

dξ′
∥∥∥

2

L2(IRn−1)
× (1 + |ζ̃n|)2(s−m+j)−1dζ̃n. (8.4.46)

For every fixed ζ̃n ∈ IR, the inner integral is a convolution integral with
respect to ξ′ whose L2–norm can be estimated as:

‖ . . . ‖L2(IRn−1) ≤ c‖(1 + | • |)s|v̂(•)| ‖L2(IRn−1) × (8.4.47)

×
∫

IRn−1

(1 + |η′|)|m−j−s|−r

(
1 +

|ζ̃n|
1 + |η′|

)−q

dη′

≤ c‖v‖Hs(IRn−1)(1 + |ζ̃n|)−q

∫

IRn−1

(1 + |η′|)|m−j−s|−r+qdη′ .

This estimate holds for any choice of r and q ∈ IN provided the integral
∫

IRn−1

(1 + |η′|)|m−j−s|−r+qdη′ = crq < ∞ ,

which is true for |m − j − s| − r + q < −n + 1.
Inserting (8.4.47) into (8.4.46) implies

‖Wm+1−jv‖2
L2(IRn) ≤ cc2

rq‖v‖2
Hs(IRn−1)

∫

IR

(1 + |ζ̃n|)2(s−m+j)−1−2qdζ̃n .

Choose q > max{s−m + j − 1 , 1} and then r > |m− j − s|+ n− 1 + q,
which guarantees the existence of the integrals in (8.4.46). In turn, we obtain
the desired estimate (8.4.44). �

Proof of Theorem 8.4.7: By using the pseudohomogeneous expansion of
the Schwartz kernel to AΦr,0, we write

AΦr,0 =
L∑

j=0

Am−jΦr,0 + AΦrR (8.4.48)

where Am−jΦr,0 ∈ Lm−j
c� (Ω̃), and the Schwartz kernel kR of AΦrR is in the

class C−m−n+L−δ′
(Ω̃× Ω̃) with some δ′ ∈ (0, 1). Correspondingly, we have

Q̃m+1−jv(�) = (2π)−n+1

∫

IRn−1

ei�′·ξ′
v̂(ξ′)q̃m+1−j(�, ξ′)dξ′

= Am−jΦr,0(v ⊗ δ)(�) for �n �= 0 (8.4.49)
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and

AΦrR(v ⊗ δ)(�) =
∫

IRn−1

kR
(
�, �− (η′, 0)

)
v(η′)dη′

for L ≥ m + 1 and � ∈ Ω̃. Hence, we may decompose Q̃ in the form

Q̃v(�) =
L∑

j=0

Q̃m+1−jv(�) + AΦrR(�⊗ δ)(�) ,

where AΦr,R ∈ Lm−L−1
c� (Ω̃). Therefore, with Lemma 8.4.8 we can estimate

the last term on the right–hand side as

‖ϕAΦr,R(v ⊗ δ)‖
Hs−m− 1

2 (IRn)

≤ c‖v ⊗ δ‖
Hm−L+ 1

2 (IRn−1×IR)
≤ c‖v‖Hm−L+1(K)

provided L > s + 1.
Here, c = c(s, L,K, ϕ). We note that we need to consider ϕAΦr,R instead

of AΦrR since the middle estimate is only valid if � varies in a compact subset
of Q̃. For the estimates of ϕQ̃v, we use Lemma 8.4.9 and obtain

‖ϕQ̃v‖|
Hs−m− 1

2 (IRn∩{�n≤0})
≤

L∑

j=0

cj‖v‖Hs−j(IRn−1) + c‖v‖Hs−L+1(K)

≤ c′‖v‖Hs(K)

if we choose L > max{s + 1, 1}. The proof of estimate (8.4.34) follows in
exactly the same manner. This completes the proof of Theorem 8.4.7. �

Corollary 8.4.12. The linear operator Q̃ defined by (8.4.5) is a continuous
mapping from C∞

0 (Ur) into C∞(ĪRn
−∩ Ũr) and also into C∞(ĪRn

+∩ Ũr) where
ĪRn

− and ĪRn
+ denote the lower and upper closed half space, respectively.

The proof is an immediate consequence of Theorem 8.4.7 since s can be
chosen arbitrarily large in (8.4.33) and (8.4.34).

In order to extend Theorem 8.4.7 to sectional traces, let us introduce the
following definition.

Definition 8.4.2. For k ∈ IN0, let V ∈ Ck
(
(−ε, ε) , D′(Ur)

)
, �n �→ V (�n)

∈ D′(Ur) be a family of distributions which are k times continuously differ-
entiable on �n ∈ (−ε, ε). Then for the distribution v ∈ D′((Ur × (−ε, ε)

)

defined as

〈v, ϕ〉 =
∫

IR

〈V (�n) , ϕ(•, �n)〉d�n for ϕ ∈ D
(
Ur × (−ε, ε)

)
,
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the distributions

γjv :=
(( d

d�n

j

V
)
(0) ∈ D′(Ur) for 0 ≤ j ≤ k

are called the sectional traces of orders j on the plane �n = 0.

Theorem 8.4.13. (Chazarain and Piriou [39, Theorem 5.2.4. i)])
Let A ∈ Lm

c�(Ω × Ω̃) have a symbol of rational type and v ∈ D′(Γ ). Then

Q̃v(x) :=
(
A(v ⊗ δΓ )

)
(x) for x ∈ Ω

and

Q̃cv(x) :=
(
A(v ⊗ δΓ )

)
(x) for x ∈ Ω̃ \Ω

have, respectively, the sectional traces γkQ̃v and γkcQ̃cv, of any order k ∈ IN0

on Γ . Moreover, for ϕ ∈ C∞
0 (Ũr) and for any s ∈ IR and any k ∈ IN0, we

have the estimate

∥∥ϕ
( ∂

∂�n

)k

Q̃v
∥∥
Hs−m− 1

2 (IRn∩{�n≤0})
≤ c‖v‖Hs(K) (8.4.50)

for every v ∈ Hs(K), where K � Ur is any compact set. The constant c

depends on K,ϕ, s and k. The corresponding estimate for
(

∂
∂�n

)k

Q̃c holds
as well, and we have

∥∥ϕ
( ∂

∂�n

)k

Q̃cv
∥∥
Hs−m− 1

2 (IRn∩{�n≥0})
≤ c‖v‖Hs(K) . (8.4.51)

Proof: As before, we fix one of the local charts (Or, Ur , χr) in the tubular
neighbourhood Ω̃ of Γ and consider the representation of A in the parametric
domain Ũr = Ur × (−ε, ε) in the form (8.4.48). Then one of the terms as in
(8.4.49), we decompose,

Am−j,Φr,0(v ⊗ δ)(�) = B̃m+1−jv(�) + R̃v(�) for �n ∈ (−ε, ε] ,

where

B̃m+1−jv(�) :=
∫

|ξ′|≥1

ei�
′·ξ′ v̂(ξ′)pm+1−j(�, ξ′)dξ′ (8.4.52)

and

R̃m+1−jv(�) :=
∫

|ξ′|≤1

ei�
′·ξ′ v̂(ξ′)pm+1−j(�, ξ′)dξ′ ,
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where pm+1−j(�, ξ′) is given in (8.4.37) and R̃ is a smoothing operator with
a C∞ Schwartz kernel. Since pm+1−j(�, ξ′) is in C∞(

Ur × IRn−1
)
, the right–

hand side in (8.4.52) defines a distribution in C∞(
(−ε, ε) , D′(Ur)

)
, and the

sectional traces

γkB̃m+1−jv = lim
0<�n→0

∫

|ξ′|≥1

ei�
′·ξ′ v̂(ξ′)

( ∂

∂�n

)k

pm+1−j(�, ξ′)
)
dξ′

=
∫

|ξ′|≥1

ei�
′·ξ′ v̂(ξ′)

((∂kpm+1−j

∂�kn

)
(�′, 0; ξ′)dξ′

are well defined distributions on D(Ur) for any k ∈ IN0. Hence, the sectional
traces of order k exist as proposed.

As for the estimate (8.4.50), consider now ∂kpm+1−j

∂�k
n

(�, ξ′) in (8.4.40) in-
stead of pm+1−j(�, ξ′). Then all of the estimates remain the same for k ∈ IN0

fixed. Hence, Lemmata 8.4.9 and 8.4.10 remain valid for ∂kpm+1−j

∂�k
n

(�, ξ′) and

Lemma 8.4.11 holds for
(

∂k

∂�k
n
Q̃m+1−jv

)
as well, and (8.4.50) follows. For

� ≥ 0, the proof is the same, where qm+1−j,c is defined by (8.4.24) and
pm+1−j,c in (8.4.37), where the cases �n ≤ 0 and �n > 0 are to be exchanged
with �n ≥ 0 and �n < 0. �

8.5 Surface Potentials on the Boundary Manifold Γ

In the previous section we discussed surface potentials and their limits for
�n → 0 only for the half–space. There we introduced the extension conditions
(8.3.7), the canonical extension and Tricomi conditions (8.3.31), (8.3.32), the
special parity conditions (8.3.27) and the transmission conditions according
to Hörmander (8.3.40) as well as the operators with symbols of rational type.
Up to now, our discussion was confined to the half–space situation only.
To extend these ideas to surface potentials for a general boundary mani-
fold Γ , we need to generalize these concepts to manifolds. Let us recall that
for A ∈ Lm

c�(Ω̃) and any local chart (Or, Ur, χr) of an atlas A(Γ ) and the
corresponding local transformation Φr : Õr →

(
Ur × (−ε, ε)

)
=: Ũr with

(�′, �n) = Φr

(
χr(x′ + �nn(χr(x′)))

)
and (�′n, 0) = Φr(x′) and �′ = χr(x′)

for x′ ∈ Γ , and its inverse x = Ψr(�) (see (8.2.1) and (8.2.2)), the surface
potential in the half space is defined by

Q̃rv(�) = AΦr,0

(
v ⊗ δ(ηn)

)
(�) (8.5.1)

for any v ∈ C∞
0 (Ur).

Hence, it is natural to consider the mapping defined by

Q̃Γu(x) := A(u⊗ δΓ )(x) (8.5.2)
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for x = x′ + �nn
(
χr(x′)

)
with x ∈ Õr \ Γ and v = χr∗u where u ∈ C∞

0 (Or).
Then

Q̃Γu = Φ∗
rQ̃rχr∗u = Φ∗

rAΦr,0Φr∗(u⊗ δΓ ) = Φ∗
rAΦr,0

(
χr∗u⊗ δ(�n)

)
. (8.5.3)

To consider the limits of Q̃Γu(x) as x → x′ ∈ Or ⊂ Γ , we need the
following definition of the extension conditions.

Definition 8.5.1. The operator Q̃Γ satisfies the extension conditions
for �n → 0−(�n → 0+) if and only if for every local chart of an atlas A(Γ )
the associated operators

Q̃r = Φr∗Q̃Γχ∗
r

satisfy the extension conditions (8.3.7) for m+1 �∈ IN0 and ν = 0, . . . , [m+1];
and, for m + 1 ∈ IN0, the extension conditions (8.3.7) for ν = 1, . . . ,m + 1.

For m+ 1 ∈ IN0, the operator Q̃Γ is said to satisfy the Tricomi condi-
tions iff all the operators Q̃r satisfy the Tricomi conditions (8.3.8).

Now we are using a partition of unity {ϕr}r∈I to an atlas A(Γ ) as in Section
8.1 and the family {ψr}r∈I with ψr ∈ C∞

0 (Or) and ψr(x′) = 1 for x′ ∈
suppϕr. Then we are in the position to establish the following theorem for
the surface potential.

Theorem 8.5.1. Let A ∈ Lm
c�(Ω̃ ∪Ω) with m ∈ IR. Then the limit

QΓu(x′) := lim
0>�n→0

Q̃Γu(x) where x = x′ + �nn
(
χr(x′)

)
∈ Ω̃ (8.5.4)

always exists if m < −1. For m > −1 it exists in the case m + 1 �∈ IN0 iff
Q̃Γ satisfies the extension conditions. For m + 1 ∈ IN0, the limit exists iff
Q̃Γ satisfies the extension conditions and the Tricomi conditions. If the limit
exists then QΓ ∈ Lm+1

c� (Γ ) is a pseudodifferential operator of order m+ 1 on
Γ . These results also hold for QΓ,cu(x′) = lim

0<�n→0
Q̃Γu(x), correspondingly.

Proof: For every chart (Or, Ur, χr) of the atlas A(Γ ) and u ∈ C∞
0 (Or), the

limit
lim

0>�n→0
Q̃r(χr∗u)(�) = Qr(χr∗u)(�′)

exists iff the extension conditions (8.3.7) for m + 1 �∈ IN0 and (8.3.7) and
(8.3.8) for m + 1 ∈ IN0 are satisfied due to Theorem 8.3.2. Furthermore, Qr

is a pseudodifferential operator Qr ∈ Lm+1
c� (Ur).

For x ∈ Õr ∩ Õt ∩Ω we have

Q̃Γu(x) = A(u⊗ δΓ )(x) =
(
Φ∗
rΦr∗AΦ∗

rΦr∗(u⊗ δΓ )
)
(x)

= Φ∗
rAΦr

(
(χr∗u)⊗ δ(ηn)

)
(x)

=
(
Φ∗
rQ̃r(χr∗u)

)
(x)

=
(
Φ∗
t Q̃t(χt∗u)

)
(x) .
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For �n → 0, i.e., x → x′ ∈ Or, the limits exist due to the extension
conditions and, hence, are equal. This means

(QΓu)(x′) = (χ∗
rQrχr∗u)(x′) = (χ∗

tQtχt∗u)(x′)

for arbitrary charts with x′ ∈ Or ∩ Ot = Ort �= ∅ and u ∈ C∞
0 (Ort). Conse-

quently, in terms of the partition of unity, by

QΓu :=
∑

r∈I
ψr(x′)χ∗

rQrχr∗ϕru +
∑

r∈I

(
1− ψr(x′)

)
χ∗
rQrχr∗ϕru , (8.5.5)

the pseudodifferential operator QΓ ∈ Lm+1
c� (Γ ) is well defined.

For QΓ,c, the proof follows in the same manner. �

In order to express QΓ in (8.5.5) in terms of finite part integral oper-
ators, we observe that from the definition of Q̃Γ in (8.5.2) it follows that
Equation (8.5.3) can be written in terms of the Schwartz kernels of A and
AΦr,0, respectively, i.e.,

Q̃Γu(x) =
∫

y′∈Γ

kA(x, x− y′)u(y′)dsy′

=
∫

η′∈Ur

kA
(
Ψr(�) , Ψr(�)− Tr(η′)

)
u
(
Tr(η′)

)√
γr(η′)dη′

=
∫

η′∈Ur

kAΦr,0

(
�, �− (η′, 0)

)
u
(
Tr(η′)

)
dη′ for x ∈ Õr \ Γ (8.5.6)

and any u ∈ C∞
0 (Or), where x = ψr(�) , y′ = Tr = ψr(η′, 0) and γr is given

by (3.4.15). Consequently,

kAΦr,0

(
�, �− (η′, 0)

)
= kA

(
Ψr(�) , Ψr(�)− Ψr(η′, 0)

)√
γr(η′) (8.5.7)

for �n �= 0 and, by continuity, for all � ∈ Ũr \ (η′, 0). Since kA ∈ ψhk−m−n,
Lemma 7.2.1 implies kAΦr,0 ∈ ψhk−m−n in Ũr and for �n = 0, the kernel
function kAΦr,0

(
(η′, 0) ; (�− η′, 0)

)
belongs to the class ψhk−(m+1)−(n−1) on

Ur. Therefore the corresponding finite part integral operators define on Ur

pseudodifferential operators in Lm+1
c� (Ur).

For these operators we can show that the following lemma holds.

Lemma 8.5.2. Let A ∈ Lm
c�(Ω ∪ Ω̃) and suppose that the finite part integral

operator

Qf,rv(�′) = p.f.
∫

Ur

kA
(
Tr(�′) ; Tr(�′)− Tr(η′)

)
v(η′)

√
γr(η′)dη′ (8.5.8)
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for �′ ∈ Ur is invariant under change of coordinates. Then the finite part
integral on Γ given by

p.f.
∫

Γ

kA(x′, x′ − y′)u(y′)dsy′

:=
∑

r∈I
ψr(x′) p.f.

∫

Ur

kA
(
x′;x′ − Tr(η′)

)
(χr∗ϕru)(η′)

√
γr(η′)dη′

+
∑

r∈I

(
1− ψr(x′)

) ∫

Or

kA(x′, x′ − y′)ϕru(y′)dsy′ (8.5.9)

defines a pseudodifferential operator on Γ belonging to the class Lm+1
c� (Γ ).

Proof: Let Λ := χr ◦ Tt : Ut → Ur denote the coordinate transform
generated by the local charts (Ort, Ur, χr) and (Ort, Ut, χt) and let η′′ ∈
Ut , η′ = Λ(η′′) ∈ Ur.

We shall now show the relations

χ∗
rQf,rχr∗ = χ∗

tQf,tχt∗ on D(Ort) . (8.5.10)

With vr(�′) := χr∗u we have vt(�′′) = vr
(
Λ(�′′)

)
since χ∗

rvr = u = χ∗
t vt.

From (8.2.4) we have for the surface element

ds(η′) =
√
γrdη

′ and ds(η′′) =
√
γtdη

′′ .

With
∂�′�
∂�′′j

=
∑

k,m

∂xk

∂�′m
g′m� ∂xk

∂�′′j
, �′n = �′′n = �n ,

from (3.4.5) together with

∑

j

∂�′�
∂�

′′
j

g′′ji =
∑

k,m,j

∂xk

∂�′m
g′m� ∂xk

∂�′′j
g′′ji

=
∑

k,m

∂xk

∂�′m

∂�′′i
∂xk

g′m� =
∑

m

∂�′′i
∂�′m

g′m�

we obtain

det
(( ∂�′e

∂�′′j

))
(g′′)−1 = det

(( ∂�′′i
∂�′m

))
(g′)−1 ,

hence,
(
det

(( ∂�′�
∂�′′j

)))2

=
g′′

g′
.

Then, for �n = 0, with (3.4.24) and �′n = �′′n = �n, we obtain
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(
det

∂Λ

∂η′′

)2

=
γt
γr

and, consequently, since the finite part integral operator Qf,r in (8.5.8) is
invariant under change of coordinates by assumption, we find

(Qf,rvr)
(
Λ(�′′)

)

= p.f.
∫

Ut

kA
(
Tr

(
Λ(�′′)

)
,
(
Tr

(
Λ(�′′)

)
− Tr

(
Λ(η′′)

)))√
γr

(
det

∂Λ

∂η′′

)
×

×vr
(
Λ(η′′)

)
dη′′

= p.f.
∫

Ut

kA
((

Tt(�′′)
)
,
(
Tt(�′′)− Tt(η′′)

))
vt(η′′)

√
γtdη

′′

= Qf,tvt(�′′) . (8.5.11)

This shows that Qf,t and Qf,r satisfy the compatibility condition (8.5.10)
and Theorem 8.1.1 implies that the family χ∗

rQf,rχr∗ defines by (8.5.9) a
pseudodifferential operator in Lm+1

c� (Γ ). �

Now we return to the operator QΓ defined by (8.5.5). As an immediate
consequence of Theorem 8.3.2 and Theorem 8.5.1 in local charts, the repre-
sentation (8.5.5) of QΓ leads to the following lemma.

Lemma 8.5.3. Let Q̃Γ satisfy the extension conditions (see Definition
8.5.1). If m + 1 ∈ IN0 let Q̃Γ also satisfy the Tricomi conditions. Then QΓ

admits the representation in the form

QΓu(x′)

=
∑

r∈I
ψr(x′)χ∗

r

{
p.f.

∫

Ur

kAΦr,0

(
(�′, 0) ; (�′ − η′, 0)

)
(χr∗ϕru)(η′)dη′

− Tr(χr∗ϕru)
}

(x′)

+
∑

r∈I

(
1− ψr(x′)

)
χ∗
r

∫

Ur

kAΦr,0

(
(�′, 0) ; (�′ − η′, 0)

)
χr∗(ϕru)(η′)dη′ ,

x′ = Tr(�′) ∈ Γ (8.5.12)

where Tr is the tangential differential operator in (8.3.20) associated with any
chart (Or, Ur, χr) in the atlas A(Γ ), and where kAΦr,0 is given by (8.5.7).

If m+1 �∈ IN0 then (8.5.12) holds with T = 0 and, moreover, is invariantly
defined by

QΓu(x′) = p.f.
∫

Γ

kA(x′, x′ − y′)u(y′)dsy′ . (8.5.13)
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For the exterior limits with 0 < �n → 0, the same results hold for AΓ,c if −Tr
in (8.5.12) is replaced by +Tr.

We note that the finite part integral in (8.5.12) for m+1 ∈ IN0 is not gen-
erally invariant under the coordinate transformations generated by changes
of the local charts. However, with the appropriate parity conditions for the
Schwartz kernel of A, the finite part integrals in (8.5.12) will become invari-
ant.

Definition 8.5.2. The operator A ∈ Lm
c�(Ω ∪ Ω̃) with m + 1 ∈ IN0 is said

to satisfy the special parity conditions in Ω ∪ Ω̃ iff the members of the
pseudohomogeneous kernel expansion of A satisfy

kκ+j(x, y − x) = (−1)m−jkκ+j(x, x− y) for 0 ≤ j ≤ m + 1 (8.5.14)

and x ∈ Ω ∪ Ω̃ , y ∈ IRn.

We remark that due to Theorem 7.2.9 with σ0 = 0, the special parity
conditions (8.5.14) are invariant under changes of coordinates. Hence, this
definition implies the special parity conditions (8.3.27) for every Q̃r of the
form (8.5.1) and � ∈ Ũr in any chart of the atlas. Therefore, by using Theorem
8.3.6, we have the following theorem.

Theorem 8.5.4. Let A ∈ Lm
c�(Ω̃) with m + 1 ∈ IN0 satisfy the special parity

conditions (8.5.14) and let Q̃Γ satisfy the extension conditions at Γ . Then
QΓ as in (8.5.12) can also be defined invariantly by

QΓu(x′) = p.f.
∫

Γ

kA(x′, x′ − y′)u(y′)dsy′ − T u(x′) , (8.5.15)

so is QΓ,c, i.e.,

QΓ,cu(x′) = p.f.
∫

Γ

kA(x′, x′ − y′)u(y′)dsy′ + Tcu(x′) (8.5.16)

for x′ ∈ Γ .

Proof: The invariance of the finite part integral operator is now a conse-
quence of Theorem 8.3.6 since the special parity conditions guarantee that the
finite part integrals in (8.5.12) are invariant under the change of coordinates
generated by two compatible charts of the atlas. Hence, Lemma 8.5.3 implies
respectively that QΓ and QΓc

in (8.5.15) and (8.5.3) are defined invariantly.
�

In order to introduce the concept of canonical extension conditions for Γ ,
let Γτ with τ ∈ Iτ denote the family of parallel surfaces associated with the
local chart (Or, Ur, χr) by

Γτ : x = Ψr(�′, τ) = x′ + τn(x′) where x′ = Tr(�′) ∈ Γ and �′ ∈ Ur .
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Then we may define

Q̃Γτ
u(x) := A(u⊗ δΓτ

)(x) =
∫

y′∈Γτ

kA
(
x, (x′ + τn(x′)− y′, 0)

)
u(y′)dsy′ .

(8.5.17)

For u ∈ C∞
0 (Ur) and x = x′ = (τ − �n)n(x′) ∈ Õr and � �= 0 we have

Q̃Γτ
u(x) = Φ∗

rQ̃r(τ)χr∗u .

where Q̃r(τ) is defined by (8.5.1) in Ũr. Hence, in order to obtain the limits of
Q̃Γτ

u(x) in (8.5.17) as �n → 0; i.e., x→ x′ + τu(x′) ∈ Γτ for each τ ∈ Iτ , we
now carry over the definition of the canonical extension conditions from the
family of planes in the parametric domain to the family of parallel surfaces
Γτ in Ω̃.

Definition 8.5.3. We say that the canonical extension conditions are
satisfied for A at Γ iff for each chart (Or, Ur, χr) of the atlas A(Γ ) the
Schwartz kernel of the associated operator AΦr,0 ∈ Lm

c�(Ũr) satisfies the
canonical extension conditions (8.3.31) where � ∈ Ũr.

Clearly, for operators A ∈ Lm
c�(Ω ∪ Ω̃) with m + 1 ∈ IN0 satisfying the

canonical extension conditions in the vicinity of Γ and, in addition, the canon-
ical Tricomi conditions (8.3.32) in every local chart, Theorem 8.5.4 holds with
more simplified tangential differential operators T and Tc, respectively, in
view of Theorem 8.3.8.

Now we are in the position to formulate the following fundamental theo-
rem for the surface potential on Γ in the case m + 1 ∈ IN0. For m + 1 �∈ IN0,
the corresponding result is already formulated in Theorem 8.5.1, where the
extension conditions are sufficient without further restrictions.

Theorem 8.5.5. Let A ∈ Lm
c�(Ω̃ ∪Ω) with m+ 1 ∈ IN0 satisfy the canonical

extension conditions (cf. Definition 8.5.3) and the special parity conditions
(8.5.14). Then the limits of Q̃Γu from the interior Ω as well as from the
exterior IRn \Ω exist. We have

lim
0>�n→0

Q̃Γu
(
x′ + �nn(x′)

)
= QΓu(x′)

= p.f.
∫

y′∈Γ

kA(x′, x′ − y′)u(y′)ds′y − T u(x′) for x′ ∈ Γ

and

lim
0<�n→0

Q̃Γu
(
x′ + �nn(x′)

)
= QΓ,cu(x′)

= p.f.
∫

y′∈Γ

kA(x′, x′ − y′)u(y′)dsy′ + T u(x′) for x′ ∈ Γ ,

where the finite part integrals are invariantly defined on Γ .
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Here QΓ and QΓ,c are pseudodifferential operators in Lm+1
c� (Γ ) which

satisfy the generalized Plemelj–Sochozki jump relations

T = Tc = 1
2 (QΓ,c −QΓ ) = 1

2 [Q]Γ .

Remark 8.5.1: Here the finite part integral operators are invariant under
the change of the local representation of the boundary Γ in the sense of
Theorem 8.3.6. This result is due to R. Kieser [156, Satz 4.3.9].

Under our assumptions in the theorem it is clear that the limits of
Q̃Γτ

u
(
x′ + τn(x′) + �nn(x′)

)
for the parallel surfaces Γτ also exist for each

τ ∈ Iτ and define corresponding pseudodifferential operators QΓτ
, QΓτ ,c on

each of the parallel surfaces on Γτ .
On the other hand, if all these limits exist for every τ ∈ Iτ , then A satisfies

the canonical extension conditions.

Corollary 8.5.6. Let S =
n∑

q=1
cq(x)Dq be a tangential operator on the sur-

face parallel to Γ with C∞ coefficients cq(x) and Dq defined as in (3.4.33),
and let A ∈ Lm

c�(Ω ∪ Ω̃) as well as S ◦ A ∈ Lm+1
c� (Ω ∪ Ω̃) with m + 1 ∈ IN0

satisfy all the conditions of Theorem 8.5.5. Then Theorem 8.5.5 remains valid
for S ◦A. In particular, we have

S ◦ T = S ◦ Tc = 1
2 [S ◦Q]Γ = 1

2S ◦ [Qγ,c −QΓ ] . (8.5.18)

Proof:

lim
0>�n→0

S ◦A(u⊗ δΓ )
(
x′ + �nn(x′)

)

= p.f.
∫

y′∈Γ

(S ◦ kA)(x′, x′ − y′)u(y′)dsy′ − T̃ u(x′) for x′ ∈ Γ

due to Theorem 8.5.5 where

T̃ u = T̃cu = 1
2 (γc − γ)

(
S ◦A(u⊗ δΓ )

)
.

However, since S is a tangential operator. we have

γS = S|Γ γ and γcS = S|Γ γc .

Consequently, with Theorem 8.5.5 applied to A,

T̃ u = T̃cu = S|Γ 1
2 (γc − γ)A(u⊗ δΓ ) = S|Γ ◦ T u = S|Γ ◦ Tcu .

�

So far Q̃Γ has continuous limits under the extension conditions. For sur-
face potentials Q̃v(�) on the plane IRn−1 we have shown that for opera-
tors with symbols of rational type, the potentials Q̃v(�) for �n �= 0 and
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v ∈ C∞
0 (Ur), can be extended to C∞–functions up to �n → 0±, respec-

tively, and they define continuous mappings on Sobolev spaces. To obtain
corresponding results for Q̃Γ when Γ is a general surface, we now confine
ourselves to this subclass of operators A ∈ Lm

c�(Ω̃ ∪ Ω) having symbols of
rational type. Then Lemma 8.4.2 implies that all the operators AΦr,0 gener-
ated by local charts of an atlas A(Γ ) have symbols of rational type, too. As
a consequence, the following similar theorem can be established.

Theorem 8.5.7. Let A ∈ Lm
c�(Ω̃ ∪ Ω) with m ∈ Z have a symbol a(x, ξ)

whose j−th asymptotic terms am−j(x, ξ) are of rational type for j = 0, . . . ,m
with respect to any local chart. Then all the assumptions of Theorem 8.5.5
are fulfilled and Theorem 8.5.5 applies to this class of operators. By the same
arguments, Corollary 8.5.6 remains valid also for this class of operators, pro-
vided aj−m are of rational type for j = 0, . . . ,m + 1.

For this special class of operators, the mapping properties of surface poten-
tials on the plane IRn−1 in Sobolev spaces have been given in Theorem 8.4.7
and Corollary 8.4.12 implies that these surface potentials define continuous
mappings from C∞

0 (Ur) to C∞(Ũ ∩ IRn
−) and to C∞(Ũ ∩ IRn

+), respectively.
For operators other than of rational type, the latter mapping properties are
not true, in general. For this reason, we now only consider the mapping con-
ditions for surface potentials on Γ for the class of operators with symbols of
rational type.

Theorem 8.5.8. Let A ∈ Lm
c�(Ω̃ ∪ Ω) with m ∈ Z have a symbol of ratio-

nal type. Then the operators Q̃Γ given by (8.5.2) with x ∈ Ω or x ∈ Ωc,
respectively, define the following linear mappings which are continuous:

Q̃Γ :
Hs(Γ ) → Hs−m− 1

2 (Ω) and

Hs(Γ ) → Hs−m− 1
2 (Ω̃ ∩Ωc) for s ∈ IR ,

(8.5.19)

and, hence,

Q̃Γ :
C∞(Γ ) → C∞(Ω) and

C∞(Γ ) → C∞(Ω̃ \Ω) ;
(8.5.20)

Q̃Γ :
E ′(Γ ) → E ′(Ω) and

E ′(Γ ) → E ′(Ω̃ \Ω) .
(8.5.21)

Proof: With the partition of unity {ϕr}r∈I to an atlas A(Γ ) and the corre-
sponding family of functions ψr ∈ C∞

0 (Or) with ψr(x) = 1 for x ∈ suppϕr,
we can write Q̃Γu(x) for u ∈ C∞ in the form

Q̃Γu(x) =
∑

r∈I
ψr(x)(Φ∗

rQ̃rχr∗ϕru)(x)

+
∑

r∈I

∫

y′∈Γ

(
1− ψr(x)

)
kA(x, x− y′)ϕr(y′)u(y′)dsy′ .
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Since in the last sum the kernels
(
1 − ψr(x)

)
kA(x, x − y′)ϕr(y′) are C∞

functions of x ∈ Ω̃ and y′ ∈ Γ , the mapping results follow from those of Q̃r

in Theorem 8.4.7 and its Corollary 8.4.12. �

Note that the situation changes if we consider A(v ⊗ δΓ ) in (Ω ∪ Ω̃).

Theorem 8.5.9. Let A ∈ Lm
c�(Ω ∪ Ω̃) with m ∈ IR and ϕ ∈ C∞

0 (Ω ∪ Ω̃).
Then

‖ϕA(v ⊗ δΓ )‖
Hs−m− 1

2 (Ω∪Ω̃)
≤ c‖v‖Hs(Γ ) for s < 0 (8.5.22)

where c depends on ϕ, s,A and Γ .

Proof: With the mapping properties in Theorem 6.1.12 and with Lemma
8.4.8, we find

‖ϕA(v ⊗ δΓ )‖
Hs−m− 1

2 (Ω∪Ω̃)
≤ c‖v ⊗ δΓ ‖

Hs− 1
2 (Ω∪Ω̃)

≤ c′‖v‖Hs(Γ ) .

�

In closing this section, we remark that the operators QΓ and QΓ,c when-
ever they exist as the limits of Q̃Γ , belong to Lm+1

c� (Γ ). This implies in
particular that QΓ and QΓ,c are continuous mappings on the Sobolev spaces,

QΓ , QΓ,c : Hs(Γ ) → Hs−m−1(Γ ) for every s ∈ IR .

and, consequently, are also continuous mappings on C∞(Γ ).

8.6 Volume Potentials

With the mapping properties available for the pseudodifferential operators
we first consider the volume potentials Af and their mapping properties.

For f ∈ H̃σ(Ω∪Ω̃) and A ∈ Lm
c�(Ω∪Ω̃), we denote by Af(x) for x ∈ Ω∪Ω̃

the volume potential. Then clearly Af ∈ Hσ−m
loc (Ω ∪ Ω̃). Moreover, then

(4.2.30) implies that

‖γ0Af‖
Hs−m− 1

2 (Γ )
+ ‖γ0cAf‖

Hs−m− 1
2 (Γ )

≤ c‖f‖
H̃s(Ω∪Ω̃)

for s > m +
1
2
, (8.6.1)

where c is independent of f . For the remaining indices s and in what fol-
lows, we now confine ourselves to the subclass of operators with symbols of
rational type.
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Theorem 8.6.1. (Boutet de Monvel [19])
Let A ∈ Lm

c�(Ω ∪ Ω̃). Then the following mappings are continuous:

A : H̃σ(Ω) −→ Hσ−m(Ω) for every σ ∈ IR , (8.6.2)

A : Hσ(Ω) −→ Hσ−m(Ω) for σ > −1
2
. (8.6.3)

The corresponding results hold in (Ω̃ \ Ω) if Ω is replaced by
◦
K where K is

any compact set with K ⊂ Ω̃ \Ω.

Note that for σ → ∞ the estimate (8.6.3) implies that A maps C∞(Ω)
continuously into C∞(Ω).

Proof:

i) Let K � Ω∪ Ω̃ be a compact set with Ω �
◦
K where

◦
K is the open interior

of K, and let f ∈ H̃σ(Ω). Then Af ∈ Hσ−m
loc (Ω ∪ Ω̃) and

‖Af‖Hσ−m(K) ≤ c‖f‖
H̃σ(Ω)

with some constant c depending on K,A and σ. For any w ∈ C∞
0 (Ω) we

then find

|(Af,w)L2(Ω)| = |(Af,w)L2(K)| ≤ c′‖f‖
H̃σ(Ω)

‖w‖
H̃m−σ(Ω)

.

This yields by duality

‖(Af)‖Hσ−m(Ω)

= sup
{
|(Af,w)L2(Ω)| for w ∈ C∞

0 (Ω) with ‖w‖
H̃m−σ(Ω)

≤ 1
}

and
‖Af‖Hσ−m(Ω) ≤ c′‖f‖

H̃σ(Ω)

which implies (8.6.2) since C∞
0 (Ω) is dense in H̃σ(Ω).

ii) Now let f ∈ C∞
0 (K) and define

f0(x) :=

{
f(x) for x ∈ Ω,
0 for x �∈ Ω,

where K and w are as above. Then

(Af0, w)L2(K) = (f0, A∗w)L2(K) = (f0, A∗w)L2(Ω)

and the restriction

rΩA∗w(x) :=

{
A∗w(x) for x ∈ Ω,
0 for x �∈ Ω
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satisfies rΩA∗w ∈ H̃−σ(Ω), provided −σ < 1
2 . Hence,

|(Af0, w)L2(Ω)| = |(Af0, w)L2(K)|
= |(f0, rΩA∗w)L2(K)|
≤ c‖f0‖Hσ(Ω)‖A∗w‖

H̃−σ(Ω)

≤ c′‖f0‖Hσ(Ω)‖w‖H̃m−σ(Ω)
.

Again, taking the supremum for ‖w‖
H̃m−σ(Ω)

≤ 1 we find by duality the
estimate

‖Af‖Hm−σ(Ω) ≤ c‖f‖Hσ(Ω) , if σ > −1
2
,

i.e., (8.6.3) since C∞(Ω) is dense in Hσ(Ω). �

For the subclass of operators having symbols of rational type, the traces of
the volume potentials on the surface Γ exist for some scale of Sobolev spaces
as in the standard trace theorem. It should be noted that the operators γ0Af
belong to the class of Boutet de Monvel’s trace operators. He also developed
the complete calculus for treating compositions of trace and Poisson operators
(Boutet de Monvel [19, 20, 21], Grubb [110], Schulze [273] and Chazarain and
Piriou [39, p.287]).

Theorem 8.6.2. Let A ∈ Lm
c�(Ω ∪ Ω̃) have a symbol of rational type. Then

for f ∈ H̃s(Ω) and s > m + 1
2 we have the estimate

‖γ0Af‖
Hs−m− 1

2 (Γ )
≤ c‖f‖

H̃s(Ω)
. (8.6.4)

If f ∈ Hs(Ω) then

‖γ0Af‖
Hs−m− 1

2 (Γ )
≤ c‖f‖Hs(Ω) (8.6.5)

provided s > max{− 1
2 , m + 1

2}. The constant c is independent of f .

The corresponding results hold in (Ω̃ \Ω) if Ω is replaced by
◦
K, where K

is any compact set with K ⊂ Ω̃ \Ω and Ω ⊂
◦
K.

Proof: If f ∈ H̃s(Ω) then Af ∈ Hs−m(Ω) due to (8.6.2), and the Trace
Theorem 4.2.1 implies (8.6.4) for s−m > 1

2 .
For f ∈ Hs(Ω) we obtain Af ∈ Hs−m(Ω) from (8.6.3) provided adition-

ally s > − 1
2 . �

If, however, f ∈ H̃σ(Ω̃ \Ω), where f |Ω = 0, then one has more generally.

Theorem 8.6.3. (Chazarain and Piriou [39, Theorem 5.2.2])
Let A ∈ Lm

c�(Ω ∪ Ω̃) have a symbol of rational type. Then, for f ∈ H̃σ(Ω̃ \Ω)
and σ ∈ IR, the sectional trace γ0Af exists and
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‖γ0Af‖
Hσ−m− 1

2 (Γ )
≤ c‖f‖

H̃σ(Ω̃\Ω)
. (8.6.6)

For f ∈ H̃σ(Ω), we have

‖γ0cAf‖
Hσ−m− 1

2 (Γ )
≤ c‖f‖

H̃σ(Ω)
, (8.6.7)

where the constants c are independent of f .

Proof: For the proof of (8.6.6), let v ∈ C∞(Γ ) and f ∈ C∞
0 (Ω̃ \ Ω) with

K := supp f . Then
∫

Γ

vγ0Afds = (v ⊗ δΓ , Af)L2(Ω∪Ω̃) =
(
A∗(v ⊗ δΓ ), f

)
L2(Ω∪Ω̃)

,

where A∗ ∈ Lm
c�(Ω∪ Ω̃) has a symbol of rational type as well, and A∗(v⊗ δΓ )

is a Poisson operator or surface potential operating on v. Since f = 0 in Ω,
we obtain

|
(
A∗(v ⊗ δΓ ), f

)
L2(Ω̃\Ω)

| = |(Q̃v, f)L2(Ω̃\Ω)|

≤ c‖f‖
H̃σ(Ω̃\Ω)

‖Q̃cv‖H−σ(K) ,

where Q̃c is the operator defined by (8.4.5) with respect to A∗ and for 0 <
�n → 0. With Theorem 8.4.7 and s = m + 1

2 − σ, we obtain

∣∣
∫

Γ

vγ0Afds
∣∣ ≤ c‖f‖

H̃σ(Ω̃\Ω)
‖v‖

Hm+ 1
2−σ(Γ )

and

‖γ0Af‖
Hσ−m− 1

2 (Γ )
= sup

‖v‖
H

m+ 1
2−σ

(Γ )
≤1

∣∣
∫

Γ

vγ0Afds
∣∣ ≤ c‖f‖

H̃σ(Ω̃\Ω)

as proposed.
The proof of (8.6.7) follows in the same manner if Ω̃ \ Ω is replaced

by Ω. �

8.7 Strong Ellipticity and Fredholm Properties

For completeness, in this section we now give an overview and collect some
basic results for boundary integral equations with respect to their mapping
and solvability properties, the concept of strong ellipticity, variational formu-
lation and Fredholmness.
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In Section 6.2.5, the concept of strong ellipticity for systems of pseudodif-
ferential operators in IRn has been introduced. Theorem 6.2.7 is the
consequence of strong ellipticity in the form of G̊arding’s inequalities asso-
ciated with corresponding bilinear forms on compact subdomains. However,
inequality (6.2.63) is restricted to Sobolev spaces on compact subregions.
On the other hand, if G̊arding’s inequality is satisfied for operators defined
on a compact boundary manifold Γ , it holds on the whole Sobolev spaces on
Γ . In this case, the boundary integral equations can be reformulated in the
form of variational equations on Γ in terms of duality pairings on boundary
Sobolev spaces associated with the scalar products in G̊arding’s inequality.

With the formulation in variational form together with G̊arding’s inequal-
ity Theorem 5.3.10 may be applied and provides the Fredholm alternative for
the solvability of these variational formulations of the corresponding integral
equations.

In Chapter 5 we already have shown that G̊arding’s inequality is satisfied
for boundary integral equations which are intimately associated with strongly
elliptic boundary value problems for partial differential equations satisfying
G̊arding’s inequality in the domain. There G̊arding’s inequalities for these
boundary integral equations are consequences of the G̊arding inequalities
for the corresponding partial differential equations. We emphasize that the
G̊arding inequalities for the corresponding boundary integral equations are
formulated in terms of the corresponding energy spaces.

For more general pseudodifferential operators on Γ , we now require strong
ellipticity on Γ as in Section 8.1.1 which will lead to G̊arding inequalities for
a whole family of variational formulations in various Sobolev spaces including
the corresponding energy spaces. For the benefit of the reader let us recall
the definition of strong ellipticity for a system ((Ajk))p×p of pseudodifferential
operators on Γ with Ajk ∈ Lsj+tk

c� (Γ ).
We say that A is strongly elliptic, if there exists a constant β0 > 0 and a

C∞–matrix valued function Θ(x) =
((
Θ�j(x)

))
p×p

such that

Re ζ�Θ(x)a0(x, ξ′)ζ ≥ β0|ζ|2 (8.7.1)

for all x ∈ Γ and ξ′ ∈ IR−1 with |ξ′| = 1 and for all ζ ∈ C
p. Here, a0(x, ξ′) =((

a0
jk(x, ξ

′)
))

is the principal part symbol matrix of A. For strongly elliptic
operators, Theorem 8.1.4 is valid. The corresponding variational formulation
reads:

For given f ∈
∏p

�=1 H−s�(Γ ) find u ∈
∏p

�=1 Ht�(Γ ) such that

a(v, u) := 〈v, Λσ
ΓΘΛ−σ

Γ Au〉∏p
�=1 H(t�−s�)/2(Γ )

= 〈v, Λσ
ΓΘΛ−σ

Γ f〉∏p
�=1 H(t�−s�)/2(Γ ) (8.7.2)

for all v ∈
∏p

�=1 Ht�(Γ ) where Λσ
Γ = ((Λsj

Γ δj�))p×p and Λ
sj

Γ = (−∆Γ + 1)sj/2

with the Laplace–Beltrami operator ∆Γ .
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As we notice, in Equation (8.7.2) the bilinear form is formulated with
respect to the Sobolev space

∏p
�=1 H(t�−s�)/2(Γ )–inner product. In practice,

however, one prefers the L2–scalar product instead. For this purpose, we
employ Λτ−σ

Γ with τ = (t1, . . . , tp) as a preconditioner. Then the bilinear
form becomes

〈v, Λτ
ΓΘΛ−σ

Γ Au〉L2(Γ ) = 〈v, Λτ
ΓΘΛ−σ

Γ f〉L2(Γ ) . (8.7.3)

Alternatively, we may rewrite (8.7.3) in the form

a(v, u) = 〈Bv,Au〉L2(Γ ) = 〈Bv, f〉L2(Γ ) with Bv := Λ−σΘ∗Λτv . (8.7.4)

Special examples of this formulation have been introduced in Section 5.6; in
particular the equations (5.6.27) and (5.6.28) for the variational formulations
of boundary integral equations of the second kind where Θ = ((δjk))p×p.

In (5.6.27), we may identify ΛΓ with V −1 and in (5.6.28) ΛΓ with D since
their principal symbols are the same.

The bilinear form in (8.7.3) or (8.7.4) satisfies a G̊arding inequality in the
form

Re {a(w,w) + 〈w,Λτ−σ
Γ Cw〉L2(Γ )} ≥ β′

0‖w‖2∏p
�=1 Ht� (Γ ) (8.7.5)

with some constant β′
0 > 0 for all w ∈

∏p
�=1 Ht�(Γ ) where

Λτ−σ
Γ C = ((Λt�−s�

Γ C�j))p×p

contains the compact operators Λt�−s�

Γ C�j : Htj (Γ ) → H−t�(Γ ) due to
Theorem 8.1.4. Here, from G̊arding’s inequality (8.7.5) we may consider∏p

�=1 Ht�(Γ ) as the energy space for the boundary integral operator A and
the variational equations (8.7.3) or (8.7.4).

However, in order to analyze these equations in other Sobolev spaces as
well, we need a variational formulation for the mapping A :

∏p
�=1 Ht�+ε(Γ )→∏p

k=1 H−sk+ε(Γ ) for any ε ∈ IR. To this end, we introduce the bilin-
ear variational equations of the same boundary equation Au = f for
u ∈

∏p
�=1 Ht�+ε(Γ ), i.e.

aε(v, u) := 〈v, Λτ+εΘΛ−σ+εAu〉L2(Γ ) = 〈v, fε〉L2(Γ ) (8.7.6)

where fε = Λτ+εΘΛ−σ+εf with f ∈
∏p

�=1 H−s�+ε(Γ ); or equivalently,

aε(v, u) = 〈Bεv,Au〉L2(Γ ) = 〈Bεv, f〉L2(Γ ) (8.7.7)

where
Bεv = Λ−σ+εΘ∗Λτ+εv .

For the solvability of (8.7.6) or (8.7.7), we now consider corresponding
G̊arding inequalities for all the bilinear forms aε(u, v), where ε ∈ IR.



482 8. Pseudodifferential and Boundary Integral Operators

Lemma 8.7.1. If A = ((Ajk))p×p is a strongly elliptic system of pseudodif-
ferential operators Ajk ∈ Lsj+tk

c� (Γ ) on Γ , then for every ε ∈ IR there exist
constants γε > 0 , γ1ε ≥ 0 such that G̊arding’s inequality holds in the form

Re aε(w,w) + β1ε‖w‖2∏p
�=1 Ht�−1+ε(Γ ) ≥ βε‖w‖2∏p

�=1 Ht�+ε(Γ ) (8.7.8)

for all w ∈
∏p

�=1 Ht�+ε(Γ ).

Proof: Let Aε
jk := ΛεAjkΛ

−ε, then Aε
jk ∈ Lsj+tk

c� (Γ ) and the principal
symbol matrices Aε

jk and Ajk are the same. Hence, Aε = ((Aε
jk))p×p is also

strongly elliptic for any ε ∈ IR and Theorem 8.1.4 may be applied to Aε pro-
viding G̊arding’s inequality (8.1.20) with corresponding constants γ0 and γ1

depending on ε. By setting v = Λεw with w ∈
∏p

�=1 Ht�+ε(Γ ) and employing
the fact that Λε is an isomorphism we find

Re aε(w,w) = Re 〈w,Λτ+εΘΛ−σ+εAw〉L2(Γ )

= Re 〈v, ΛτΘΛ−σAεv〉L2(Γ )

≥ β0‖v‖2∏p
�=1 Ht� (Γ ) − β1‖v‖2∏p

�=1 Ht�−1(Γ )

≥ βε‖w‖2∏p
�=1 Ht�+ε(Γ ) − β1ε‖w‖2∏p

�=1 Ht�+ε−1(Γ ) ,

which corresponds to (8.7.8). �

Note that the compact operators Cε are now defined by the relations

〈v, Cεw〉∏p
�=1 H(t�−s�)/2(Γ ) = 〈v, Λτ−σ+2εCεw〉L2(Γ ) = 〈v, w〉∏p

�=1 Ht�−1+ε(Γ ) .

(8.7.9)

As a consequence of G̊arding’s inequality (8.7.8), for fixed ε ∈ IR the
boundary integral operators Aε are Fredholm operators of index zero. More
precisely, the following Fredholm theorem holds.

Theorem 8.7.2. Let H =
∏p

�=1 Ht�+ε(Γ ) with fixed ε ∈ IR. Then for the
variational equation (8.7.7), i.e.

aε(v, u) = 〈v, fε〉L2(Γ ) for all v ∈ H (8.7.10)

there holds Fredholm’s alternative:

i) either (8.7.10) has exactly one solution for any fε ∈
∏p

�=1 H−t�−ε(Γ ), i.e.,
any f ∈

∏p
�=1 H−s�+ε or

ii) the homogeneous problem

aε(v, u0) = 0 for all v ∈ H (8.7.11)

has a finite–dimensional eigenspace of dimension k. In this case, the
inhomogeneous variational equation (8.7.10) has solutions if and only if
the orthogonality conditions
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�fε
(v0(j)) = 〈v0(j), fε〉L2(Γ ) = 0 (8.7.12)

are satisfied where v0(1), . . . , v0(k) are a basis of the eigenspace to the
adjoint homogeneous variational equation

aε(v0, w) = 0 for all w ∈ H .

The dimension of this eigenspace is the same as that of (8.7.11).

Clearly, this Theorem is identical to Theorem 5.3.10 which was established
already in Section 5.3.3 since aε satisfies the G̊arding inequality (8.7.8).

Now, for the family of variational equations (8.7.7) corresponding to the
parameter ε ∈ IR we have the following version of the shift–theorem.

Theorem 8.7.3. i) Uniqueness: If for any ε0 ∈ IR, the corresponding vari-
ational equation (8.7.10) with aε0 is uniquely solvable then each of these
equations with ε ∈ IR is also uniquely solvable.

ii) Solvability: If u0 ∈ Hp
�=1H

t�+ε0(Γ ) is an eigensolution of the
homogeneous equation (8.7.11) with aε0 for some ε0 then u0 ∈
∩

ε∈IR

∏p
�=1 Ht�+ε(Γ )

= C∞(Γ ). Hence, the eigenspaces of all the equations (8.7.11) with ε ∈ IR
are identical.

iii) Regularity: If u ∈
∏p

�=1 Ht�+ε0(Γ ) is a solution of the variational equa-
tion

aε0(v, u) = �fε0
(v) for all v ∈

p∏
�=1

Ht�+ε(Γ )

with f ∈
∏p

�=1 H−s�+ε(Γ ) and ε ≥ ε0 then u ∈
∏p

�=1 Ht�+ε(Γ ).

Proof: We begin by showing ii) first, i.e. u0 ∈
⋂

ε∈IR

∏p
�=1 Ht�+ε0(Γ ) = C∞(Γ )

for every eigensolution u0 ∈ H of (8.7.11) with any fixed ε = ε0. Then, by
the definition of aε0 we have for u0 ∈

∏p
�=1 Ht�+ε0(Γ ):

0 = aε0(v, u0) = 〈v, Λτ+ε0ΘΛ−σ+ε0Au0〉L2(Γ ) for every v ∈ C∞(Γ ) .

This implies

Au0 = 0 in
p∏

�=1

H−s�+ε0(Γ )

since Λτ+ε0 , Θ and Λ−σ+ε0 are isomorphisms. Then, by duality, we also have

〈v, Λτ+ε0+1ΘΛ−σ+ε0+1Au0〉L2(Γ ) = 0 for v ∈ C∞ .

Hence,
aε0+1(v, u0) = 0 for all v ∈ C∞ ,

which implies with G̊arding’s inequality

‖u0‖2∏p
�=1 Ht�+ε0+1 ≤

1
βε0+1

β1,ε0+1‖u0‖2∏p
�=1 Ht�+ε0 .
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By induction we find u0 ∈
⋂

ε≥ε0

∏p
�=1 Ht�+ε(Γ ) and with the embedding

Hα(Γ ) ⊂ Hβ(Γ ) for α ≥ β we obtain u0 ∈
⋂

ε≥IR

∏p
�=1 Ht�+ε(Γ ) = C∞(Γ ).

Consequently, if u0 is an eigenfunction of aε0 , it is in C∞(Γ ) and satisfies
Au0 = 0 which implies aε(v, u0) = 0 for every ε ∈ IR and v ∈ C∞(Γ ). This
establishes the assertion ii).

For the uniqueness in all the spaces let us assume that equation (8.7.10)
with aε0 has a unique solution u ∈

∏p
�=1 Ht�+ε0(Γ ) and that there is non-

uniqueness for the equation with aε1 for some ε1 �= ε0. Then the dimension
of the eigenspace to aε1 satisfies k ≥ 1; the eigensolutions are in C∞(Γ ) and
are eigensolutions to aε for every ε ∈ IR, in particular for ε = ε0, which
contradicts our assumption of uniqueness. This establishes that uniqueness
for one fixed ε0 implies uniqueness for all ε ∈ IR, i.e. assertion i).

To show assertion iii), let uε0 ∈
∏p

�=1 Ht�+ε0(Γ ) be a solution of

aε0(v, uε0) = 〈v, fε0〉L2(Γ ) for all v ∈ C∞(Γ ) (8.7.13)

with fε0 = Λτ+ε0ΘΛ−σ+ε0f and f ∈
∏p

�=1 H−s�+ε(Γ ) where ε > ε0. Hence,

Auε0 = f ∈
p∏

�=1

H−s�+ε(Γ ) (8.7.14)

due to the definition of the variational equation (8.7.6) and since
Λσ+ε0ΘΛ−σ+ε0 is an isomorphism. From equation (8.7.14) and by dual-
ity, we then find that uε0 is also a solution of

aε0+1(v, uε0) = 〈v, Λτ+ε0+1ΘΛ−σ+ε0+1Auε0〉L2(Γ )

= 〈Λ−σ+ε0+1Θ∗Λτ+ε0+1v, f〉L2(Γ ) = 〈v, fε0+1〉L2(Γ )

(8.7.15)

for all v ∈ C∞(Γ ) provided ε − ε0 ≥ 1. If temporarily we assume that
uε0 ∈

∏p
�=1 Ht�+ε0+1(Γ ) then, by using G̊arding’s inequality (8.7.8) for aε0+1,

we find

‖uε0‖2∏p
�=1 Ht�+ε0+1(Γ )

≤ 1
βε0+1

{
β1ε0+1‖uε0‖2∏p

�=1 Ht�+ε0 (Γ ) + Re 〈Λτ+ε0+1uε0 , ΘΛ−σ+ε0+1〉L2(Γ )

}

≤ 1
βε0+1

{
β1ε0+1‖uε0‖2∏p

�=1 Ht�+ε0 (Γ )

+ cε0‖f‖∏p
�=1 H−s�+ε0+1(Γ )‖uε0‖∏p

�=1 Ht�+ε0+1(Γ )

}
.

This inequality implies the a priori estimate

‖uε0‖∏p
�=1 Ht�+ε0+1(Γ ) ≤ c(ε0)

{
‖f‖∏p

�=1 H−s�+ε(Γ ) + ‖uε0‖∏p
�=1 Ht�+ε0 (Γ )

}

(8.7.16)

with ε ≥ ε0+1. In order to relax the temporary regularity, assumption on uε0

we now apply a standard density argument. More precisely, let fj ∈ C∞(Γ )
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be a sequence of functions approximating f in
∏p

�=1 H−σ�+ε(Γ ) from (8.7.14).
Then we find uε0j ∈ C∞(Γ ) as corresponding solutions of (8.7.13), also sat-
isfying (8.7.14) with fj instead of f , and uε0j

→ uε0 in
∏p

�=1 Ht�+ε0(Γ ).
Because of uε0j ∈ C∞(Γ ), these functions automatically satisfy (8.7.16) with
uε0j instead of uε0 and fj instead of f . Then, for j →∞, the right–hand side
of (8.7.16) converges to the corresponding expression with f and uε0 . Hence,
from the left–hand side we see that uε0j is a Cauchy sequence in the space∏p

�=1 Ht�+ε0+1(Γ ) which converges to the limit uε0 in this space, hence we
obtain uε0 ∈

∏p
�=1 Ht�+ε0+1(Γ ). If ε − ε0 ∈ IN then by induction and after

finally many steps we obtain the proposed regularity.
If ε − ε0 �∈ IN, first prove the estimate for the integer case and then use

interpolation to obtain the same conclusion. �

8.8 Strong Ellipticity of Boundary Value Problems
and Associated Boundary Integral Equations

In Section 5.6.6 we considered a class of direct boundary integral equations
whose variational sesquilinear forms satisfy G̊arding’s inequalities since the
corresponding boundary value problems are strongly elliptic. Grubb pre-
sented in [109] a general approach for general, normal elliptic boundary
problems satisfying coerciveness or G̊arding’s inequalities, and constructed
associated pseudodifferential operators on the boundary which form there a
strongly elliptic system as well. Here we present a short review of the work
by Costabel et al in [55], where a more special case of elliptic even order
boundary value problems were considered.

8.8.1 The Boundary Value and Transmission Problems

Let us consider the boundary value problem (3.9.1) and (3.9.2), i.e.,

Pu = 0 in Ω , (8.8.1)
Rγu = ϕ on Γ (8.8.2)

where P is an elliptic operator (3.9.1) of order 2m with m ∈ IN, and R is
a m × 2m matrix R = ((Rjk)) j=1,...,m,

k=1,...,2m

and every Rjk is a p × p matrix of

tangential differential operators with C∞ coefficients and of equal orders

ord Rjk = µj − k + 1 , 0 ≤ µj ≤ 2m− 1 , j = 1, . . . ,m . (8.8.3)

By Rj we denote the j–th row of (3.9.2). Thus,

Rjγu :=
2m∑

k=1

Rjkγk−1u =
2m∑

k=1

Rjk

( ∂k−1

∂nk−1
u
)∣∣

Γ
, j = 1, . . . ,m (8.8.4)
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is the restriction to Γ of a differential operator of order µj−1 defined in Ω̃.
For the complementing boundary operators S = ((Sjk)) j=1,...,m,

k=1,...,2m

we assume

the orders
ord Sjk = 2m− µj − k (8.8.5)

and require the fundamental assumption (3.9.4) for M =
(
R
S

)
, i.e., N =

M−1 is a matrix of tangential differential operators. For the boundary value
problem (8.8.1) and (8.8.2), we further assume that the Lopatinski–Shapiro
conditions (3.9.6) and (3.9.7) are satisfied. Related with the boundary value
problem we will consider a transmission problem where Ω̃ ⊂ IRn is a bounded
domain that contains Ω ⊂ Ω̃ and where Ωe := Ωc ∩ Ω̃ denotes a bounded
exterior. Γe := ∂Ωe\Γ is the exterior boundary. The traces γku =

(
∂
∂n

)k
u on

Γ are defined by sectional traces for any u ∈ Ht(Ω) satisfying the differential
equation (8.8.1) in Ω.

Lemma 8.8.1. Let u ∈ Ht(Ω) satisfy the differential equation (8.8.1) in Ω,
where t ≥ 0. Then u has sectional traces γku on Γ of any order k ∈ IN0 and

‖γku‖
Ht−k− 1

2 (Γ )
≤ c‖u‖Ht(Ω) . (8.8.6)

Proof: If u ∈ Ht(Ω) then with Theorem 4.1.1 we can extend u to ũ ∈
H̃t(Ω ∪ Ω̃) and the mapping u �→ ũ is continuous from Ht(Ω) to H̃t(Ω ∪ Ω̃).
Hence,

f := P ũ ∈ H̃t−2m(Ω̃ \Ω)

since P ũ = 0 in Ω. To the elliptic operator P there exist a properly supported
parametrix Q ∈ L−2m

c� (Ω ∪ Ω̃) due to Theorem 6.2.2 which has a symbol of
rational type. Relation (6.2.6) implies

ũ = Qf + R ◦ P ũ

with a smoothing operator R ∈ L−∞(Ω ∪ Ω̃). Then

( ∂

∂n

)k

◦Q ∈ L−2m+k
c� (Ω ∪ Ω̃) ,

and (8.6.6) in Theorem 8.6.3 implies with m replaced by −2m + k and σ =
t− 2m the desired estimate:

‖γku‖
Ht−k− 1

2 (Γ )
≤ ‖γ0

( ∂

∂n

)k

◦Qf‖
Ht−k− 1

2 (Γ )

+ ‖γ0

( ∂

∂n

)k

R ◦ P ũ‖
Ht−k− 1

2 (Γ )

≤ c1‖f‖H̃t−2m(Ω̃\Ω)
+ c2‖ũ‖H̃t(Ω∪Ω̃)

≤ c3‖ũ‖H̃t(Ω∪Ω̃)
≤ c4‖u‖Ht(Ω) .

�
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Clearly, Lemma 8.8.1 also holds for any u ∈ Ht(Ωe) satisfying Pu = 0
in Ωe for the sectional traces γkcu. Then Γ defines a transmission boundary
between Ω and Ωe. (See also Section 5.6.3.)

Let C∞
e denote the restrictions of C∞

0 (Ω̃) functions to Ωe, i.e.,

C∞
e = {u = ϕ|Ωe where ϕ ∈ C∞

0 (Ω̃)} . (8.8.7)

Now we impose the following Assumptions A.1–A.3:
A1: There exist two sesquilinear forms aΩ(u, v) and aΩe(ue, ve) on C∞(Ω)
and C∞

e , respectively, such that

Re {aΩ(u, u) + aΩe(ue, ue)} (8.8.8)

= Re
m∑

j=1

∫

Γ

(
(Rjγu)�(Sjγu)− (Rjγue)�(Sjγue)ds

+
m∑

j=1

∫

Γe

(Rjγu)�(Sjγue)
)
ds

is fulfilled for every u ∈ C∞(Ω) , ue ∈ C∞
e satisfying Pu = 0 in Ω and

Pue = 0 in Ωe.
Assumption A1 corresponds to the validity of the first Green’s formula on

Ω and on Ωe. For the sesquilinear forms aΩ and aΩe we require continuity
and G̊arding’s inequality as follows.
A2: There exits a positive constant c such that

|aΩ(u, v)|+ |aΩe(ue, ve)|
≤ c

{
(‖u‖Hm(Ω) + ‖ue‖Hm(Ωe))(‖v‖Hm(Ω) + (‖ve‖Hm(Ωe))

} (8.8.9)

for all u, v ∈ C∞(Ω) and ue, ve ∈ C∞
e .

A3: G̊arding’s inequality: There exist positive constants β0 and ε, and a
constant c such that

Re
{
aΩ(u, u) + aΩe(ue, ue)

}

≥ β0(‖u‖2Hm(Ω) + ‖ue‖2Hm(Ωe))− c(‖u‖2Hm−ε(Ω) + ‖ue‖2Hm−ε(Ωe))
(8.8.10)

for all (u.ue) ∈ C∞(Ω)× C∞
e satisfying the transmission condition

Rγu = Rγue on Γ . (8.8.11)

Note that under these assumptions the sesquilinear forms
∫

Ω

(Pu)�vdx and
∫

Ωe

(Pue)�vedx (8.8.12)

satisfy G̊arding’s inequalities on the subspaces of Hm(Ω) and of Hm(Ωe)
with elements fulfilling the boundary conditions

Rγu = 0 on Γ and Rγue = 0 on Γ ; Rγue = 0 on Γe := ∂Ωe ∩ ∂Ω̃ .
(8.8.13)
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8.8.2 The Associated Boundary Integral Equations of the First
Kind

As exemplified in Section 3.9, the solution to the boundary value problem
(8.8.1) and (8.8.2) can in Ω be represented in terms of Poisson operators or
multilayer potentials via (3.9.18) and (3.9.18), i.e.,

u(x) = −
2m−1∑

�=0

2m−�−1∑

t=0

Kt

(
Pt+�+1

{ m∑

j=1

N�+1,jϕj +
m∑

j=1

N�+1,m+jλj

}
⊗ δΓ

)

(8.8.14)

for x ∈ Ω, where λ = (λ1, . . . , λm)� = Sγu denotes the yet unknown Cauchy
data of u on Γ . Invoking Theorem 8.4.3 for the traces of Poisson operators
we obtain on Γ , by taking traces of (8.8.14), the relations

γu = −
m∑

j=1

2m−1∑

�=0

2m−�−1∑

t=0

γ0

2m−1∑

k=0

( ∂

∂n

)k−1

Kt((Pt+�+1N�+1,m+jλj)⊗ δΓ )

−
m∑

j=1

2m−1∑

�=0

2m−�−1∑

t=0

γ0

2m−1∑

k=0

( ∂

∂n

)k−1

Kt((Pt+�+1N�+1,jϕj)⊗ δΓ ) .

(8.8.15)

Applying the tangential differential operator R to these relations one obtains
boundary integral equations of the first kind for λ on Γ , namely

m∑

j=1

2m−1∑

�=0

2m−�−1∑

t=0

−RqγKtPt+�+1N�+1,m+jλj

= ϕq +
m∑

j=1

2m−1∑

�=0

2m−�−1∑

t=0

RqγKtPt+�+1N�+1,jϕj ,

(8.8.16)

in short m∑

j=1

Aqjλj = ψq , q = 1, . . . ,m , (8.8.17)

where the operators Aqj and right–hand sides ψq are defined by (8.8.16).
In view of Theorem 8.4.3, the operators Aqj are classical pseudodifferential

operators Aqj ∈ Lµq+µj+1−2m
c� (Γ ) which also can be represented via (7.1.84)

and (7.1.85) in terms of boundary integral operators with Hadamard’s finite
part integral operators composed with tangential differential operators.

As shown by Costabel et al in [55], we have the following theorem.

Theorem 8.8.2. ([55, Theorem 3.9]) Under the assumptions A.1–A.3 there
exist positive constants β′

0 and δ, and a constant c′0 such that

Re
m∑

j,q=1

∫

Γ

λqAqjλjds ≥ β′
0

m∑

j=1

‖λj‖2
Hµj−m+ 1

2 (Γ )
− c′0

m∑

j=1

‖λj‖2
Hµj−m+ 1

2−δ(Γ )

(8.8.18)
for all λ = (λ1, . . . , λm)� ∈

m∏
j01

H−m+µj−m+ 1
2 (Γ ).
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For showing G̊arding’s inequality (8.8.18) let us consider the following trans-
mission problem (similar to Sections 3.9.2 and 5.5.3).

8.8.3 The Transmission Problem and G̊arding’s inequality

For any given λ ∈ C∞(Γ ) let us define the boundary potentials

u(x)
ue(x)

}
:= −

m∑

j=1

2m−1∑

�=1

2m−�−1∑

t=0

Kt

{
(Pt+�+1N�+1,m+jλj)⊗ δΓ

}

for x ∈
{
Ω

Ωe
. (8.8.19)

Then these functions are defined by Poisson operators based on the pseudodif-

ferential operators Kt with the Schwartz kernels
((

∂′

∂ny

)′
E(x, y)

)�
in Ω×Ω̃

having symbols of rational type, see (3.8.1) and (3.8.2). Then u(x) and ue(x)
can be extended to C∞(Ω) and C∞(Ωe), respectively, due to Theorem 8.5.8.
Moreover, u satisfies (8.8.1) in Ω and Pue = 0 in Ωe.

With the jumps of their traces across Γ ,

[γu] = γcue − γu on Γ

we find for u and ue given by (8.8.19),

[γu] = −
m∑

j=1

2m−1∑

�=1

2m−�−1∑

t=0

[γKt]Pt+�+1N�+1,m+jλj ; (8.8.20)

and with (3.9.35) and (3.9.36) we obtain

R[γu] = 0 on Γ .

On the other hand, (8.8.15) gives

Aλ = −Rγu = −Rγcue on Γ ,

and
m∑

q,j=1

∫

Γ

λqAqjλjds = −
∫

Γ

(Rγu)� λds .

Now, we invoke Assumption A1 in the form of (8.8.8) and obtain

Re
m∑

q,j=1

∫

Γ

λqAqjλjds (8.8.21)

= Re
{
aΩ(u, u) + aΩe(ue, ue)

}
− Re

m∑

j=1

∫

Γe

(Rjγue)�(Sjγue)ds



490 8. Pseudodifferential and Boundary Integral Operators

where on Γe the representation (8.8.19) is to be inserted. Since the integration
in (8.8.19) is performed over Γ whereas the traces in (8.8.21) are taken on
Γe, and the Schwartz kernels of the operators in (8.8.19) are in C∞(Γ × Γe),
the mappings

λ ∈
m∏

j=1

H−m+µj+
1
2−ε(Γ ) → (Sjγue|Γe

, Rjγue|Γe
) ∈ L2(Γe)× L2(Γe)

are continuous. So,

Re
m∑

q,j=1

∫

Γ

λqAqjλjds ≥ Re
{
aΩ(u, u)+aΩe(ue, ue)

}
−c‖λ‖2m∏

j=1
H−m+µj+ 1

2−ε(Γ )
.

Now, (8.8.10) of Assumption A3 implies

Re
m∑

q,j=1

∫

Γ

λqAqjλjds ≥ β0

{
‖u‖2Hm(Ω) + ‖ue‖2Hm(Ωe)

}

−c
{
‖u‖2Hm−ε(Ω) + ‖ue‖2Hm−ε(Ωe) + ‖λ‖2m∏

j=1
H−m+µj+ 1

2−ε(Γ )

}
.

(8.8.22)

Whereas in (8.8.20) we were using the mapping λ �→ [γu]|Γ , we now need
for the first terms on the right–hand side in (8.8.22) the mapping [γu]|Γ �→ λ.
To this end, in addition to (8.8.15), where the traces are obtained for Ω 

x→ Γ , we also use the representation of ue for x ∈ Ωe:

ue(x) =
m∑

j=1

2m−1∑

�=0

2m−�−1∑

t=0

∫

Γ

{( ∂′

∂ny

)t

E(x, y)�
}
×

× Pt+�+1

{
N�+1,jϕ

e
j +N�+1,m+jλ

e
j

}
ds

−
2m−1∑

�=0

2m−�−1∑

t=0

∫

Γe

{( ∂′

∂ny

)t

E(x, y)�
}
Pt+�+1γe�uds . (8.8.23)

As we can see, all the operators on the right–hand side of (8.8.23) are Poisson
operators. Then we apply the trace γc for Ωe 
 x → Γ , subtract (8.8.15)
and apply the tangential differential operator S to obtain from (3.9.29) the
relation

λ = S[γu] = B[γu]− Cλ (8.8.24)

where B = ((Bjk)) j=1,...,m,
k=1,...,2m

is defined by the tangential operators of S and the

traces from Ωe and Ω, respectively, having symbols of rational type. Hence,
with Theorem 8.4.3 and Corollary 8.4.4, the operators Bjk ∈ L2m−µj−k

c� (Γ )
are classical pseudodifferential operators on the manifold Γ .
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The operator C in (8.8.22) is obtained from applying Sγc on Γ to the
last terms in (8.8.21), which are surface potentials but with charges γeue

on Γe, which are given by applying γe on Γ to the potential ue in Ωe in
(8.8.19), where λ is given on Γ . Since for x ∈ Γ and y ∈ Γe we have E(·, ·) ∈
C∞(Γ × Γe), we conclude that

C :
m∏

j=1

Hµj−m+ 1
2−δ(Γ ) →

m∏

j=1

Hµj−m+ 1
2 (Γ )

is continuous for every δ > 0. We choose δ = ε. Thus, (8.8.24) yields an
estimate

‖λ‖2m∏
j=1

Hµj−m+ 1
2 (Γ )

≤ c1‖[γu]‖2∏m
j=1 Hµj−k+ 1

2 (Γ )
+ c2‖λ‖2m∏

j=1
Hµj−m+ 1

2−ε(Γ )

≤ 2c1
{
‖γu‖2∏2m

k=1 Hµj−k+ 1
2 (Γ )

+ ‖γcue‖2∏2m
k=1 Hµj−k+ 1

2 (Γ )

}

+ c2‖λ‖2m∏
j=1

Hµj−m+ 1
2−ε(Γ )

. (8.8.25)

Since u and ue are solutions of Pu = 0 in Ω and Pue = 0 in Ωe, respectively,
we can apply for their sectional traces Lemma 8.8.1, and finally get

‖λ‖2m∏
j=1

Hµj−m+ 1
2 (Γ )

≤ c3
{
‖u‖2Hm(Ω) + ‖ue‖2Hm(Ωe)

}
+ c2‖λ‖2m∏

j=1
Hµj−m+ 1

2−ε(Γ )

(8.8.26)
with c3 > 0.

For ‖u‖Hm−ε(Ω) and ‖ue‖Hm−ε(Ω) in (8.8.22) we employ Theorem 8.4.7
for the Poisson operators in (8.8.19) where s = µj −m + 1

2 − ε and obtain

‖u‖2Hm−ε(Ω) + ‖ue‖2Hm−ε(Ωe) ≤ ‖λ‖2m∏
j=1

Hµj−m+ 1
2−ε(Γ )

. (8.8.27)

Inserting (8.8.26) and (8.8.27) into (8.8.22) we finally obtain

Re
m∑

q,j=1

∫

Γ

λqAqjλjds ≥ β1‖λ‖2m∏
j=1

Hµj−m+ 1
2 (Γ )

− c‖λ‖2m∏
j=1

Hµj−m+ 1
2−ε(Γ )

,

the proposed G̊arding inequality (8.8.18).

8.9 Remarks

The treatment of elliptic boundary value problems via their reformulation in
terms of integral equations in the domain and on the boundary has a long
history going back to G. Green [107], C.F. Gauss [95, 96], C. Neumann [238]
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and H. Poincaré [249]. More recently, this approach has lead to the general
theory of elliptic boundary value problems in terms of systems of pseudodif-
ferential equations in the domain and on the boundary manifold. So, our
approach may be seen as a rather particular and explicit example within the
general theory. The general approach extending the theory of pseudodiffer-
ential operators see, is due to Boutet de Monvel. He developed a complete
calculus where all the compositions of pseudodifferential operators satisfy-
ing the transmission conditions with trace operators, Poisson operators and
Newton potential operators are included. He established a class of operators
encompassing the elliptic boundary value problems as well as their solution
operators. Moreover, his class of operators is an algebra closed under com-
position ( see e.g., Boutet de Monvel [19, 20, 21], Grubb [110], Eskin [70],
Schrohe and Schulze [272, 273], Vishik and Eskin [313]). For the general
theory of pseudodifferential operators there is a vast amount of literature
available, e.g., Agranovich [4], Calderón and Zygmund [36], Chazarain and
Piriou [39], Dieudonné [61], Egorov and Shubin [68], Folland [81, 82], Giraud
[98], Hörmander [130], Petersen [247], Seeley [278], Taira [301], Taylor [302],
Treves [306], Wloka et al [323], to name a few.



9. Integral Equations on Γ ⊂ IR3 Recast
as Pseudodifferential Equations

The treatment of boundary value problems in Chapter 5 was based on varia-
tional principles and lead us to corresponding boundary integral equations in
weak formulations. The mapping properties of the boundary integral opera-
tors were derived from the variational solutions of the corresponding partial
differential equations. This approach is restricted to only those boundary
integral operators associated with boundary value problems which can be
formulated in terms of general variational principles based on G̊arding’s in-
equality.

On the other hand, the boundary integral operators can also be considered
as special classes of pseudodifferential operators. In the previous chapters 6
to 8, we have presented some basic properties of pseudodifferential opera-
tors. The purpose of this chapter is to apply the basic tools from previous
pseudodifferential operator theory to concrete examples of this class of bound-
ary integral equations for elliptic boundary value problems in applications. In
particular, the three–dimensional boundary value problems for the Helmholtz
equation in scattering theory, the Lamé equations of linear elasticity and the
Stokes system will serve as model problems. Two–dimensional problems will
be pursued in the next chapter.

For the specific examples in Chapters 2 and 3 our reduction of boundary
value problems to boundary integral equations is based on the availability
of the explicit fundamental solution E. As is well known, in applications
often the fundamental solution cannot be constructed explicitly (see, e.g.,
Section 6.3 and for anisotropic elasticity in IR3 Natroshvili [224]). However,
one may still be able to modify the setting of the reduction from boundary
value problems to integral equations either based on the fundamental solution
of the principal part of the differential equations if available (see Mikhailov
[206]) or on the Levi functions including some parametrix as in Section 6.2
(see Pomp [250]). We will, in the following, refer to the latter as “generalized
fundamental solutions”. These always generate classical pseudodifferential
operators on Ω ∪ Ω̃ as will be verified below. These pseudodifferential opera-
tors belong to a subclass of the Boutet de Monvel algebra which has its origin
in works of Vishik and Eskin [313] and Boutet de Monvel [19, 20, 21] in the
60’s for regular elliptic pseudodifferential boundary value problems (see also
Grubb [110]). Specifically, following the presentation in [110] let us consider
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a simple model of this algebra,

Pu := −∆u + qu = f in Ω ⊂ IR3 ,

γ0u = ϕ on Γ
(9.0.1)

with the smooth coefficient q = q(x) ≥ q0 > 0 in Ω, and a positive constant
q0. Then the unique solution u can be represented in the form

u = V λ−Wϕ + Nf −Nqu in Ω , (9.0.2)

where V and W are the simple and double layer potentials of the Laplacian,
i.e. (1.2.1), (1.2.2), respectively, and N is the Newton potential

Nf(x) =
∫

Ω

E(x, y)f(y)dy for x ∈ Ω

in terms of the fundamental solution E(x, y) of the Laplacian given by (1.1.2)
for n = 3, and λ, ϕ are the Cauchy data of u in (9.0.1). Then we may rewrite
(9.0.2) in the form

Au− V λ = Nf −Wϕ in Ω (9.0.3)

by setting

Au := Iu + Nqu . (9.0.4)

Taking the trace of (9.0.3), we obtain the boundary integral equation

γ0Nqu− γ0V λ = γ0Nf − (I + γ0W )ϕ on Γ . (9.0.5)

Hence, the boundary value problem is now reduced to the following coupled
system of domain and boundary integral equations,

A
(
u
λ

)
:=

(
A , −V

γ0Nq , −γ0V

) (
u
λ

)
=

(
N , −W

γ0N , −(γ0W + I)

)(
f
ϕ

)
(9.0.6)

for the unknowns u in Ω and λ on Γ .
The matrix A of operators on the left–hand side of (9.0.6) is a special

simple case of operators belonging to the Boutet de Monvel operator algebra.
In terms of his terminology, A in (9.0.4) is a pseudodifferential operator in Ω
with the symbol {|ξ|2+q(x)}−1 for |ξ| ≥ 1 which is of rational type and, hence,
satisfies the transmission conditions (8.3.40). The simple layer potential V
is a Poisson operator, Υ = γ0Nq is called a trace operator and −γ0V is a
pseudodifferential operator on Γ . The matrix of operators in (9.0.6) is called
a general Green’s operator on Ω. The operator A in (9.0.6) is invertible and
we have
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A−1 =

(
B−1 ,−B−1V (γ0V )−1

(γ0V )−1γ0NqB
−1 ,−(γ0V )−1

(
I + γ0NqB

−1V (γ0V )−1
)

)

(9.0.7)
where

B =
(
A− V (γ0V )−1γ0Nq

)
and Nqg := N(qg) ; (9.0.8)

also belongs to the algebra.
By following Grubb’s example in [110, 111], we may also formulate the

general Green operator associated with the boundary value problem (9.0.1):

A =
(
PΩ + G ,K

Υ ,Q

)
(9.0.9)

where we have
PΩu := (−∆ũ + qũ)|Ω (9.0.10)

with ũ the extension of u by zero on IR3 \ Ω ; Υu = γ0u on Γ ; the Poisson
operator is given by

K = B−1
{
V (γ0V )−1(I + γ0W )−W

}
, (9.0.11)

and Q is a pseudodifferential operator on the boundary, defined by ΥK =
γ0K = I, the identity in this example. The singular Green’s operator G on
Ω is here defined by

G = B−1
{
− V (γ0V )−1γ0N + N

}
−N . (9.0.12)

The above simple example shows that the general Green operators in
(9.0.6) and (9.0.9) exhibit all of the essential features in the Boutet de Monvel
theory which are formed in terms of compositions of boundary and domain
integral operators, their inverses and traces. These also provide the basis of
the boundary integral equation approach.

Similarly, in general, in terms of generalized fundamental solutions, the
reduction to boundary integral equations can still be achieved (see e.g.
Mikhailov [206]).To be more specific, let F (x, y) be a generalized fundamen-
tal solution for the differential equation (3.9.1) in Ω ∪ Ω̃ together with the
boundary conditions (3.9.2). If the distribution ϕ in (3.7.10) is replaced by
F instead of E then the representation formula (3.9.18) is replaced by the
generalized representation formula for the solution of the partial differential
equation under consideration, i.e.

u(x)−
∫

Ω\{x}

T (x, y)u(y)dy =
∫

Ω

F (x, y)f(y)dy

−
2m−1∑

�=0

2m−�−1∑

p=0

KpPp+�+1

{ m∑

j=1

N�+1,jϕj +
m∑

j=1

N�+1,m+jλj

}
(x) .

(9.0.13)
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Here we tacitly employed the property

P�
(y)F (x, y) = δ(x− y)− T (x, y)

for generalized fundamental solutions. In particular, for F = E one has
T (x, y) = 0 and recovers the representation formula (3.9.29), whereas for
a parametrix F , the kernel T (x, y) is C∞; for a Levi function of degree
j ≥ 0, we have T (x, y) = Tj+1(x, y) with T ∈ Ψhkj−1 and the operator
T∼j+1

∈ L−j−2(Ω ∪ Ω̃) (see (6.2.42) and (6.2.43)).

The operators Kp now are defined in (3.8.2) with E replaced by F . For
ease of reading, we abbreviate Equation (9.0.13) as follows:

u(x)− T∼u(x) = N∼f(x) + Vλ(x)−Wϕ(x) for x ∈ Ω . (9.0.14)

In the same manner as in Section 3.9, we apply the boundary operators
Rγ and Sγ to equation (9.0.14) and obtain (in addition to (9.0.14)) the two
sets of boundary integral equations corresponding to (3.9.30):

ϕ−RγT∼u = RγN∼f + RγVλ−RγWϕ , (9.0.15)

λ− SγT∼u = SγN∼f + SγVλ− SγWϕ . (9.0.16)

For solving the boundary value problem (3.9.1), (3.9.2) with given f in
Ω and ϕ on Γ , we now have at least two choices.

Coupled domain and boundary integral equations

Equations (9.0.14) together with (9.0.15) define a coupled system of do-
main and boundary integral equations,

(
I − T∼ , −V

RγT∼ , RγV

)(
u

λ

)
=

(
N∼ , −W

−RγN∼ , I + RγW

)(
f

ϕ

)
, (9.0.17)

whereas from (9.0.14) and (9.0.16) we arrive at the system

(
I − T∼, −V

−SγT∼, I − SγV

)(
u

λ

)
=

(
N∼, −W

SγN∼, −SγW

)(
f

ϕ

)
. (9.0.18)

We seek the solution u ∈ Hs+m(Ω) with the given and unknown Cauchy
data ϕ and λ in the spaces

Rγu = ϕ ∈
m∏

j=1

Hm+s−µj− 1
2 (Γ ) and

Sγu = λ ∈
m∏

j=1

H−m+s+µj+
1
2 (Γ ) ,
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respectively. R and S are given rectangular matrices of tangential differential
operators along Γ and extended to Ω̃ having the orders order(Rjk) = µj−k+1
where 0 ≤ µj ≤ 2m − 1 and order(Sjk) = 2m − µj − k and satisfying the
fundamental assumptions, see (3.9.4) and (3.9.5).

In order to eliminate u in the domain, the Fredholm integral operator I−T∼
of the second kind must be invertible, which can always be guaranteed by an
appropriate choice of F ; and since T∼ becomes a compact integral operator
on various solution spaces on Ω.

On the other hand, the boundary integral equations (9.0.15) and (9.0.16)
for the unknown Cauchy datum λ on Γ are boundary integral equations of
the first and second kind, respectively, as in Section 3.9.

To set up a variational formulation for the system (9.0.17) or (9.0.18),
one needs the mapping properties of the corresponding operators which
can be obtained by the use of the mapping properties of the corresponding
pseudodifferential operators in the domain, their composition with differ-
ential operators and with traces on the boundary. We may classify these
operators in the following categories:

Mapping properties

1) The pseudodifferential operators N∼ ∈ L
−2m
c� (Ω ∪ Ω̃) and T∼ ∈ L

−j−2
c� (Ω ∪

Ω̃) map distributions defined on Ω into itself. They have the mapping
properties

N∼ : H−m+s(Ω) → Hm+s(Ω) if s > m− 1
2 ,

T∼ : Hm+s(Ω) → Hm+s+j+2(Ω) ↪→ Hm+s(Ω) if s > −m− 1
2 ,

(9.0.19)
(see Theorem 8.6.1) where the last imbedding is compact since j ≥ 0.

2) The operators V and W are surface potentials defining Poisson operators
which map distributions with support on Γ into distributions defined on
Ω ∪ Ω̃. They have the following mapping properties (see Theorem 8.5.8):

V :
m∏

j=1

H−m+s+µj+
1
2 (Γ ) → Hm+s(Ω) , (9.0.20)

W :
m∏

j=1

Hm+s−µj− 1
2 (Γ ) → Hm+s(Ω) . (9.0.21)

3) The trace operators defined on Γ by traces of pseudodifferential operators
on Ω ∪ Ω̃ (see (3.9.3) and Theorem 8.6.2):
Let s0 := µm + 1

2 −m and s̃0 := max{s0,m− 1
2}. Then

RγN∼ : H̃−m+s(Ω) →
m∏

j=1

Hm+s−µj− 1
2 (Γ ) for s > s0 ,

RγN∼ : H−m+s(Ω) →
m∏

j=1

Hm+s−µj− 1
2 (Γ ) for s > s̃0 ,

(9.0.22)
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Correspondingly, with s1:= ν1 + 1
2 −m and s̃1:= max{s1,m− 1

2} we have

SγN∼ : H̃−m+s(Ω) →
m∏

j=1

H−m+s+µj+
1
2 (Γ ) for s > s1 ,

SγN∼ : H−m+s(Ω) →
m∏

j=1

H−m+s+µj+
1
2 (Γ ) for s > s̃1 ; (9.0.23)

RγT∼ : H̃m+s(Ω) →
m∏

j=1

Hm+s−µj− 1
2 (Γ ) compactly for s > s1 ,

RγT∼ : Hm+s(Ω) →
m∏

j=1

Hm+s−µj− 1
2 (Γ ) compactly for s > s̃1 ;

(9.0.24)

SγT∼ : H̃m+s(Ω) →
m∏

j=1

H−m+s+µj+
1
2 (Γ ) compactly for s > s1 ,

SγT∼ : Hm+s(Ω) →
m∏

j=1

H−m+s+µj+
1
2 (Γ ) compactly for s > s̃1 .

(9.0.25)

Note that all of these mapping properties remain valid if Ω is replaced
by Ωc ∩K with any compact K � IRn.

4) Pseudodifferential operators on Γ involving traces of Poisson operators,
namely:

γV ∈ L−2m+2µj+1
c� (Γ ) :

m∏

j=1

H−m+s+µj+
1
2 (Γ ) →

m∏

j=1

Hm+s−µj− 1
2 (Γ ) ;

(9.0.26)

SγV ∈ L0
c�(Γ ) :

m∏

j=1

H−m+s+µj+
1
2 (Γ ) →

m∏

j=1

Hm+s+µj+
1
2 (Γ ) ;

(9.0.27)

RγW ∈ L0
c�(Γ ) :

m∏

j=1

Hm+s−µj− 1
2 (Γ ) →

m∏

j=1

Hm+s−µj− 1
2 (Γ ) ;

(9.0.28)

RSγW ∈ L2m−2µj−1
c� (Γ ) :

m∏

j=1

Hm+s−µj− 1
2 (Γ ) →

m∏

j=1

H−m+s+µj+
1
2 (Γ ) ,

(9.0.29)

for s ∈ IR (see Theorems 8.5.5 and 8.5.7).
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All the operators in equations (9.0.17) and (9.0.18) are intimately re-
lated to the properties of the generalized Newton potentials having symbols
of rational type. Their actions on distributions supported by the boundary
surface as in Theorems 8.4.3 and 8.5.1 generate all of the boundary integral
operators needed for the solution of elliptic boundary problems as in (9.0.17)
or (9.0.18). R. Duduchava considered these systems in [63] in more general
Sobolev and Besov spaces.

The rest of the chapter is devoted to the concrete examples of bound-
ary integral operators in applications. We begin with the Newton potential
defined by fundamental solutions, Levi functions or parametrices. These in-
tegral operators with Schwartz kernels are pseudodifferential operators in
IR3. Next, we consider the traces of Newton potentials in relation to suit-
able function spaces for the weak solution of boundary value problems. The
boundary potentials can be considered as Newton potentials applied to dis-
tributions supported on the boundary manifold. Hence, the jump relations
may be computed classically as well as by using pseudodifferential calculus.

Moreover, for the boundary integral operators generated by boundary
value problems, we find their symbols and invariance properties (Kieser’s
theorem). Finally, we present the computation of the solution’s derivatives
for the corresponding boundary integral equations.

9.1 Newton Potential Operators for Elliptic Partial
Differential Equations and Systems

The latter approach can be presented schematically. For illustration let us
consider the elliptic partial differential operator P of order 2m given by

Pu(x) = (−1)m
∑

|α|≤2m

aα(x)Dau(x) = f(x) in Ω ∪ Ω̃ ⊂ IRn (9.1.1)

where Ω̃ is the tubular neighbourhood of Γ = ∂Ω as defined in Section 8.2.
The ellipticity condition reads here

∑

|α|=2m

aα(x)ξα �= 0 for all ξ ∈ IRn with |ξ| = 1 and x ∈ Ω ∪ Ω̃ .

The operator P is obviously a pseudodifferential operator of order 2m with
the polynomial symbol

σP (x, ξ) = (−1)m
∑

|α|≤2m

aα(x)(iξ)α .

Clearly, the inverse
(
σP (x, ξ)

)−1 is of rational type. In particular, if the co-
efficients aα are constants, then

(
σP (ξ)

)−1 is the symbol of the parametrix
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which also corresponds to the Newton potential operator defined by a funda-
mental solution. As for the Levi function of order j ∈ IN0, the corresponding
Newton potential is given by (6.2.47), i.e.

L∼f(x) :=
∫

Ω∪Ω̃

Lj(x, y)f(y)dy =
j∑

�=0

∫

Ω∪Ω̃

N�(x, y)f(y)dy =
j∑

�=0

N∼�
f(x)

(9.1.2)
where N∼�

∈ L−�−2m
c� (Ω ∪ Ω̃) are pseudodifferential operators due to Lemma

6.2.6. Our goal is to show that all of the Newton potentials mentioned above
are pseudodifferential operators with symbols of rational type. More gener-
ally, we have the following theorem.

Theorem 9.1.1. The pseudodifferential operator given by a generalized
Newton potential in terms of either a parametrix or Levi function of an
elliptic partial differential operator as well as an elliptic system in the sense
of Agmon, Douglis and Nirenberg has a symbol of rational type.

Remark 9.1.1: Since a fundamental solution is a special parametrix,
Theorem 9.1.1 is particularly valid for the Newton potential in terms of a
fundamental solution.

Proof: We begin with the proof for the case of a parametrix and first con-
sider the scalar elliptic case. From the proof of Theorem 6.2.2 we notice that
q−2m(x, ξ) defined by (6.2.8) is of rational type since a(x, ξ) is polynomial.
Since all the homogeneous terms in the symbol expansion of the parametrix
given by the recursion formula (6.2.9) are finite compositions of differentiation
and rational type symbols, Lemma 8.4.2 implies that each term q−2m−j(x, ξ)
is also of rational type, by induction.

Now, for an elliptic system in the sense of Agmon–Douglis–Nirenberg
(6.2.10), the characteristic determinant (6.2.14) is polynomial. Therefore, all
the elements of the matrix–valued symbol q−2m(x, ξ) given by (6.2.8) are of
rational type. Hence, the arguments for the rational type of each term in the
matrices defined by the recursion formula (6.2.9) remain the same as in the
scalar case.

ii) For the Levi functions in the case of scalar elliptic equations we begin
with N∼0

given by (6.2.35) where Ω is replaced by Ω ∪ Ω̃ with the kernel L0

whose amplitude is
a(x, y; ξ) =

(
a0
2m(y, ξ)

)−1
.

The latter, clearly is a rational function of ξ depending also on y. Hence the
symbol of N∼0

is given by the asymptotic expansion (6.1.28) where for each
homogeneous term only a finite number of differentiations appears. Then
Lemma 8.4.2 implies that N∼0

has a symbol of rational type. In order to show
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that N∼�+1
∈ L−(�+2m+1)

c� (Ω ∪ Ω̃) given by (6.2.52) in Lemma 6.2.6 has a

symbol of rational type, we use the argument of induction assuming that N∼�

has a symbol of rational type. Since T∼ given by (6.2.31) has the polynomial
amplitude

(−1)m
{ ∑

|α|=2m

(
aα(y)− aα(x)

)
(iξ)α −

∑

|α|<2m

aα(x)(iξ)α
}
,

T∼ has a polynomial symbol of order 2m − 1 in view of (6.1.28) in Theorem

6.1.11. Then the operator T∼m
= T∼ ◦ N∼m

∈ L−�−1
c� (Ω ∪ Ω̃) has a symbol

of rational type because of Lemma 8.4.2. By the representation of N∼�+1
in

(6.2.53) it has the amplitude function given in (6.2.54) which is now of ratio-
nal type with respect to ξ. Applying Theorem 6.1.11 together with Lemma
8.4.2 we obtain that N∼�+1

has a symbol of rational type.

In view of the definition of the Newton potential in (9.1.2), also L∼j
has a

symbol of rational type.
To complete the proof it remains to show that the Newton potentials in

terms of Levi functions for elliptic systems in the sense of Agmon–Douglis–
Nirenberg again have a symbol of rational type. Now, the characteristic deter-
minant H2m(x, ξ) in Section 6.2.4 is a polynomial in ξ of degree 2m whereas
the cofactor matrix differential operator symbols Bk�(x, ξ) are polynomials
of orders 2m − tk − s�. Hence, the matrix–valued amplitude a−1

0 (y; ξ) is of
rational type and defines a matrix pseudodifferential operator a∼

(−1)

0
with

a matrix symbol of rational type elements as can be seen by repeating the
arguments as for the scalar case. Consequently, the matrix–valued pseudodif-
ferential operator N∼0

given by the Schwartz kernel N (0)(x, y) in (6.2.57) has
a symbol matrix with elements of rational type. Again, the pseudodifferential
operator T∼ corresponding to

T (y;−iD) = a0(y;−iD)− a(x;−iD)

has an amplitude matrix with polynomial elements and, hence, has a symbol
matrix with polynomial elements. By similar arguments as in the scalar case,
the pseudodifferential operator N∼

(�+1) defined by the recursion relation

N∼
(�+1) := a∼

(−1)

0
◦ T∼ ◦N∼

(�)

now has a symbol matrix with elements of rational type provided N∼
(�) has a

symbol matrix of rational type. Thus, by induction, the proposed assertion
can be established which completes the proof. �
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Continuity of the trace of Newton potentials

As a consequence of Theorem 9.1.1, since all the generalized Newton po-
tential operators A ∈ L−2m

c� (Ω ∪ Ω̃) are classical pseudodifferential operators
with symbols of rational type, in addition to Theorem 6.1.12 one may apply
Theorems 8.6.1 and 8.6.2 to A and obtain in the scalar case the mapping
properties as follows:

‖γ0Af‖
H2m− 1

2 +σ(Γ )
≤ c‖f‖

H̃σ(Ω)
for σ > −2m + 1

2 , (9.1.3)

‖γ0Af‖
H2m− 1

2 +σ(Γ )
≤ c‖f‖Hσ(Ω) for σ > σ0 (9.1.4)

where σ0 = max{− 1
2 ,−2m + 1

2} .

In the case of an elliptic system in the sense of Agmon–Douglis–Nirenberg,
the appropriate mapping properties for each of the elements of the matrix
Newton potential operator can be obtained by again using Theorems 8.6.1
and 8.6.2 in addition to Theorem 6.1.12.

9.1.1 Generalized Newton Potentials for the Helmholtz Equation

To illustrate the different generalized Newton potentials in terms of the funda-
mental solution, parametrices and Levi functions we use the inhomogeneous
Helmholtz equation (see Section 2.1),

Pu := −(∆ + k2)u = f in Ω ∪ Ω̃ ⊂ IR3 (9.1.5)

where the fundamental solution which satisfies the radiation condition (2.1.2)
is given explicitly in (2.1.4) as

Ek(x, y) =
eik|z|

4π|z| with z = x− y .

So, the classical Newton potential is of the form

Nf(x) =
∫

IR3

Ek(x, y)f(y)dy (9.1.6)

where f has compact support in Ω ∪ Ω̃ ⊂ IR3.

Symbol and kernel expansions

Since the Helmholtz operator P is a scalar strongly second order operator
with constant coefficients with the symbol σP = |ξ|2 − k2 for ξ ∈ IR3, the
Newton potential N in (9.1.6) is a classical pseudodifferential operator N ∈
L−2
c� (IR3). In this case, we also have the complete symbol
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σN =
1

|ξ|2 − k2
=

∞∑

p=0

k2p

|ξ|2+2p
=

∞∑

p=0

a0
−2−2p(ξ) for |ξ| > k , (9.1.7)

which defines the classical symbol of order −2 as in (6.1.19) and, obviously,
is of rational type. As in Section 6.2, we use the cut–off function χ in (6.2.31)
to define a parametrix H ∈ L−2

c� (IR2) by

Hf := F−1
ξ �→x

((
χ
( 1
|ξ|2 − k2

)
Fy �→ξf(y)

)
. (9.1.8)

We remark that in this case, as we shall see, the difference N −H between
the Newton potential and the parametrix is a smoothing operator. From
the homogeneous expansion σN in (9.1.7), the relation (7.1.49) leads to the
homogeneous kernel

k−1+2p(z) = (2π)−2 p.f.
∫

IR3

eiξ·za0
−2−2p(ξ)dξ . (9.1.9)

By using the explicit Fourier transform in Gelfand and Shilov [97, p. 363] we
obtain

k−1+2p(z) = k2p(2π)−32−2p− 1
2 (2π)3/2

Γ ( 1
2 − p)

Γ (p + 1)
|z|2p−1

and, with the properties of the gamma–function Γ ,

Γ ( 1
2 − p)

Γ (p + 1)
= (−1)p

√
π

1
(2p)!

22p ,

k−1+2p(z) = k2p(−1)p
1
4π

1
(2p)!

|z|2p−1 . (9.1.10)

This defines the asymptotic pseudohomogeneous kernel expansion

∞∑

p=0

k−1+2p(z) =
1
4π

∞∑

p=0

(−k2)p

(2p)!
|z|2p−1 (9.1.11)

where z = x − y. If we use only a finite number of terms in the expansion
(9.1.11) we obtain the Levi functions

L2q(x, y) =
1
4π

q∑

p=0

(−k2)p

(2p)!
|x− y|2p−1 (9.1.12)

corresponding to (6.2.46) with j = 2q. The associated volume potentials in
terms of Levi functions of order 2q are given by

L∼2q
f(x) =

1
4π

q∑

p=0

∫

IR3

(−k2)p

(2p)!
|x− y|2p−1f(y)dy . (9.1.13)
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We observe that the asymptotic expansion in (9.1.11) even converges for
all z ∈ IR3 \ {0} and defines a Schwartz kernel

k(z) :=
∞∑

p=0

1
4π

(−k2)p

(2p)!
|z|2p−1

with k ∈ Ψhk−1(IR3). Then Theorem 7.1.1 implies that the integral operator

L∼f(x) :=
∫

IR3

k(x− y)f(y)dy

is a classical pseudodifferential operator of order −2.
On the other hand, the fundamental solution Ek(x, y) has a series expan-

sion in the form

Ek(x, y) =
1
4π

∞∑

p=0

(−k2)p

(2p)!
|z|2p−1 +

ik

4π

∞∑

p=0

(−k2)p

(2p + 1)!
|z|2p

=
1
4π

1
|z| cos(k|z|) +

ik

4π
sin(k|z|)

k|z| . (9.1.14)

This shows that the difference

Ek(x, y)− k(x− y) =
ik

4π
sinc(k|x− y|)

defines a C∞–kernel function, namely sinc(k|x− y|) =
sin(k|x− y|)

k|x− y| .

Clearly, the real part k(x−y) = ReEk(x, y) also is a fundamental solution
which, however, does not satisfy the Sommerfeld radiation condition (2.1.2).
Therefore, by using the cut–off function ψ(z) as in Theorem 6.1.16 with
ψ(z) = 1 for |z| ≤ 1

2 and ψ(z) = 0 for |z| ≥ 1, the Newton potential can be
decomposed in the form

Nf(x) =
∫

IR3

k(x− y)f(y)dy +
ik

4π

∫

IR3

sinc(k|x− y|)f(y)dy

=
∫

IR3

k(x− y)ψ(k|x− y|)f(y)dy

+
∫

IR3

{k(x− y)
(
1− ψ(|x− y|) +

ik

4π
sinc(k|x− y|)}f(y)dy

= N0f(x) + Rf(x)

where the integral operator N0 is properly supported and R is a smoothing
operator corresponding to Theorem 6.1.9. By applying Theorem 6.1.7 to N0 ∈
OPS−2(IR3 × IR3) we find the symbol a(x, ξ) of N0 in the form
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a(x, ξ) = e−ix·ξ(N0e
iξ•)(x)

=
∞∑

p=0

1
4π

e−ix·ξ (−k2)p

(2p)!

∫

IR3

|x− y|2p−1ψ(|x− y|)eiξ·ydy .

Since N0 , N and H all coincide modulo smoothing operators, the as-
ymptotic expansions of their symbols belong to the same equivalence class,
i.e., the complete symbol class is characterized by the homogeneous symbol
expansion

∞∑

p=0

a0
−2−2p(ξ) =

∞∑

p=0

k2p

|ξ|2+2p
∼ a(x, ξ) ∈ SSS−2

c� (IR3 × IR3) (9.1.15)

as in (9.1.7).
Clearly, N0 , N , H , L∼2q

and L∼ all have the mapping properties (9.1.3)

and (9.1.4).

9.1.2 The Newton Potential for the Lamé System

We now consider the simplest nontrivial elliptic system of equations in IR3

in applications, namely the Lamé system (2.2.1),

Pu = −∆∗u = −µ∆u− (λ + µ)graddivu = f in Ω ∪ Ω̃ ⊂ IR3 . (9.1.16)

Its quadratic symbol matrix can be calculated from (5.4.12) as

σP (ξ) = −G�(−iξ)C̃G(−iξ) =
((
µ|ξ|2δjk + (µ + λ)ξjξk

))
3×3

. (9.1.17)

Hence, the characteristic determinant is given by

det σP (ξ) = µ2(λ + 2µ)|ξ|6 , (9.1.18)

P is strongly elliptic and the inverse to σP (ξ) defines the symbol of the
Newton potential, i.e.

(
σP (ξ)

)−1 =
1

µ|ξ|4
((
|ξ|2δjk −

(λ + µ)
(λ + 2µ)

ξjξk

))

3×3
. (9.1.19)

The Fourier inverse of (σP )−1 defines the fundamental matrix E(x, y) for
P , see (6.2.18), i.e.
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E(x, y) = (2π)−3 p.f.
∫

IR3

(
σP (ξ)

)−1
ei(x−y)·ξdξ

=
1

µ(2π)3
((

p.f.
∫

IR3

1
|ξ|2 e

i(x−y)·ξdξδjk (9.1.20)

+
λ + µ

λ + 2µ
∂2

∂xj∂xk
p.f.

∫

IR3

1
|ξ|4 e

i(x−y)·ξdξ
))

3×3

=
1

8πµ
(3µ + λ)
(λ + 2µ)

(( δjk
|x− y| +

λ + µ

3µ + λ

(xj − yj)(xk − yk)
|x− y|3

))

3×3

as in (2.2.2). Since the symbol in (9.1.19) is homogeneous, the fundamental
solution defines the Schwartz kernel of the Newton potential. Although one
may still define a parametrix as in (9.1.8) by multiplying the homogeneous
symbol in (9.1.19) by the cut–off function χ(ξ) one would not gain anything.
As in the scalar case, by using the cut–off function Ψ from Theorem 6.1.16,
the Newton potential can be decomposed in the form

Nf = N0f + Rf =
∫

IR3

E(x, y)ψ(|x− y|)f(y)dy +
∫

IR3

E(x, y)
(
1− ψ(|x− y|)

)
f(y)dy

where N0 ∈ OPS−2(IR3 × IR3) is properly supported and R is smoothing.

9.1.3 The Newton Potential for the Stokes System

As we have seen in Section 2.3.3, the fundamental solution of the Stokes
system can be obtained from that of the Lamé system by taking the limit
λ→ +∞. Hence, we recover (2.3.10) from (9.1.20) and also the corresponding
symbols from (9.1.19) and (2.3.10) as

σESt
(ξ) =

1
µ|ξ|4

((
|ξ|2δjk −

1
2
ξjξk

))

3×3
(9.1.21)

and

σQ(ξ) =
2i
|ξ|2 ξj . (9.1.22)

The corresponding Newton potentials then read

NStf = NSt0f + NSt1f

=
∫

IR3

ψ(|x− y|)ESt(x, y)f(y)dy +
∫

IR3

(1− ψ(|x− y|) ESt(x, y)f(y)dy
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and

Qf = Q0f + Q1f

with

Q0f =
∫

IR3

ψ(|x− y|)Q(x, y) · f(y)dy .

Clearly, from (9.1.21) and (9.1.22) we conclude that NSt0 ∈ OPS−2(IR3×
IR3) and Q0 ∈ OPS−1(IR3 × IR3).

9.2 Surface Potentials for Second Order Equations

For the special case of second order systems, m = 1, we find two kinds
of boundary conditions (3.9.10) and (3.9.12). The representation formula
(3.7.10) with the fundamental solution E is of the form

u(x) =
∫

Ω

E(x, y)f(y)dy −
∫

Γ

E(x, y)P1γ0(y)dsy

−
∫

Γ

E(x, y)P2(y)γ1u(y)dsy (9.2.1)

−
∫

Γ

( ∂

∂ny

�
E(x, y)

)�
P2(y)γ0u(y)dsy .

Here
∂

∂ny

�
= −

( ∂

∂ny
−2H

)
with H = − 1

2∇·n; the mean curvature of Γ (see

(3.5.5)). P1 and P2 are given by (3.4.62). Note that, in general, P1 contains
first order tangential differentiation. By using the definition of ∂

∂ny

�
, we find

u(x) =
∫

Ω

E(x, y)f(y)dy

−
∫

Γ

E(x, y){P1γ0u + 2HP2γ0u + P2γ1u}dsy (9.2.2)

+
∫

γ

( ∂

∂ny
E(x, y)

)�
P2γ0u(y)dsy ,

i.e., a volume potential, a simple layer surface potential and a double layer
potential.
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Hence, the simplest case of V and W in equations (9.0.20) and (9.0.21)
now corresponds to

Pu(x) = −
n∑

j,k=1

∂

∂xj

(
ajk(x)

∂u

∂xk

)
+

n∑

j=1

aj(x)
∂u

∂xj
+ c(x)u

with the Dirichlet conditions Rγu = u|Γ and the conormal derivative as the
complementary boundary operator

Sγ =
n∑

j,k=1

nj(x)ajk(x)
∂

∂xk
|Γ .

Then the generalized Newton potentials of Section 9.1 have symbols of ra-
tional type and generate corresponding simple and double layer potentials
supported by Γ .

Simple layer potentials

In this case, the simple layer potential has the form

Vλ(x) = N(λ⊗ δΓ ) = Q̃Γλ(x) =
∫

y∈Γ

N(x, x− y′)λ(y′)dsΓ (y′) (9.2.3)

where N is the Schwartz kernel of the generalized Newton potential. As a
continuous linear mapping, the surface potential Q̃Γ in (9.2.3) has all the
mapping properties given in Theorem 8.5.8 for an operator of order −2 in
(8.5.19). Moreover, this surface potential V has limits for x→ Γ from x ∈ Ω

as well as x ∈ Ω̃ ∩Ωc because of Theorem 8.5.1:

lim
x→x′∈Γ

Q̃Γλ(x) =
∫

y′∈Γ

N(x′, x′ − y′)λ(y′)dsΓ (y′) for x′ ∈ Γ

=: QΓλ(x′) = V λ(x′) . (9.2.4)

This boundary integral operator is a pseudodifferential operator V ∈
L−2m+1
c� (Γ ) with m = 1 which is the simple layer boundary integral operator

introduced in Chapter 2.
Since the homogeneous principal symbol of the generalized Newton po-

tential is given here by the matrix valued function

a0
−2(x, ξ) =

{ n∑

j,k=1

ajk(x)ξjξk
}−1

, (9.2.5)

Formula (8.4.7) provides us the principal symbol

q0
−1(x

′, ξ′) =
1
2π

∫

c

{z2 + bz + a}−1dza−1
nn (9.2.6)
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where

a = a−1
nn

n−1∑

j,k=1

ajkξjξk , b = a−1
nn

n−1∑

j=1

(ajn + anj)ξj

and the curve c ∈ C is given in Theorem 8.4.3 and oriented clockwise.

Double layer potentials

Since in (9.2.3) we have already considered the simple layer potential, it
remains to analyze the double layer potential

Wu(x) =
∫

Γ

( ∂

∂ny
E(x, y)

)�
P2(y)u(y)dsy

=
∫

Ω̃

( ∂

∂ny
E(x, y)

)�
P2(y)

(
u(y′)⊗ δΓ

)
dy

for x ∈ Ω̃ \ Γ in terms of Newton potentials. Here the latter is defined by
the Schwartz kernel

(
∂

∂ny
E(x, y)

)�P2(y) which generates a pseudodifferential

operator A ∈ L−1
c� (Ω̃). Hence, only its principal part will contribute to the

tangential differential operator T in Theorem 8.5.5 which here is of order 0.
To compute q0 we apply Theorem 8.4.3 in the tubular coordinates � ∈

Ũr for which only the principal symbol of A is needed. Now we use the
representation of the second order differential operator P in the form (3.4.56),
i.e.

Pu = P0u + P1
∂u

∂n
+ P2

∂2u

∂n2

where the tangential differential operators P0 and P1 of orders 2, respectively,
and 1 and the coefficient P2 are given (3.4.57)–(3.4.59). Hence, the principal
symbol of A has the form

σAΦr,0(x, ξ) = −iξn{p0(x, ξ′) + p1(x, ξ′)ξn + ξ2
n}−1 (9.2.7)

where p0(x, ξ′) is the principal part of −P0(x, iξ′)/P2(x) and p1(x, ξ′) the
principal part of iP1(x, iξ′)/P2(x). Furthermore, x = Ψ(�) with � = (�′, �k) ∈
Ũr. Hence, q0 is given by (8.4.7), i.e.

q0(�′, ξ′) = − i

(2π)

∫

c

{p0(x, ξ′) + p1(x, ξ′)z + z2}−1zdz (9.2.8)

where x = Tr(�′) and c is the contour defined by (8.4.9) circumventing the
pole in the lower half–plane clockwise.
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9.2.1 Strongly Elliptic Differential Equations

The simple layer potential for the scalar equation
If (9.1.2) is a scalar, real elliptic equation of second order, then it is even

a strongly elliptic equation where we have

4a− b2 ≥ γ0|ξ′|2 with γ0 > 0 . (9.2.9)

Then the residue theorem implies

q0
−1 = ann(x′)

{
4ann(x′)

n−1∑

j,k=1

ajk(x′)ξjξk −
( n−1∑

j=1

(ajn + anjξj)
)2}− 1

2
.

(9.2.10)
More generally, if Γ is a given surface, one may prefer to use tubular coor-
dinates (3.3.7). However, since here we only used the homogeneous principal
symbol, the conclusion remains the same and the principal symbol in the
tubular coordinates can be obtained by the transformation formula (6.1.49).
We shall return to the tubular coordinates in the next section.

As a consequence of (9.2.9) we conclude the following lemma.

Lemma 9.2.1. For a scalar strongly elliptic second order partial differential
operator (9.1.1), the simple layer boundary integral operator V ∈ L−1

c� (Γ )
is strongly elliptic (see (6.2.62)) in the sense that there exists a function
Θ(x′) �= 0 on Γ and a positive constant γ0 > 0 such that

ReΘ(x′)σ0
V (x′, ξ′) ≥ γ0 for all ξ′ ∈ IRn−1 with |ξ′| = 1 .

The simple layer potential for strongly elliptic second order systems

In order to guarantee strong ellipticity for the Newton potential, i.e. for
the principal symbol a0

−2 of a second order system in (9.2.5), we establish the
following lemma.

Lemma 9.2.2. Let the adjoint differential operator P ∗

P ∗v(x) = −
n∑

j=1

∂

∂xj

(
a∗jk(x)

∂v

∂xk

)
−

n∑

j=1

∂

∂xj
(a∗jv) + c∗v (9.2.11)

be strongly elliptic. Then the Newton potential with principal symbol given in
(9.2.5) is strongly elliptic.

Proof: With A := ((ajk))np×np, which is invertible since A∗ is invertible, for
any given ζ ∈ C we choose η = A�ζ and find with Θ−1(x) := A−1Θ where
Θ belongs to A∗ in (6.2.62),
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Re η�Θ−1A
−1η = ζ�A(A−1Θ)A∗ζ

= Re ζ�ΘA∗ζ ≥ γ0|ζ|2 ≥ γ′
0|η|2 for all η ∈ C

n

since |η|2 ≤ c|ζ|2. Hence, A−1 is strongly elliptic and γ′
0 = γ0

c > 0. �

We are now in the position to show strong ellipticity of the simple layer
pseudodifferential operator QΓ with the principal symbol given by (9.2.5).

Theorem 9.2.3. For a strongly elliptic adjoint differential operator (9.2.11),
the simple layer potential operator QΓ corresponding to P with the principal
symbol given by (9.2.6) is strongly elliptic on Γ .

Proof: In view of the transformation formula (6.1.49) for principal symbols
under change of coordinates it suffices to prove the theorem for Γ identified
with the tangent hyperplane xn = 0, i.e. for q0

−1 given by (9.2.6),

q0
−1(x

′, ξ′) =
1
2π

R∫

−R

a0
−2

(
(x′, 0) ; (ξ′, ξn)

)
dξn

+
i

2π

−π∫

ϑ=0

a0
−2

(
(x′, 0) ; (ξ′, Re eiϑ)

)
Re eiϑdϑ

with R ≥ R0 sufficiently large so that all the poles of a0
−2

(
(x′, 0) ; (ξ′, z)

)

for |ξ′| = 1 are contained in |z| ≤ 1
2R0 , Im z ≤ 0. Since a0

−2 in (9.2.5) is
homogeneous of order −2, the second integral on the right–hand side is of
order R−1. Hence, we obtain

q0
−1(x

′, ξ′) =
1
2π

∞∫

−∞

a0
−2

(
(x′, 0) ; (ξ′, ξn)

)
dξn .

Now we first consider the case that Θ = ((δ�m))p×p in the definition
(6.2.62) of strong ellipticity for P ∗. Then for η ∈ C

p we have

η�q0
−1(x

′, ξ′)η =
1
2π

∞∫

−∞

η�a0
−2

(
(x′, 0) ; (ξ′, ξn)

)
η dξn

=
1
2π

∞∫

−∞

ζ�σ0
P∗

(
(x′, 0) , (ξ′, ξn)

)
ζ dξn

with the substitution

ζ�(ξ′, ξn) = η�a0
−2

(
(x′, 0) ; (ξ′, ξn)

)
. (9.2.12)
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Strong ellipticity for P ∗ with Θ = ((δ�m))p×p implies that

Re η�q0
−1(x

′, ξ′)η =
1
2π

∞∫

−∞

Re
(
ζ�σ0

P∗
(
(x′, 0) , (ξ′, ξn)

)
ζ
)
dξn

≥ γ0
1
2π

∞∫

−∞

|ζ(ξ′, ξn)|2(1 + |ξn|2)dξn

≥ γ0
1
2π

1∫

−1

|ζ(ξ′, ξn)|2dξn for |ξ′| = 1 .

On the other hand, since

η = σ0
P∗

(
(x′, 0) ; (ξ′, ξn)

)
ζ ,

we have the estimate

|η|2 ≤ |ζ|2 max
|ξ′|=1,ξn∈[−R0,R0]

|σ0
P∗

(
(x′, 0) ; (ξ′, ξn)

)
| = c|ζ|2 .

This implies the strong ellipticity of q0
−1:

Re η�q0
−1(x

′, ξ′) η ≥ γ1|η|2 for all |ξ′| = 1 and η ∈ C
p (9.2.13)

with γ1 > 0.
For general Θ(x) consider the modified differential operator P̃ ∗ = ΘP ∗

instead of P ∗. Then we find the relation

q̃0
−1(x

′, ξ′) =
1
2π

+∞∫

−∞

{ 3∑

j,k=1

ajkΘ
∗ξjξk

}−1

dξn

= Θ∗−1(x′, 0)
1
2π

+∞∫

−∞

{ 3∑

j,k=1

ajkξjξk

}−1

dξn

= Θ∗−1(x′, 0)q0
−1(x, ξ

′) .

By using the strong ellipticity (9.2.13) we obtain

Re η�Θ∗−1(x′, 0)q0
−1(x

′, ξ′) η = Re η�q̃0
−1(x

′, ξ′) η ≥ γ2
1 |η|2

with γ1 > 0 for all η ∈ C
p and |ξ′| = 1. �
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The double layer potential for the scalar equation

The poles of the integrand in (9.2.8) are given by

z1|2 = −1
2
p1 ±

i

2

√
4p0 − p2

1

due to the strong ellipticity of the scalar, real differential operator P . Hence,
by the residue theorem we find

q0(�′, ξ′) = −1
2

+
i

2
p1(x, ξ′)√

4p0(x, ξ′)− p2
1(x, ξ′)

and

q0c(�′, ξ′) =
1
2

+
i

2
p1(x, ξ′)√

4p0(x, ξ′)− p2
1(x, ξ′)

.

Thus, the tangential differential operator is given here by

T u(x′) =
1
2
u(x′) .

Moreover, for the double layer potential we obtain the jump relation

lim
0>�n→0

Wu
(
Tr(�′) + �nn(�′)

)

= −1
2
u(x′) + p.f.

∫

Γ\{x′}

( ∂

∂ny
E(x′, y)

)
P2(y)u(y)dsy

(9.2.14)

where, in general, the finite part integral operator defines a Cauchy–Mikhlin
singular integral operator which is a pseudodifferential operator of order 0 on
the boundary Γ .

However, since p1(ξ′) is the principal part of iP1(x, iξ′)/P2(x) as in (9.2.7)
and (3.4.58), p1(ξ′) is real for a real elliptic scalar differential operator P of
second order (3.4.53). Hence,we have

ReΘq0(�′, ξ′) = 1 for Θ = −2 .

Consequently, we have the following lemma.

Lemma 9.2.4. For a scalar, real elliptic second order differential operator
(9.1.1), the corresponding operator

− 1
2I +K

defined by (9.2.14) with the double layer potential K ∈ L0
c�(Γ ) is a strongly

elliptic pseudodifferential operator of order zero.

In the special case as for the Laplacian (also the Helmholtz operator),
see Remark 3.4.1, we have p1(x, ξ′) = 2H(x) and therefore the finite part
integral operator K in (9.2.14) even becomes weakly singular.
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9.2.2 Surface Potentials for the Helmholtz Equation

As explicit examples for the surface potentials we return to the Helmholtz
equation in IR3. With the Newton potential given by (9.1.5) we define the

simple layer surface potential

Q̃Γ v(x) =
∫

IR3

Ek(x, y)
(
v(y′)⊗ δΓ

)
dy =

∫

Γ

Ek(x, y)v(y′)dsy′ .

For x→ Γ we obtain the simple layer boundary integral operator

Vk(x) = lim
x→Γ

Q̃Γ v(x) =
∫

Γ

Ek(x, y′)v(y′)dsy

=
1
4π

∫

Γ

eik|x−y′|

|x− y′| v(y
′)dsy′ for x ∈ Γ

(9.2.15)

which is a pseudodifferential operator Vk ∈ L−1
c� (Γ ).

If Γ is given by xn = 0 then the complete symbol of Vk has a homogeneous
asymptotic expansion Σq−1−j(x′, ξ′) and, from Formula (8.4.7), we find

q−2p = 0 (9.2.16)
and

q−1−2p(x′, ξ′) = (2π)−1

∫

c

a0
−2−2p

(
(x′0) , (ξ′, z)

)
dz

= (2π)−1

∫

c

k2p dz

|ξ′|2p+2 + z2
(9.2.17)

=
1
2
|ξ′|−1−2pk2p for |ξ′| ≥ 1 and p ∈ IN0

by the use of the residue theorem since the only pole in the lower half plane
of C is at −i|ξ′|p+1.

For a general surface Γ given by x′ = T (�′) one first has to employ
canonical coordinates and represent the Newton potentials in terms of these
coordinates, and then compute the symbol of the boundary potential opera-
tor Vk from VkΦr,0 the transformed operator’s symbol in Theorem 8.4.3. To
illustrate the idea let

Φ(x) = � : Ω̃ → Ũ and
x = Ψ(�) = T (�′) + �nn(�′)

(9.2.18)

denote the diffeomorphism (3.3.7) of the canonical coordinates. Then the
principal symbol of the Newton potential with respect to the canonical coor-
dinates is transformed according to (6.1.49), i.e.
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σ0
NkΦ,−2(�, ζ) = σ0

Nk,−2

(
Ψ(�) ,

(∂Φ

∂x

)�
ζ
)
,

where ζ denotes the Fourier variables corresponding to � ∈ Ũ . The Jacobian
matrix for the canonical coordinates can be computed explicitly by using
(3.4.28) and (3.4.29) in the form

(∂Φ

∂x

)�
=

(
g11 ∂Ψ

∂�1
+ g12 ∂Ψ

∂�2
, g12 ∂Ψ

∂�1
+ g22 ∂Ψ

∂�2
, n

)
. (9.2.19)

In what follows, we shall adhere to the Einstein summation convention
where for repeated Greek indices λ, ν, α, β, γ. . . the summation index runs
from 1 to 2, whereas for Roman indices j, k, �, q. . . it runs from 1 to 3.

The relation (9.2.19) implies

|ξ|2 =
∣∣∣
(∂Φ

∂x

)�
ζ
∣∣∣
2

= ζ�
∂Φ

∂x

(∂Φ

∂x

)�
ζ = ζ�

∂Φ�

∂xk

∂Φj

∂xk
ζj (9.2.20)

= ζ�
∂xk

∂�m
gm� ∂xk

∂�q
gqjζj

= ζ�

⎛

⎝
g11 g12 0
g12 g22 0
0 0 1

⎞

⎠ ζ = {ζ2
1g

11 + 2ζ1ζ2g12 + ζ2
2g

22 + ζ2
3} .

This implies for the principal symbol

σNkΦ,−2(�, ζ) =
∣∣∣
(∂Φ

∂x

)�
ζ
∣∣∣
−2

= {ζ2
1g

11 + 2ζ1ζ2g12 + ζ2
2g

22 + ζ2
3}−1

since
gmq =

∂xk

∂�m

∂xk

∂�q
and gmqg

qj = δjm ,

see (3.4.2) and (3.4.4).
For the principal symbol (9.2.20) of Nk we apply Theorem 8.4.3 again for

�n = 0 and obtain

q0
−1(�

′, ζ ′) = 1
2{ζαγ

αβ(g′)ζβ}−
1
2 (9.2.21)

with ζ ′ = (ζ1, ζ2) ∈ IR2 \ {0} and γαβ the contravariant fundamental tensor
of Γ , (3.4.14), (3.4.15).

Obviously, in view of (9.2.21), the simple layer potential Vk is a strongly
elliptic pseudodifferential operator Vk ∈ L−1

c� (Γ ) since

q0
−1(�

′, ζ ′) = 1
2{ζαγ

αβζβ}−
1
2 ≥ γ0|ζ ′|−1 for all ζ ′ ∈ IR2 (9.2.22)

with a positive constant γ0 depending on the local fundamental tensor γαβ .
Of course, the strong ellipticity also follows from Lemma 9.2.1.
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The double layer potential
The double layer potential Wk of the Helmholtz equation in (2.1.5) will

now be considered as a surface potential generated by an appropriate Newton
potential applied to the boundary distribution v(x′) ⊗ δΓ . To facilitate the
computations, it is more convenient to begin with the adjoint operator

W ′
ku(x) :=

1
4π

∫

Ω

(
n(x) · ∇x

eik|x−y|

|x− y|
)
ψ(|x− y|)u(y)dy

+
1
4π

∫

Ω

(
n(x) · ∇x

eik|x−y|

|x− y|
)(

1− ψ(|x− y|)
)
u(y)dy

(9.2.23)

where ψ is the same cut–off function as in Theorem 6.1.16. Since the first in-
tegral on the right–hand side defines a properly supported pseudodifferential
operator in Ω, its symbol can be computed as

σW ′
k
(x, ξ) = −n(x) ·

∫

IR3

e−ikξ·(x−y)
(
∇yEk(x, y)

)
ψ(y)dy

based on Theorem 6.1.11 after employing

∇xEk(x, y) = −∇yEk(x, y)

for the fundamental solution Ek =
1
4π

eik|x−y|

|x− y| (see (2.1.4)). Then integration

by parts yields

σW ′
k
(x, ξ) = i(n(x) · ξ)

∫

IR3

e−iξ·(x−y)Ekψdy = n(x) ·
∫

IR3

e−iξ·(x−y)(∇yψ)Ekdy .

The second integral on the right–hand side decays, due to the Paley–Wiener
Theorem 3.1.3, since ∇yψ(|x−y|) has a compact support not containing x=y.
From the decomposition of Ek in (9.1.14) it is clear that only 1

4π
1
z cos(k|z|)

contributes to the symbol σW ′ and, again, we obtain the complete symbol
expansion of rational type

1
4π

∫

IR3

e−iξ·z 1
|z| cos(k|z|)ψ(|z|)dz =

∞∑

p=0

k2p

|ξ|2+2p
+ R∞(ξ)

where R∞ ∈ SSS−∞(IR3). Hence,

σW ′
k
(x, ξ) = i(n(x) · ξ)

∞∑

p=0

k2p

|ξ|2+2p
. (9.2.24)

For p = 0, we find the principal symbol
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σW ′
k ,−1(x, ξ) = i(n(x) · ξ) 1

|ξ|2 . (9.2.25)

Therefore, by using Formula (6.1.34) in Theorem 6.1.13, we find the symbol
of Wk as

σWk
∼

∑

|α|≥0

1
α!

( ∂

∂ξ

)α (
− i

∂

∂x

)α{
− i(n(x) · ξ)

∑

p=0

k2p

|ξ|2p+2

}

and its principal symbol

σ0
Wk,−1(x, ξ) = −i(n · ξ) 1

|ξ|2 . (9.2.26)

In order to obtain the boundary integral operators on Γ , we again apply
Theorem 8.4.3 to Wk and W ′

k, respectively. Then we have for Γ identified
with xn = 0,

q0
Wk,0

(x′, ξ′) = − 1
2π

∫

c

zdz

z2 + |ξ′|2 = −1
2

(9.2.27)

since the only pole in the lower half plane of C is z = −i|ξ′|. In the same way
we obtain

q0
W ′

k ,0
(x′, ξ′) =

1
2
.

These are the principal symbols of QΓ and Q′
Γ defined by the limits of Wk

and of W ′
k for xn → 0−, respectively.

We notice that

Qv(x′) = lim
xn→0−

Wkv(x) = −1
2
v(x′) + p.f.

∫

Γ

( ∂

∂ny
Ek(x, y)

)
v(y)dsy

and (9.2.28)

Qcv(x′) = lim
xn→0+

Wkv(x) =
1
2
v(x′) + p.f.

∫

Γ

( ∂

∂ny
Ek(x, y)

)
v(y)dsy .

Correspondingly, for the transposed operators, one obtains

Q′v(x′) = lim
xn→0−

W ′
kv(x) =

1
2
v(x′) + p.f.

∫

Γ

( ∂

∂nx
Ek(x, y)

)
v(y)dsy

and (9.2.29)

Q′
cv(x

′) = lim
xn→0+

W ′
kv(x) = −1

2
v(x′) + p.f.

∫

Γ

( ∂

∂nx
Ek(x, y)

)
v(y)dsy ,

resembling the well–known jump relations for the classical layer potential Wk

and its adjoint W ′
k. In particular, we notice
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1
2
[Qc −Q] = T = Tc =

1
2
I

as in (8.3.37). From our symbol computations for q0
Wk,0

and q0
W ′

k ,0
it follows

that the acoustic double layer boundary integral operator

Kkv(y) = p.f.
∫

Γ

( ∂

∂ny
Ek(x, y)

)
v(y)dsy

and its adjoint

K ′
kv(y) = p.f.

∫

Γ

( ∂

∂nx
Ek(x, y)

)
v(y)dsy

both must be pseudodifferential operators on Γ of order at most −1 which
implies that their Schwartz kernels ∂

∂ny
Ek(x, y) and ∂

∂nx
Ek(x, y) are in

Ψhk−1(Γ ), i.e., they are weakly singular.
For a curved surface Γ , we need to employ the canonical, tubular coor-

dinates for Wk and Wk′ and then compute the corresponding symbols for
x→ 0. From our general results in Section 9.2.2 it is clear that the principal
symbol of QΓ remains the same. Here, TΓ = − 1

2I also on Γ .
Now we consider the principal symbols of the operators Kk and K ′

k ∈
L−1
c� (Γ ) for whose computation we shall need a0

Wk,0
(x, ξ)+a0

Wk,−2(x, ξ) in the
tubular coordinates (9.2.18). These can be obtained by Formula (6.1.34) for
the symbol of the transposed operator, i.e., from

σW ′
k
(x, ξ) = i

(
n(x) · ξ

){ 1
|ξ|2 + O(|ξ|−4)

}

which yields

σWk
(x, ξ) =

∑

|α|≥0

1
α!

( ∂

∂ξ

)α(
− i

∂

∂x

)α

σW ′
k
(x,−ξ)

= −i(n(x) · ξ) 1
|ξ|2 +

∂

∂ξ�

(
− i

∂

∂x�

)(
− i

n(x) · ξ
|ξ|2

)
+ O(|ξ|−3)

= −i(n(x) · ξ) 1
|ξ|2 −

∇ · n(x)
|ξ|2 + 2

(∂nk

∂x�

ξkξ�
|ξ|4

)
+ O(|ξ|−3) .

In the tubular coordinates we use (3.4.19) and, moreover, (3.4.6), (3.4.17)
and (3.4.28) to obtain

∂nk

∂x�
=

∂x�

∂�m
gmj ∂nk

∂�j
=

∂x�

∂�m
gmλ ∂nk

∂�λ
= −Lν

λ

∂yk
∂�ν

gνλ
∂x�

∂�µ

and

σWk
(x, ξ) = −i(n(x) · ξ) 1

|ξ|2 +
2H(x)
|ξ|2

− 2Lν
λg

µλξk
∂yk
∂�ν

ξ�
∂x�

∂�µ

1
|ξ|4 + O(|ξ|−3) .

(9.2.30)
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The transformation of the symbol in terms of the tubular coordinates � and
ζ = ∂Ψ

∂�

�
ξ now reads by the use of Lemma 6.1.17:

aWk,Φ
(�, ζ) =

∑

|α|≥0

1
α!

(( ∂

∂ξ

)α
σW (x, ξ)

)∣∣
ξ= ∂Φ

∂x
�
ζ
×

((
− i

∂

∂z

)α
eiζ·r

)∣∣
z=x=Ψ(�)

with r = Φ(z)− Φ(x)− ∂Φ
∂x (x)(z − x). Because of (6.1.52) and since we only

need terms up to the order −2, this yields for (9.2.30) with ζλ = ξ�
∂x�

∂�λ
for

λ = 1, 2 ; ζ3 = n(x) · ξ and (9.2.20), finally

aWk,Φ(�, ζ) =
(
−iζ3+2H(x)

) 1
|ξ|2 −2

(
gµλLν

λζµζν|Γ
1
|ξ|4

)
+O(|ζ|−3) (9.2.31)

where |ξ|2 = ζ2
3 + d2(ζ) and d2(ζ) = ζλg

λνζν .
With this relation (9.2.31), Theorem 8.4.3 can be applied for �n → 0−

and provides us with the symbols

q0
0(�′, ζ ′) = − 1

2π

∫

c

izdz

z2 + d2
0

= −1
2
,

q0
−1(�

′, ζ ′) =
1
2π

∫

c

2
{H(x)(z2 + d2

0)−
∑2

ν,λ,ν=1 gµνLν
λζµζν |Γ

(z2 + d2
0)2

}
dz

=
H(x)
d0(ζ)

− ζνL
νµζµ

2d3
0(ζ)

(9.2.32)

with
d0(�′, ζ ′) := {ζλγλνζν}

1
2 . (9.2.33)

The symbol q0
−1(�

′, ζ ′) is now the principal symbol of the acoustic double
layer boundary integral operator Kk ∈ L−1

c� (Γ ).

9.2.3 Surface Potentials for the Lamé System

We begin with the
Simple layer potential

For the Lamé system (9.1.16) we define the simple layer potential

Vλ(x) = N(λ× δΓ )(x) = Q̃Γλ(x) =
∫

y′∈Γ

E(x, y′)λ(y′)dsΓ (y′)

with E given by (2.2.2). For x → Γ , the simple layer boundary integral
operator

V λ(x′) = lim
Ω�x→Γ

Q̃Γλ(x) =
∫

Γ

E(x′, y′)λ(y′)dsΓ (y′) for x′ ∈ Γ

defines a pseudodifferential operator V ∈ L−1
c� (Γ ).
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For Γ identified with x3 = 0, we get with Formula (8.4.7) for
(
σP (ξ)

)−1

given by (9.1.19) the symbol

q−1(x′, ξ′) =
1
2π

∫

c

(
σ−1
p (ξ′, z)

)
dz =

1
2π

∫

c

δjk
µ{z2 + |ξ′|2}dz

− 1
2π

∫

c

λ + µ

µ(λ + 2µ)
1

{z2 + |ξ′|2}2

⎛

⎝
ξ2
1 , ξ1ξ2 , ξ1z

ξ1ξ2 , ξ2
2 , ξ2z

ξ1z , ξ2z , z2

⎞

⎠ dz .

By using the residue formula, we have

1
2π

∫

c

dz

d2
0 + z2

=
1
2
d−1
0 ,

1
2π

∫

c

z2dz

z2 + d2
0

= −1
2
d0 ,

1
2π

∫

c

zdz

z2 + d2
0

= − i

2
,

1
2π

∫

c

dz

(d2
0 + z2)2

=
1
4
d−3
0 ,

1
2π

∫

c

z2dz

(d2
0 + z2)2

=
1
4
d−1
0 ,

1
2π

∫

c

z3dz

(z2 + d0)2
= − i

2
,

1
2π

∫

c

zdz

(z2 + d0)2
= 0 .

(9.2.34)

This yields the complete homogeneous symbol matrix of V on Γ ,

q−1(ξ′) =
1

2µ|ξ′|δjk −
λ + µ

4µ(λ + 2µ)|ξ′|3

⎛

⎝
ξ2
1 , ξ1ξ2 , 0

ξ1ξ2 , ξ2
2 , 0

0 , 0 , |ξ′|2

⎞

⎠

=
(λ + 3µ)

4|ξ′|3µ(λ + 2µ)

⎛

⎝
|ξ′|2 + κξ2

2 , −κξ1ξ2 , 0
−κξ2ξ1 , |ξ′|2 + κξ2

1 , 0
0 , 0 , |ξ′|2

⎞

⎠

(9.2.35)
where κ = λ+µ

λ+3µ .
Obviously, since 0 < κ < 1, this matrix is positive definite, therefore, q−1

is a strongly elliptic symbol satisfying:

Re ζ�q−1(ξ′)ζ ≥ γ0|ξ′|−1|ζ|2 for all 0 �= ξ′ ∈ IR2 and ζ ∈ C
3 (9.2.36)

with γ0 = 1
2(λ+2µ) > 0.

We remark that the strong ellipticity (9.2.36) also follows from
Lemma 9.2.2.

For a general surface Γ we have to use the canonical coordinates (9.2.18)
and for ξ = ∂Φ

∂x

�
ζ the relation (9.2.19). Then the principal symbol (9.1.19)

reads

σ0
NΦ,−2(�, ζ) = µ{ζ2

3 + gνλζνζλ}−2
((
{ζ2

3 + ζνg
νλζλ}δjk (9.2.37)

− λ + µ

λ + 2µ

(
njζ3 + gνλ

∂xj

∂�ν
ζλ

)
·
(
nkζ3 + gνλ

∂xk

∂�ν
ζλ

)))

3×3
.
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For Γ , we now compute the principal symbol of the simple layer boundary
integral operator V on Γ according to Theorem 8.4.3:

q0
−1(�

′, ζ ′) =
1
2π

∫

c

(( 1
µ{z2 + d2

0}
δjk −

λ + µ

µ(λ + 2µ)
1

{z2 + d2
0}2
×

×
{
nknjz

2 + njzγ
λν ∂xk

∂�ν
ζλ + nkzγ

λν ∂xj

∂�ν
ζλ

+
(
γλν ∂xj

∂�ν
ζλ

)(
γαβ ∂xk

∂�β
ζα

)}))

3×3
dz .

With (9.2.34) we obtain the explicit symbol matrix of V :

q0
−1(�

′, ζ ′) =
(( 1

2µd0
δjk −

λ + µ

4µ(λ + 2µ)
1
d3
0

(
d2
0njnk

+
(
γιν ∂xj

∂�ν
ζι

)(
γαβ ∂xk

∂�α
ζβ

)) ))

3×3
.

(9.2.38)

The double layer potential for the Lamé system

From the Betti–Somigliana representation formula (2.2.4) we now consider
the double layer potential given by (2.2.8), i.e.

Wϕ(x) =
∫

Γ

(
Ty(x, y)E(x, y)

)�
ϕ(y)dsy for x �∈ Γ ,

where Ty denotes the boundary traction operator given by (2.2.5). Similar
to the case of the Helmholtz operator in Section 9.2.2, the composition with
the fundamental solution matrix given by (2.2.2),

(
TyE(x, y)

)� = NW (x, y)

defines in the tubular neighbourhood Ω̃ ⊂ IR3 of Γ a pseudohomogeneous
Schwartz kernel generating a pseudodifferential operator AW of order −1
with symbol of rational type since both, Ty and the elastic volume potential
operators are of rational type. To facilitate the computation, again we begin
with the transposed operator A�

W which has the kernel TxE(x, y).
With the symbol of Tx,

σTx
(x, ξ) = i((λnj(x)ξk + µnk(x)ξj + µ

(
n(x) · ξ

)
δjk))3×3 (9.2.39)

and according to (6.1.37), the complete symbol of A�
W is given by
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σTx
(x, ξ) ◦ σNP−1 (ξ) = σA�

W
(x, ξ)

= i
((
λnj(x)ξk + µnk(x)ξj + µ(ξ · n(x))δjk

))
3×3

× 1
µ|ξ|4

((
|ξ|2δk� −

(λ + µ)
(λ + 2µ)

ξkξ�

))

3×3

= − i

µ|ξ|4
λ + µ

λ + 2µ
((
λ|ξ|2nj(x)ξ� + 2µ

(
n(x) · ξ

)
ξjξ�

))
3×3

+
i

µ|ξ|2
((
λnj(x)ξ� + µξjn�(x) + µ

(
n(x) · ξ

)
δj�

))
3×3

.

(9.2.40)

For AW , the transposed operator, we then get from (6.1.34) the principal
symbol

σ0
AW

(x, ξ) = σ0
A�

W
(x,−ξ)� . (9.2.41)

Since

Wϕ(x) = AW (ϕ⊗ δΓ )
then

QΓϕ(x) = lim
Ω�x→Γ

Wϕ(x)

is a pseudodifferential operator QΓ ∈ L0
c�(Γ ) due to Theorem 8.5.5. To com-

pute the principal symbol of QΓ we apply Theorem 8.4.3. In particular, if
xn = 0 corresponds to the surface Γ we obtain

q0
0(x′, ξ′) =

1
2π

∫

c

σ0
AW

(x′, 0 ; ξ′, z)dz .

By using (9.2.40) with (9.2.41), we first compute the entries of q0 for j �= 3
and � �= 3 by using n1(x) = n2(x) = 0 , n3(x) = 1:

qj�00 (x′, ξ′) = − i

2π

∫

c

zdz

z2 + |ξ′|2 δj� +
i

2π

∫

c

z2dz

(z2 + |ξ′|2)2
2(λ + µ)
λ + 2µ

ξjξ�

= −1
2
δj� for j, � = 1, 2

(9.2.42)
in view of (9.2.34). If j = � = 3, then with (9.2.34)

q330
0 (x′, ξ′) =

i

2π

∫

c

zdz

z2 + |ξ′|2
(λ

µ

(λ + µ)
(λ + 2µ)

− (λ + 2µ)
µ

)

+
i

2π

∫

c

z3dz

(z2 + |ξ′|2)2 2
(λ + µ)
(λ + 2µ)

=
1
2

1
µ

1
λ + 2µ

{λ(λ + µ)− (λ + 2µ)2 + 2(λ + µ)µ}

= −1
2
.
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For � = 3 and j = 1, 2 we find, again with (9.2.34),

qj300 (x′, ξ′) = − 2i
2π

(λ + µ)
(λ + 2µ)

∫

c

z2dz

(z2 + |ξ′|2)2 ξj +
i

2π

∫

c

dz

z2 + |ξ′|2 ξj

=
i

2
µ

λ + 2µ
ξj
|ξ′| .

Similarly, for j = 3 and � = 1, 2 we obtain

q3�0
0 (x′, ξ′) = − i

2
µ

λ + 2µ
ξ�
|ξ′| .

To summarize, we have the principal symbol matrix for a flat surface,

q0
0(x′, ξ′) = −1

2
I +

1
2

⎛

⎜⎝
0 , 0 , iε ξ1

|ξ′|
0 , 0 , iε ξ2

|ξ′|
−iε ξ1

|ξ′| , −iε ξ2
|ξ′| , 0

⎞

⎟⎠ , (9.2.43)

where ε = µ
λ+2µ .

In view of Theorem 8.4.6, the tangential differential operator T in this
case is of order zero, i.e.

T =
1
2
I ,

whereas the skew–symmetric symbolic matrix belongs to the classical singular
integral operator of Cauchy–Mikhlin type, namely

Kϕ(x′) = p.v.
∫

Γ

(
TyE(x′, y)

)�
ϕ(y)dsy ,

which is the double layer surface potential operator of linear elasticity (see
also (2.2.19)).

From this representation we conclude that q0 is a strongly elliptic sys-
tem according to our definition (6.2.4) since inequality (6.2.16) can easily be
derived for Θ(x) = −((δjk))3×3 and with the help of 0 < ε < 1.

In the same manner as for the simple layer potential (1.2.28), we can
consider the double layer potential for a curved surface Γ in terms of the
canonical coordinates and obtain

σ0
AW,Φ

(�, ζ) = −σA�
W,Φ

(�, ζ)� = σA�
W

(
Φ−1(�) ,

∂Φ

∂x

�
ζ
)�

=
(( i

µ

1
(ζ2

3 + d2)2
( λ + µ

λ + 2µ

){
λ(ζ2

3 + d2)n�

(
gλν

∂xj

∂�ν
ζλ + njζ3

)

+ 2µζ3
(
gλν

∂x�

∂�ν
ζλ + n�ζ3

)(
gλν

∂xj

∂�ν
ζν + njζ3

)}

− i

µ

1
(ζ2

3 + d2)

{
λn�

(
gλν

∂xj

∂�ν
ζν + njζ3

)

+ µnj

(
gλν

∂x�

∂�ν
ζλ + n�ζ3

)
+ µζ3δj�

}))

3×3
,

(9.2.44)
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where d = (ζλgλνζν)
1
2 . Replacing ζ3 by z and performing the contour integra-

tion of formula (8.4.7) we finally again obtain the symbol matrix of q0(�′, ζ ′)
on the surface �n = 0,

q0
0(�′, ζ ′) =

((
− 1

2
δj� −

i

2
ε
(
njγ

λν ∂x�

∂�ν

ζλ
d0
− n�γ

λν ∂xj

∂�ν

ζλ
d0

)))

3×3

with d0 = {γλνζλζν}
1
2 . Obviously, q0 remains strongly elliptic if Γ is any

smooth surface.

9.2.4 Surface Potentials for the Stokes System

The principal symbols of the surface potentials of the Stokes system can be
read off explicitly for the simple layer potential by taking λ→ +∞ in (9.2.38)
and for the double layer potential in (2.3.16) by taling ε→ 0 in (9.2.43).

For the pressure potential in (2.3.10), however, we insert

ξj = njζ3 + γνι ∂xj

∂�ν
ζι

into (9.1.22) and find the principal symbol

2i(2π)−1

∫

c

njz + γνι ∂xj

∂�ν
ζι

z2 + d2
0

dz = inj +
1
2
d−1
0 γνι ∂xj

∂�ν
ζι , j = 1, 2, 3 (9.2.45)

where we employed (9.2.27) and (9.2.34) and where d2
0 is given in (9.2.33). So,

the boundary integral operator of the pressure potential belongs to L0(Γ ).

9.3 Invariance of Boundary Pseudodifferential
Operators

In the previous chapters we considered boundary integral operators as
pseudodifferential operators on Γ generated by generalized Newton poten-
tials and their compositions with differential operators which are pseudodif-
ferential operators on the domain Ω ∪ Ω̃ by applying these to distributions
of the special type v⊗ δΓ . The boundary integral operators then correspond
to the traces of these compositions A in the form

QΓ v(x) = T v(x) + p.f.
∫

Γ

kA(x, x− y)v(y)dsΓ (y) for x ∈ Γ . (9.3.1)

The generalized Newton potential operators have symbols of rational type
as established in Theorem 9.1.1, and their composition A with differen-
tial operators then have symbols of rational type as well, see Lemma 8.4.2.
Hence, Theorem 8.5.7 implies the following invariance property formulated
as Kieser’s theorem.
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Theorem 9.3.1. The boundary pseudodifferential operators of the form
(9.3.1) generated by generalized Newton potentials and their compositions
with differential operators are invariant under change of coordinates on Γ ,
i.e., the tangential differential operators T v are transformed in the usual way
by applying the standard chain rule whereas the finite part integral operator
transforms according to the classical rule of substitution.

We remark that these invariance properties are due to the special prop-
erties of operators with symbols of rational type. They satisfy the canonical
extension conditions, Definition 8.5.3, the special parity conditions (8.5.14)
and the jump relations as in Theorem 8.5.5. In general, as we noticed in
Theorem 7.2.2, the transformation of finite part integral operators produces
extra terms under the change of coordinates if the special parity conditions
are not fulfilled.

Theorem 9.3.1 is of particular importance from the computational point of
view. In particular, the double layer potentials in applications belong to this
class and the corresponding boundary integral operators enjoy the invariance
properties. These include the corresponding singular integral operators of
Cauchy–Mikhlin type.

Clearly, this class of operators also satisfies the Tricomi conditions
(8.3.18).

9.3.1 The Hypersingular Boundary Integral Operators
for the Helmholtz Equation

As a further illustration of Theorem 8.5.5 we now consider the hypersingular
surface potential defined by

A(v ⊗ δΓ )(x) :=
∫

Γ

∂

∂nx

( ∂

∂ny
Ek(x, y)

)
v(y)dsΓ (y) for x �∈ Γ

=
∫

IR3

kA(x, x− y)
(
v(y′)⊗ δΓ (y)

)
dy

(9.3.2)

where the Schwartz kernel kA can be computed explicitly,

kA(x, x−y) =
1
2π

eikr

r5

{
n(x)·(x−y)n(y)·(y−x)

(
(ikr−1)−1−(ikr−1)2

)

+ r2n(x) · n(y)(ikr − 1)
}

where r = |x− y|. In order to find the corresponding symbol we use (9.2.26)
for σWk

(x, ξ); then with (6.1.37) the complete symbol of A ∈ L0
c�(Ω̃) has the

expansion



526 9. Integral Equations on Γ ⊂ IR3 Recast as Pseudodifferential Equations

σA(x, ξ) ∼ (−i)2
∑

|β|≥0

1
β!

(( ∂

∂ξ

)β(
n(x) · ξ

))
×

×
(
− i

∂

∂x

)β ∑

|α|≥0

1
α!

( ∂

∂ξ

)α(
− i

∂

∂x

)α{(
n(x) · ξ

) ∞∑

p=0

k2p

|ξ|2+2p

}
. (9.3.3)

Since A ∈ L0
c�(Ω̃) has a symbol of rational type, Theorems 8.6.1 and 8.6.2

with m = 0 provide the mapping properties of the hypersingular surface
potential (9.3.2). In order to verify Theorem 8.5.5 for the operator A, par-
ticularly the jump relations and the derivation of the symbol of QΓ , we need
the first terms of the expansion (9.3.3) up to the order O(|ξ|−1):

σA(x, ξ) = − (n(x) · ξ)
|ξ|2

2

+ i
{(

n(x) · ξ
)∇ · n
|ξ|2 2

(
ξj

∂n

∂xj
· ξ

) (n(x) · ξ)
|ξ|4

+
((

n(x) · ∇x

)
n(x)

)
· ξ 1
|ξ|2

}
+ O(|ξ|−2) .

If we identify Γ with xn = 0 then ∂n
∂xj

= 0 and we find

q(x′, ξ′) = − 1
2π

∫

c

z2

z2 + |ξ|2 dz + O(|ξ′|−1) =
1
2
|ξ′|+ O(|ξ′|−1) .

In this special case we conclude that for the tangential operator we have
T = 0 in Theorem 8.5.5 and, moreover,

lim
xn→0

A(v ⊗ δΓ )(x)

= QΓ v(x′) = p.f.
∫

Γ

kA(x′, x′ − y′)v(y′)dsΓ (y′) for x′ ∈ Γ .

Here QΓ = D ∈ L1
c�(Γ ) is the hypersingular boundary integral operator of

the Helmholtz equation with the principal symbol

q0
1(x′, ξ′) =

1
2
|ξ′| and with q0

0(x′, ξ′) = 0 .

For a general surface Γ , again we transform A into the canonical coor-
dinates (9.2.18) by the use of the transformation formula (6.1.50) together
with Formula (6.1.52), which yields

σA,Φ(�, ζ) = − (n · ξ)2
|ξ|2 (9.3.4)

+i
{
− (n · ξ) 2H

|ξ|2 − 2
(
ξj

∂n

∂xj
· ξ

) (n · ξ)
|ξ|4 + (n · ∇x)

(
n(x) · ξ

) 1
|ξ|2

}

+
1
2

( ∂2

∂ξj∂ξk

(
− (n(x) · ξ)2

|ξ|2
))(

− i
∂2Φ(x)
∂xj∂xk

)
· ζ + O(|ξ|−2)
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where
ξj = gλν

∂xj

∂�ν
ζλ + njζ3 (9.3.5)

according to ξ = ∂Φ
∂x

�
ζ and (9.2.19).

By applying Theorem 8.4.3, we compute the first term of the symbol of
QΓ by employing (8.4.7). Then we obtain the following result.

Lemma 9.3.2. The hypersingular boundary integral operator Dkin (2.1.17),
namely

Dkv(x′) = − p.f.
∫

Γ

∂

∂nx

( ∂

∂ny
Ek(x′, y′)

)�
v(y′)dsΓ (y′) for x′ ∈ Γ

has a symbol of the form

q(x′, ζ ′) =
1
2
d0 −

i

4
√
γ

∂

∂�ν
(
√
γ γνλ)

ζλ
d0
− i

4
gλνgαβGγ

νβ

ζλζαζγ
d3
0

+ O(d−1
0 )

where d0 = {ζλγλνζν}
1
2 . (9.3.6)

Proof: Only the first term on the right–hand side of (9.3.4) will contribute
to q0

1 , i.e., by employing (9.2.34) we get

q0
1(�′, ζ ′) = − 1

2π

∫

c

z2

z2 + d2
0

dz =
1
2
d0 . (9.3.7)

For the zeroth order terms we compute the contour integrals separately and
will need the residues

1
2π

∫

c

z2dz

(z2 + d2
0)3

=
1
16

d−3
0 and

1
2π

∫

c

z3dz

(z2 + d2
0)3

= 0 (9.3.8)

in addition to those in (9.2.34). Hence,

−i2H(x)
1
2π

∫

c

z

z2 + d2
0

dz = −H(x) . (9.3.9)

Moreover, from (3.4.6), (3.4.17) and (3.4.28) we obtain

∂nk

∂xj
= −∂xj

∂�ν
Lνλ ∂xk

∂�λ
(9.3.10)

and

−2i
1
2π

∫

c

ξj
∂nk

∂xj
ξk

z

(z2 + d2
0)2

dz

= 2i
1
2π

∫

c

ξj
∂xj

∂�ν
Lνλξk

∂xk

∂�λ

z

(z2 + d2
0)2

dz

= 2iζνLνλζλ
1
2π

∫

c

z

(z2 + d2
0)2

dz = 0 . (9.3.11)
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Furthermore,

(n · ∇x)
(
n(x) · ξ

)
=

∂

∂�3

(
n(�′) · ξ

)
= 0 . (9.3.12)

Up to now we have computed all of the contributions to q0
0 from (6.1.50) for

|α| ≤ 1. It remains to compute the contributions from terms in (6.1.50) for
|α| = 2. There we first need the explicit expression

∂

∂ξj

∂

∂ξk

{
− (n(x) · ξ)2

|ξ|2
}

= −2
nj(x)nk(x)

|ξ|2 + 2
nj(x)(n(x) · ξ)

|ξ|4 · 2ξk

+2δjk
(n(x) · ξ)2
|ξ|4 + 4

ξjnk(x)(n(x) · ξ)
|ξ|4 − 4

ξj(n(x) · ξ)2
|ξ|6 2ξk

(9.3.13)
for the last term in (9.3.4).

Again we collect the terms of the second sum in (9.3.4) and obtain with
the first term of (9.3.13) and the chain rule

i
njnk

|ξ|2
∂2Φ

∂xj∂xk
· ζ = i

(( ∂

∂n

)2

Φ
)
· ζ 1
|ξ|2 = 0 (9.3.14)

since
∂Φ

∂n
=

∂Φ

∂�3
=

⎛

⎝
0
0
1

⎞

⎠ due to (3.4.30).

For the next product we find, again with the chain rule,

2njζ3
|ξ|4 2ξk

(
− i

2
∂2Φ

∂xj∂xk

)
· ζ = −2i

ζ3
|ξ|4

∂

∂xk

(∂Φ

∂n

)
· ζ

= −2i
ζ3
|ξ|4

( ∂

∂xk

⎛

⎝
0
0
1

⎞

⎠
)
· ζ = 0 .

(9.3.15)

The third product reads

−i
ζ2
3

|ξ|4 δjk
∂2Φ

∂xj∂xk
· ζ = −i

ζ2
3

|ξ|2∆xΦ · ζ (9.3.16)

= −i
ζ2
3

|ξ|4
(
P0Φ− 2H

∂Φ

∂n
+

∂2Φ

∂n2

)
· ζ

= −i
ζ2
3

(z2 + d2
0)2

{ 1
√
γ

∂

∂�κ

(√
γγκλ ∂Φ

∂�λ

)
· ζ − 2Hζ3 + 0

}

= −i
ζ2
3

(z2 + d2
0)2

1
√
γ

( ∂

∂�κ

√
γγκλ

)
ζλ + 2iH

ζ3
3

(z2 + d2
0)2

.

For (9.3.16), the integration over c then gives the contribution correspond-
ing to this third product:
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−i
1
2π

∫

c

z2

(z2 + d2
0)2

δjk
∂2Φ

∂xj∂xk
·

⎛

⎝
ζ1
ζ2
z

⎞

⎠ dz

= −i
1
√
γ

( ∂

∂�κ

√
γγκλ

)
ζλ

1
2π

∫

c

z2

(z2 + d2
0)2

dz + 2iH
1
2π

∫

c

z3

(z2 + d2
0)2

dz

= −i
1

4
√
γ

( ∂

∂�κ

√
γγκλ

)ζλ
d0

+ H . (9.3.17)

For the fourth product from (9.3.13) we obtain

4ξjnk(x)ζ3
|ξ|4

(
− i

2
∂2Φ

∂xj∂xk

)
· ζ = −2i

ξj
|ξ|4 ζ3

∂

∂xj

(∂Φ
∂n

)
= 0 (9.3.18)

as in (9.3.15).
Finally, for the last product from (9.3.13), we have

4i
ζ2
3

|ξ|6 ξjξk
∂2Φ

∂xj∂xk
· ζ

= 4i
ζ2
3

|ξ|6
(
gλν

∂xj

∂�ν
ζλ + njζ3

)(
gαβ

∂xk

∂�β
ζα + nkζ3

) ∂2Φq

∂xj∂xk
ζq

= 4i
ζ2
3

(ζ2
3 + d2

0)3
{
gλνgαβ

∂xj

∂�ν

∂xk

∂�β

∂2Φq

∂xj∂xk
ζλζαζq

+2gλν
∂xj

∂�ν
nk

∂2Φq

∂xj∂xk
ζλζqζ3 + nj · nkζ

2
3

∂2Φq

∂xj∂xk
ζq

}

=: Σ1 + Σ2 + Σ3 . (9.3.19)

Now we examine each term in (9.3.19) separately. We begin with Σ1. There
we have

gλνgαβ
∂xj

∂�ν

∂xk

∂�β

∂2Φq

∂xj∂xk

= gλνgαβ
( ∂

∂�ν

(∂Φq

∂xk

))∂xk

∂�β

= gλνgαβ
∂

∂�ν

(∂Φq

∂xk

∂xk

∂�β

)
− gλνgαβ

∂Φq

∂xk

∂2xk

∂�ν∂�β

= gλνgαβ
∂

∂�ν

( ∂�q
∂�β

)
− gλνgαβ

∂Φq

∂xk
Gr

νβ

∂xk

∂�r

from (3.4.8) with the Christoffel symbols Gr
νβ .

Hence, with
∂�q
∂�β

= δqβ and differentiation,

gλνgαβ
∂xj

∂�ν

∂xk

∂�β

∂2Φq

∂xk∂xk
= −gλνgαβGr

νβ

∂Φq

∂�r
= −gλνgαβGr

νβδ
q
r

= −gλνgαβGq
νβ .
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By applying the contour integration, the first term in (9.3.19) becomes with
the residues in (9.3.8):

1
2π

∫

c

Σ1(�′; ζ ′, z)dz =

−4igλνgαβζλζα
{ 1

2π

∫

c

z3

(z2 + d2
0)3

dzG3
νβ +

1
2π

∫

c

z2

(z2 + d2
0)3

dzGγ
νβζγ

}

= − i

4
gλνgαβGγ

νβ

ζλζαζγ
d3
0

. (9.3.20)

Next, we analyze Σ2 in (9.3.19) by using (3.4.25) and (3.4.26). We begin with

2gλν
∂xj

∂�ν

∂

∂n

(∂Φq

∂xj

)
ζλζqζ3

=
(
2gλν

∂

∂�3

(∂�q
∂�ν

)
− 2gλν

∂Φq

∂xj

∂2xj

∂�ν∂�3

)
ζλζqζ3

= 0− 2gλνGr
ν3

∂xj

∂�r

∂Φq

∂xj
ζλζqζ3

= −2gλνGr
ν3

∂�q
∂�r

ζλζqζ3 = −2gλνGr
ν3δ

q
rζλζqζ3

= −2gλνGβ
ν3ζλζβζ3 = (2gλνLβ

ν − �32gλνG
�
ν3L

β
� )ζλζβζ3

= 2γλνLβ
ν ζλζβζ3 for �3 = 0 .

Hence,

1
2π

∫

c

Σ2(�′; ζ ′, z)dz =
8i
2π

∫

c

z3dz

(z2 + d2
0)3

γλνLβ
ν ζλζβ = 0 . (9.3.21)

For the last term Σ3 of (9.3.19) we get with ∂
∂�3

nk = 0:

njnk
∂2Φq

∂xj∂xk
ζqζ

2
3 =

∂

∂�3

(∂Φq

∂xk

)
nkζqζ

2
3 =

∂

∂�3

(∂Φq

∂xk
nk

)
ζqζ

2
3

=
∂

∂�3

(∂�q
∂�3

)
ζqζ

2
3 =

∂

∂�3
(δq3)ζqζ

2
3 = 0 ,

(9.3.22)

which yields Σ3 = 0.
By collecting all terms, in particular, (9.3.7)–(9.3.9), (9.3.11)–(9.3.22), the

proposed relation (9.3.6) follows. �

Now we show that in this case the tangential differential operator T = 0.

Lemma 9.3.3. For the hypersingular boundary potential operator as given
in (9.3.2), the tangential operator T in the jump relation (8.4.25) vanishes:

T = Tc = 0 .
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Proof: Here we can apply Theorem 8.4.6, i.e. (8.4.26); but we can also
compute the jumps of the symbols by (8.4.27) which means nothing but
replacing all the contour integrations over c in the proof of Theorem 8.4.3 by
corresponding counter clockwise oriented contour integrals over the complete
circle |z| = R > 2d0. It is easy to see that these integrals corresponding
to (9.3.7), (9.3.11), (9.3.20) and (9.3.21) all vanish. In addition, we see that
(9.3.9) gives

−i2H(x)
1
2π

∮

|z|=R

z

z2 + d2
0

dz = 2H(x)

whereas for the corresponding integrals in (9.3.17) we find

−iH(x)
1
2π

∮

|z|=R

z3

(z2 + d2
0)2

dz = −2H(x) and
1
2π

∮

|z|=R

z2

(z2 + d2
0)2

dz = 0 .

So, for the hypersingular operator of the Helmholtz equation we find

[q0
1 + q0

0 ](�′, ξ′) = 2T = 0 , (9.3.23)

as expected. �

9.3.2 The Hypersingular Operator for the Lamé System

Similar to the case of the Helmholtz equation, we now consider the surface
potentials of the hypersingular operator D as in (2.2.31) and define

A(v ⊗ δΓ )(x) := −
∫

Γ

Tx

(
TyE(x, y)

)�
v(y)dsΓ (y)

=
∫

IR3

kA(x, x− y)
(
v(y′)⊗ δΓ (y)

)
dy for x �∈ Γ .

(9.3.24)

Here the Schwartz kernel is given by

kA(x, x− y) =
1
4π

µ

λ + 2µ
1
|z|5

((
3z · n(y){2µnj(x)zk

+ λnk(x)zj + λz · n(x)δjk −
5
|z|2 z · n(x)zjzk}

+ 3λ{n(x) · n(y)zjzk + z · n(x)nj(y)zk}
+ 2µ

{
3z · n(x)zjnk(y) + |z|2nj(y)nk(x) + |z|2n(x) · n(y)δjk

}

− 2(µ− λ)nj(x)nk(y)|z|2
))

3×3

(9.3.25)
where z = x− y (see Brebbia et al [24, p.191]).
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To compute the symbol, we use the complete symbol of AW by applying
(6.1.34) to the symbol of the transposed to the elastic double layer potential
(9.2.40) and the symbol of the traction operator Tx to find the symbol of the
hypersingular operator by employing (6.1.37) in Theorem 6.1.14:

σ−Tx◦AW
(x, ξ) =

−
∑

|β|≥0

( 1
β!

( ∂

∂ξ

)β

i
((
λnj(x)ξk + µξjnk(x) + µ

(
ξ · n(x)

)
δjk

))
3×3

)
×

×
(
− i

∂

∂x

)β ∑

|α|≥0

1
α!

( ∂

∂ξ

)α(
− i

∂

∂x

)α

×

×
{

i

µ|ξ|4
λ + µ

λ + 2µ
((
λ|ξ|2n�(x)ξm + 2µ

(
n(x) · ξ)ξ�ξm

))
3×3

− i

µ|ξ|2
((
λn�(x)ξm + µξ�nm(x) + µ

(
n(x) · ξ

)
δ�m

))
3×3

}�
. (9.3.26)

With the complete symbol available, it is clear, that the jump conditions can
be investigated in the same manner as for the Helmholtz equation. Neverthe-
less, this is very tedious and cumbersome and we therefore shall return to the
jump relations by using a different approach later on, based on a different
representation formula for the double layer and the hypersingular boundary
potentials (see Han [119] and Kupradze et al [177]).

For simplicity, we now confine ourselves to the computation of the prin-
cipal symbol of −Tx ◦AW and of D on Γ by choosing α = β = 0 in (9.3.26).
A straightforward computation yields

σ0
−Tx◦AW

(x, ξ) =
λ + µ

µ(λ + 2µ)
1
|ξ|4

((
λ2|ξ|4nj(x)nk(x)

+2λµ|ξ|2
(
n(x) · ξ

)(
ξjnk(x) + nj(x)ξk

)
+ 4µ2

(
n(x) · ξ

)2
ξjξk

))
3×3

− 1
µ|ξ|2

((
λ2|ξ|2nj(x)nk(x) + µ(2λ + µ)

(
n(x) · ξ

)(
ξjnk(x) + nj(x)ξk

)

+µ2ξjξk + µ2
(
n(x) · ξ

)2
δjk

))
3×3

. (9.3.27)

By setting n1(x) = n2(x) = 0, n3(x) = 1 and ξ3 = z, we obtain

σ0
αβ = −µ

z2

z2 + d2
0

δαβ +
(4µ(λ + µ)

λ + 2µ
z2

(z2 + d2
0)2

− µ
1

z2 + d2
0

)
ξαξβ ,

σ0
α3 = σ0

3α = 4µ
λ + µ

λ + 2µ

( z3

(z2 + d2
0)2

− z

z2 + d2
0

)
ξα for α, β = 1, 2 ;

σ0
33 =

4µ(λ + µ)
λ + 2µ

( z4

(z2 + d2
0)2

− 2
z2

z2 + d2
0

)
− λ2

λ + 2µ
. (9.3.28)
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Now we employ Formula (8.4.7) and use (9.2.34), (9.3.8) and

1
2π

∫

c

z4

(z2 + d2
0)2

dz = −3
4
d0

to obtain the principal symbol of the hypersingular boundary integral oper-
ator D:

q0
D,1 =

µ

2|ξ′|

⎛

⎝
|ξ′|2 + ε1ξ

2
1 , ε1ξ1ξ2 , 0

ε1ξ2ξ1 , |ξ′|2 + ε1ξ
2
2 , 0

0 , 0 , (1 + ε1)|ξ′|2

⎞

⎠ (9.3.29)

where ε1 = λ
λ+2µ and, hence, |ε1| < 1.

Obviously, for any ξ′ ∈ IR2 with |ξ′| = 1, the matrix q0
D,1 is symmetric

and positive definite. Consequently, inequality (8.1.19) is satisfied with Θ =
((δjk))3×3 and γ0 = (1 − |ε1|) > 0. Therefore the hypersingular boundary
integral operator matrix D of linear elasticity is strongly elliptic and satisfies
a G̊arding inequality (8.1.21) on Γ where t� = s� = 1

2 .
For the jump relation, i.e. for obtaining the operator T in (8.4.26) we

could follow the calculations as for the Helmholtz equation which will be
cumbersome, as mentioned before. Alternatively, we use the representation
(2.2.34) of the hypersingular operator, i.e.

Dv(x)= −TxWv(x) = − µ

4π
p.f.

∫

Γ

∂2

∂nx∂ny

( 1
|x− y|

)
v(y)dsy

− p.f.
∫

Γ

M
(
x, n(x)

){
4µ2E(x, y)− µ

2π
1

|x− y|I
}
M

(
∂y, n(y)

)
v(y)dsy

+
µ

4π
p.f.

∫

Γ

(
M

(
∂x, n(x)

) 1
|x− y|IM

(
∂y, n(y)

))�
v(y)dsy . (9.3.30)

We notice that the first term on the right–hand side of (9.3.30) corresponds
to the hypersingular boundary potential (9.3.2) of the Laplacian, i.e. of the
Helmholtz equation for k = 0. For the latter, T = Tc = 0 due to Lemma 9.3.3,
and from Lemma 9.3.2 we obtain its symbol in the form µq(x′, ξ′)((δjk))3×3

with q(x′, ξ′) given by (9.3.6). For the next two terms we use the property
that the elements of the operator matrix

M
(
∂x, n(x)

)
=

((
mjk(∂x, n(x))

))
3×3

where

mjk

(
∂y, n(y)

)
= nk(y)

∂

∂yj
− nj(y)

∂

∂yk
= −mkj

(
∂y, n(y)

)
(9.3.31)

are tangential differential operators and apply Corollary 8.5.6 and Theorem
8.5.7. To facilitate the presentation we first write the second term in the form
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− µ
(
∂x, n(x)

) ∫

y′∈Γ

{
4µE(x, y′)− 1

2π
1

|x− y′|I
}
M

(
∂y′ , n(y′)

)
v(y′)dsy′

= −µM◦ Ñ1 ◦M(v ⊗ δΓ )(x) (9.3.32)

where
Ñ1f(x) =

∫

Ω∪Ω̃

{
4µE(x, y)− 1

2π
1

|x− y|I
}
f(y)dy

is a Newton potential Ñ1 ∈ L−2
c� (IR2) with weakly singular kernel whose

corresponding boundary potential with

f(y) = w(y′)⊗ δΓ (y)

has a continuous extension to Γ without jump (see (9.2.4)). Consequently,
Corollary 8.5.6 and Theorem 8.5.7 imply, that

lim
x→x′∈Γ

(
− µM◦ Ñ1 ◦M(v ⊗ δΓ )(x)

)

= −M
(
∂x′ , n(x′)

) ∫

Γ

{
4µE(x′, y′)− 1

2π
1

|x′ − y′|
}
M

(
∂y′ , n(y′)

)
v(y′)dsy′

where for the corresponding tangential operator we have T = 0.
For the last term we write this operator matrix in terms of its components

which are compositions of tangential operators with the Newton potential Ṽ
of the Laplacian, i.e.

µ

4π

3∑

�=1

∫

Ω∪Ω̃

mk�

(
∂x, n(x)

) 1
|x− y|m�j

(
∂y, n(y)

)(
vk(y′)⊗ δΓ

)
dy

= µ

3∑

�=1

(
∂x, n(x)

)
◦ Ṽ ◦m�j(vk ⊗ δΓ ) (9.3.33)

where we have employed the Corollary 8.5.6 for interchanging the tangential
differentiation and integration. In the same manner as for Ñ1 we have

lim
x→x′∈Γ

µmk�

(
∂x, n(x)

)
◦
(
Ṽ ◦m�j(vk ⊗ δΓ )

)
(x)

=
µ

4π
mk�

(
∂x′ , n(x′)

) ∫

Γ

1
|x′ − y′|m�j

(
∂y′ , n(y′)

)
vk(y′)dsy′ ;

the corresponding tangential operator T again vanishes.
To conclude this section we summarize one of the main results for the

hypersingular boundary potentials in elasticity in the following lemma.



9.4 Derivatives of Boundary Potentials 535

Lemma 9.3.4. The hypersingular boundary potential Dv satisfies

Dv(x′) := −Tx′ p.f.
∫

Γ

(
TyE(x′, y)

)�
v(y)dsy (9.3.34)

= − p.f.
∫

Γ

Tx′
(
TyE(x′, y)

)�
v(y)dsy

= − µ

4π
p.f.

∫

Γ

( ∂2

∂nx′∂ny

1
|x′ − y|

)
v(y)dsy

− p.f.
∫

Γ

M
(
∂x′ , n(x′)

){
4µ2E(x′, y′)− µ

2π|x′ − y′|I
}
M

(
∂y′ , n(y′)

)
v(y′)dsy′

+ p.f.
µ

4π

∫

Γ

(
M

(
∂x′ , n(x′)

) 1
|x′ − y′|M

(
∂y′ , n(y′)

))�
v(y′)dsy′

for x′ ∈ Γ .
Moreover, D has a strongly elliptic principal symbol given by (9.3.29).

We remark that the last two finite part integrals are Cauchy principal
value integrals due to the corresponding Tricomi conditions (8.3.8) with
m = −1 and j = |α| = 0 from (9.3.32) and (9.3.33), respectively, since all the
operators involved here have symbols of rational type (see Lemma 8.4.1).

9.3.3 The Hypersingular Operator for the Stokes System

In view of Section 2.3.3, in particular relation (2.3.48) between the hypersin-
gular operator of the Lamé and that of the Stokes system it is clear that the
principal symbol of the Stokes system, in the tubular Hadamard coordinates
is given by (9.3.29) with ε1 = 1 = limλ→+∞ λ/(λ + 2µ), i.e.,

q0
Dst,1 =

µ

2|ξ′|

⎛

⎝
|ξ′|2 + ξ2

1 , ξ1ξ2 , 0
ξ1ξ2 , |ξ′|2 + ξ2

2 , 0
0 , 0 , 2|ξ′|2

⎞

⎠ (9.3.35)

which is a strongly elliptic symbol matrix. Correspondingly, the hypersingular
operator of the Stokes system can be obtained from (9.3.34) by sending λ→
+∞, i.e., sending c → 0 in (2.3.47) and (2.3.48). Therefore, one obtains the
last relation in (9.3.34) where now E(x, y) is to be chosen as in (2.3.10)
according to the Stokes system.

9.4 Derivatives of Boundary Potentials

In practice one often needs to compute not only the Cauchy data of the
solution of boundary value problems and their potentials but also their gra-
dients or higher order derivatives in Ω (or Ωc) as well as near and up to the
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boundary Γ . As is well known, these derivatives can be considered as linear
combinations of normal and tangential derivatives in Ω̃, the vicinity of Γ . In
the framework of pseudodifferential operators, for derivatives of potentials,
the following lemma provides us with the jump relations for the derivatives
of boundary potentials based on Theorem 8.4.6.

Lemma 9.4.1. Let A ∈ Lm
c�(Ω̃) have a symbol of rational type. Further let

mjk(x, ∂x) = nk(x′)
∂

∂xj
− nj(x′)

∂

∂xk
(9.4.1)

denote the extension of the Günter derivative form Γ into its neighbourhood.
Then

lim
0>�n→0

mjk(x, ∂x) ◦A(u⊗ δΓ )
(
x′ + �nn(x′)

)

= p.f.
∫

y′∈Γ

(
mjk(x′, ∂x′)kA(x′, x′ − y′)

)
u(y′)dsy′ −mjk ◦ T u(x′)

(9.4.2)

where x′ ∈ Γ and T is the tangential differential operator given in Theorem
8.4.6.

For the normal derivative we find

lim
0>�n→0

∂

∂n
◦A(u⊗ δΓ )

(
x′ + �nn(x′)

)
(9.4.3)

= p.f.
∫

y′∈Γ

( ∂

∂nx
kA(x, x− y′)

)∣∣
x=x′u(y′)dsy′ − Tnu(x′) for x′ ∈ Γ .

Here Tn is the tangential differential operator corresponding to the new
pseudodifferential operator ∂

∂n ◦A with the Schwartz kernel ∂
∂nx

kA(x, x− y).
In terms of the symbol of AΦr

and ∂
∂n = ∂

∂�n
, the operator Tn reads

Tn =
1
2

∑

0≤j≤m+2

∑

|α|=m+2−j

(−i)|α|
(( ∂

∂ξ′

)α

am−j

(
(�′, 0), ξ

))∣∣
ξ=(0,1)

Dα
�′

+
1
2

∑

0≤j≤m+1

∑

|α|=m+1−j

(−i)|α|+1
(( ∂

∂ξ′

)α ∂

∂�n
am−j(�, ξ)

)∣∣
ξ=(0,1)
�=(�′,0)

Dα
�′ .

(9.4.4)
Clearly, the corresponding limits for x ∈ Ωc also satisfy the equations (9.4.2)
and (9.4.3) with + instead of − in front of the tangential operators.

Proof: The first limit, (9.4.2) is a special case of Corollary 8.5.6. For the
second limit in (9.4.3), we apply Theorem 8.4.6 to the composed operator
∂

∂�n
AΦr

in the tubular coordinates, which means in the parametric half space
�n < 0. With the symbol of ∂

∂�n
⊗AΦr

obtained from (6.1.37),
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σ ∂
∂
n

◦A = iξn
∑

j≥0

am−j(�, ξ)
( ∂

∂ξn
(ξn)

)(
− i

∂

∂�n

∑

j≥0

am−j(�, ξ)
)
.

A straightforward application of (8.4.26) to this symbol gives the desired
formula (9.4.4). �

If mjk(x, ∂x)u(x) and ∂u
∂n (x) are available, then the relation

∂v

∂xj
(x) =

n∑

k=1

nk(x)mjk(x, ∂x)v(x) + nj(x)
∂v

∂n
(x)

= Djv + nj(x)
∂v

∂n
(x)

(9.4.5)

(see (3.4.32) and (3.4.33)) allows one to compute arbitrary derivatives

lim
0>�n→0

( ∂

∂xj
A(u⊗ δΓ )

)(
x′ + �n(x′)

)
.

The general procedure for computing derivatives of the solution of the
boundary value problems in terms of boundary potentials and the Cauchy
data can be summarized as follows: First one computes the Cauchy data by
using any kind of boundary integral equations as desired. Next, from the
Cauchy data we compute Mu. Together with ∂u

∂n which either is given or can
be obtained from the Cauchy data, we then compute ∂u

∂xj
by using (9.4.5).

This approach can be repeated and yields an appropriate bootstrapping pro-
cedure for finding higher order derivatives (see Schwab et al [275]).

For computing Mu we employ the commutator

[M, A](u⊗ δΓ )(x) = (M◦A−A ◦M)(u⊗ δΓ )(x) (9.4.6)

which has the same order as A ∈ Lm
c�(Ω̃) due to Corollary 6.1.15 since M ∈

L1
c�(Ω̃).

Correspondingly, on the manifold Γ , we have the commutator

[MΓ , QΓ ] ∈ Lm+1
c� (Γ )

where QΓ ∈ Lm+1
c� (Γ ) is defined by (8.5.4), (8.5.15).

Theorem 9.4.2. (Schwab et al [275]) Let A ∈ Lm
c�(Ω̃) with symbol of ratio-

nal type. Then the commutators in (9.4.6) in terms of the Schwartz kernel
kA(x, x− y) can be expressed explicitly as follows:
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[mj�, A](u⊗ δΓ )(x)

=
∫

y∈Γ

{
mj�(x, ∂x)kA(x, x− y)− kA(x, x− y)mj�(y, ∂y)

}
u(y)dsy

=
∫

Γ

{
mj�(x, ∂x)kA(x, z)

+
((

n�(x)− n�(y)
) ∂

∂zj
−

(
nj(x)− nj(y)

) ∂

∂z�

)
kA(x, z)

}∣∣
z=x−y

u(y)dsy

(9.4.7)
for x �∈ Γ .

Moreover, for Ω 
 x → Γ and QΓ defined by (8.5.4) and (8.5.15), we
have

[mj�, QΓ ]u(x) = −[mj�, T ]u(x′) + p.f.
∫

Γ

{
mj�(x′, ∂x′)kA(x′, z)

+
((

n�(x′)−n�(y′)
) ∂

∂zj
−

(
nj(x′)−nj(y′)

) ∂

∂z�

)
kA(x′, z)

}∣∣
z=x′−y′u(y′)dsy′

(9.4.8)

for x′ ∈ Γ . In local coordinates for x′ ∈ Γ , �′ = χr(x′) and for AΦr,0, the
corresponding formula reads
[ ∂

∂�ν
, QΓ,Φr

]
u(�′) = −

[ ∂

∂�ν
, TΦr

]
u(�′) (9.4.9)

+ p.f.
∫

Ur

( ∂

∂�ν
kAΦr,0

(
(�′, 0), z

))∣∣
z=(�′−η′,0)

u
(
Tr(η′)

)
dη′ , ν = 1, . . . , n− 1 .

Here kAΦr,0 is given by (8.5.7) in terms of the parametric representation of
the boundary manifold Γ .

Proof: Since in (9.4.7) x �∈ Γ , differentiation and integration are inter-
changeable and integration by parts is allowed. To prove (9.4.8) we first apply
Lemma 9.4.1 and obtain with Theorem 8.5.4

mj�(x′, ∂x′)QΓu(x′) = −mj�(x′, ∂x′)T u(x′)

+ p.f.
∫

Γ

(
mj�(x′, ∂x′)kA(x′, x′ − y′)

)
u(y′)dsy′ . (9.4.10)

Next, for x �∈ Γ we consider the boundary potentials

Q̃Γ (mj�u)(x) =
∫

Γ

kA(x, x− y′)
(
mj�(y′, ∂y′)u(y′)

)
dsy′

and
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Q̃′
Γu(x) := −

∫

Γ

(
mj�(y′, ∂y′)kA(x, x− y′)

)
u(y′)dsy′ .

For the latter we note that its kernel is a Schwartz kernel of a pseudodiffer-
ential operator in Lm+1

c� (Ω̃) with symbol of rational type. Moreover,

Q̃Γ (mj�u)(x)− Q̃′
Γu(x) = 0 for all x �∈ Γ .

By applying Theorem 8.5.5 and subsequently Theorem 8.5.7, we then
obtain

T (mj�u)(x′)− T ′u(x′) = 1
2 [Q̃Γ (mj�u)− Q̃′

Γu]Γ = 0

which implies

lim
Ω�x→Γ

Q̃Γ (mj�u)(x)

= −T (mj�u) + p.f.
∫

y′∈Γ

kA(x′, x′ − y′)mj�(y′, ∂y′)u(y′)dsy′

= lim
Ω�x→Γ

Q̃′
Γu(x)

= −T ′u(x′)− p.f.
∫

y′∈Γ

(
mj�(y′, ∂y′)kA(x′, x′ − y′)

)
u(y′)dsy′ .

Since T ′u = Tmj�u, we find

QΓmj�u(x′) = −Tmj�u(x′)

− p.f.
∫

y′∈Γ,

(
mj�(y′, ∂y′)

)
kA(x′, x′ − y′)u(y′)dsy′ for x′ ∈ Γ . (9.4.11)

Hence, the commutator has the representation

[mj�, QΓ ]u(x′) = −[mj�, T ]u(x′)

+ p.f.
∫

Γ

{(
mj�(x′, ∂x′) + mj�(y′, ∂y′)

)
kA(x′, x′ − y′)

}
u(y′)dsy′ .

By using the definition of mjk(x, ∂x) in (9.4.1) and z = x−y, the formula
(9.4.8) follows with the standard chain rule.

For the formula (9.4.9), we note that in the tubular coordinates the trans-
formed pseudodifferential operator AΦr,0 defines a boundary potential Q̃Γ,Φr

in the half space where n(x′) = n(y′). Hence (9.4.9) follows from (9.4.8) since
the last terms involving ∂

∂zkA(x′, z) vanish. �

To illustrate how to compute the derivatives ∂
∂x�

on Γ , let us consider one of
the general equations (9.0.15) or (9.0.16), respectively, e.g. Equation (9.0.15)
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where ϕ is given and λ is obtained from solving the system (9.0.15) for u in
Ω and for λ on Γ . Then we apply mjk(x, ∂x) to the equation (9.0.15) and
obtain

mjkϕ−mjkRγT∼u = mjkRγN∼f + RγV(mjkλ)

+ [mjk , RγV]λ−mjkRγWϕ (9.4.12)

which is an integral equation on Γ for mjkλ if we compute mjkϕ directly
from the given data ϕ on Γ . Once we have mjkϕ and mjkλ available, with
the matrix N of the tangential differential operators given in (3.9.5), we
obtain

(
mjku , mjk

∂u

∂n
, . . . ,mjk

∂m−1

∂nm−1
u
)�

= N
(
mjkϕ

mjkλ

)
+ [mjk , N ]

(
ϕ

λ

)
.

(9.4.13)

With (9.4.5), we finally recover all the derivatives of the first order on Γ ,

∂u

∂xj
|Γ =

n∑

k=1

nk(x)mjk(x, ∂x)u(x) + nj(x)
∂u

∂n
(x) .

For calculating the second or higher order derivatives, we employ a boot-
strapping procedure by repeating the above procedure with ϕ and λ replaced
by Dtϕ and Dtλ (see (3.4.40)) for t = 1, . . . ,m− 1 consecutively and obtain
the derivatives

Dαu|Γ =
n∏

�=1

( n∑

k=1

nk(x)m�k(x, ∂x) + n�(x)
∂

∂n

)α�

u|Γ (9.4.14)

for |α| ≤ 2m− 1 where 2m is the order of P .
If one needs the 2m–th order derivatives on Γ , then for |α| = 2m, in

(9.4.14),
(

∂
∂n

)2m
u cannot be computed from the boundary integral operators

alone. Since u is a solution of the partial differential equation (9.1.1), Pu = f ,
we may use this equation in the tubular coordinates along Γ in the form
(3.4.49) (or (A.0.20)). By inserting (9.4.14) into one of these relations, we
finally obtain with (3.4.51)

( ∂

∂n

)2m

u
∣∣
Γ

= (P∼2m
)−1

{
f −

2m−1∑

k=0

P∼k

∂ku

∂nk

}∣∣
Γ

(9.4.15)

where P∼k
are tangential operators of orders at most 2m − k. The deriva-

tives P∼k

∂ku
∂nk for k = 0, . . . ,m − 1 have been obtained by the bootstrapping

procedure described above.
Of course, instead of using equation (9.0.15), one may use (9.0.16) instead

with the same procedure.
In the following we return to the examples of the Helmholtz equation and

the Lamé system.
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9.4.1 Derivatives of the Solution to the Helmholtz Equation

We begin with the representation of the solution of the Helmholtz equation,

u(x) =
∫

Γ

Ek(x, y)
∂u

∂n
(y)dsy −

∫

Γ

( ∂

∂ny
Ek(x, y)

)
u(y)dsy for x ∈ Ω .

(9.4.16)
Here the Cauchy data are ϕ = u|Γ and σ = ∂u

∂n |Γ . If σ = ∂u
∂n |Γ is given in

Hs−1(Γ ) then we first solve for ϕ the integral equation of the second kind
(2.1.11) ( or of the first kind with the hypersingular operator, respectively,
see Table 2.1.1). Equation (2.1.11) reads

1
2
ϕ(x) +

∫

Γ

( ∂

∂ny
Ek(x, y)

)
ϕ(y)dsy =

∫

Γ

Ek(x, y)σ(y)dsy ; (9.4.17)

and ϕ ∈ Hs(Γ ) due to the mapping properties of the boundary integral
operators and to the shift theorem 8.7.3. Then we may apply the operator
mj�(x, ∂x) on u(x) in (9.4.16),

ϕj�(x) := mj�(x, ∂x)u(x) =
∫

Γ

(
mj�(x, ∂x)Ek(x, y)

)
σ(y)dsy

−
∫

Γ

(
mj�(x, ∂x)

∂

∂ny
Ek(x, y)

)
u(y)dsy for x ∈ Ω .

(9.4.18)

Taking the limit x → Γ , we obtain from (9.4.18) a resulting boundary
integral equation of the second kind for the desired tangential derivative
ϕj�(x) = mj�(x, ∂x)u(x):

1
2
ϕj�(x) +

∫

Γ

( ∂

∂ny
Ek(x, y)

)
ϕj�σ(y)dsy

= p.f.
∫

Γ

(
mj�(x, ∂x)Ek(x, y)

)
σ(y)dsy − ([mj� , Kk]ϕ)(x) (9.4.19)

where ϕ is now the solution of the boundary integral equation (9.4.17) and
σ is given. Here [mj� , Kk] is the commutator given by

([mj� , Kk]ϕ)(x) = (mj� ◦Kk −Kk ◦mj�)ϕ(x) (9.4.20)

= p.f.
∫

Γ

(
mj�(x, ∂x)

∂

∂ny
Ek(x, y)− ∂

∂ny
Ek(x, y)mj�(y, ∂y)

)
ϕ(y)dsy

= p.f.
∫

Γ

{
mj�(x, ∂x)

∂

∂ny
Ek(x, y) + mj�(y, ∂y)

∂

∂ny
Ek(x, y)

}
ϕ(y)dsy
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which is a weakly singular integral operator on ϕ due to Theorem 9.4.2. Now,
ϕj�(x) can be obtained by solving the integral equation (9.4.19) of the second
kind and all derivatives ∂

∂xj
on Γ can be obtained from (9.4.5). In fact, in

the following we show directly that the kernel of the commutator in (9.4.20)
is of order O(r−1) where r = |x− y|. To this end, let us write

∂Ek(x, y)
∂ny

= (y − x) · n(y)f(r)

where f(r) = 1
4πr3 e

ikr(ikr − 1) = O(r−3) and r = |x− y|. Then

(
mj�(x, ∂x) + mj�(y, ∂y)

)∂Ek

∂ny
= (y − x) · n(y)

(
mj�(x, ∂x) + mj�(y∂y)

)
f(r)

+ f(r)
(
mj�(x, ∂x) + mj�(y, ∂y)

)
(y − x) · n(y) . (9.4.21)

For the first term it is easy to show that it is weakly singular for smooth
Γ since

(y − x) · n(y)
(
mj�(x, ∂x) + mj�(y, ∂y)

)
f(r)

= (y − x) · n(y)
{(

nj(x)− nj(y)
) ∂

∂y�
−

(
n�(x)− n�(y)

) ∂

∂yj

}
f(r)

= O(r2) ·O(r−3) = O(r−1) . (9.4.22)

For the second term we use the chain rule and Taylor expansion about y
to obtain
(
mjk(x, ∂x) + mjk(y, ∂y)

)(
n(y) · (y − x)

)
(9.4.23)

= −nk(x)nj(y) + nj(x)nk(y) +
{
nk(y)

∂n

∂yj
(y)− nj(y)

∂n

∂yk
(y)

}
· (y − x)

=
n∑

�=1

{
nj

∂nk

∂y�
− nk

∂nj

∂y�
+ nk

∂n�

∂yj
− nj

∂n�

∂yk

}
∣∣

y

(y� − x�) + O(r2) .

From (3.4.6) with ∂nk

∂�n
= 0 and (3.4.28) we obtain

∂n�

∂yk
=

n−1∑

µ,λ=1

∂yk
∂�µ

gµλ
∂n�

∂�λ
= −

n−1∑

µ,λ,ν=1

∂yk
∂�µ

gµλLν
λ

∂y�
∂�ν

= −
n−1∑

µ,ν=1

∂yk
∂�µ

Lµν ∂y�
∂�ν

=
∂nk

∂y�
(9.4.24)

since Lµν = Lνµ, where we have employed (3.4.17). Inserting (9.4.24) into
(9.4.23), we find
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(
mjk(x, ∂x) + mjk(y, ∂y)

)(
n(y) · (y − x)

)

=
n∑

�=1

n−1∑

µ,ν=1

{
− nj(y)

∂y�
∂�µ

Lµν ∂yk
∂�ν

+ nk(y)
∂y�
∂�µ

Lµν ∂yj
∂�ν

−nk(y)
∂yj
∂�µ

Lµν ∂y�
∂�ν

+ nj(y)
∂yk
∂�µ

Lµν ∂y�
∂�ν

}
(y� − x�) + O(r2)

= O(r2) . (9.4.25)

With f(r) = O(r−3) and collecting (9.4.25) and (9.4.22) we finally obtain
that (9.4.21), i.e. the kernel of (9.4.20), is of order O(r−1).

Since ϕ and σ on Γ are known, boundary integral equation (9.4.19) is the
same as (9.4.17), only the right–hand side has been modified.

Clearly, if we apply the operator mrs again, now to equation (9.4.19), we
may apply the same arguments as before to compute higher order tangential
derivatives of ϕ. For higher order normal derivatives we use the Helmholtz
equation in the form (9.4.15) and later on apply mrs to the given data σ =
∂u
∂n |Γ .

9.4.2 Computation of Stress and Strain on the Boundary
for the Lamé System

In applications one is not only interested in the boundary traction and bound-
ary displacement of the elastic field but also in the complete stress and strain
on Γ . We now show how the procedure for computing derivatives of potentials
in this section can be applied to this situation.

As in the case of the Helmholtz equation let us begin with the represen-
tation formula (2.2.4) with f = 0,

v(x) =
∫

Γ

E(x, y)t(y)dsy −
∫

Γ

(
TyE(x, y)

)�
ϕ(y)dsy for x ∈ Ω (9.4.26)

where t(y) = Tyv(y) now denotes the boundary traction and ϕ = v|Γ the
boundary displacement. We assume that both are known from solving (2.2.16)
or (2.2.17) for the relevant missing Cauchy data with σ = t. To obtain
the complete stress or strain up to the boundary, we need all of the first
derivatives ∂vj

∂xi
on Γ . For this we need to compute ϕ�jk := m�jϕk on Γ

which can be obtained from one of the boundary integral equations, e.g.
from (2.2.16), i.e.

ϕ�j(x) = (1
2I −K)ϕ�j (9.4.27)

−[m�j ,K]ϕ + p.v.
∫

Γ

m�j(x, ∂x)E(x, y)t(y)dsy for x ∈ Γ .

Here ϕ�j = (ϕ�j , . . . , ϕ�jn)� is the desired new unknown. Note that this is
the same system of singular integral equations for all the ϕ�j as in (2.2.16)
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for ϕ, with only modified right–hand sides. In particular, we note that the
commutator

[mj�,K]ϕ(x) = p.v.
∫

Γ

((
mj�(x, ∂x) + mj�(y, ∂y)

)(
TyE(x, y)

)�
ϕ(y)dsy

(9.4.28)
is of the same type singularity as K, hence, it is an operator of the class
L0
c�(Γ ). We shall further discuss the commutator in more detail at the end

of this section. After solving (9.4.27) for ϕ�jk with �, j, k = 1, . . . , n, we now
may compute the stress tensor σij and the strain tensor εij on Γ as follows:

If ϕ�jk on Γ are available, we introduce the surface divergence operator

DivΓϕ = npϕrpr = np

(
np

∂

∂xr
− nr

∂

∂xp

)
ϕr

=
(
divv − n · ∂v

∂n

)∣∣
Γ

on Γ .

(9.4.29)

Here and in what follows we use again the Einstein summation convention.
Then the boundary traction (2.2.5) can be rewritten in the form

t� = (λ + µ)(divv)n� + µ
∂v�
∂n

+ µϕ�rr

= (λ + µ)
(
DivΓϕ + n · ∂v

∂n

)
n� + µϕ�rr .

(9.4.30)

Multiplication by n� and summation lead to the identity

(λ + 2µ)n · ∂v

∂n
|Γ = n · t− λDivΓϕ (9.4.31)

from which with (9.4.30) we obtain

µ
∂v�
∂n
|Γ = t� −

λ + µ

λ + 2µ
n · tn� − 2µ

λ + µ

λ + 2µ
DivΓϕn� − µϕ�rr . (9.4.32)

Now the stress tensor on Γ can be written in the form

σij = λdivvδij + µ
( ∂vi
∂xj

+
∂vj
∂xi

)
= λ

(
DivΓϕ + n · ∂v

∂n

)
δij

+ µ
(( ∂vi

∂xj
− nj

∂vi
∂n

)
+

(∂vj
∂xi

− ni
∂vj
∂n

)
+ nj

∂vi
∂n

+ ni
∂vj
∂n

)

= λ(DivΓϕ)δij +
λ

λ + 2µ
(n · t− λDivΓϕ)δij

+ µ(nqϕjqi + nqϕiqj + njϕrir + niϕrjr)

+ nj

{
ti − ni

λ + µ

λ + 2µ
n · t− ni

2µ(λ + µ)
λ + 2µ

DivΓϕ
}

+ ni

{
tj − nj

λ + µ

λ + 2µ
n · t− nj

2µ(λ + µ)
λ + 2µ

DivΓϕ
}

;
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or explicitly in terms of the computed ϕ�jk as

σij|Γ
=

1
λ + 2µ

(n · t + 2µDivΓϕ)
(
λδij − 2(λ + µ)ninj

)

+ njti + nitj + µ(nrϕjri + nrϕirj + njϕrir + niϕrjr) .
(9.4.33)

Then from Hooke’s law we also obtain the strain tensor on Γ , i.e.

2µεij|Γ = µ
(∂vj
∂xi

+
∂vi
∂xj

)∣∣
Γ

= µ(nkϕikj + nkϕjki + njϕrir + niϕrjr) (9.4.34)

+nitj + njti − 2
λ + µ

λ + 2µ
(n · t + 2µDivΓϕ)ninj .

To this end, for three–dimensional problems with n = 3, let us first rewrite
the kernel of K according to our formula (2.2.30):

kK(x, x− y) = (TyE
(
x, y)

)�

=
∂

∂ny

( 1
4π

1
r

)
I +

((
mst(y, ∂y)

( 1
4π

1
r

)))

3×3

− 2µ
((
msr(y, ∂y)Ert(x, y)

))
3×3

(9.4.35)

where E(x, y) =
((
Ert(x, y)

))
3×3

. Then the elements of the commutator

[mj�,Kst]ϕt(x) =
∫

Γ

(
mj�(x, ∂x) + mj�(y, ∂y)

)( ∂

∂ny

1
4π

1
r

)
ϕs(y)dsy

+ p.v.
∫

Γ

(
mj�(x, ∂x) + mj�(y, ∂y)

)(
mst(y, ∂y)

( 1
4π

1
r

))
ϕt(y)dsy

− 2µp.v.
∫

Γ

(
mj�(x, ∂x) + mj�(y, ∂y)

)(
msr(y, ∂y)Ert(x, y)

)
ϕt(y)dsy

for s, j, � = 1, 2, 3.
Now we examine each term on the right–hand side. The first term corre-

sponds to the commutator (9.4.20) for k = 0 and is a weakly singular kernel
defining on Γ a pseudodifferential operator in the class L−1

c� (Γ ). The next two
terms, however, define kernels of classical singular integral operators which
are in the class L0

c�. For the kernel of the second term we have
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1
4π

(
mj�(x, ∂x) + mj�(y, ∂y)

)
mst(y, ∂y)

1
r

=
1
4π

mst(y, ∂y)
(
mj�(x, ∂x) + mj�(y, ∂y)

)1
r

+
1
4π

(
mj�(y, ∂y)mst(y, ∂y) + mst(y, ∂y)mj�(y, ∂y)

)1
r

=
1
4π

mst(y, ∂y)
{(

n�(y)− n�(x)
) ∂

∂yj
+

(
nj(y)− nj(x)

) ∂

∂y�

}1
r

+
1
4π

[
mj�(y, ∂y) , mst(y, ∂y)

]1
r

with the commutator [mj�,mst]|Γ . If we employ (9.4.24) on Γ then

[mj�(y, ∂y) , mst(y, ∂y)]|Γ

=
∂nt

∂yj
mk�(y, ∂y) +

∂nk

∂y�
mtj(y, ∂y) +

∂n�

∂yt
mjk(y, ∂y) +

∂nj

∂yk
m�t(y, ∂y)

defines a tangential differential operator of the first order on Γ . Collecting
terms, we conclude that for the second term we have a singular integral
operator in the form

1
4π

p.v.
∫

Γ

{(
mjk(x, ∂x) + mjk(y, ∂y)

)
mst(y, ∂y)

1
r

}
ϕt(y)dsy

=
1
4π

p.v.
∫

Γ

{
mst(y, ∂y)

1
r

((
n�(y)− n�(x)

)
(yj − xj)

+
(
nj(y)− nj(x)

)
(y� − x�

))}
ϕt(y)dsy

+
1
4π

p.v.
∫

Γ

{
[mj�(y, ∂y) , mst(y, ∂y)]

1
r

}
ϕt(y)dsy .

The last term of the commutator can be treated in the same manner resulting
in the singular integral operator

−2µ p.v.
∫

Γ

(
mj�(x, ∂x) + mj�(y, ∂y)

)(
msr(y, ∂y)Ert(x, y)

)
ϕt(y)dsy

= −2µ p.v.
∫

Γ

{
mst(y, ∂y)

{(
n�(y)− n�(x)

)∂Ert(x, y)
∂yj

+
(
nj(y)− nj(x)

)∂Ert(x, y)
∂y�

}}
ϕt(y)dsy

− 2µ p.v.
∫

Γ

{
[mj�(y, ∂y) , mst(y, ∂y)]Ert(x, y)

}
ϕt(y)dsy .
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9.5 Remarks

For higher order tangential derivatives of ϕ we may repeatedly apply
mj�(y, ∂y) to (9.4.27) again. Of course, the same bootstrapping procedure
can be used for computing tangential derivatives of the boundary tractions
t via one of the boundary integral operators (2.2.16) or (2.2.17) between
the Cauchy data. For computing higher order normal derivatives, we need
to employ the corresponding formula (9.4.15) for the Lamé system in local
coordinates together with their normal derivatives as desired.

In concluding this section, we see how we can compute the derivatives of
the boundary potentials on the boundary by solving the same boundary
integral equations for the tangential derivatives as for the Cauchy data
by appropriate modifications of the right–hand sides but without additional
effort. This means that available computer packages can be adopted with
only slight modifications. Moreover, from the mathematical point of view, the
boundary integral equations for the tangential derivatives in the variational
formulation satisfy the same G̊arding inequalities as the bilinear forms of the
original boundary integral equations.



10. Boundary Integral Equations on Curves
in IR2

In Chapter 9 we presented the essence of boundary integral equations recast
as pseudodifferential operators on boundary manifolds Γ ⊂ IRn for n = 3. In
this chapter we present the two–dimensional theory of classical pseudodiffer-
ential and boundary integral operators based on Fourier analysis. In general,
the representations of boundary potentials are based on the local charts and
local coordinates (3.3.3)–(3.3.5). For n = 2, however, every closed Jordan
curve Γj as a part of Γ admits a global parametric representation (4.2.43).
Moreover, any function defined on a closed curve can be identified with a 1–
periodic function on IR. These global representations allow one to use Fourier
series expansions in the theory of pseudodifferential operators. The latter lead
to explicit expressions in terms of corresponding Fourier coefficients. More-
over, the Sobolev spaces on Γ can be characterized in terms of the function’s
Fourier coefficients as in the Lemmata 4.2.4, 4.2.5 and Corollary 4.2.6.

If the boundary Γ consists of p distinct, simply closed, smooth curves
Γj , j = 1, . . . , p, then for each curve Γj we may consider the periodic exten-
sion of a function defined on Γj and identify the original function on Γ with
a p–vector valued periodic function.

For simplicity, we first consider Ω a bounded, simply connected domain
having one simply closed smooth boundary curve Γ which admits a global
regular parametric 1–periodic representation (3.3.7) or (4.2.43), i.e.

Γ : x = T (t) for t ∈ IR and T (t + 1) = T (t) (10.0.1)

satisfying
∣∣dT
dt

∣∣ ≥ c0 > 0 for all t ∈ IR. Hence, we need just one global chart
for the representation of Γ , and the local representation in Section 8.1 can
now be identified with the global representation and t stands for �′. The
tubular neighbourhood Ω̃ of Γ now also has one global chart defined by

x = Ψ(t, �n) = T (t) + �nn(t) (10.0.2)

for t ∈ IR , �n ∈ [−ε, ε] and x ∈ Ω̃. Clearly, all of the formulations in
Chapter 8 in terms of local charts (Or, Ur, χr) can now be reduced to global
formulations based on (10.0.2), i.e. Or = Ω̃ , Ur = IR × (−ε, ε) and χr the
inverse to T .
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10.1 Representation of the basic operators
for the 2D–Laplacian in terms of Fourier series

Before we give the general formulations concerning the pseudodifferential
operators on Γ in terms of Fourier series expansions let us illustrate the
main ideas by analyzing the four basic boundary integral operators V,K,K ′

and D of the two–dimensional Laplacian as introduced in Section 1.2. Further
examples can be found in [135] and will also be treated below. In particular,
we want to compute their symbols in terms of Fourier coefficients as well as
the action of these operators on Fourier series.

For the simple layer potential V on the closed curve Γ , parameterized
globally according to (10.0.1), we write

V σ(x) =
1
2π

∫

Γ

log
1

|x− y|σ(y)dsy (10.1.1)

= − 1
4π

1∫

0

log
(
4 sin2 π(t− τ)

)
σ̃(τ)dτ +

1
4π

∫

Γ

k∞(t, τ)σ̃(τ)dτ

where x = T (t) , y = T (τ) , σ̃(τ) = σ
(
T (τ)

)dsy

dτ , and

k∞(t, τ) := 2 log
( |2 sinπ(t− τ)|
|T (t)− T (τ)|

)
(10.1.2)

by using the identity |ei2πt − ei2πτ | = 2| sinπ(t − τ)| in the representation
(10.1.1). Moreover, we let τL be the arc length parameterization on Γ where
L is the length of Γ . For Γ ∈ C∞, the kernel k∞ ∈ C∞(Γ × Γ ) is biperiodic
and defines a smoothing operator in L−∞(Γ ).

If the periodic function σ̃ is represented by its Fourier series expansion

σ̃(τ) =
∑

�=Z

σ̂�e
2πi�τ with σ̂� = L

1∫

0

e−2πi�τσ(τ)dτ (10.1.3)

(see (4.2.44) and (4.2.45)) then we obtain the Fourier series representation of
the simple layer potential operator V ,

V σ(
(
T (t)

)
= − 1

4π

1∫

0

log
(
4 sin2 π(t− τ)

)∑

�∈Z

σ̂�e
2πi�τdτ

+
1
4π

∑

�∈Z

∫

Γ

k∞(t, τ)e2πi�τdτσ̂�

=
∑

� �=0

1
4π|�| σ̂�e

2πi�t + (K∞σ)(t) . (10.1.4)
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By using the Fourier series form of the Sobolev space norms from Lemma
4.2.4 we see from (10.1.4) that for σ̃ ∈ Hs(Γ ),

‖V σ̃ −K∞σ‖2Hs+1(Γ ) =
∑

� �=0

∣∣∣
1

4π|�| σ̂�

∣∣∣
2

|�|2s+2

≤
( 1

4π

)2 ∑

�∈Z

|σ̂�|2(� + δ�0)2s =
( L

4π

)2

‖σ‖2Hs(Γ ) .

This implies the mapping property

‖V σ‖Hs+1(Γ ) ≤ c1‖σ‖Hs(Γ ) + c2(s, s0)‖σ‖Hs0 (Γ ) (10.1.5)

for any s0 ≤ s; and the order of V is −1 as this explicit computation shows.
Consequently, in view of Parseval’s equality, (10.1.4) also implies

L2 1
4π
‖σ‖2

H− 1
2 (Γ )

=
1
4π

∑

� �=0
�∈Z

1
|�| |σ̂�|2 +

1
4π
|σ̂0|2

= 〈V, σ, σ〉L2(Γ ) + 〈Cσ, σ〉L2(Γ ) (10.1.6)

with the compact operator C defined by

Cσ = −K∞σ +
L

4π

1∫

0

σdτ .

Clearly, (10.1.6) is G̊arding’s inequality for V and V is strongly elliptic.
The symbol of V can be computed from Theorem 6.1.11 since V is in

L−1
c� (Γ ) because it stems from the trace of the two–dimensional operator ∆−1

having symbol of rational type in IR2 and, moreover, is properly supported
since Γ is compact. Formula (6.1.27) then yields, for

V σ(x) =
1
2π

∫

Γ

log
1

|x− y|ψ(|x− y|)σ(y)dsy + RΓσ (10.1.7)

with an appropriate cut–off function ψ and RΓ having a C∞ kernel, the
symbol in the global parameterization can be computed in the form

aψ(t, ξ) = e−itξ

1∫

0

(
− 1

2π
log |2 sinπ(t− τ)|

)
ψ(|t− τ |)eiξτdτ

= − 1
2π

∫

IR

(
ψ(|t− τ |)e−iξ(t−τ) log |t− τ |

)
dτ

− 1
2π

∫

IR

e−iξ(t−τ) log
∣∣∣
2 sinπ(t− τ)

t− τ

∣∣∣ψ(|t− τ |)dτ .
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Since the last term on the right–hand side is a C∞-function with compact
support, its Fourier transform is C∞ and decays faster than any order of |ξ|−N

for N ∈ IN according to the Paley–Wiener–Schwartz Theorem 3.1.3. Hence,
for the symbol we only need to consider the first term, which is given by

aψ(t, ξ) = − 1
2π

∫

IR

eiξz log |z|ψ(|z|)dz . (10.1.8)

According to Definition 7.1.1, the kernel k0(x, z) = log |z| in (10.1.8) is a
pseudohomogeneous function of degree 0. Therefore, for finding the complete
homogeneous symbol we employ formula (7.1.29) and find

a−1(t, ξ) = lim
�→+∞

�aψ(t, �ξ) . (10.1.9)

However, it is not clear how to compute this limit without detailed informa-
tion on the oscillating integral in (10.1.8). We therefore integrate by parts
and obtain

aψ(t, ξ) =
1
iξ

p.f.
1
2π

∫

IR

eiξz
(1
z
ψ(|z|) + log |z|ψ′

)
dz

=
1

2πiξ
p.f.

∫

IR

eiξz
1
z
ψ(|z|)dz

+
1

2πξ2

∫

1
2≤|z|≤a

(1
z
ψ′ + log |z|ψ′′)dz .

Now the limit in (10.1.9) can be performed and yields with the Fourier trans-
form of z−1 (see Gelfand and Shilov [97, p. 360])

a−1(t, ξ) = lim
�→+∞

{ �

2πi�ξ
p.f.

∫

IR

ei�zξ
1
z
ψ(|z|)dz

+
1
2π

1
�ξ2

∫

1
2≤|z|≤1

ei�ξz
(1
z
ψ′ + log |z|ψ′′

)
dz

}

= lim
�→∞

1
2πiξ

p.f.
∫

IR

eizξ
1
z
ψ
( |z|

�

)
dz

=
1

2πiξ
p.f.

∫

IR

eizξ
1
z
dz =

1
2πiξ

iπ sign ξ =
1

2|ξ| .

Hence,

a−1(t, ξ) =
1

2|ξ| (10.1.10)
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is the complete symbol of V and is homogeneous of order −1. Consequently,
we may write V according to Formula (6.1.7), i.e.,

V σ
(
T (t)

)
= LF−1

ξ �→ta(t, ξ)Fτ �→ξσ(τ) + R∞σ (10.1.11)

where a(t, σ) = 1
2|ξ|χ(ξ) with a cut–off function χ as in (6.1.5). With the

Fourier series representation of σ̃, we have

V σ
(
T (t)

)
= F−1

ξ �→t

{ 1
2|ξ|χ(ξ)Fτ �→ξ

∑

�∈Z

σ̂�e
i2π�τ

}
+ R∞σ

=
∑

�∈Z

σ̂�F−1
ξ �→t

{ 1
2|ξ|χ(ξ)Fτ �→ξe

i2π�τ
}

+ R∞σ . (10.1.12)

By using the identity

Fτ �→ξe
i2π�τ =

√
2πδ(ξ − 2π�) for � ∈ Z , (10.1.13)

(see Gelfand and Shilov [97, p. 359]) we obtain

V σ
(
T (t)

)
=

∑

�∈Z

σ̂�F−1
ξ �→t

{√
2π

χ(ξ)
2|ξ| δ(ξ − 2π�)

}
+ R∞σ (10.1.14)

=
∑

�∈Z

σ̂�a(t, 2π�)ei2π�t +
∑

�∈Z

σ̂�L

1∫

τ=0

k∞(t, τ)e2π�τdτ

where a(t, ξ) = χ(ξ)
2|ξ| is a symbol of V .

In comparison with (10.1.4), we see that the two representations are
identical.

This suggests that for periodic functions σ and A ∈ Lm
c�(Γ ) we may have

a representation in the form

Aσ
(
T (t)

)
=

∑

�∈Z

a(t, 2π�)σ̂�e
i2π�t + R∞σ (10.1.15)

where a ∈ SSSm
c�(Γ × IR) is a representative of the classical symbol of A. We

shall return to this point in Section 10.2
For the double layer potential operators K and K ′ in IR2, we first rep-

resent Γ in terms of its arc length parameterizations with s = Lt. Then
x = T (t) , y = T (τ) and

T (t)− T (τ) = (t− τ)
dT

dt
(t) (10.1.16)

− (t− τ)2

2
d2T

dt2
(t) +

(t− τ)3

3!
d3T

dt3
(t)− (t− τ)4

4!
d4T

dt4
(t) + TR(t, τ)
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where the remainder TR ∈ C∞(Γ × Γ ) and is of the form TR = O5 =
(t−τ)5f∞(t, τ), where f∞(t, τ) is a smooth function in C∞ in both variables.
We recall (3.4.20) in IR2 which yields L11 = κ with the curve’s curvature
K = κ; and with (3.4.17) and (3.4.18) we obtain Frenet’s formulae

dt

dt
= Lκn ,

dn

dt
= −Lκt and

d2t

dt2
= L

dκ

dt
n− L2κ2t (10.1.17)

with t the unit tangent and n the unit normal vectors of Γ .
For ease of reading, we introduce the generic notation

O� = (t− τ)�f∞(t, τ) , � ∈ IN0

where f∞(t, τ) is a smooth function in C∞ of both variables. Then we obtain
for (10.1.16) the canonical representation of Γ ,

x− y =
(
(t− τ)L− 1

6 (t− τ)3L3κ2(t) + 1
8 (t− τ)4L3κ

dκ

dt

)
t(t)

−
(

1
2L

2(t− τ)2κ− 1
6 (t− τ)3L2 dκ

dt
+ 1

24 (t− τ)4
(
L2 d

2κ

dt2
− L4κ3

))
n(t) +O5 .

(10.1.18)
Then, as a consequence we obtain

r2 = |y−x|2 = L2(t−τ)2
[
1− 1

12 (t−τ)2L2κ2(t)+ 1
12 (t−τ)3L2κ

dκ

dt
(t)+O4

]
,

(10.1.19)
and, together with the Frenet formulae (10.1.17), we have

n(y)=
{

1− 1
2L

2κ2(t)(t− τ)2 + 1
2 (t− τ)3L2κ

dκ

dt
(t)

}
n(t) (10.1.20)

+
{
Lκ(t)(t− τ)− L

dκ

dt
(t) 1

2 (t− τ)2

+ 1
6 (t− τ)3

(
L
d2κ

dt2
(t)− L3κ3(t)

)}
t(t) +O4 ,

t(y)=
{

1− L2κ2 1
2 (t− τ)2 + 1

2 (t− τ)3L2κ
dκ

dt
(t)

}
t(t) (10.1.21)

−
{
Lκ(t− τ)− L

dκ

dt
(t) 1

2 (t− τ)2

+ 1
6 (t− τ)3

(
L
d2κ

dt2
(t)− L3κ3(t)

)}
n(t) +O4 .

Moreover,

n(y) · (y − x) = −1
2
κ(t)L2(t− τ)2 +

1
3
(t− τ)3L2 dκ

dt
(t) +O4 . (10.1.22)

Hence, with (10.1.19) and (10.1.22) the kernel of the double layer potential
reads
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− 1
2π

∂

∂ny
log |x− y|

=
1

2πr2

(L2

2
(t− τ)2κ(t)− L2

3
(t− τ)3

dκ

dt
(t) +O4

)

= k∞(t, τ) =
1
4π

κ(t)− 1
6π

(t− τ)
dκ

dt
(t) + k∞,1(t0, t)

(10.1.23)

with a doubly periodic kernel function k∞ ∈ C∞(Γ × Γ ). Consequently, Kϕ
has the representation

Kϕ(t) = L

1∫

0

k∞(t, τ)ϕ
(
T (τ)

)
dτ =

1∑

�∈Z

ϕ̂�L

1∫

0

k∞(t, τ)e2πi�τdτ (10.1.24)

where K is a smoothing operator for Γ ∈ C∞.
Clearly, the adjoint operator K ′ has the corresponding representation

K ′σ(t) = L

1∫

0

k∞(τ, t)σ
(
T (τ)

)
dτ (10.1.25)

with the same smooth kernel k∞. The symbol of both operators, therefore,
is equal to zero.

For the hypersingular operator D of the Laplacian, as in (1.2.14), we use
the Fourier series representation (10.1.4) of V and obtain

Dϕ
(
T (t)

)
= − 1

L2

d

dt
V
(dϕ

dτ

)
= L−1π

∑

�∈Z

ϕ̂�|�|e2πi�t + (K1∞ϕ)(t) (10.1.26)

where
K1∞ϕ(t) = L−2 d

dt

(
K∞

dϕ

dτ

)
(t) .

In the same manner as for the simple layer potential V , we compute

‖(Dϕ−K1∞ϕ)‖2Hs−1(Γ ) = L−2π2
∑

�∈Z

|ϕ̂�|2|�|2s

= L−2π2(‖ϕ‖2Hs(Γ ) − |ϕ̂0|2) ≤ L−2π2‖ϕ‖2Hs(Γ ) . (10.1.27)

This inequality implies the mapping property of D, namely

‖Dϕ‖Hs−1(Γ ) ≤ c1‖ϕ‖Hs(Γ ) + c2(s, s0)‖ϕ‖Hs0 (Γ ) (10.1.28)

for any s0 ≤ s. Hence, the order of D is +1. For the G̊arding inequality we
also obtain from (10.1.27) with Parseval’s equality,
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〈Dϕ,ϕ〉L2(Γ ) = L

1∫

0

(Dϕ)(t)ϕ(t)dt

= Lπ
∑

�∈Z

|ϕ̂�|2|� + δ0�|+ 〈Cϕ,ϕ〉L2(Γ )

= Lπ‖ϕ‖2
H

1
2 (Γ )

+ 〈Cϕ,ϕ〉L2(Γ ) ,

(10.1.29)

where the smoothing operator is defined by

Cϕ = K∞ϕ− L2π

1∫

0

ϕ
(
T (t)

)
dt .

This equality (10.1.29) verifies the strong ellipticity for the hypersingular
operator D. On the other hand, from (1.2.14) we have with (10.1.12)

Dϕ
(
T (t)

)
= − d

dsx
V
(dϕ

ds

)(
T (t)

)

= − 1
L2

d

dt
V
(dϕ

dτ

)
(t)

= − 1
L2

d

dt

{
F−1
ξ �→t

χ(ξ)
2|ξ| Fτ �→ξ

dϕ

dτ
+ R∞

dϕ

dτ

}
(t)

= − 1
L2
F−1
ξ �→t

(χ(ξ)
2|ξ| (iξ)

2Fτ �→ξϕ(τ)
)
− 1

L2

d

dt

(
R∞

dϕ

dτ

)
(t) .

Hence, the symbol of D is given by

σD(t, ξ) =
1
L

χ(ξ)
2
|ξ| . (10.1.30)

Substituting into (10.1.26), we have

Dϕ
(
T (t)

)
=

∑

�∈Z

ϕ̂�σD(t, 2π�)ei2π�t + R1∞ϕ(t) , (10.1.31)

which again is of the form (10.1.15).

10.2 The Fourier Series Representation of Periodic
Operators A ∈ Lm

c�(Γ )

We return to the general formula (10.1.15) and will show that this is indeed
the general representation form for any periodic classical pseudodifferential
operator A ∈ Lm

c�(Γ ). According to Theorem 7.1.8, any given A ∈ Lm
c�(Γ ) has

the representation
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Av(x) = p.f.
∫

Γ

k(x, x− y)v(y)dsy +
m∑

j=0

aj(x)
(
− i

∂

∂sx

)j

v(x) (10.2.1)

where it is understood that the last term only appears when m ∈ IN0. The
Schwartz kernel belongs to the class Ψhkκ(Γ ) with κ = −m− 1. In terms of
the periodic representation (10.0.1), with ṽ(t) := v

(
T (t)

)
, the operator takes

the form

AΦṽ(t) = p.f.

1∫

τ=0

kΦ(t, t− τ)ṽ(τ)dτ +
m∑

j=0

ãj(t)
(−id

dt

)j

ṽ(t) , (10.2.2)

where ṽ, ãj and the Schwartz kernel kΦ are 1–periodic. Again, the last term
only appears for m ∈ IN0 and, moreover, the kernel kΦ and the coefficients
ãj(t) are obtained from the local transformation from sx to t.

A symbol aΦ ∈ SSSm
c�(Γ×IR) (see (6.1.39)) of AΦ is given by formula (6.1.27)

in Theorem 6.1.11, i.e.,

aΦ(t, ξ) = e−itξ(AΦe
iξ•)(t)

= e−iξ p.f.

1∫

τ=0

kΦ(t, t− τ)eiξτdτ +
m∑

j=0

ãj(t)ξj (10.2.3)

since A is properly supported because of the compact curve Γ . With this
symbol, A can also be written in the form

AΦṽ(t) =
1
2π

∫

IR

1∫

τ=0

ei(t−τ)ξaΦ(t, ξ)ṽ(τ)dτdξ + R∞ṽ(t)

= F−1
ξ �→t aΦ(t, ξ)Fτ �→ξ ṽ + R∞ṽ(t) (10.2.4)

for any ṽ ∈ C∞
0 ([0, 1]) ⊂ C∞

0 (IR) where R∞ is an appropriate smoothing
operator.

Theorem 10.2.1. Every operator A ∈ Lm
c�(Γ ) has a Fourier series repre-

sentation in the form

Av
(
T (t)

)
=

∑

�∈Z

aΦ(t, 2π�)v̂�ei2π�t + R∞v (10.2.5)

where aΦ ∈ Sm
c�(T × IR) is a classical symbol of AΦ given by (10.2.3), and

v̂� := L

1∫

0

e−2πi�τv
(
T (τ)

)
dτ for � ∈ Z (10.2.6)

are the Fourier coefficients of ṽ(t) (see Agranovich [3],Saranen et al [265]).
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Remark 10.2.1: The Fourier series representation (10.2.4) of A ∈ Lm
c�(Γ )

coincides with the definition of periodic pseudodifferential operators defined
in the book by Saranen and Vainikko [264, Definition 7.2.1].

Proof: By substituting the Fourier series expansion of ṽ, i.e.

ṽ(τ) =
∑

�∈Z

v̂�e
2πi�τ

into (10.2.4) and exchanging the order of summation and integration — since
ṽ ∈ C∞

0 ([0, 1]) and the Fourier series converges in every Sobolev space —
we have

AΦṽ(t) =
∑

�∈Z

v̂�F−1
ξ �→taΦ(t, ξ)Fτ �→ξe

2πi�τ + R∞ṽ(t) .

By using the identity (10.1.13), the result follows. �

The explicit representation (10.2.5) in terms of Fourier series relies on
the symbol aΦ(t, ξ). If the operator A ∈ Lm

c�(Γ ) is given as in (10.2.2) then
the Schwartz kernel kΦ(t, t − τ) admits the pseudohomogeneous asymptotic
expansion

kΦ(t, t− τ) =
L∑

j=0

kj−m−1(t, t− τ) + RL(t, τ) (10.2.7)

with kj−m−1 ∈ Ψhfj−m−1, and one may employ the one–dimensional Fourier
transform in (10.2.4) to obtain the following explicit formulae for correspond-
ing homogeneous expansion terms of the symbol.

Theorem 10.2.2. Let kj−m−1 ∈ Ψhfj−m−1 be given where j ∈ IN0. In the
special case m ∈ IN0 and 0 ≤ j ≤ m, let kj−m−1 also satisfy the Tricomi
condition (7.1.56) (where n = 1). Then the homogeneous symbol a0

m−j corre-
sponding to kj−m−1 is explicitly given by:
If m �∈ Z:

a0
m−j(t, ξ) = |ξ|m−jΓ (j −m)

{
ije−imπ

2 kj−m−1(t,− sign ξ)

+ (−i)jei
mπ
2 kj−m−1(t, sign ξ)

}
.

(10.2.8)

If m ∈ Z and m + 1 ≤ j ∈ IN0:

a0
m−j(t, ξ) = (j −m− 1)!ξm−jij−m

{
fj−m−1(t,−1) + (−1)j−mfj−m−1(t, 1)

+iπpj−m−1(t, 1)(sign ξ)
}

(10.2.9)

where

kj−m−1(t, z) = fj−m−1(t, z) + pj−m−1(t, 1)zj−m−1 log |z| . (10.2.10)
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If m ∈ IN0 and 0 ≤ j ≤ m:

a0
m−j(t, ξ) = ξm−j(sign ξ)

im+1−j

(m− j)!
πkj−m−1(t,−1) . (10.2.11)

Proof: Let us begin with the case m �∈ Z. Then (7.1.28) for j > m and
(7.1.53) for j < m can be written in the compressed form

aψ,m−j(t, ξ) = p.f.
∫

IR

kj−m−1(t, t− τ)eiξ(τ−t)ψ(τ − t)dτ

= kj−m−1(t,−1) p.f.

∞∫

0

zj−m−1eiξzψ(z)dz

+ kj−m−1(t, 1) p.f.

∞∫

0

zj−m−1e−iξzψ(z)dz ,

and (7.1.29) yields

a0
m−1(t, ξ) = lim

�→+∞
�j−m

{
kj−m−1(t,−1) p.f.

∞∫

0

zj−m−1ei�ξzψ(z)dz

+ kj−m−1(t, 1) p.f.

∞∫

0

zj−m−1e−i�ξzψ(z)dz
}

= kj−m−1(t,−1) lim
�→+∞

p.f.

∞∫

0

zj−m−1eiξzψ
(
z
�

)
dz

+ kj−m−1(t, 1) lim
�→∞

p.f.

∞∫

0

zj−m−1e−iξzψ
(
z
�

)
dz .

Hence, we need the one–dimensional Fourier transform of zj−m−1 which can
explicitly be found in Gelfand and Shilov [97, p. 360], i.e.,

a0
m−j(t, ξ) = |ξ|m−jiΓ (j − m)

{
kj−m−1(t,−1)(sign ξ)i(sign ξ)(j−1) · e−(sign ξ) iπ

2 m

−kj−m−1(t, 1)(sign ξ)i−(sign ξ)(j−1) · e(sign ξ) iπ
2 m}

.

Writing down this result for ξ > 0 and ξ < 0 separately gives the desired
equation (10.2.8).

Next, we consider the case m ∈ Z and m + 1 ≤ j ∈ IN0. Then
kj−m−1 ∈ ψhfj−m−1 has the form (10.2.10). With (7.1.28) we find for the
homogeneous term
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ahψ,m−j(t, ξ) = fj−m−1(t, 1)

∞∫

0

zj−m−1e−iξzψ(z)dz

+ fj−m−1(t,−1)

∞∫

0

zj−m−1eiξzψ(z)dz .

(10.2.12)

Hence, for ξ �= 0 we need the limits of

Ik(ξ, �) := �j−m

∞∫

0

zkei�ξzψ(z)dz with k = j −m− 1 ∈ IN0

for �→ +∞. Integration by parts for k ≥ 1 yields

Ik(ξ, �) =
i

ξ
�j−m−1k

∞∫

0

zk−1ei�ξzψ(z)dz +
i

ξ
�j−m−1

1∫

1
2

zkψ′(z)ei�ξzdz .

The second integral is the Fourier transform of a C∞
0 ( 1

2 , 1)–function and, due
to the Palay–Wiener–Schwartz theorem (Theorem 3.1.3), therefore, decays
faster than �−(j−m). Hence, for ξ �= 0 fixed, we find the recursion relation

Ik =
i

ξ
kIk−1(ξ, �) + O(�−1) ,

which gives

Ik(ξ, �) =
ikk!
ξk

I0(ξ, �) + O(�−1) ,

where

I0(ξ, �) = �

∞∫

0

eiz�ξψ(z)dz =
i

ξ
+

i

ξ

1∫

1
2

eiz�ξψ′(z)dz =
i

ξ
+ O(�−1) .

Hence,

lim
�→+∞

Ij−m−1(ξ, �) =
ij−m

ξj−m
(j −m− 1)! . (10.2.13)

Inserting (10.2.13) in (10.2.12) gives

a0
h,m−j(t, ξ) =

(j −m− 1)!
ξj−m

{
(−i)j−mfj−m−1(t, 1)

+ij−mfj−m−1(t,−1)
}
.

(10.2.14)
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For the logarithmic part in (10.2.10) we introduce

Jk(ξ, �) := �k+1

∫

IR

zk log |z|ψ(z)ei�zξdz

and integrate by parts finding

Jk(ξ, �) =
ik

ξ
�k

∫

IR

zk−1 log |z|ψ(z)ei�zξdz

+
i

ξ
�k

∫

IR

zk−1ψ(z)ei�ξzdz +
i

ξ
�k

∫

1
2≤|z|≤1

zk log |z|ψ′(z)ei�ξzdz ,

Jk(ξ, �) =
ik

ξ
Jk−1 + O(�−1) for k ≥ 1

and ξ �= 0 fixed since for the last two integrals again the Paley–Wiener–
Schwartz theorem (Theorem 3.1.3) can be applied. Thus,

Jk(ξ, �) =
ikk!
ξk

J0(ξ, �) + O(�−1) .

For J0 one finds

J0(ξ, �) =
∫

IR

log |z|eizξψ
(
z
�

)
dz − � log �

∫

IR

ψ(z)ei�zξdz

=
∫

IR

log |z|eizξψ
(
z
�

)
dz + O(�−1) .

With � → +∞ and ξ �= 0 fixed k = j − m − 1 ≥ 0, and the Fourier
transformed of log |z|, we obtain

lim
�→+∞

Jk(ξ, �) = − π

|ξ|
(j −m− 1)! ij−m−1

ξj−m−1
.

Together with (10.2.14), this yields (10.2.9).
In the remaining case k = m + 1− j ∈ IN we have from (7.1.53) with the

homogeneous kernel k−m−1+j :

a0
m−j(t, ξ) = p.f.

∞∫

0

k−m−1+j(t, 1)z−m−1+je−izξdz

+ p.f.

∞∫

0

k−m−1+j(t,−1)z−m−1+jeizξdz
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where we employ the Tricomi condition (7.1.56) for n = 1:

k−m−1+j(t, 1) = (−1)m−j+1k−m−1+j(t,−1)

obtaining

a0
m−j(t, ξ) = k−m−1+j(t,−1)

{
p.f.

∞∫

0

z−keizξdz + (−1)k p.f.

∞∫

0

z−ke−izξdz
}

= k−m−1+j(t,−1) p.f.
∫

IR

z−keizξdz .

If we integrate

Lk := p.f.
∫

IR

z−keizξdz

by parts then we obtain for k ≥ 2:

Lk =
iξ

k − 1
Lk−1 .

Hence, with the Fourier transformed of z−1, we find

Lk =
(iξ)k−1

(k − 1)!
L1 =

im−j

(m− j)!
πξm−j sign ξ ,

i.e. (10.2.11). �

10.3 Ellipticity Conditions for Periodic Operators on Γ

The representation (10.2.5) of periodic operators A ∈ Lm
c�(Γ ) gives rise to

simple characterization of ellipticity concepts such as ellipticity, strong ellip-
ticity as well as the odd ellipticity. To this end, we employ the asymptotic
expansion of the symbol,

aΦ(t, ξ) = a0
Φ,m(t, ξ) + a0

Φ,m−1(t, ξ) + . . .

= a0
Φ,m(t, ξ) +

(
aΦ(t, ξ)− a0

Φ,m(t, ξ)
)

(10.3.1)

= a0
Φ,m(t, ξ) + ãΦ(t, ξ)

where ãΦ ∈ SSSm−1
c� (Γ × IR). The principal symbol a0

Φ,m(t, ξ) is positively ho-
mogeneous of degree m and periodic with respect to t. In view of (10.3.1),
we may now write

Av
(
T (t)

)
=

∑

0 �=�∈Z

a0
Φ,m(t, 2π�)v̂�ei2π�t + R̃v(t) (10.3.2)
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where R̃ ∈ Lm−1
c� (Γ ); and by decomposition:

Av
(
T (t)

)
=

∑

�≥1

a0
Φ,m(t, 1)(2π�)mv̂�e

i2π�t

+
∑

�≤−1

a0
Φ,m(t,−1)(−2π�)mv̂�e

i2π�t (10.3.3)

+
∑

�∈Z

v̂� p.f.

1∫

0

R̃(t, τ)ei2π�τdτ .

10.3.1 Scalar Equations

In accordance with (6.2.3), the operator A is elliptic, if the two conditions

a0
Φ,m(t, 1) �= 0 and a0

Φ,m(t,−1) �= 0 (10.3.4)

are both satisfied for all t. Since for an elliptic operator there exists a para-
metrix and Γ is compact, Theorem 5.3.11 can be applied and A is, hence, a
Fredholm operator.

Lemma 10.3.1. For the elliptic operator A ∈ Lm
c�(Γ ), the Fredholm index is

given explicitly by

index(A) = − 1
2π

∫

Γ

d arg
{ a0

Φ,m(t, 1)
a0
Φ,m(t,−1)

}
. (10.3.5)

Here Γ = ∂Ω may consist of a finite number of simple, plane, closed and
smooth Jordan curves which are oriented in such a way that Ω always lies to
the left of Γ .

Before we begin with the proof, let us first rewrite the representation
(10.3.3) in the form

Av
(
T (t)

)
= b+(t)

{ ∑

�∈Z\{0}
|2π�|mv̂�e

2πi�t + v̂0

}
(10.3.6)

+ b−(t)
{ ∑

�∈Z\{0}
|2π�|m(sign �)v̂�e2πi�t + v̂0

}
+ R̃v

where the functions b±(t) are defined by

b±(t) :=
1
2
{a0

Φ,m(t, 1)± a0
Φ,m(t,−1)} . (10.3.7)

Further let us use the Fourier representation of the Bessel potential operator
Λm : Hs(Γ ) → Hs−m(Γ ) for periodic functions, namely
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Λmv(t) :=
∑

�∈Z\{0}
|2π�|mv̂�e

2πi�t + v̂0 . (10.3.8)

Then
Λ−m ◦ Λmv = Λm ◦ Λ−mv =

∑

�∈Z

v̂�e
2πi�t = v . (10.3.9)

We also shall use the Fourier representation of the Hilbert transform H :
Hs(Γ ) → Hs(Γ ) for periodic functions, i.e.,

Hv(t) =
∑

�≥0

v̂�e
2πi�t −

∑

�<0

v̂�e
2πi�t . (10.3.10)

Clearly,
H ◦Hv(t) =

∑

�∈Z

v̂�e
2πi�t = v(t) . (10.3.11)

Moreover,
H ◦ Λm = Λm ◦H (10.3.12)

and Λm : Hs+m(Γ ) → Hs(Γ ) as well as H : Hs(Γ ) → Hs(Γ ) are isomor-
phisms for every m and s in IR.

With these operators, (10.3.6) can also be written as

Av
(
T (t)

)
= b+(t)Λmv(t) + b−(t)H ◦ Λmv(t) + R̃v . (10.3.13)

Now we are in the position to prove Lemma 10.3.1 by reduction to the case
m = 0.

Proof of Lemma 10.3.1: If we write (10.3.13) in the form of a classical
Cauchy singular integral equation

Av = A ◦ Λ−mw = b+(t)w + b−(t)Hw + R̃ ◦ Λ−mw

for w = Λmv, then from (5.3.23) in Theorem 5.3.11 we obtain

index(A) = index(A ◦ Λ−m) = index(b+I + b−H) (10.3.14)

since Λ−m is an isomorphism, hence index (Λ−m) = 0, and R̃ ◦ Λ−m is
compact. The operator b+I + b−H is a classical Cauchy singular integral
operator on Γ whose Fredholm index is given by

index(b+I + b−H) = − 1
2π

∫

Γ

d arg
{b+(t) + b−(t)
b+(t)− b−(t)

}
,

even if Γ consists of finitely separated components (see Muskhelishvili [222,
formula (45.4)]). With (10.3.7), this gives the proposed formula (10.3.5). �

According to Definition 6.2.4, the strong ellipticity condition (6.2.62) now
reads:
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There exists a function Θ ∈ C∞(Γ ) and a constant β0 > 0 such that

inf
t

min{ ReΘ(t)a0
Φ,m(t, 1) , ReΘ(t)a0

Φ,m(t,−1)} ≥ β0 . (10.3.15)

Clearly, for a strongly elliptic operator, the zero Fredholm index follows with
a direct computation from the index formula (10.3.5) which is consistent with
Remark 8.1.2.

We emphasize that the strongly elliptic equation

Au = f on Γ

with f ∈ H�−m
2 (Γ ) for any fixed � ∈ IR can be treated by the variational

method in terms of the corresponding bilinear forms as in Chapter 5. Specif-
ically we may define the bilinear form as

a(u, v) = (ΘAu, v)H�(Γ ) = (Θf, v)H�(Γ ) (10.3.16)

where H1 = H�+ m
2 (Γ ) and H2 = H�−m

2 (Γ ) and u, v ∈ H1.
This variational formulation provides the foundation of corresponding

Galerkin methods.
One special feature of periodic pseudodifferential operators on closed

curves is the additional concept of the odd ellipticity as introduced in
Sloan [282].

Definition 10.3.1. The operator A ∈ Lm
c�(Γ ) is called oddly elliptic if

there exists a smooth function Θ ∈ C∞(Γ ) and a constant β0 > 0 such that

inf
t

min{ Re
(
Θ(t)a0

Φ,m(t, 1)
)
, − Re

(
Θ(t)a0

Φ,m(t,−1)
)
} ≥ β0 > 0 . (10.3.17)

We remark that the inequality (10.3.17) cannot be generalized to higher
dimensions of Γ for a continuous symbol a0

Φ,m

(
t, ξ

|ξ|

)
since then the unit

sphere in IRn−1 is not disconnected anymore.

Both, strong as well as odd ellipticity can also be characterized in terms
of the functions b+(t) and b−(t) defined in (10.3.7).

Theorem 10.3.2.

i) A ∈ Lm
c�(Γ ) is strongly elliptic if and only if the condition

b+(t) + λb−(t) �= 0 for all t and all λ ∈ [−1, 1] (10.3.18)

is satisfied.
ii) A ∈ Lm

c�(Γ ) is oddly elliptic if and only if the condition

b−(t) + λb+(t) �= 0 for all t and all λ ∈ [−1, 1] (10.3.19)

is satisfied.
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Remark 10.3.1: Both conditions (10.3.18) or (10.3.19) can easily be verified
by inspecting the corresponding graphs in the complex plane, see Fig. 10.3.1.
These conditions play an important rôle in the analysis of singular integral
equations and their approximation and numerical treatment (see Gohberg et
al [103, 104], Prössdorf and Silbermann [257, 258], Sloan et al [283] and the
references therein). In particular, the function Θ(t) is not needed in (10.3.18)
or (10.3.19).

Proof: (See Prössdorf and Schmidt [255, Lemma 4.4].) We first prove the
proposition i) for the strongly elliptic case. Suppose that A is strongly elliptic
and (10.3.15) is satisfied. Then we show (10.3.18) by contradiction, i.e., for
some λ0 ∈ [−1, 1] and t0 we have

b+(t0) + λ0b−(t0) =
1
2
(
a+(t0) + a−(t0)

)
+ λ0

1
2
(
a+(t0)− a−(t0)

)
= 0

where a+(t) := a0
Φ,m(t, 1) , a−(t) := a0

Φ,m(t,−1). This implies after multipli-
cation by Θ(t0) and taking the real part,

(1 + λ0) Re
(
Θ(t0)a0(t0)

)
+ (1− λ0) Re

(
Θ(t0)a−(t0)

)
= 0 .

Condition (10.3.15) together with λ0 ∈ [−1, 1] then would imply

0 ≤ (1 + λ0) Re
(
Θ(t0)a+(t0)

)
= −(1− λ0) Re

(
Θ(t0)a−(t0)

)
≤ 0 ,

i.e. (1 + λ0) = 0 together with (1− λ0) = 0 which is impossible.
Conversely, suppose that (10.3.18) is fulfilled. This means that the convex

combination satisfies

µa+(t) + (1− µ)a−(t) �= 0 for all t and for all µ = 1
2 (1− λ) ∈ [0, 1] .

Fig. 10.3.1. Strong ellipticity condition.



10.3 Ellipticity Conditions for Periodic Operators on Γ 567

Therefore,
∣∣ arg a+

a−

∣∣ < π and a+ �= 0 , a− �= 0. We may now define

Θ(t) := exp
(
− i

2 (α+ + α−)
)

where α± := arg a± . (10.3.20)

Then

Θ(t)a+(t) = |a+(t)| exp
(
i
2 (α+ − α−)

)
,

Θ(t)a−(t) = |a−(t)| exp
(
− i

2 (α+ − α−)
)

and

Re
(
Θ(t)a+(t)

)
= |a+(t)| cos

(
1
2 (α+ − α−)

)
> 0 ,

Re
(
Θ(t)a−(t)) = |a−(t)| cos

(
− 1

2 (α+ − α−)
)
> 0 ,

which is (10.3.15).
For odd ellipticity, the proof proceeds in the same manner as in the

strongly elliptic case by interchanging b+ and b− and replacing a− by (−a−).
�

A simple example of an oddly elliptic equation is the Cauchy singular
integral equation with the Hilbert transform,

HΓu(x) = − 1
π

∫

Γ

( d

dsy
log |x− y|

)
u(y)dsy +

1
2π

∫

Γ

u(y)dsy = f(x) .

Here the principal symbol is given by

a0
Φ,0(t, ξ) = i

ξ

|ξ| for |ξ| ≥ 1 .

Hence, b+(t) = 0 and b−(t) = i and (10.3.19) is satisfied. However, HΓ is not
strongly elliptic.

On the other hand, with the Hilbert transform (10.3.10) as a precondi-
tioner, any oddly elliptic equation

Au = f on Γ

can be treated by using the variational methods as in the strongly elliptic
case if one defines an associated bilinear equation by

a(u, v) := (ΘHAu, v)H�(Γ ) = (ΘHf, v)H�(Γ ) (10.3.21)

where again H1 = H�+ m
2 (Γ ) , H2 = H�−m

2 (Γ ) and u, v ∈ H1. Now equation
(10.3.21) defines a strongly elliptic bilinear form which fulfills a G̊arding
inequality and HA ∈ Lm

c�(Γ ) is strongly elliptic. Clearly, the Fredholm index
of the oddly elliptic operator A is zero since H defined by (10.3.10) is an
isomorphism with Fredholm index zero and

index(HA) = index(A)

due to (5.3.23) in Theorem 5.3.11.
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10.3.2 Systems of Equations

We now extend the concept for one equation to a system of p pseudodiffer-
ential equations recalling Section 6.2.1, but now on Γ ,

p∑

k=1

Ajkuk = fj for j = 1, . . . , p on Γ (10.3.22)

with operators Ajk ∈ Lsj+tk

c� (Γ ). Now let us assume that the system (10.3.22)
is elliptic in the sense of Agmon–Douglis–Nirenberg, see Definition 6.2.3.
Here, fj ∈ Hsj (Γ ) for j = 1, . . . , p are given and uk ∈ Htk(Γ ) for k = 1, . . . , p
are the unknowns. By ajk0

Φ,sj+tk
(t, ξ) we denote the homogeneous principal

symbols of Ajk on Γ which are 1–periodic in t. By using the representation
(10.3.3) for each of the operators in (10.3.22) we obtain

p∑

k=1

Ajku
(
T (t)

)
=

p∑

k=1

{ ∞∑

�=1

ajk0
Φ,sj+tk

(t, 1)(2π�)sj+tk ûk�e
2πi�t (10.3.23)

+
∑

�≤−1

ajk0
Φ,sj+tk

(t,−1)(−2π�)sj+tk ûk�e
2πi�t

}
+

p∑

k=1

Rjkuk

where the remaining operators Rjk ∈ Lsj+tk−1
c� (Γ ).

The system (10.3.22) is elliptic in the sense of Agmon–Douglis–Nirenberg
if both conditions

B(t, 1) := det ((ajk0
Φ,sj+tk

(t, 1)))p×p �= 0 and

B(t,−1) := det ((ajk0
Φ,sj+tk

(t,−1)))p×p �= 0 for every t ∈ IR
(10.3.24)

are satisfied (see Definition 6.2.3). In this case, a parametrix Q0 exists ac-

cording to Theorem 6.2.3 and, hence, A = ((Ajk))p×p : H1 :=
p∏

k=1

Htk(Γ ) →

H2 :=
p∏

j=1

H−sj (Γ ) is a Fredholm operator. The Fredholm index of ((Ajk))p×p

can be computed as follows.

Lemma 10.3.3. For the elliptic system (10.3.22) in the sense of Agmon–
Douglis–Nirenberg, the Fredholm index is given by

index((Ajk))p×p = − 1
2π

∫

Γ

d arg
{ B(t, 1)
B(t,−1)

}
. (10.3.25)

Proof: For the proof we may proceed in the same manner as for the scalar
case. In particular, we see that the system may be rewritten in the form
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p∑

k=1

Ajkuk

(
T (t)

)
=

p∑

k=1

{
b+,jk(t)Λsj+tkuk + b−,jk(t)ΛsjHΛtkuk

}

+
p∑

k=1

R̃jkuk (10.3.26)

with R̃jk ∈ Lsj+tk−1
c� (Γ ) which includes Rjk and smoothing operators in

terms of ûk0. If we introduce new unknowns wk := Λtkuk, with the help of
the isomorphic Bessel potential operator (10.3.8), we obtain the system of
classical Cauchy singular integral equations

p∑

k=1

b+,jk(t)wk(t) + b−,jk(t)Hwk +
≈

Rjkwk = Λ−sjfj , j = 1, . . . , p . (10.3.27)

Here
≈

Rjk + Λ−sj (b+,jkΛ
sj − Λsj b+,jk) + Λ−sj (b−,jkΛ

sj − Λsj b−,jk) ∈ L−1
c� (Γ ) .

The last two terms are the commutators of the pseudodifferential operator
b±,jk ∈ L0

c�(Γ ) with Λsj ∈ Lsj

c�(Γ ). By applying Corollary 6.1.15 we see that

these commutators are in the class Lsj−1
c� (Γ ) and therefore

≈

Rjk ∈ L−1
c� (Γ ).

The Fredholm index of the system (10.3.27) of Cauchy singular equations can
be found in the book by Muskhelishvili [222, formula (180.22)] which yields

(10.3.25) since the mappings Λsj+tk are isomorphisms and
≈

Rjk are compact
operators. �

The condition (6.2.62) for strong ellipticity now reads:
There exist a C∞–matrix–valued 1–periodic function Θ(t) =

((
Θjk(t)

))
p×p

and a constant β0 > 0 such that

inf
t∈IR

min
{

Re
p∑

�,j,k=1

ζ�� Θ�j(t)a
jk0
Φ,sj+tk

(t,+1)ζk ,

Re
p∑

�,j,k=1

ζ�� Θ�ja
jk0
Φ,sj+tk

(t,−1)ζk
}

≥ β0|ζ|2 for all ζ ∈ C
p . (10.3.28)

Again, for a strongly elliptic system with Ajk ∈ Lsj+tk

c� (Γ ), the Fredholm
index is zero since any associated bilinear form

a(v, u) := (v, ΛσΘΛ−σAu) p∏
�=1

H(t�−s�)/2(Γ )
(10.3.29)

satisfies a G̊arding inequality such as (6.2.64) on the boundary curve Γ .
As for one scalar equation, we may define odd ellipticity for the system

(10.3.23), namely:
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Definition 10.3.2. The operator A = ((Ajk))p×p is called oddly elliptic if
there exist a smooth matrix–valued 1–periodic function Θ(t) and a constant
β0 > 0 such that

inf
t∈IR

min
{

Re
p∑

�,j,k=1

ζ�� Θ�j(t)a
jk,0
Φ,sj+tk

(t, 1)ζk , (10.3.30)

− Re
p∑

�,j,k=1

ζ�� Θ�j(t)a
jk,0
Φ,sj+tk

(t,−1)ζk
}
≥ β0|ζ|2 for all ζ ∈ C

p .

Again, Theorem 10.3.2 remains valid for the system as follows.

Theorem 10.3.4.

i. The system of operators ((Ajk))p×p with Ajk ∈ Lsj+tk

c� (Γ ) is strongly
elliptic if and only if the condition

det
((
b+,jk(t) + λb−,jk(t)

))
p×p

�= 0 for all t and for all λ ∈ [−1, 1]
(10.3.31)

is satisfied.
ii. The system is oddly elliptic if and only if the condition

det
((
b−,jk(t) + λb+,jk(t)

))
p×p

�= 0 for all t and for all λ ∈ [−1, 1]
(10.3.32)

is satisfied.

Proof: The basic ideas of the proof for the system are similar to the scalar
case in Theorem 10.3.2. However, one needs the following results of matrix
algebra and functional calculus. The detailed proof for systems was given by
Prössdorf and Schmidt in [256]. (See also Prössdorf and Rathsfeld [254] for
coefficients with discontinuities.)

i. Let us assume that (10.3.31) is violated, i.e., for some t0 and λ0 ∈ [−1, 1]
we have

det
((
b+,jk(t0) + λ0b−,jk(t0)

))
p×p

= 0 .

Then there exists at least one vector ζ0 ∈ C
p , ζ0 �= 0 with

p∑

k=1

(
b+,jk(t0) + λ0b−,jk(t0)

)
ζ0k = 0 , j = 1, . . . , p .

Hence,

p∑

k=1

ajk,0Φ,sj+tk
(t0, 1)ζ0k =

p∑

k=1

(
b+,jk(t0) + b−,jk(t0)

)
ζ0k

= (1− λ0)
p∑

k=1

b−,jk(t0)ζ0k
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and
p∑

k=1

ajk,0Φ,sj+tk
(t0,−1)ζ0k =

p∑

k=1

(
b+,jk(t0)− b−,jk(t0)

)
ζ0k

= −(1− λ0)
p∑

k=1

b−,jk(t0)ζ0k .

Now, let Θ(t0) be any matrix satisfying

Re
∑

�,j,k

ζ�0�Θ�,j(t0)a
jk,0
Φ,sj+tk

(t0, 1)ζ0k

= (1− λ0) Re
∑

�,j,k

ζ�0�Θ�j(t0)b−,jk(t0)ζ0k > 0

then for this matrix will hold

Re
∑

�,j,k=1

ζ�0�Θ�j(t0)a
jk,0
Φ,sj+tk

(t0,−1)ζ0k

= −(1− λ0) Re
∑

�,j,k

ζ�0�Θ�j(t0)b−,jk(t0)ζ0k < 0 .

Therefore, for any choice of Θ�j(t0), both conditions on (10.3.28) can never
be satisfied at the same time. Hence, (10.3.28) implies (10.3.31).

ii. Now, let (10.3.31) be satisfied. Then we need to construct the matrix–
valued function Θ(t), providing (10.3.28). To this end, define the matrix–
valued function

U(t) :=
((
b+,jk(t)

))−1((
b−,jk(t)

))

which is well defined since (10.3.31) with λ = 0 implies the existence of((
b+,jk(t)

))−1. Then let

V (t) :=
{(

I + U(t)
) 1

2
(
I − U(t)

) 1
2
}−1

where the square roots are defined by means of the Dunford–Taylor integral
with eigenvalues having positive real parts Kato [154, Section I.5.6.]. With
V (t) define

N+(t) := V (t)
(
I + U(t)

)
.

Then the matrix function

H(t) :=

∞∫

0

exp
(
−N∗

+(t)s
)
exp

(
−N+(t)s

)
ds

can be defined by Bellman [13] and

Θ(t) = H(t)V (t)
((
b+,jk(t)

))

gives the desired matrix providing the two inequalities in (10.3.28).
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For the oddly elliptic case, just exchange the roles of b+,jk, and b−,jk and of
(10.3.28) and (10.3.31). �

Again, with the Hilbert transform (10.3.10) as preconditioner, the oddly
elliptic system of equations (10.3.22) may be treated by variational methods;
in this case the associated variational equation with a strongly elliptic bilinear
form assumes the form

a(u, v) := (ΛσΘΛ−σHAu, v) p∏
�=1

H(t�−s�)/2(Γ )

= (ΛσΘΛ−σHf, v) p∏
�=1

H(t�−s�)/2(Γ )
,

(10.3.33)

where H1 =
p∏

k=1

Htk(Γ ) and H2 =
p∏

j=1

H−sj (Γ ).

Now HA : H1 → H2 is a strongly elliptic system; and since H is an
isomorphism, we again have for the Fredholm index of the oddly elliptic
system operator A:

index(HA) = index(A) = 0

in view of Theorem 5.3.11.

10.3.3 Multiply Connected Domains

Before we treat the general system of pseudodifferential equation on Γ = ∂Ω
of a multiply connected domain Ω ⊂ IR2 let us begin with the following
simple example, the Dirichlet problem

∆u = 0 in Ω and u|Γ = ϕ on Γ

where Γ =
q⋃

j=1

Γj and each of the curves Γj is a closed smooth Jordan curve.

Moreover, Γ1 contains all of the other curves in the interior domain bounded
by Γ1 and the curves are mutually disjoint. They all are oriented in such
a way that Ω always lies to the left of Γ . On each of the closed curves we
use a 1–periodic global parametric representation y|Γj

= Tj(z). By using the
direct method, the solution can be expressed by boundary potentials as in
(1.1.7) which leads to the boundary integral equation (1.3.3) for the unknown
missing Cauchy datum, the boundary charge σ = ∂u

∂n |Γ , i.e.,

V σ = f(x) := 1
2ϕ(x) + Kϕ(x) for x ∈ Γ . (10.3.34)

In order to write (10.3.34) as a system of periodic integral equations, we
introduce the notation

σ̃�(t) := σ
(
T�(t)

)dT�

dt
(t) (10.3.35)
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and write (10.3.34) as

q∑

�=1

Vr�σ̃�(t) :=
q∑

�=1

1∫

τ=0

(
− 1

2π
log |Tr(t)− T�(τ)|

)
σ̃�(τ)dτ

= fr(t) := f
(
Tr(t)

)
for r = 1, . . . , q .

(10.3.36)

This system is a particular example of a system of pseudodifferential
equations as considered in Section 10.3.2. We note that Vr� for r �= � has
a C∞–kernel. Hence, the symbol matrix has diagonal form, i.e.,

ar�0Φ,−1(t, ξ) =
1

2|ξ|δr� (10.3.37)

according to (10.1.10). In terms of the representation (10.3.6) we have the
Fourier series representation for the system

q∑

�=1

(Vr�σ�)
(
T (t)

)
=

q∑

�=1

b+,r�(t)
{ ∑

0 �=j∈Z

|2πj|−1σ̂je
2πijt + σ̂0 + R̃r�σ�

}

=
1
2
Λ−1σ̃r +

q∑

�=1

R̃r�σ� (10.3.38)

where b+,r� = 1
2δr� and, in this case, b−,r� = 0 ; s� = t� = − 1

2 and
R̃r� ∈ L−∞

c� (Γ ) for � = 1, . . . , q. The last expression corresponds to (10.3.27).
Clearly, this is a strongly elliptic system.

For a system of the form (10.3.22) on the boundary Γ of the multiply
connected domain Ω we now write

uk,�(t) := uk|Γ�
, fj,r := fj |Γr

(10.3.39)
and

Ajk,r�uk,� :=
(
Ajk|Γ�

uk|Γ�

)
|Γr

. (10.3.40)

In terms of these notations, the system (10.3.22) for the multiply con-
nected domain now reads

q∑

�=1

p∑

k=1

Ajk,r�uk,� = fj,r on Γr for r = 1, . . . , q and j = 1, . . . , p .

(10.3.41)

For � �= r, the integration in the integral operator representation of Ajk,r� ∈
Lsj+tk

c� (Γ ) (see Theorem 7.1.8) acts on Γ� whereas the observation point x ∈
Γr, which is separated from Γ� and |x − y| ≥ dist (Γr, Γ�) > 0. Here the
Schwartz kernel Ajk,r� is C∞–smooth. Hence, for � �= r, the symbol matrix
elements are zero, i.e.,

ajk,r�0Φ,sj+tk
(t, ξ) = 0 for r �= � and j, k,= 1, . . . , p .
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As a consequence, the principal symbol of Ajk,r� has a block diagonal
structure as

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ajk,110Φ,sj+tk
(t, ξ) 0 . . . 0

0 ajk,220Φ,sj+tk
(t, ξ) 0

...
...

. . .

0 0 . . . ajk,qq0Φ,sj+tk
(t, ξ)

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(10.3.42)

and j, k = 1, . . . , p. The coupling operators Ajk,r� for r �= � between dif-
ferent boundary components Γ� �= Γr are all smoothing operators. Hence,
with respect to mapping and Fredholm properties, the complete system can
be separated into the single systems with corresponding principal symbols
Ajk,rr

Φ,sj+tk
(t, ξ). In particular,

det
((
ajk,r�Φ,sj+tk

(t, ξ)
))

pq×pq

=
q∏

r=1

det
((
ajk,rrΦ,sj+tk

(t, ξ)
))

p×p
for all t and ξ = ±1 .

Therefore, the index formulae (10.3.5) and (10.3.25) also remain valid for the
multiply connected case when the integrals are to be taken over all of the
components of Γ .

In a similar manner, the concepts of strong and odd ellipticity of the
system can now be used for each of the boundary components Γr separately.

10.4 Fourier Series Representation of some Particular
Operators

To conclude this chapter we now apply Theorem 10.2.2 to a few more basic
operators in addition to those of the Laplacian. The general procedure will
be to find the symbol’s expansion by making use of the boundary integral
operators considered and their pseudohomogeneous kernel expansions.

10.4.1 The Helmholtz Equation

We begin with the simple layer potential operator Vk in (2.1.6). We need the
pseudohomogeneous kernel expansion of Ek(x, y) in (2.1.4). From (2.1.18) we
see that
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Ek(x, y) = E(x, y)− 1
2π

(log k + γ0) (10.4.1)

− 1
2π

{
log((kr)

∞∑

m=1

am(kr)2m +
∞∑

m=1

bm(kr)2m
}
.

By using the 1–periodic parameterization x = T (t) and y = T (τ) we may
rewrite Ek(x, y) in the form of a pseudohomogeneous expansion

Ek

(
T (t), T (τ)

)
= − 1

2π
log |t− τ |

{
1 + a1k

2L2(t− τ)2

− L4(t− τ)4
(
a1k

2 1
12

κ2(t)− a2k
4
)

+ a1k
2 1
12

L4κ(t)
dκ

dt
(t)(t− τ)5 +O6k

4
}

+ k∞(k, t, τ)

=
5∑

j=0

kj+1−1(t, t− τ) + R5(t, τ)

(10.4.2)

according to (10.2.7) where k∞ is a C∞–function of t and τ and

kj(t, t− τ) = pj(t, t− τ) log |t− τ |
with homogeneous polynomials pj of degree j ≥ 0 . It is clear that the in-
dividual terms of the expansion are no longer 1–periodic in t and τ . Then
Theorem 10.2.2 provides us with the first six terms of the homogeneous sym-
bol corresponding to the parametric representation x = T (t) defining the
mapping Φ, suppressed in the following notation:

a0
−1(t, ξ) = − 1

2π
ξ−1iiπ1(sign ξ) =

1
2|ξ| ,

a0
−2(t, ξ) = 0 ,

a0
−3(t, ξ) = − 1

2π
a1k

2L22!ξ−3i3iπ sign ξ =
1
4
k2L2 1

|ξ|3 ,

a0
−4(t, ξ) = 0 ,

a−5(t, ξ) =
L4

2π
(
a1k

2 1
12

κ2(t)− a2k
4
)
4!ξ−5i5iπ sign ξ

=
L4

4
(
k2κ2(t) +

3
4
k4

) 1
|ξ|5 ,

a0
−6(t, ξ) =

1
2π

a1k
2 1
12

L4κ(t)
dκ

dt
(t)5!ξ−6i6iπ sign ξ

= −i
5
4
k2L4κ(t)

dκ

dt
(t)

1
|ξ|6 sign ξ ,

(10.4.3)

(see Agranovich [4, p. 35 (2.45)]). Consequently, the simple layer potential
operator Vk ∈ L−1

c� (Γ ) admits a periodic Fourier series representation in the
form
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Vkσ
(
T (t)

)
=

∑

�∈Z\{0}

4∑

j=0

a0
−1−j(t, 2π�)σ̂�e

i2π�t + R5σ (10.4.4)

where σ̂� is the Fourier coefficient given by

σ̂� = L

1∫

0

e−2πi�τσ
(
T (t)

)
dτ

and

(R5σ)(x) =
∫

Γ

R5(x, y)σ(y)dsy =
∑

�∈Z

σ̂�

1∫

0

(
T (t), T (τ)

)
e2πi�τdτ .

with R5 ∈ C5(Γ × Γ ) defining a pseudodifferential operator belonging to
L−7
c� (Γ ).

For the double layer potential operator Kk we use the representation with
(2.1.20), i.e.

∂

∂ny
Ek(x, y) =

( ∂

∂ny
E(x, y)

){
1+

∞∑

m=1

(
am

(
1+2m log(kr)

)
+2mbm

)
(kr)2m

}
.

Then with (10.1.23) we get

∂

∂ny
Ek

(
T (t), T (τ)

)
=

1
2π

(1
2
κ(t)− 1

3
(t− τ)

dκ

dt
(t) + k∞,1(t, τ)

)
×

{
a1k

2r2 log r + (kr)4 log rR∞,1(k2; r2) + R∞,2(k; r2)
}

where the kernels R∞,1 and R∞,2 are C∞–functions of x and y. Then r2 will
be replaced by (10.1.19) and we obtain the first four terms of the asymptotic
kernel expansion:

∂

∂ny
Ek

(
T (t), T (τ)

)
=

1
2π

a1L
2k2

(
κ(t)(t− τ)2 − 2

3
(t− τ)3

dκ

dt
(t)

)
log |t− τ |

+ (t− τ)4 log |t− τ |k∞,4(k, t, τ) + k∞,2(k, t, τ) .

Here, the order of the double layer potential Kk ∈ L0
c�(Γ ) should be m = 0,

but for the symbol expansion we find the terms

a0
0 = a0

−1 = a0
−2 = 0 ,

a0
−3 = −1

4
k2κ(t)

L2

|ξ|3 ,

a0
−4 =

i

2
k2 dκ

dt
(t)

L2

|ξ|4 sign ξ .

(10.4.5)
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Consequently, the double layer potential operator Kk admits the 1–periodic
Fourier series representation

Kkϕ
(
T (t)

)

= L2
∑

�∈Z\{0}

(
− 1

4
k2κ(t)

1
|2π�|3 +

i

2
k2 dκ

dt
(t)

1
|2π�|4 sign �

)
ϕ̂�e

i2π�t + R5ϕ .

Here, the smooth remaining operator R5 ∈ L−5
c� (Γ ) is given by

R5ϕ(x) =
∫

Γ

R5(x, y)ϕ(y)dsy =
∑

�∈Z

ϕ̂�

1∫

0

(
T (t), T (τ)

)
e2π�τdτ ,

and has a doubly periodical kernel R5 ∈ C3(Γ × Γ ).
For the operator K ′

k which is the transposed to Kk, one may compute the
first four terms of its symbol expansion by employing the formula (6.1.34)
directly. However, for illustration, we first compute the pseudohomogeneous
kernel expansion of K ′

k in the same manner as for Kk. A simple computation
shows that

∂Ek

∂nx
=

∂E

∂nx
+ Rk(x, y)

=
∂E

∂nx

{
1 +

∞∑

m=1

(
am

(
1 + 2m log(kr)

)
+ 2mbm

)
(kr)2m

}
.

With

n(x) · (x− y) = −1
2
(t− τ)2κ(t)L2 +

1
6
(t− τ)3L2 dκ

dt
(t) +O4 (10.4.6)

we obtain
∂E

∂nx
(x, y) =

1
4π

(
κ(t)− 1

3
(t− τ)

dκ

dt
(t)

)
+O2 .

Hence,

∂

∂nx
Ek(x, y) =

L2

2π
a1k

2 log |t− τ |
{

(t− τ)2κ(t)− 1
3
(t− τ)3

dκ

dt
(t)

}

+ (t− τ)4 log |t− τ |k′
∞,4(k, t, τ) +O0 ,

where k′
∞,4 and O0 are C∞–functions of t and τ . With Theorem 10.2.2 we

now get the symbols

a0
0 = a0

−1 = a0
−2 = 0 and

a0
−3 = −1

4
k2κ(t)

L2

|ξ|3 , a0
−4 =

i

4
k2 dκ

dt
(t)

L2

|ξ|4 sign ξ ,
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which also follow with (6.1.34) from the symbols of K ′
k in (10.4.5). Again, for

K ′
k we have the 1–periodic Fourier series representation

(K ′
kσ)

(
T (t)

)
= L2

∑

�∈Z\{0}

{
− 1

4
k2κ(t)

1
|2π�|3

+
i

4
k2 dκ

dt
(t)

1
|2π�|4 sign �

}
σ̂ei2π�t + R�

5 σ ,

R�
5 σ =

∫

Γ

R5(x, y)σ(y)dsy =
∑

�∈Z

σ̂�

1∫

0

R5

(
T (τ), T (t)

)
e2πi�τdτ .

For the hypersingular operator

Dkϕ = − ∂

∂nx

∫

Γ

∂

∂ny
Ek(x, y)ϕ(y)dsy with x ∈ Γ

we use the Maue formula [200]

Dkϕ = − d

dsx
Vk

d

dsy
ϕ− k2Vkϕ = − 1

L2

d

dt
Vk

dϕ

dτ
− k2Vkϕ (10.4.7)

which can be obtained by a slight modification of the proof of Lemma 1.2.2
for the Laplacian. With the representation (10.4.4) of Vk we then find four
terms of the 1–periodic Fourier series representation of Dk, i.e.

Dkϕ = −
∑

�∈Z\{0}

4∑

j=0

{ 1

L2

d

dt
a0
−1−j(t, 2π�) (10.4.8)

+
( 1

L2
(2πi�)2 + k2

)
a0
−1−j(t, 2π�)

}
ϕ̂�e

i2π�t

−
∑

�∈Z

ϕ̂�

1∫

0

{ 1

L2

d

dt
R5

(
T (t), T (τ)

)
(2π�) + k2R5

(
T (t), T (τ)

)}
e2πi�τdτ

where a0
−1−j(t, ξ) are the symbol terms of Vk given in (10.4.3).

10.4.2 The Lamé System

For the two–dimensional space the fundamental solution of the Lamé system
is given in (2.2.2),

E(x, y) =
λ + 3µ

4πµ(λ + 2µ)

{
− log rδik +

λ + µ

λ + 3µ
1
r2

(xi− yi)(xk− yk)
}

(10.4.9)

Hence, the simple layer potential can be rewritten as
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(V σ)(x) =
λ + 3µ

2µ(λ + 2µ)

{
− 1

2π

∫

Γ

log rσ(y)dsy

+
λ + µ

λ + 3µ
1
2π

∫

Γ

L(x, y)σ(y)dsy
} (10.4.10)

where the tensor L has the form

L(x, y) =
1
r2

(x− y)(x− y)� .

With the parametric representation we have

L
(
T (t), T (τ)

)
=

1
r2

(
T (τ)− T (t)

)(
T (τ)− T (t)

)�

and obtain with (10.1.18) and (10.1.23)

L
(
T (t), T (τ)

)
= [1 + (τ − t)2c(t, τ)]−1× (10.4.11)

×
(
a(t, τ)t(t) + b(t, τ)n(t)

)(
a(t, τ)t(t) + b(t, τ)n(t)

)� + L∞(t, τ)

where

a(t, τ) = 1− (τ − t)2

6
L2κ2(t) ,

b(t, τ) =
(τ − t)

2
Lκ(t) +

(τ − t)2

6
L
dκ

dt
(t)

(10.4.12)

and c(t, τ) from (10.1.19) all are C∞–functions of t and τ .
Consequently, L

(
T (t), T (τ)

)
is a C∞–function of t and τ . The symbol of

the elastic simple layer potential operator is the same as that of the Laplacian
up to a multiplicative constant. More precisely, we have the 1–periodic Fourier
series representation

(V σ)
(
T (t)

)
=

λ + 3µ
2µ(λ + 2µ)

∑

� �=0

1
4π|�| σ̂�e

2πi�t + R∞σ
(
T (t)

)
(10.4.13)

where

R∞σ(x) =
∫

Γ

R∞(x, y)σ(y)dsy =
∑

�∈Z

σ̂�

1∫

0

R∞
(
T (t), T (τ)

)
e2πi�τdτ

with R∞ ∈ C∞(Γ × Γ ), and R∞
(
T (t), T (τ)

)
is 1–periodic in t and τ .

For the double layer operator of elasticity (2.2.19) we use the expression
(2.2.21) with (2.2.23) and obtain the corresponding kernel as

(
TyE(x, y)

)� =
µ

λ + 2µ

{(
I +

2(λ + µ)
µ

L(x, y)
) ∂

∂ny

(
− 1

2π
log r

)

−
(

0 1
−1 0

)
d

dsy

(
− 1

2π
log r

)}
. (10.4.14)
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As we have seen in (10.1.23) and in (10.4.10),

(
TyE(x, y)

)� = − µ

λ + 2µ

(
0 1
−1 0

)
d

dsy

(
− 1

2π
log r

)
+ T∞(x, y)

where T∞ is in C∞(Γ×Γ ). So it remains to compute the symbol of the oper-
ator with the kernel given by the first term. For the latter we use integration
by parts and (10.1.4) to obtain

(Kσ)
(
T (t)

)
= − µ

λ + 2µ

(
0 1
−1 0

)(
− 1

2π

∫

Γ

log |x− y| dσ
dsy

(y)dsy
)

+
∫

Γ

T∞(x, y)σ(y)dsy (10.4.15)

=
µ

λ + 2µ

(
0 1
−1 0

)∑

� �=0

i sign �

2L
σ̂�e

2πi�t +
∫

Γ

K∞(x, y)σ(y)dsy

where K∞ ∈ C∞(Γ × Γ ) and

1∫

0

K∞
(
T (t)T (τ)

)
σ(τ)dτ =

∑

�∈Z

1∫

0

K∞
(
T (t), T (τ)

)
e2πi�τdτ σ̂� .

The complete symbol of the double layer elastic operator K is therefore
given by

σK(t, ξ) =
µ

λ + 2µ

(
0 1
−1 0

)
i

2L
sign ξ . (10.4.16)

For the transposed operator K ′ in (2.2.20) we apply (6.1.34) to find the
symbol of K ′, i.e.

σK′(t, ξ) = σK(t,−ξ) = −σK(t, ξ) . (10.4.17)

Hence, the 1–periodic Fourier expansion representation of K ′ assumes the
form

(K ′ϕ)
(
T (t)

)
=

µ

λ + 2µ

(
0 −1
1 0

)∑

� �=0

i sign �

3L
ϕ̂�e

2πi�t

+
∑

�∈Z

1∫

0

K∞
(
T (τ), T (t)

)
e2πi�τdτ ϕ̂� .

(10.4.18)

For the elastic hypersingular operator we use the relations (2.2.32) with
(2.3.36), i.e.
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(Dϕ)(x) = − d

dsx

2µ(λ + µ)
(λ + 2µ)

∫

Γ

{
− 1

2π
log |x− y|+ 1

2π
L(x, y)

} dϕ

dsy
(y)dsy,

(Dϕ)
(
T (t)

)
= − 1

L

2µ(λ + µ)
(λ + 2µ)

d

dt

∑

� �=0

i

2L
sign �ϕ̂�e

2πi�z+
∫

Γ

D∞(x, y)ϕ(y)dsy

=
π

L2

2µ(λ + µ)
(λ + 2µ)

∑

� �=0

|�|ϕ̂�e
i2π�t (10.4.19)

+
∑

�∈Z

1∫

0

D∞
(
T (t), T (τ)

)
ei2π�τdτ ϕ̂� .

The complete symbol of D is therefore given by

σD(t, ξ) =
1
L2

µ(λ + µ)
(λ + 2µ)

|ξ|I .

10.4.3 The Stokes System

The fundamental solution and the kernel of the pressure operator of the
Stokes system in two dimensions are given by (2.3.10), i.e.,

E(x, y) =
1

4πµ

(
− (log r)I +

(x− y)(x− y)�

r2

)
, (10.4.20)

Q(x, y) = − 1
π

(∇y ln r)� =
1

2πr2
(x− y)� (10.4.21)

where (10.4.20) can also obtained from (10.4.9) as the limit for λ → +∞.
Hence, for the Stokes simple layer potential we obtain from (10.4.10)

Vstσ =
1
2µ

{
− 1

4π

∫

Γ

(log r2)σ(y)dsy +
1
2π

∫

Γ

L(x, y)σ(y)dsy
}

with r2 given by (10.1.19) and L by (10.4.11) and (10.4.12). The correspond-
ing Fourier series representation,

V stσ
(
T (t)

)
=

1
2µ

∑

� �=0

1
4π|�| σ̂�e

2πi�t + R∞stσ
(
T (t)

)
(10.4.22)

follows from (10.1.13) with λ→ +∞.
For the kernel of the pressure operator Q (10.4.21) in local coordinates

we find with (10.1.18) and (10.1.19)
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Q
(
T (t), T (τ)

)
=

1
L(t− τ)

{
1− 1

12
(t− τ)2L2κ2(t)

+
1
24

(t− τ)3L2κ(t)
dκ

dt
(t) +O4

}
t�(t)

−
{1

2
κ(t) +

1
24

(t− τ)2
d2κ

dt2
(t)− 1

18
(t− τ)3L2κ2 dκ

dt
+O4

}
n(t)�

=
1

L(t− τ)
t(t)� + k1∞(t, τ)t(t)� + k2∞(t, τ)n(t)� .

Hence, with Theorem 10.2.2 we find the corresponding complete symbol as

aQ(t, ξ) = − iπ

L
(sign ξ)t(t)� , (10.4.23)

and the Fourier representation

Qσ
(
T (t)

)
= − i

L

∑

� �=0

sign(�)σ̂�e
2πi�t
�

+

1∫

0

(
k1∞(t, τ)t(t) + k2∞(t, τ)n(t)

)
· σ

(
T (τ)

)
dτ .

The double layer potential operator of the Stokes system can be obtained
from (10.4.15) by letting λ→ +∞. Hence, it is a smoothing operator as well
as its adjoint.

Since the hypersingular operator Dst of the Stokes system equals the one
of elasticity (10.4.19) with λ→ +∞ we obtain

(Dstϕ)
(
T (t)

)
=

2µπ
L2

∑

� �=0

|�|ϕ̂�e
i2π�t +

∑

� �=Z

1∫

0

D∞st

(
T (t), (T (τ)

)
e2πi�tdτ ϕ̂�

and for its complete symbol

aDst
(t, ξ) =

1
L2

µ|ξ|I .

10.4.4 The Biharmonic Equation

The fundamental solution of the biharmonic operator is given by (2.4.7), i.e.

E(x, y) = 1
8π r

2 log r with r2 = |x− y|2 . (10.4.24)

We recall that the boundary integral operators in the Calderón projector
CΩ in (2.4.23) consist of 16 different operators on the boundary curve Γ . In
the same manner as in the previous examples we will first present the kernels
k�j(x, y) of these operators and later on the corresponding symbols based
on the pseudohomogeneous kernel expansions, as well as 1–periodic Fourier
series representations.
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We begin with the first row of the matrix (2.4.23).

k14(x, y) = E(x, y) = 1
8π r

2 log r , (10.4.25)

k13(x, y) =
∂

∂ny
E(x, y) =

1
8π

n(y) · (y − x)(2 log r + 1) , (10.4.26)

k12(x, y) = −MyE(x, y) (10.4.27)

= − 1
4π

{
(1 + ν) log r +

1 + 3ν
2

+(1− ν)
(
n(y) · (y − x)

)2 1
r2

}
,

k11(x, y) = NyE(x, y) (10.4.28)

= − 1
4π

{
2n(y) · (y − x)

1
r2

+(1− ν)
d

dsy

(
n(z) · (y − x) t(z) · (y − x)

1
r2

)}∣∣
z=y

.

For the second row, we have the corresponding kernels as:

k24(x, y) =
∂

∂nx
E(x, y) =

1
8π

n(x) · (x− y)(2 log r + 1) , (10.4.29)

k23(x, y) =
∂

∂nx

∂

∂ny
E(x, y) (10.4.30)

=
1
8π

{
− n(x) · n(y)(2 log r + 1)

+2n(y) · (y − x) n(x) · (x− y)
1
r2

}
,

k22(x, y) = − ∂

∂nx
MyE(x, y) (10.4.31)

= − 1
4π

{
(1 + ν)n(x) · (x− y)

1
r2

−2(1− ν)
(
n(x) · n(y) n(y) · (y − x)

1
r2

+
(
n(y) · (y − x)

)2
n(x) · (x− y)

1
r4

)}
,

k21(x, y) = − ∂

∂nx
NyE(x, y) (10.4.32)

= − 1
2π

{
n(x) · n(y)

1
r2

+ 2n(y) · (y − x) n(x) · (x− y)
1
r4

}

−1− ν

4π

{ d

dsy

(
n(x) · t(z) n(z) · (y − x)

1
r2

+ n(x) · n(z) t(z) · (y − x)
1
r2

+ 2t(z) · (y − x) n(z) · (y − x) n(x) · (x− y)
1
r4

)}∣∣
z=y

.
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The kernels in the third row are given by:

k34(x, y) = MxE(x, y) (10.4.33)

=
1
4π

{
(1 + ν) log r +

1 + 3ν
2

+ (1− ν)
(
n(x) · (x− y)

)2 1
r2

}
,

k33(x, y) =
∂

∂ny
MxE(x, y) (10.4.34)

=
1
4π

{
(1 + ν)n(y) · (y − x)

1
r2

−2(1− ν)
(
n(x) · n(y) n(x) · (x− y)

1
r2

+
(
n(x) · (x− y)

)2
n(y) · (y − x)

1
r4

)}
,

k32(x, y) = −MxMyE(x, y) (10.4.35)

= − (1− ν)
4π

{(
1 + 3ν + 2(1− ν)

(
n(x) · n(y)

)2) 1
r2

+8(1− ν)
(
n(x) · n(y)

)(
n(y) · (y − x)

)(
n(x) · (x− y)

) 1
r4

+8(1− ν)
(
n(x) · (x− y)

)2(
n(y) · (y − x)

)2 1
r6

−2(1 + ν)
((

n(y) · (y − x)
)2 +

(
n(x) · (x− y)

)2
) 1
r4

}
,

k31(x, y) = − MxNyE(x, y) (10.4.36)

=
(1 − ν)

2π

{(
− n(y) · (y − x) + 2n(x) · n(y) n(x) · (x− y)

) 2

r4

+
d

dsy

{
− (1 + ν)t(z) · (y − x) n(z) · (y − x)

1

r4

+(1 − ν)n(x) · t(z) n(x) · n(z)
1

r2

+2(1 − ν)t(z) · (y − x) n(x) · (x− y) n(x) · n(z)
1

r4

}

+8
(
n(x) · (x− y)

)2
n(y) · (y − x)

1

r6

+
d

dsy

{
2(1 − ν)t(z) · n(x) n(x) · (x− y) n(z) · (y − x)

1

r4

+4(1 − ν)t(z) · (y − x)
(
n(x) · (x− y)

)2
n(z) · (y − x)

1

r6

}}∣∣
z=y

.
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Similarly, for the last row we obtain the kernels

k44(x, y) = NxE(x, y) (10.4.37)

= − 1

4π

{
2(n(x) · (x− y)

1

r2

+(1 − ν)
d

dsx

(
n(z) · (x− y) t(z) · (x− y)

1

r2

)}∣∣
z=x

,

k43(x, y) = Nx
∂

∂ny
E(x, y) (10.4.38)

=
1

4π

{
2n(x) · n(y)

1

r2
+ (1 − ν)

d

dsx

(
n(z) · n(y) t(z) · (x− y)

1

r2

)}∣∣
z=x

+
1

4π

{
4n(x) · (x− y) n(y) · (y − x)

1

r4

+(1 − ν)
d

dsx

[
n(z) · (x− y) n(y) · t(z)

1

r2

+2n(z) · (x− y) n(y) · (y − x) t(z) · (x− y)
1

r4

]}∣∣
z=x

,

k42(x, y) = − NxMyE(x, y) (10.4.39)

=
(1 − ν)

2π

{(
− n(x) · (x− y) + 2n(x) · n(y) n(y) · (y − x)

) 2

r4

+
d

dsx

{
− (1 + ν)t(z) · (x− y) n(z) · (x− y)

1

r4

+(1 − ν)n(y) · t(z) n(z) · n(y)
1

r2

+2(1 − ν)t(z) · (x− y) n(y) · (y − x) n(z) · n(y)
1

r4

}

+8
(
n(y) · (y − x)

)2
n(x) · (x− y)

1

r6

+
d

dsx

{
2(1 − ν)t(z) · n(y) n(y) · (y − x) n(z) · (x− y)

1

r4

+4(1 − ν)t(z) · (x− y)
(
n(y) · (y − x)

)2
n(z) · (x− y)

1

r6

}}∣∣
z=x

,
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k41(x, y) = − NxNyE(x, y) (10.4.40)

= − (1 − ν)2

4π

{ d

dsx

d

dsy

(
n(ζ) · n(z) t(ζ) · t(z)

1

r2

+2n(ζ) · n(z) t(ζ) · (y − x) t(z) · (x− y)
1

r4

)}∣∣z=x
ζ=y

− (1 − ν)

π

{ d

dsx

(
n(z) · n(x) t(z) · (x− y)

1

r4

)}∣∣
z=x

− (1 − ν)

π

{ d

dsy

(
n(ζ) · n(x) t(ζ) · (y − x)

1

r4

)}∣∣
ζ=y

− (1 − ν)

π

{ d

dsx

(
n(z) · (x− y) t(z) · n(y)

1

r4

+4n(z) · (x− y) t(z) · (x− y) n(y) · (y − x)
1

r6

)}∣∣
z=x

− (1 − ν)

π

{ d

dsy

(
n(ζ) · (y − x) t(ζ) · n(x)

1

r4

+4n(ζ) · (y − x) t(ζ) · (y − x) n(x) · (x− y)
1

r6

)}∣∣
ζ=y

− (1 − ν)2

4π

{ d

dsx

d

dsy

(
n(ζ) · t(z) n(z) · t(ζ)

1

r2

+2
(
n(ζ) · (y − x) t(ζ) · n(z) t(z) · (x− y)

+n(z) · (x− y) t(z) · n(ζ) t(ζ) · (y − x)
) 1

r4

+2t(z) · t(ζ) n(z) · (x− y) n(ζ) · (y − x)
1

r4

+8n(ζ) · (y − x) t(ζ) · (y − x) n(z) · (x− y) t(z) · (x− y)
1

r6

)}∣∣z=x
ζ=y

.

In order to calculate the pseudohomogeneous expansions of these kernels
we collect some simple relations by using the 1–periodic parametric repre-
sentation of the boundary Γ based on arclength.

In addition to (10.1.19)–(10.1.22), we shall also need the following expres-
sions, all of them modulo O4:

n(y) · n(x)=
(
1− L2κ2 1

2 (t− τ)2 + 1
2 (t− τ)3L2κ

dκ

dt
(t)

)
, (10.4.41)

t(y) · t(x)=
(
1− L2κ2 1

2 (t− τ)2 + 1
2 (t− τ)3L2κ

dκ

dt
(t)

)
, (10.4.42)

t(x) · n(y)=L(t− τ)
(
κ(t)− 1

2 (t− τ)
dκ

dt
(t)

− 1
6 (t− τ)2(L2κ3(t)− d2κ

dt2
(t)

)
, (10.4.43)
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n(x) · t(y)=− L(t− τ)
(
κ(t)− 1

2 (t− τ)
dκ

dt
(t)

− 1
6 (t− τ)2

(
L2κ3(t)− d2κ

dt2
(t)

))
, (10.4.44)

n(y) · (y − x)=− 1
2κ(t)L2(t− τ)2 + 1

3 (t− τ)3L2 dκ

dt
(t) , (10.4.45)

n(x) · (x− y)=− 1
2κ(t)L2(t− τ)2 + 1

6 (t− τ)3L2 dκ

dt
(t) , (10.4.46)

t(y) · (y − x)=− L(t− τ)
(
1− 1

6 (t− τ)2L2κ2(t)
)
, (10.4.47)

t(x) · (x− y)=L(t− τ)
(
1− 1

6 (t− τ)2L2κ2(t)
)
. (10.4.48)

Now we are in the position to present the pseudohomogeneous expansions
of the operator’s kernels kj�(t, t−τ) in the Calderón projector CΩ in (2.4.23);
and with Theorem 10.2.2, the corresponding first terms of their symbol ex-
pansions. From formulae (10.4.25)–(10.4.28) we obtain

k14

(
T (t), T (τ)

)
=

1
8π

log |t− τ |
{
L2(t− τ)2 − 1

12L
4(t− τ)4κ2(t)

+ 1
12L

3(t− τ)5κ(t)
dκ

dt
(t) +O6

}
+O0 ,

σ14(t, ξ) = L2 1
4 |ξ|

−3 + L4 1
4κ

2(t)|ξ|−5

− iL4 5
4κ(t)

dκ

dt
(t)|ξ|−6 sign ξ + O(|ξ|−7) , (10.4.49)

k13

(
T (t), T (τ)

)
=
−1
4π

log |t− τ |×

×
(

1
2κ(t)L2(t− τ)2 − 1

3 (t− τ)3L2 dκ

dt
(t) +O4

)
+O0 ,

σ13(t, ξ) = − 1
4L

2κ(t)|ξ|−3

+ i1
2L

2 dκ

dt
(t)|ξ|−4 sign ξ + O(|ξ|−5) , (10.4.50)

k12

(
T (t), T (τ)

)
= − 1

4π
(1 + ν) log |t− τ |+O0 ,

σ12(t, ξ) = (1 + ν) 1
4 |ξ|

−1 , (10.4.51)

k11

(
T (t), T (τ)

)
O0 ,

σ11(t, ξ) = 0 . (10.4.52)

Now the next row of CΩ is obtained from the representations (10.4.29)–
(10.4.32):
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k24

(
T (t), T (τ)

)
= − 1

4π log |t− τ |
(

1
2κ(t)L2(t− τ)2

− 1
6 (t− τ)3L2 dκ

dt
(t) +O4

)
+O0 ,

σ24(t, ξ) = − 1
4L

2κ(t)|ξ|−3 (10.4.53)

+ i1
4L

2 dκ

dt
(t)|ξ|−4 sign ξ +O(|ξ|−5) ,

k23

(
T (t), (τ)

)
= − 1

4π log |t− τ |
(
1− 1

2L
2κ2(t)(t− τ)2

+ 1
2 (t− τ)3L2κ

dκ

dt
(t) +O4

)
,

σ23(t, ξ) = 1
4 |ξ|

−1 + 1
4L

2κ2(t)|ξ|−3

− i3
4L

2κ
dκ

dt
(t)|ξ|−4 sign ξ + O(|ξ|−5) , (10.4.54)

k22

(
T (t), T (τ)

)
= O0 ,

σ22(t, ξ) = 0 , (10.4.55)

k21

(
T (t), T (τ)

)
= − 1

2π
1

L2(t− τ)2
+

(1− ν)
4π

1
L

d

dτ

{ 1
L(t− τ)

}
+O0

= −1 + ν

4π
1

L2(t− τ)2
+O0 ,

σ21(t, ξ) = (1 + ν) 1
4

1
L2
|ξ| . (10.4.56)

Next, we consider the third row of CΩ , (10.4.33)–(10.4.36).

k34

(
T (t), T (τ)

)
=

1 + ν

4π
log |t− τ |+O0 ,

σ34(t, ξ) = −(1 + ν) 1
4 |ξ|

−1 , (10.4.57)

k33

(
T (t), T (τ)

)
= O0 ,

σ33(t, ξ) = 0 , (10.4.58)

k32

(
T (t), T (τ)

)
= − 1

4π
(1− ν)(3 + ν)

1
L2(t− τ)2

+O0 ,

σ32(t, ξ) =
(1− ν)(3 + ν)

4L2
|ξ| , (10.4.59)

k31

(
T (t), T (τ)

)
= − (1− ν)

2π

{ κ(t)
L2(t− τ)2

+
1
L2

1 + ν

2
κ(t)

d

dτ

1
(t− τ)

+O0

}

= − (1− ν)(3 + ν)
4π

κ(t)
1

L2(t− τ)2
+O0 ,

σ31(t, ξ) =
(1− ν)(3 + ν)

4L2
κ(t)|ξ| . (10.4.60)
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Finally, we consider the last row (10.4.37)–(10.4.40).

k44

(
T (t), T (τ)

)
= O0 ,

σ44(t, ξ) = 0 , (10.4.61)

k43

(
T (t), T (τ)

)
=

1
2π

1
L2(t− τ)2

+
(1− ν)
4πL2

d

dt

1
(t− τ)

+O0

=
1
4π

(1 + ν)
1

L2(t− τ)2
+O0 ,

σ43(t, ξ)−
(1 + ν)

4L2
|ξ| , (10.4.62)

k42

(
T (t), T (τ)

)
= −1− ν

2π

{ κ(t)
L2(t− τ)2

− dκ

dt
(t)

1
L2(t− τ)

− (1 + ν)
2

1
L2

d

dt

( κ(t)
t− τ

)}
+O0

= − 1
4π

(1− ν)(3 + ν)
{ κ(t)
L2(t− τ)2

− dκ

dt
(t)

1
L2(t− τ)

}
+O0 ,

σ42(t, ξ) =
(1− ν)(3 + ν)

4L2
κ(t)|ξ|

− i
(1− ν)(3 + ν)

4L2

dκ

dt
(t) sign ξ , (10.4.63)

k41

(
T (t), T (τ)

)
=

(1− ν)2

4πL4

d

dt

d

dτ

1
(t− τ)2

− (1− ν)
π

1
L

d

dt

{ 1
L3(t− τ)3

− 1
6
κ2(t)

1
L(t− τ)

}

+
(1− ν)

π

1
L

d

dτ

{ 1
L3(t− τ)3

− 1
6
κ2(t)

1
L(t− τ)

}
+O0

=
6
4π

(1− ν)(3 + ν)
1

L4(t− τ)4
− 1

3π
(1− ν)κ2(t)

1
L2(t− τ)2

+
1
3π

(1− ν)κ
dκ

dt
(t)

1
L2(t− τ)

+O0 ,

σ41(t, ξ) = (1− ν)(3 + ν)
1

4L4
|ξ|3 + (1− ν)

1
3L3

κ2(t)|ξ|

− i(1− ν)
1

3L2
κ(t)

dκ

dt
(t) sign ξ . (10.4.64)

Since all of the symbol expansions now are available, the action of all
these operators on 1–periodic Fourier series have the representation in the
form of (10.2.5) where aΦ(t, ξ) in (10.2.3) is to be replaced by σjk(t, ξ), as in
the other examples.

The first three terms of the asymptotic symbol expansion of the Calderón
projector in (2.4.23) read:
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σCΩ
(t, ξ)

=

⎛

⎜⎜⎜⎜⎜⎝

1
2L

1−ν
4 |ξ|−1 0 L2

4 |ξ|−3

1+ν
4L2 |ξ| 1

2L
1
4 |ξ|−1 0

0 (1−ν)(3+ν)
4L2 |ξ| 1

2L − 1+ν
4 |ξ|−1

(1−ν)(3+ν)
4L4 |ξ|3 0 − 1+ν

4L2 |ξ| 1
2L

⎞

⎟⎟⎟⎟⎟⎠

+

⎛

⎜⎜⎜⎜⎜⎝

0 0 −L2

4 κ(t)|ξ|−3 0

0 0 0 −L2

4 κ(t)|ξ|−3

(1−ν)(3+ν)
4L2 κ(t)|ξ| 0 0 0

0 (1−ν)(3+ν)
4L2 κ(t)|ξ| 0 0

⎞

⎟⎟⎟⎟⎟⎠

+

⎛

⎜⎜⎜⎜⎜⎝

0 0 iL2

2
dκ
dt |ξ|−4 sign ξ L4

4 κ2(t)|ξ|−5

0 0 L2

4 κ2(t)|ξ|−3 iL2

4
dκ
dt |ξ|−4 sign ξ

0 0 0 0
1−ν
3L2 κ

2|ξ| −i (1−ν)(3+ν)
4L2

dκ
dt sign ξ 0 0

⎞

⎟⎟⎟⎟⎟⎠

+ . . .

To conclude this chapter, we now return to the boundary integral equa-
tions associated with the boundary value problems of the biharmonic equa-
tion. From the symbols σjk(t, ξ) we see that, in contrast to the previous
examples, these systems of equations have different orders.

We begin with the interior problems as considered in Section 2.4.2. For
the interior Dirichlet problem, Theorem 2.4.1, the corresponding system of
boundary integral equations (2.4.26), (2.4.27) of the first kind, which are
modified to always guarantee unique solvability (independent of so–called
Γ–contours), now reads

V23σ1 + V24σ2 + n1ω1 + n2ω2 = f2 ,

V13σ1 + V14σ2 + x1ω1 + x2ω2 + ω3 = f1

(10.4.65)

where the solution (σ1, σ2) = (Mu,Nu) ∈ H− 1
2 (Γ )×H− 3

2 (Γ ) has to satisfy
the additional compatibility conditions

∫

Γ

(
σ1

∂pj
∂n

+ σ2pj

)
ds = 0 with p1 = 1 , p2 = x1 , p3 = x2 . (10.4.66)

As we have seen, the solution (ω, σ1, σ2) of the the system (10.4.65),
(10.4.66) is unique. In terms of pseudodifferential operators, this is a 2 × 2
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system of Agmon–Douglis–Nirenberg type with the orders s1 = t1 = − 1
2 and

s2 = t2 = − 3
2 ; hence the principal symbol matrix (6.2.12) is given by

1
4

(
|ξ|−1 0

0 L2|ξ|−3

)
(10.4.67)

which obviously is strongly elliptic with Θ(t) = I in (6.2.62). Consequently,
due to Theorem 5.3.10, for any given right–hand side (f1, f2) ∈ H

3
2+s(Γ ) ×

H
1
2+s(Γ ), the system (10.4.65), (10.4.66) has a unique solution (ω, σ1, σ2) ∈

IR3 ×H− 1
2+s(Γ )×H− 3

2+s(Γ ) with any s ∈ IR.
For the exterior Dirichlet problem we have the same system of equations,

however, the right–hand sides in (10.4.65) and (10.4.66) are different, see
(2.4.28).

Similarly, for the interior Neumann problem, the system of boundary in-
tegral equations of the first kind is now

D41ϕ1 + D42ϕ2 = g2

D31ϕ1 + D32ϕ2 = g1

(10.4.68)

where the right–hand sides (g1, g2) ∈ H− 1
2+s(Γ ) × H− 3

2+s(Γ ) are given in
Table 2.4.5. These equations always have a three–dimensional kernel given
by

R =
{(

v,
∂v

∂n

)
|Γ

∣∣∣v = a1x1 + a2x2 + b with (a1, a2, b) ∈ IR3
}
. (10.4.69)

The system (10.4.68) is of Agmon–Douglis–Nirenberg type with s1 = t1 =
3
2 and s2 = t2 = 1

2 . The principal symbol is given by

(1− ν)(3 + ν)
1
4

(
1
L4 |ξ|3 0

0 1
L2 |ξ|

)
(10.4.70)

which obviously is strongly elliptic with Θ = I since ν ∈ [0, 1). Therefore,
the Fredholm alternative holds for (10.4.68) and the solution is unique only
in (H

3
2+s(Γ )×H

1
2+s(Γ ))/R, and (g1, g2) have to satisfy orthogonality con-

ditions which are satisfied if the given boundary data Mu = ψ1 ∈ H− 1
2+s(Γ )

and Nu = ψ2 ∈ H− 3
2+s(Γ ) with s ∈ IR satisfy the compatibility conditions

(2.4.16).
As we discussed in Section 2.4.2, the right–hand sides (g1, g2) in (10.4.68)

satisfy the orthogonality conditions and the system (10.4.68) then has a so-
lution which is not unique due to the kernel R of this operator system.

10.5 Remarks

Boundary integral equation methods for two–dimensional boundary value
problems and various examples are considered by Yu in [324] based on the



592 10. Boundary Integral Equations on Curves in IR2

work by Feng Kang [73]. Boundary integral equations on periodic functions
and corresponding Fourier analysis can be found in the books by Gohberg
and Fel’dman [103] and Gohberg and Krupnik [104]. In McLean et al [204]
and Lamp et al [182], periodic pseudodifferential operators are treated with
Fourier approximations. For a slightly larger class of periodic pseudodifferen-
tial equations than those in 10.1–10.4, Saranen and Vainikko present in their
book [264] a very extensive analysis employing Fourier series representations.



A. Differential Operators in Local Coordinates
with Minimal Differentiability

As we mentioned earlier, the special coordinate transformation (3.3.7) con-
tains n(σ′) which is defined by derivations of Γ involving one order of dif-
ferentiability more than that of Γ . Therefore, here we use a slightly different
coordinate–transformation which requires no more differentiability than that
of the surface Γ as was introduced via the representation in Section 3.3,
namely

x = x(r) + T(r)(τ ′, a(r)(τ ′) + τn) = Ψ(r)(τ) (A.0.1)

and its inverse
τ := (τ ′, τn) = Φ(x)

where

τ ′ = (T−1
(r) (x− x(r)))′ ,

τn = Φn(x) := (T−1
(x) (x− x(r)))n − a(r)

((
T−1

(r) (x− x(r))
)′)

for x ∈ B(r) .

(A.0.2)

In what follows, without loss of generality we assume that T(r) is an ortho-
normal matrix ((Tjk)) associated with the point x(r) by the column vectors

T•n = n(x(r))

and T•λ, λ = 1, . . . , n− 1, where the latter form an orthonormal basis of the
tangent plane to Γ at x(r). Then the inverse of T(r) is given by its transpose
with entries

(T−1
(r) )jk = Tkj . (A.0.3)

For the special choice of the local coordinates in (A.0.1), the parameters σ
from the previous sections and the parameters τ are related by a diffeomor-
phism given by the equations

τκ =
n∑

�=1

T�κ(y�(σ′)− x(r)� + σnn�(σ′)) for κ = 1, . . . , n− 1 ,

τn = −a(r)(τ ′) +
n∑

�=1

T�n

(
y�(σ′)− x(r)� + σnn�(σ′)

)
.
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For the local coordinates (A.0.1), the Jacobian of the corresponding trans-
formation is given by

∂xk

∂τµ
= Tkµ + Tkn

∂a(r)

∂τµ
for µ = 1, . . . , n− 1 ,

∂xk

∂τn
= Tkn (A.0.4)

and, hence, the coefficients of the Riemannian metric are given by

gµλ = δµλ +
∂a(r)

∂τµ

∂a(r)

∂τλ
for λ, µ = 1, . . . , n− 1 ,

gµn =
∂a(r)

∂τµ
, gnn = 1 .

(A.0.5)

Since the inverse transformation is explicitly given by (A.0.2), we find with
(A.0.3)

∂τλ
∂xq

= Tqλ ,

∂τn
∂xq

= Tqn −
n−1∑

�=1

Tq�

∂a(r)

∂τ�

(A.0.6)

for λ = 1, . . . , n− 1 and q = 1, . . . , n. Therefore,

g�q =
n∑

j=1

∂τ�
∂xj

∂τq
∂xj

(A.0.7)

and we obtain with (A.0.6)

gλν = δλν , gλn = −
∂a(r)

∂τλ
for λ, ν = 1, . . . , n− 1 ,

gnn = 1 + b2 where b2 =
n−1∑

�=1

(
∂a(r)

∂τ�

)2

; and g = 1 .
(A.0.8)

For the Riemannian metric of Γ , we find

γµλ = δµλ +
∂a(r)

∂τµ

∂a(r)

∂τλ
for λ, µ = 1, . . . , n− 1 ; (A.0.9)

and with elementary algebra

γ = 1 + b2 (A.0.10)
and

γλν = δλν − 1
1 + b2

∂a(r)

∂τλ

∂a(r)

∂τν
. (A.0.11)
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The transformation of differential operators can be obtained from

∂u

∂xq
=

n∑

�=1

∂τ�
∂xq

∂u

∂τ�

by using (A.0.6) or Lemma 3.4.1; in either case we find

∂u

∂xq
=

n−1∑

µ=1

Tqµ
∂u

∂τµ
+

(
Tqn −

n−1∑

λ=1

Tqλ

∂a(r)

∂τλ

)
∂u

∂τn

=
n−1∑

µ=1

Tqµ
∂u

∂τµ
+

∂Φn

∂xq

∂u

∂τn
.

(A.0.12)

Since Γ is given implicitly by Φn(x) = 0, the normal vector n(x) can be
extended to a vector–field n∼(x) in B(r) ⊂ IRn by

n∼(x) := ∇Φn(x)
/
|∇Φn(x)| . (A.0.13)

In terms of n∼(x), then (A.0.12) can be written as

∂u

∂xq
=

n−1∑

µ=1

Tqµ
∂u

∂τµ
+ n∼q

(x)|∇Φn(x)| ∂u
∂τn

. (A.0.14)

Correspondingly, we define

∂u

∂n∼
:=

n∑

q=1

n∼q
(x)

∂u

∂xq
;

and we find with (A.0.14) the relation

∂u

∂n∼
:=

n∑

�=1

n−1∑

µ=1

n∼�
(x)T�µ

∂u

∂τµ
+

∣∣∇Φn(x)
∣∣ ∂u

∂τn
.

Hence, |∇Φn(x)| ∂u∂τn
can be inserted into (A.0.14), and we finally obtain

∂u

∂xq
=

n−1∑

λ=1

(
Tqλ − n∼q

(x)
n∑

�=1

n∼�
(x)T�λ

) ∂u

∂τλ
+ n∼q

(x)
∂u

∂n∼
=:

(
D∼q

+ n∼q

∂

∂n∼

)
u

(A.0.15)

where

D∼q
:=

n−1∑

λ=1

(
Tqλ −

n∑

�=1

n∼�
(x)T�λ

) ∂

∂τλ
(A.0.16)

is again a tangential differential operator as in (3.4.33). We proceed in the
same manner as for the operator (D + n ∂

∂n )α in (3.4.41) by defining
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Dα =
(
D∼+ n∼(x)

∂

∂n∼

)α

u =
|α|∑

k=0

C∼α,k

∂ku

∂n∼
k

(A.0.17)

where

C∼α,k
u =

∑

|γ|≤|α|−k

c∼α,γ,k
(x)

(
∂

∂τ ′

)γ

u . (A.0.18)

It turns out that the coefficients c∼α,γ,k
and operators C∼α,k

can be defined

by the same recursion formulae as for cα,γ,k and Cα,k in (3.4.43)–(3.4.46),
(3.4.48). However, instead of (3.4.47), we now have

c∼β,�,k
(x) =

n−1∑

λ=1

(
T�λ − n∼�

(x)
n∑

q=1

n∼q
(x)Tqλ

)(∂ c∼α,�,k

∂τλ
+ c∼α,(�−(δjλ)),k

)

+ n∼�

(∂ c∼α,�,k

∂n∼
+ c∼α,�,k−1

)
. (A.0.19)

The covering of Γ by B(r) ⊂ IRn and the local representation (A.0.1) in B(r)

is associated with the partition of unity α(r)(x) introduced in Section 3.3
which satisfies

p∑

r=1

α(r)(x) = 1 in some neighbourhood of Γ

and suppα(r) � B(r) , r = 1, . . . , p. Then all of our local transformations are
valid in B(r) having corresponding tangential and normal differential oper-
ators which are different for different r. This now will be indicated by the
additional index r.

The general differential operator P in (3.6.1) admits the form

Pu(x) =
p∑

r=1

P (α(r)u)(x) =
p∑

r=1

P(r)u(x)

=
p∑

r=1

∑

|β|≤2m

a(r)β(x)Dβu(x)

with coefficients a(r)β(x) defined by the Leibniz product rule in P (α(r)u) and
the original coefficients aβ(x) of P . In particular, we have supp(a(r)β) � B(r).
Then P again can be partitioned along Γ :

Pu(x) =
p∑

r=1

2m∑

k=0

P∼(r)k

∂ku

(∂n∼(r)
)k

=
p∑

r=1

∑

|α|≤2m

|α|∑

k=0

C∼(r)α,k

∂ku

(∂n∼(r)
)k

.
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For x ∈ Γ we have τn = 0 and

∂ku

(∂n∼(r)
)k

=
∂ku

∂nk

∣∣
Γ
.

Hence,

Pu(x) =
2m∑

k=0

P∼k

∂ku

∂nk
for x ∈ Γ , (A.0.20)

where now

P∼k
=

p∑

r=1

∑

|β|≤2m

a(r)β(x)C∼(r)β,k
(x)

=
p∑

r=1

∑

|γ|≤2m−k

∑

|α|≤2m

a(r)α(x) c∼(r)α,γ,k
(x)

(
∂

∂τ ′
(r)

)γ

for x ∈ Γ

are tangential operators. In particular, we again have

P∼2m
(x) =

∑

|α|=2m

aα(x)nα(x) for x ∈ Γ .

The operator

P∼0
=

p∑

r=1

∑

|γ|≤2m

∑

|α|≤2m

a(r)α(y) c∼(r)α,γ,0
(y)

(
∂

∂τ ′
(r)

)γ

for y = x(r) + T(r)(τ ′
(r), a(r)(τ ′

(r))) ∈ Γ corresponds to the Beltrami operator
associated with P on Γ ; however, with respect to local parameters τ ′

(r).
If supp(α(r)) ∩ supp(α(r′)) �= ∅, then we have two different sets of para-

meters τ ′
(r) and τ ′

(r′) belonging to the same point y on Γ , which are related
by the transformation

(τ ′
(r′), a(r′)(τ(r′))) = T−1

(r′)(x(r) − x(r′) + T(r)

(
τ ′
(r), a(r)(τ ′

(r)))
)
.

Hence, the differential operators in P∼k
can eventually be expressed solely in

either terms depending on τ ′
(r) or τ ′

(r′), respectively, and we find:

Pu(x) =
2m∑

k=0
≈Pk

∂ku

∂n∼
k
,

where this expansion is to be understood locally.
Note, that with this approach one only needs Γ ∈ C2m, but not more.
In particular, one finds jump relations corresponding to those in Lemma

3.7.1, namely
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∂k

∂n∼
k
(uχΩ) =

(
∂ku

∂n∼
k

)
χΩ−

k=1∑

�=0

(
∂

partialn∼

)k−�−1 {
∂�u

∂n�

∣∣∣
Γ
⊗ δΓ

}
(A.0.21)

for k ≥ 1. Again, we find the second Green formula, now in the form,
∫

Ω

uP�ϕdy −
∫

Ω

ϕPudy (A.0.22)

= −
2m−1∑

�=0

2m−�−1∑

p=0

∫

Γ

{( ∂′

∂n

)p

P
≈

�
p+�+1

ϕ
}

(γ�u)ds

which is slightly different from formula (3.7.8). In exactly the same manner
as in Section 3.7 one may derive representation formulae as (3.7.10)–(3.7.14)
by choosing for ϕ the fundamental solution E(x, •).
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11. Balaš, J., Sladek J. and Sladek, V.: Stress Analysis by Boundary Element
Methods. Elsevier, Amsterdam 1989.

12. Bear, J.: Hydraulic of Groundwater. Mac Graw Hill, London 1979.
13. Bellman, R.: Introduction to Matrix Analysis, McGraw–Hill, New York 1960.
14. Benitez, F.G. (ed.): Fundamental Solutions in Boundary Elements. SAND

(Camas) Sevilla 1997.
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61. Dieudonné, J.: Eléments d’Analyse. Vol. 8, Gauthier-Villars, Paris 1978.
62. Douglis, A. and Nirenberg, L.: Interior estimates for elliptic systems of partial

differential equations. Comm. Pure Appl. Math. 8 (1955) 503–538.
63. Duduchava, R.: The Green formula and layer potentials. Integral Eqns. Op-

erator Theory 41 (2001) 127–178.
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125. Hilbert, D.: Grundzüge einer allgemeinen Theorie der linearen Integral-
gleichungen. Teubner, Leipzig 1912.

126. Hiptmair, R.: Coupling of finite elements and boundary elements in electro-
magnetic scattering. SIAM J. Numer. Anal. 41 (2003) 919–944.
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Potentialströmung mit einer Fredholmschen Integralgleichung. Archive Rat.
Mech. Anal. 3 (1959) 235–270.

199. Martensen, E.: Potentialtheorie. B.G.Teubner, Stuttgart 1968.
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258. Prössdorf, S. and Silbermann, B.: Numerical Analysis for Integral and Related
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– Green’s formula, 198
– Neumann problem, 212, 213
– problems, 65
– representation formula, 138
– traction problem, 60

finite
– atlas, 109
– energy, 211
– part integral, 355, 397, 405, 473
first Green’s formula, 196, 487
fluid density, 62
Fourier
– integral operators, 314
– series
– – expansion, 550, 578, 580
– – norm, 183
– – representation, 555, 557, 575, 577,

581
– – representation of the simple layer

potential operator V , 550
– transform, 99, 165, 185, 304
Frechet space, 169
Fredholm
– alternative, 226, 240, 482
– index, 242, 563, 564, 567, 568, 572
– integral equation, 337, 342

– – of the first kind, 11, 15, 86
– – of the second kind, 12, 15
– operator, 242, 563
– theorem, 226
free space Green’s operator, 356
Frenet’s formulae, 554
Friedrichs inequality, 169
fundamental
– assumption, 146, 149
– matrix, 505
– solution, 2, 45, 63, 81, 131, 206, 331,

346
– velocity tensor, 64

Günter derivative, 116, 117, 536
Gaussian
– bracket, 101, 174
– curvature, 114
general
– exterior
– – Dirichlet problem, 211
– – Neumann–Robin problem, 213
– Green representation formula, 130
– interior
– – Dirichlet problem, 200
– – Neumann–Robin problem, 201, 203
generalized
– first Green’s formula, 294
– Newton potential, 499, 500
– plane stress, 45
– Plemelj–Sochozki jump relations, 474
– polynomials, 211
– representation formula, 266
– second Green’s formula, 261
generalized representation formula, 495
global parametric representation, 181
graph norm, 251
Green’s
– formula, 80
– identity, 128
– operator, 331, 494
growth conditions at infinity, 65
G̊arding’s
– inequality, 218, 243, 245, 248, 254,

256, 259, 278, 283, 286, 292, 343, 420,
482, 567

– theorem, 244

Hölder
– continuity, 49
– modulus, 97
– norm, 97
– spaces, 5
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Hadamard
– coordinates, 111, 113
– finite part integral, 103, 104
– – operator, 354, 366
Helmholtz
– equation, 354, 502, 574
– operator, 350
Hilbert
– space, 160, 170, 174, 210
– – formulation, 209
– transform, 564, 567
homogeneous, 372
– degree, 310
– distribution, 369
– equation, 260
– function, 353
– polynomial, 369
– principal symbol, 319, 326
– symbol, 389, 575
– – expansion, 505
hydrodynamic boundary
– integral operator, 292
– traction, 66
hypersingular
– boundary
– – integral equation, 13
– – potential, 535
– elastic operator, 580
– integral equation of the first kind, 16
– operator, 49, 68, 555, 578
– surface potential, 525

incompressible viscous fluid, 62
induced mapping, 415
inner product, 160, 166, 174, 211
insertion problem, 93
interior
– boundary value problems, 260
– Dirichlet problem, 86, 200, 590
– displacement problem, 75
– Neumann problem, 201, 253, 591
invariance property, 405, 406
invariant parity conditions, 411
inverse
– Fourier transform, 100, 165
– trace theorem, 180
isomorphism, 100, 165
iterated Laplacian, 349

jump relation, 136, 145, 269, 297, 454,
513, 517, 530

– for the derivatives of boundary
potentials, 536

kernel
– function, 354
– of the double layer potential, 554
Kieser’s theorem, 524
kinematic viscosity, 62
Korn’s inequality, 247, 248, 251
Kutta–Joukowski condition, 16

Lamé
– constants, 45
– system, 505, 578
Laplace–Beltrami operator, 122
Laplacian, 1, 122
large–time behavior, 31
Lax–Milgram theorem, 195, 219, 223
Levi function, 334, 336, 341, 496, 503
Lipschitz
– boundary, 110
– continuous, 97
– norm, 97
local
– chart, 414, 421, 467
– fundamental solutions, 346
– operator, 414
– pseudodifferential operator, 416
– spaces, 169
locally
– convex topological vector space, 97
– Hölder continuous, 97
Lopatinski–Shapiro condition, 147
Lyapounov boundaries, 19, 110

mapping properties of potentials, 268,
282, 497

Maue formula, 578
mean curvature, 114
mixed boundary conditions, 91
modified Calderón projector, 150
multi–index, 95
multiple layer potentials, 139, 142
multiplication by ϕ, 169
multiply connected domains, 572

natural
– boundary condition, 201
– trace space, 171
necessary compatibility condition, 141
Neumann
– boundary condition, 81
– problem, 66
– series, 335
Newton potential, 45, 500, 502, 505,

506
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Nikolski’s Theorem, 237
norm, 176, 177

oddly elliptic, 565, 567, 570
one scalar second order equation, 243
order of a symbol, 304
orthogonality conditions, 28, 71, 76,

261, 482
orthonormal matrix, 593
oscillatory integrals, 307

Paley–Wiener–Schwartz theorem, 100,
305, 357

parametric 1–periodic representation,
549

parametrix, 327, 330, 332, 356, 419
parity condition, 389, 390, 399,

404–406, 445, 447
Parseval’s formula, 100
Parseval–Plancherel formula, 165
partial differential equation, 130
partie finie integral, 355, 405
partition of unity, 170, 417
periodic
– functions, 181
– pseudodifferential operators, 558
plane strain, 45
Poincaré inequality, 168
Poisson
– equation, 1
– operator, 413, 423, 441, 448, 494
– ratio, 45, 80
polar coordinates, 399
polyhomogeneous, 310
positively homogeneous
– function, 304, 380
– principal symbol, 369
positivity, 287
pressure operator, 581
principal
– fundamental solutions, 348
– symbol, 316, 320, 416, 417, 574
– – of the acoustic double layer

boundary integral operator, 519
– – of the hypersingular boundary

integral operator of linear elasticity,
533

– – of the operators Kk and K′
k, 518

– – of the simple layer boundary
integral operator, 521

product with a distribution, 98
projection theorem, 220
properly supported, 310, 312, 313

pseudodifferential operator, 305, 494
– classical, 310, 319, 355, 380
– general representation, 355
– integro–differential operator, 306
– mapping properties, 316, 418
– standard, 304
– transposed, 317
pseudohomogeneous
– distribution, 372
– expansion, 354, 558, 577, 586, 587
– function, 101, 359, 372, 375, 381, 389
– kernel, 354, 394
– – expansion, 575
– – under the change of coordinates,

394
pullback, 320, 415
pushforward, 320, 415

radiation condition, 56, 134, 142, 204,
208

rank condition, 248
rapidly decreasing, 99
rational function, 446
regular
– diffeomorphism, 112
– elliptic boundary value problem, 147
regularizer, 315
Rellich Lemma, 251
representation
– formula, 80, 82, 93, 131, 135, 138,

265
– of pseudodifferential operators, 383
Riemannian metric, 112, 398, 594
Riesz representation theorem, 221
Riesz–Schauder Theorem, 236
right inverse, 180
rigid motion, 253

saddle point problem, 251
scalar differential equation, 119, 348,

510
scalar product, 174, 177
Schwartz
– kernel, 305, 335, 356, 381, 383, 420
– space S, 99
second
– fundamental form, 114
– Green’s formula, 63, 130, 261
– order system, 148, 195
sectional trace, 466, 478
sesquilinear form, 196, 199, 223, 247,

259
shear force, 81
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shift–theorem, 483

simple layer

– hydrodynamic potential, 65

– potential, 3, 81, 508, 514, 550, 574,
578

singular Green’s operator, 495

singular perturbation, 33

skew–symmetric bilinear form, 202

Slobodetskii norm, 161

smoothing

– operator, 315, 415

– property, 415

Sobolev

– imbedding theorems, 167

– spaces of negative order, 163

Sommerfeld

– matrix, 246

– radiation conditions, 26

special parity conditions, 472

Steklov–Poincaré operator, 288

Stokes system, 61, 62, 329

stream function, 79

stress

– operator, 63

– tensor, 63

strong

– ellipticity, 219, 512, 556, 564, 569

– Lipschitz domain, 110

strongly elliptic, 326, 343, 419, 480,
513, 515, 565, 570

– second order systems, 510

– system of pseudodifferential
operators, 482

supplementary transmission problem,
270

support of a distribution, 98

surface

– gradient, 117

– integral, 170

– potential in the half space, 467

symbol, 313, 316, 446, 582

– class, 303

– expansion, 587

– matrix, 330, 524

– of rational type, 446, 447, 475, 478

– of the hypersingular integral
operator, 527

symmetric part, 210
system
– of pseudodifferential equations, 568,

591
– of periodic integral equations, 572

tangent
– bundle, 417
– space, 417
tangential differential operator, 116,

455, 471
tempered distribution, 99, 205
tensor product, 135
thin plate, 80, 81
trace
– of Newton potential, 502
– on Γ , 170, 171
– operator, 171, 177, 478, 494
– sectional, 466, 478
– spaces, 169, 171, 178, 180, 181
– – on an open surface, 189
– theorem, 177
traction problem, 55
traditional transformation formula, 394
transformed kernel, 394
transmission
– condition, 216, 413, 424, 433, 444,

445, 447, 494
– problems, 215, 264
transposed differential operator, 130
Tricomi conditions, 357, 381, 383, 412,

445, 468
tubular neighbourhood, 421
two–dimensional
– Laplacian, 550
– potential flow, 16

uniform cone property, 161
uniformly strongly elliptic, 130, 343
unique
– continuation property, 205
– solution, 262, 264

variational formulation, 195, 200, 204,
208, 214, 282, 480

very strongly elliptic, 245
volume potential, 45, 331, 476
vorticity, 80

wave number, 25
weakly singular, 4, 68
weighted Sobolev spaces, 191
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