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Preface

This book is devoted to the mathematical foundation of boundary integral
equations. The combination of finite element analysis on the boundary with
these equations has led to very efficient computational tools, the boundary
element methods (see e.g., the authors [139] and Schanz and Steinbach (eds.)
[267]). Although we do not deal with the boundary element discretizations
in this book, the material presented here gives the mathematical foundation
of these methods. In order to avoid over generalization we have confined
ourselves to the treatment of elliptic boundary value problems.

The central idea of eliminating the field equations in the domain and re-
ducing boundary value problems to equivalent equations only on the bound-
ary requires the knowledge of corresponding fundamental solutions, and this
idea has a long history dating back to the work of Green [107] and Gauss
[95, 96]. Today the resulting boundary integral equations still serve as a
major tool for the analysis and construction of solutions to boundary value
problems.

As is well known, the reduction to equivalent boundary integral equations
is by no means unique, and there are primarily two procedures for this re-
duction, the ‘direct’ and ‘indirect’ approaches. The direct procedure is based
on Green’s representation formula for solutions of the boundary value prob-
lem, whereas the indirect approach rests on an appropriate layer ansatz. In
our presentation we concentrate on the direct approach although the corre-
sponding analysis and basic properties of the boundary integral operators
remain the same for the indirect approaches. Roughly speaking, one obtains
two kinds of boundary integral equations with both procedures, those of the
first kind and those of the second kind.

The basic mathematical properties that guarantee existence of solutions
to the boundary integral equations and also stability and convergence analy-
sis of corresponding numerical procedures hinge on Garding inequalities for
the boundary integral operators on appropriate function spaces. In addition,
contraction properties allow the application of Carl Neumann’s classical suc-
cessive iteration procedure to a class of boundary integral equations of the
second kind. It turns out that these basic features are intimately related
to the variational forms of the underlying elliptic boundary value problems
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and the potential energies of their solution fields, allowing us to consider
the boundary integral equations in the form of variational problems on the
boundary manifold of the domain.

On the other hand, the Newton potentials as the inverses of the elliptic
partial differential operators are particular pseudodifferential operators on
the domain or in the Euclidean space. The boundary potentials (or Poisson
operators) are just Newton potentials of distributions with support on the
boundary manifold and the boundary integral operators are their traces
there. Therefore, it is rather natural to consider the boundary integral op-
erators as pseudodifferential operators on the boundary manifold. Indeed,
most of the boundary integral operators in applications can be recast as such
pseudodifferential operators provided that the boundary manifold is smooth
enough.

With the application of boundary element methods in mind, where strong
ellipticity is the basic concept for stability, convergence and error analysis of
corresponding discretization methods for the boundary integral equations,
we are most interested in establishing strong ellipticity in terms of Garding’s
inequality for the variational formulation as well as strong ellipticity of the
pseudodifferential operators generated by the boundary integral equations.
The combination of both, namely the variational properties of the elliptic
boundary value and transmission problems as well as the strongly elliptic
pseudodifferential operators provides us with an efficient means to analyze a
large class of elliptic boundary value problems.

This book contains 10 chapters and an appendix. For the reader’s benefit,
Figure 0.1 gives a sketch of the topics contained in this book. Chapters 1
through 4 present various examples and background information relevant to
the premises of this book.

In Chapter 5, we discuss the variational formulation of boundary inte-
gral equations and their connection to the variational solution of associated
boundary value or transmission problems. In particular, continuity and co-
erciveness properties of a rather large class of boundary integral equations
are obtained, including those discussed in the first and second chapters. In
Chapter 4, we collect basic properties of Sobolev spaces in the domain and
their traces on the boundary, which are needed for the variational formula-
tions in Chapter 5.

Chapter 6 presents an introduction to the basic theory of classical
pseudodifferential operators. In particular, we present the construction of
a parametrix for elliptic pseudodifferential operators in subdomains of IR".
Moreover, we give an iterative procedure to find Levi functions of arbitrary
order for general elliptic systems of partial differential equations. If the fun-
damental solution exists then Levi’s method based on Levi functions allows
its construction via an appropriate integral equation.
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In Chapter 7, we show that every pseudodifferential operator is an
Hadamard’s finite part integral operator with integrable or nonintegrable
kernel plus possibly a differential operator of the same order as that of the
pseudodifferential operator in case of nonnegative integer order. In addition,
we formulate the necessary and sufficient Tricomi conditions for the inte-
gral operator kernels to define pseudodifferential operators in the domain by
using the asymptotic expansions of the symbols and those of pseudohomoge-
neous kernels. We close Chapter 7 with a presentation of the transformation
formulae and invariance properties under the change of coordinates.

Chapter 8 is devoted to the relation between the classical pseudodifferen-
tial operators and boundary integral operators. For smooth boundaries, all of
our examples in Chapters 1 and 2 of boundary integral operators belong to
the class of classical pseudodifferential operators on compact manifolds hav-
ing symbols of the rational type. If the corresponding class of pseudodifferen-
tial operators in the form of Newton potentials is applied to tensor product
distributions with support on the boundary manifold, then they generate, in a
natural way, boundary integral operators which again are classical pseudodif-
ferential operators on the boundary manifold. Moreover, for these operators
associated with regular elliptic boundary value problems, it turns out that
the corresponding Hadamard’s finite part integral operators are invariant un-
der the change of coordinates, as considered in Chapter 3. This approach also
provides the jump relations of the potentials. We obtain these properties by
using only the Schwartz kernels of the boundary integral operators. However,
these are covered by Boutet de Monvel’s work in the 1960’s on regular elliptic
problems involving the transmission properties.

The last two chapters, 9 and 10, contain concrete examples of bound-
ary integral equations in the framework of pseudodifferential operators on
the boundary manifold. In Chapter 9, we provide explicit calculations of the
symbols corresponding to typical boundary integral operators on closed sur-
faces in IR®. If the fundamental solution is not available then the boundary
value problem can still be reduced to a coupled system of domain and bound-
ary integral equations. As an illustration we show that these coupled systems
can be considered as some particular Green operators of the Boutet de Mon-
vel algebra. In Chapter 10, the special features of Fourier series expansions
of boundary integral operators on closed curves are exploited.

We conclude the book with a short Appendix on differential operators in
local coordinates with minimal differentiability. Here, we avoid the explicit
use of the normal vector field as employed in Hadamard’s coordinates in
Chapter 3. These local coordinates may also serve for a more detailed analysis
for Lipschitz domains.
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Classical model problems
(Chap. 1 and Chap. 2)

dOs in 2 C R™
(Chap. 6)

Generalized multilayer
potentials on I" = 012
(Chap. 3)

Classical ¢dOs and 10s
in 2 CR"
(Chap. 7)

Sobolev spaces and trace
theorems (Chap. 4)

BIEs and %dOs on I"
(Chap. 8 and Chap. 9)

Variational formulations of

Fourier representation of

BVPs and BIEs BIOs and 1dOs on I C R?
(Chap. 5) (Chap. 10)
Abbreviations:

2 CcR" - A given domain with compact boundary I"

BVPs — Boundary value problems
BIEs — Boundary integral equations
1dOs — Pseudodifferential operators
10s — Integral operators

BIOs — Boundary integral operators

Fig. 0.1. A schematic sketch of the topics and their relations

Our original plan was to finish this book project about 10 years ago.
However, many new ideas and developments in boundary integral equation
methods appeared during these years which we have attempted to incorpo-
rate. Nevertheless, we regret to say that the present book is by no means
complete. For instance, we only slightly touch on the boundary integral op-
erator methods involving Lipschitz boundaries which have recently become
more important in engineering applications. We do hope that we have made
a small step forward to bridge the gap between the theory of boundary inte-
gral equation methods and their applications. We further hope that this book
will lead to better understanding of the underlying mathematical structure of
these methods and will serve as a mathematical foundation of the boundary
element methods.
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In closing, we would also like to mention some other relevant books related
to boundary integral methods such as the classical books on potential the-
ory by Kellogg [155] and Giinter [113], the mathematical books on boundary
integral equations by Hackbusch [116], Jaswon and Symm [148], Kupradze
[175, 176, 177], Schatz, Thomée and Wendland [268], Mikhlin [211, 212, 213],
Nedelec [231, 234], Colton and Kress [47, 48], Mikhlin, Morozov and Paukshto
[214], Mikhlin and Préssdorf [215], Dautray and Lions [60], Chen and Zhou
[40], Gatica and Hsiao [93], Kress [172], McLean [203], Yu, De-hao [324],
Steinbach [290], Freeden and Michel [83], Kohr and Pop [163], Sauter and
Schwab [266], as well as the Encyclopedia articles by Maz’ya [202], Prossdorf
[253], Agranovich [4] and the authors [141]. For engineering books on bound-
ary integral equations, we suggest the books by Brebbia [23], Crouch and
Starfield [57], Brebbia, Telles and Wrobel [24], Manolis and Beskos [197],
Balag, Sladek and Sladek [11], Pozrikidis [252], Power and Wrobel [251], Bon-
net [18], Gaul, Kogel and Wagner [94].
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1. Introduction

This chapter serves as a basic introduction to the reduction of elliptic bound-
ary value problems to boundary integral equations. We begin with model
problems for the Laplace equation. Our approach is the direct formulation
based on Green’s formula, in contrast to the indirect approach based on a
layer ansatz. For ease of reading, we begin with the interior and exterior
Dirichlet and Neumann problems of the Laplacian and their reduction to
various forms of boundary integral equations, without detailed analysis. (For
the classical results see e.g. Giinter [113] and Kellogg [155].) The Laplace
equation, and more generally, the Poisson equation,

—Av=f in 2 or ¢

already models many problems in engineering, physics and other disciplines
(Dautray and Lions [59] and Tychonoff and Samarski [308]). This equation
appears, for instance, in conformal mapping (Gaier [88, 89]), electrostatics
(Gauss [95], Martensen [199] and Stratton [298]), stationary heat conduction
(Giinter [113]), in plane elasticity as the membrane state and the torsion
problem (Szabo [300]), in Darcy flow through porous media (Bear [12] and
Liggett and Liu [188]) and in potential flow (Glauert [102], Hess and Smith
[124], Jameson [147] and Lamb [181]), to mention a few.

The approach here is based on the relation between the Cauchy data
of solutions via the Calderén projector. As will be seen, the corresponding
boundary integral equations may have eigensolutions in spite of the unique-
ness of the solutions of the original boundary value problems. By appropriate
modifications of the boundary integral equations in terms of these eigenso-
lutions, the uniquness of the boundary integral equations can be achieved.
Although these simple, classical model problems are well known, the concepts
and procedures outlined here will be applied in the same manner for more
general cases.

1.1 The Green Representation Formula

For the sake of simplicity, let us first consider, as a model problem, the
Laplacian in two and three dimensions. As usual, we use © = (z1,...,2,) €
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R"™ (n = 2 or 3) to denote the Cartesian co—ordinates of the points in the
Euclidean space IR". Furthermore, for z,y € IR", we set

n
woy = gy and |o = (o a)?

j=1

for the inner product and the Euclidean norm, respectively. We want to find
the solution wu satisfying the differential equation

—Av'——ia—%—fin() (1.1.1)
= 2 (%?— . 1

Here 2 C IR"™ is a bounded, simply connected domain, and its boundary
I' is sufficiently smooth, say twice continuously differentiable, i.e. I' € C?.
(Later this assumption will be reduced.) As is known from classical analysis,
a classical solution v € C?(£2) N C1(N2) can be represented by boundary
potentials via the Green representation formula and the fundamental solution
E of (1.1.1). For the Laplacian, E(x,y) is given by

—5=log |z — | forn =2,
E(.’L‘,y) :{ 127T1

a7 o —y]

(1.1.2)

forn = 3.

The presentation of the solution reads

v OF (x,y
vie) = [ Bawges,— [ v B s, + [ By
on ony
yel’ yel’ (93
(1.1.3)

for € (2 ( see Mikhlin [213, p. 220ff.]) where n,, denotes the exterior normal
to I' at y € I', ds, the surface element or the arclength element for n = 3
or 2, respectively, and

v . )
5 ®) = o o8 1y (119

The notation d/0n, will be used if there could be misunderstanding due to
more variables.

In the case when f # 0 in (1.1.1), one may also use the decomposition in
the following form:

o) = opla) + u(@)i= [ E@)f@dy+ulx)  (119)
R‘VL

where u now solves the Laplace equation

—Au =0 in £2. (1.1.6)
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Here v, denotes a particular solution of (1.1.1) in {2 or £2¢ and f has been
extended from {2 (or §2°) to the entire R™. Moreover, for the extended f
we assume that the integral defined in (1.1.5) exists for all z € £ (or £°).
Clearly, with this particular solution, the boundary conditions for u are to
be modified accordingly.

Now, without loss of generality, we restrict our considerations to the so-
lution u of the Laplacian (1.1.6) which now can be represented in the form:

u(z) = /E(xay)?;(y)/U(y)ajga(ydsy. (1.1.7)

For given boundary data u|, and g—ﬂ r, the representation formula (1.1.7)
defines the solution of (1.1.6) everywhere in (2. Therefore, the pair of bound-
ary functions belonging to a solution u of (1.1.6) is called the Cauchy data,
namely

= (i)
Cauchy data ofu := | 4, . (1.1.8)
anlr

In solid mechanics, the representation formula (1.1.7) can also be derived
by the principle of virtual work in terms of the so—called weighted resid-
ual formulation. The Laplacian (1.1.6) corresponds to the equation of the
equilibrium state of the membrane without external body forces and vertical
displacement u. Then, for fixed = € 2, the terms

uw)+ [ o) 2o s,

ony
yel’

correspond to the virtual work of the point force at x and of the resulting
boundary forces OE(x,y)/0n, against the displacement field u, which are
equal to the virtual work of the resulting boundary forces g—z | acting against

the displacement E(z,y), i.e.

ou
/ E(z,y)%(y)dsy.
yer
This equality is known as Betti’s principle (see e.g. Ciarlet [42], Fichera [75]
and Hartmann [121, p. 159]). Corresponding formulas can also be obtained

for more general elliptic partial differential equations than (1.1.6), as will be
discussed in Chapter 2.

1.2 Boundary Potentials and Calderén’s Projector

The representation formula (1.1.7) contains two boundary potentials, the
simple layer potential
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Vo(z) = / E (z,y)o(y) dsy, x € NUN, (1.2.1)
yel’
and the double layer potential
0
Wo(x) = / (%E(x,y))go(y)dsy, x e U (1.2.2)
y

yel’

Here, o and ¢ are referred to as the densities of the corresponding potentials.
In (1.1.7), for the solution of (1.1.6), these are the Cauchy data which are not
both given for boundary value problems. For their complete determination
we consider the Cauchy data of the left— and the right—hand sides of (1.1.7)
on I'; this requires the limits of the potentials for x approaching I" and their
normal derivatives. This leads us to the following definitions of boundary
integral operators, provided the corresponding limits exist. For the potential
equation (1.1.6), this is well known from classical analysis (Mikhlin [213,
p. 360] and Gunter [113, Chap. II]):

Vo(z) := hnér Vo(z) for x € I, (1.2.3)
— : 1
Kp(z) = ZHIIguggggWgo(z) + 50() for x € I, (1.2.4)
’ ,_ : . _ 1
K'o(z) := Zﬂzlelrlr%zengradZVJ(z) n, — 5o(z) for x €I, (1.2.5)
Dy(z) = - Z_)xlelrlg}zeggradew(z) ‘Mg for x € I. (1.2.6)

To be more explicit, we quote the following standard results without proof.

Lemma 1.2.1. Let I' € C? and let o and ¢ be continuous. Then the limits
in (1.2.3)—(1.2.5) exist uniformly with respect to all x € I" and all o and ¢
with sup,ep lo(z)| < 1, sup,er |@(2)| < 1. Furthermore, these limits can be
expressed by

Vo(x) = E(z,y)o(y)ds, for x €T, (1.2.7)
yel\{z}
OF
Ko(x) = / aT(a:,y)gp(y)dsy for x € I, (1.2.8)
ver\z}
, OF
K'o(z) = a—(x,y)o(y)dsy for x € I. (1.2.9)
N
yer\{z}

We remark that here all of the above boundary integrals are improper with
weakly singular kernels in the following sense (see [213, p. 158]): The kernel
k(x,y) of an integral operator of the form

/ Kz, y)e(y)ds,
I
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is called weakly singular if there exist constants ¢ and A < n — 1 such that
|k(z,y)| < clz —y|™ forall z,yel. (1.2.10)
For the Laplacian, for I' € C? and E(z,y) given by (1.1.2), one even has

|E(x,y)| < exlz —y|™> for any A >0 forn =2 and A =1 forn =3,

(1.2.11)
oE B 1 (x—y) ny
an, (z,y) = - Dr ey (1.2.12)
OF B 1 (y—z) -ny
a—nx(gc, y) = S —Tn w—yP for z,y e I'. (1.2.13)

In case n = 2, both kernels in (1.2.12), (1.2.13) are continuously extendable
to a C%-function for y — z (see Mikhlin [213]), in case n = 3 they are weakly
singular with A = 1 (see Giinter [113, Sections II.3 and II.6]). For other
differential equations, as e.g. for elasticity problems, the boundary integrals
in (1.2.7)—-(1.2.9) are strongly singular and need to be defined in terms of
Cauchy principal value integrals or even as finite part integrals in the sense
of Hadamard. In the classical approach, the corresponding function spaces
are the Hélder spaces which are defined as follows:

C™r(D) = {p € C™(D) |lfllmso(ry < oo}

where the norm is defined by

0%p(x) — 8°p(y)|

llellcmte(ry == g sup |8ﬁ<p(x)| + E sup -
161<m *€T b= nper Bl
= T#Y

for m € INg and 0 < o < 1. Here, 9” denotes the covariant derivatives
. aB Bn—
P =00 ... o0

on the (n — 1)-dimensional boundary surface I" where 3 € INp ™! is a multi-
index and |B] = 01 + ...+ Bn-1 (see Millman and Parker [216]).

Lemma 1.2.2. Let I' € C? and let ¢ be a Hélder continuously differentiable
function. Then the limit in (1.2.6) exists uniformly with respect to all x € I'
and all ¢ with || ¢ ||ci+a< 1. Moreover, the operator D can be expressed as
a composition of tangential derivatives and the simple layer potential opera-
tor V:

d dy

De(z) = v

~ s ) (x) for n=2 (1.2.14)

and

Do(z) = —(ngxVy)-V(ngxVyp)(zx) for n=3. (1.2.15)
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For the classical proof see Maue [200] and Giinter [113, p. 73ff].

Note that the differential operator (n, x V,)¢ defines the tangential
derivatives of ¢(y) within I" which are Hoélder—continuous functions on I
Often this operator is also called the surface curl (see Giroire and Nedelec
(101, 232]). In the following, we give a brief derivation for these formulae
based on classical results of potential theory with Holder continuous densi-
ties ‘é—f(y) and (n, x V,)e(y), respectively. Note that ﬁ and (ng, x V)
in (1.2.14) and (1.2.15), respectively, are not interchanged with integration
over I'. Later on we will discuss the connection of such an interchange with
the concept of Hadamard’s finite part integrals. For n = 2, note that, for
z€, z#+yel,

r

= — /nw V.(ny - VyE(z,9))e(y)ds,y,
T

= [ne (DVIEG)  mgw)is,
r

Here,

d{EQ
ds
dl‘l
Cds
hence, with
dl‘l
S 3
ds
where at := (;‘12) is defined as counterclockwise rotation by 7.
An elementary computation shows that

n, An, = —t, ATt, + (trace A)t, - t,

for any 2 x 2—-matrix A. Hence,

—n, -V, Wop(z) = /Tlx . (VyVJE(Z,y)) -y p(y)ds,

r
= /{tm “AYE(z )ty — (t - Vy)(Ey - Vy E(z,9)) Yo(y)dsy -
r



1.2 Boundary Potentials and Calderén’s Projector 7
Since y # z and A, E(z,y) = 0, the second term on the right takes the form

ng VW) = /(th )ty - VyE(z,9))e(y)ds,

— (v [ di e (y)ds,
r

and, after integration by parts,

d
= ... [ B Wi,
Y
r
S

First note that VZV(%)(Z) is a Holder continuous function for z € {2 which
admits a Hoélder continuous extension up to I' (Glinter [113, p. 68]). The
definition of derivatives at the boundary gives us

which yields
d do _ s dyo
—dsmV(—ds)( x)=1t; Vg V(d )(z) = lim ¢, VZV(—S)(z),

ie. (1.2.14).
Similarly, for n = 3, we see that

cn VW) = [ (9, VEEG) nyel)ds,
r
and with the formulae of vector analysis

— /{ n, - ng - Vy)E(z,y)}e(y)ds,

- / {(ny x V) - (s x V,)E(z,9) Yo (y)ds,
I

+ / (0 - 1y) Ay E(z, 9)}o(y)ds,
I

where the last term vanishes since z ¢ I'. Now, with elementary vector
analysis,
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gy VWe(z) = / fny - (V) (12 x V) E(z, )} o(y)ds,
ny - {Vy % (e % V) E(z, 9)0(y))}dsy

ny - {(ne x Vy)E(z,y) x Vyo(y)}ds,,

where ¢(y) denotes any C''**—extension from I" into IR®. The first term on
the right-hand side vanishes due to the Stokes theorem, whereas the second
term gives

. V.We(s) = - / ny - {V,0() X (e x V2)E(z,)}ds,

(ne X VoE(2,9)) - (ny X Vyp(y))ds,

’1\’1

(e x V) / E(zy)(ny x Vy)e(y)ds,

Since (ny, x Vy)p(y) defines tangential derivatives of ¢,
Ve V((ny xVy) ¢)(2)

defines a Holder continuous function for z € 2 which admits a Holder con-
tinuous limit for z — x € I' due to Giinter [113, p. 68] implying (1.2.15).

From (1.2.15) we see that the hypersingular integral operator (1.2.6) can
be expressed in terms of a composition of differentiation and a weakly singular
operator. This, in fact, is a regularization of the hypersingular distribution,
which will also be useful for the variational formulation and related compu-
tational procedures.

A more elementary, but different regularization can be obtained as follows
(see Giroire and Nedelec [101]). From the definition (1.2.6), we see that

Do) = tm_ {-n. V. / e (20) (oly) — (o) s,

—n, -V, /5‘ (z,9)p dsy}

If we apply the representation formula (1.1.7) to u = 1, then we obtain Gauss’
well known formula

OF

an, —(z,y)ds, = —1 forallz € 2.
T
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This yields
V/a (z,y)p(x)ds, =0 for all z € 2,

hence, we find the simple regularization

Dp(z) = /V (p(y) — p(x)) dsy . (1.2.16)

()Bz—wef

In fact, the limit in (1.2.16) can be expressed in terms of a Cauchy principal
value integral,

Dy(x) = — p.v. / (aim any ) ) dsy
r
L Y 81 aiy (@:9)) (#l0) — (@) ds,

yelN|y—z|>e

e—0+ 2(n— D7 rn r2+n
yelAly—z|>e

x (p(y) — p(x))ds, .
(1.2.17)

The derivation of (1.2.17) from (1.2.16), however, requires detailed analy-
sis (see Glinter [113, Section II, 10]).

Since the boundary values for the various potentials are now characterized,
we are in a position to discuss the relations between the Cauchy data on I" by
taking the limit x — I" and the normal derivative of the left— and right—hand
sides in the representation formula (1.1.7). For any solution of (1.1.6), this
leads to the following relations between the Cauchy data:

u(m)z(%I—K) (@ )+vg“( ) (1.2.18)
and 5 5
8—n(ar;):Du(gc)Jr(QIJrK)an( z). (1.2.19)

Consequently, for any solution of (1.1.6), the Cauchy data (u, g—Z)T on I’
are reproduced by the operators on the right-hand side of (1.2.18), (1.2.19),

namely by o x .
Co = (2 D ’ 1I+K') (1.2.20)
J 2

This operator is called the Calderén projector (with respect to §2) (Calderén
[34]). The operators in C, have mapping properties in the classical Holder
function spaces as follows:
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Theorem 1.2.3. Let I' € C? and 0 < o < 1, a fized constant. Then the
boundary potentials V, K, K', D define continuous mappings in the following
spaces,

vV o oY) — C''I), (1.2.21)
K,K' : CcYI) — C*I), ™) — Co'™™(I"), (1.2.22)
D : CY"™I) — C™I). (1.2.23)

For the proofs see Mikhlin and Prossdorf [215, Sections IX, 4 and 7].

Remark 1.2.1: The double layer potential operator K and its adjoint K’ for
the Laplacian have even stronger continuity properties than those in (1.2.22),
namely K, K’ map continuously C*(I') — C'™(I') and C'**(I") —
C'A(I) for any o < B < 1 (Mikhlin and Prossdorf [215, Sections IX, 4 and 7]
and Colton and Kress [47, Chap. 2]). Because of the compact imbeddings
CHHe(I) — C(I") and C*TB(I") — C'*(I'), K and K' are compact. These
smoothing properties of K and K’ do not hold anymore, if K and K’ corre-
spond to more general elliptic partial differential equations than (1.1.6). This
is e.g. the case in linear elasticity. However, the continuity properties (1.2.22)
remain valid.

With Theorem 1.2.3, we now are in a position to show that Cy, indeed is
a projection. More precisely, there holds:

Lemma 1.2.4. Let I' € C?. Then Cqu maps C*2(I") x C*(I") into itself
continuously. Moreover,
C3 = Cq. (1.2.24)

Consequently, we have the following identities:

VD = iI-K> (1.2.25)
pv = l1-g”, (1.2.26)
KV = VK/, (1.2.27)
DK = K'D. (1.2.28)

These relations will show their usefulness in our variational formulation later
on, and as will be seen in the next section, the Calderén projector leads in a
direct manner to boundary integral equations for boundary value problems.

1.3 Boundary Integral Equations

As we have seen from (1.2.18) and (1.2.19), the Cauchy data of a solution of
the differential equation in {2 are related to each other by these two equa-
tions. As is well known, for regular elliptic boundary value problems, only
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half of the Cauchy data on I" is given. For the remaining part, the equations
(1.2.18), (1.2.19) define an overdetermined system of boundary integral equa-
tions which may be used for determining the complete Cauchy data. In gen-
eral, any combination of (1.2.18) and (1.2.19) can serve as a boundary integral
equation for the missing part of the Cauchy data. Hence, the boundary inte-
gral equations associated with one particular boundary condition are by no
means uniquely determined. The ‘direct’ approach for formulating boundary
integral equations becomes particularly simple if one considers the Dirichlet
problem or the Neumann problem. In what follows, we will always prefer the
direct formulation.

1.3.1 The Dirichlet Problem

In the Dirichlet problem for (1.1.6), the boundary values

ulp =9 onl (1.3.1)
are given. Hence,
Ju
= — 1.3.2
o=l (132

is the missing Cauchy datum required to satisfy (1.2.18) and (1.2.19) for
any solution u of (1.1.6). In the direct formulation, if we take the first equa-
tion (1.2.18) of the Calderén projection then o is to be determined by the
boundary integral equation

Vo(z)=3p(z)+ Ko(z), z€T. (1.3.3)
Explicitly, we have
| Bewotids, = f@) ce T (1.3.4)
yel’

where f is given by the right—hand side of (1.3.3) and F is given by (1.1.2), a
weakly singular kernel. Hence, (1.3.4) is a Fredholm integral equation of the
first kind. In the case n = 2 and a boundary curve I" with conformal radius
equal to 1, the integral equation (1.3.4) has exactly one eigensolution, the so—
called natural charge e(y) (Plemelj [248]). However, the modified equation

/ E(z,y)o(y)dsy —w=f(z),z el (1.3.5)
yel’
together with the normalizing condition

/ ods = X (1.3.6)

yel’
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is always solvable for ¢ and the constant w for given f and given constant X
[136]. Later on we will come back to this modification.
For X' = 0 it can be shown that w = 0. Hence, with X' = 0, this modified
formulation can also be used for solving the interior Dirichlet problem.
Alternatively to (1.3.4), if we take the second equation (1.2.19) of the
Calder6n projector, we arrive at

30(z) — K'o(z) = Dp(z) for z €. (1.3.7)

In view of (1.2.9) and (1.2.11), the explicit form of (1.3.7) reads

o(x)—2 / gf (x,y)o(y)dsy = g(x) for z eI, (1.3.8)
yel\fa}

where gTi(x,y) is weakly singular due to (1.2.13), provided I" is smooth.

g = 2Dy is defined by the right—hand side of (1.3.7). Therefore, in contrast
to (1.3.4), this is a Fredholm integral equation of the second kind.

This simple example shows that for the same problem we may employ
different boundary integral equations. In fact, (1.3.8) is one of the cele-
brated integral equations of classical potential theory — the adjoint to the
Neumann—Fredholm integral equation of the second kind with the double
layer potential — which can be obtained by using the double layer ansatz
in the indirect approach. In the classical framework, the analysis of inte-
gral equation (1.3.8) has been studied intensively for centuries, including
its numerical solution. For more details and references, see, e.g., Atkinson
[8], Bruhn et al. [26], Dautray and Lions [59, 60], Jeggle [149, 150], Kellogg
[155], Kral et al [167, 168, 169, 170, 171], Martensen [198, 199], Maz‘ya [202],
Neumann [238, 239, 240], Radon [259] and [316]. In recent years, increasing
efforts have also been devoted to the integral equation of the first kind (1.3.4)
which — contrary to conventional belief — became a very rewarding and fun-
damental formulation theoretically as well as computationally. It will be seen
that this equation is particularly suitable for the variational analysis.

1.3.2 The Neumann Problem
In the Neumann problem for (1.1.6), the boundary condition reads as
0
8—2|p =4 onl (1.3.9)

with given . For the interior problem (1.1.6) in {2, the normal derivative v
needs to satisfy the necessary compatibility condition

/1/st =0 (1.3.10)
T
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for any solution of (1.1.6), (1.3.9) to exist. Here, u|r is the missing Cauchy
datum required to satisfy (1.2.18) and (1.2.19) for any solution u of the
Neumann problem (1.1.6), (1.3.9). If we take the first equation (1.2.18) of the
Calderén projector, then ur is determined by the solution of the boundary
integral equation

su(z) + Ku(z) =Vip(z), z € I. (1.3.11)

This is a classical Fredholm integral equation of the second kind on I", namely

;i(x,y)u(y)dsy =2 / E(z,y)¥(y)ds, =: f(z).

yel\{z} yel'\{z}

u(z) + 2

(1.3.12)

For the Laplacian we have (1.2.12), which shows that the kernel of the integral
operator in (1.3.12) is continuous for n = 2 and weakly singular for n = 3.
It is easily shown that ug = 1 defines an eigensolution of the homogeneous
equation corresponding to (1.3.12); and that f(x) in (1.3.12) satisfies the
classical orthogonality condition if and only if ¢ satisfies (1.3.10). Classical
potential theory provides that (1.3.12) is always solvable if (1.3.10) holds
and that the null-space of (1.3.12) is one—-dimensional, see e.g. Mikhlin [212,
Chap. 17, 11].

Alternatively, if we take the second equation (1.2.19) of the Calderén
projector, we arrive at the equation

Du(z) = 39(z) — K'¢p(x) forz € I'. (1.3.13)

This is a hypersingular boundary integral equation of the first kind for u
which also has the one-dimensional null-space spanned by ug|r = 1, as can
easily be seen from (1.2.14) and (1.2.15) for n = 2 and n = 3, respectively.
Although this integral equation (1.3.13) is not one of the standard types, we
will see that, nevertheless, it has advantages for the variational formulation
and corresponding numerical treatment.

1.4 Exterior Problems

In many applications such as electrostatics and potential flow, one often deals
with exterior problems which we will now consider for our simple model
equation.

1.4.1 The Exterior Dirichlet Problem

For boundary value problems exterior to (2, i.e. in 2¢ = R"\ {2, infinity
belongs to the boundary of 2¢ and, therefore, we need additional growth or
radiation conditions for w at infinity. Moreover, in electrostatic problems, for
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instance, the total charge X on I" will be given. This leads to the following
exterior Dirichlet problem, defined by the differential equation

—Au=0 in £2°, (1.4.1)

the boundary condition
ulp=¢ onl (1.4.2)

and the additional growth condition

1
u(z) = %Zlogm +w+o(l) as|z| — oo for n =2 (1.4.3)
or
1 1 9
u(z) = _ZEW +w+O(|z|7%) as |z| = o forn=3. (1.4.4)
T |z

The Green representation formula now reads

du

u(z) = Wu(z) — <V8 ) () +w for z € 2°, (1.4.5)

n
where the direction of n is defined as before and the normal derivative is now
defined as in (1.1.7) but with z € £2¢. In the case w = 0, we may consider the
Cauchy data from 2¢ on I', which leads with the boundary data of (1.4.5)
on I to the equations

u I+ K, -V u
(8u> = (2 D 1IK/) <8u) onl. (1.4.6)
on ’ 2 on

Here, the boundary integral operators V, K, K’, D are related to the limits
of the boundary potentials from (2¢ similar to (1.2.3)—(1.2.6), namely

Vo(x) = ;EI}E Vo(z)z €T, (1.4.7)
Kp(z) = zaiifznem We(z) — 2¢(z), z €T, (1.4.8)
Ko(z) = Zﬂiiyrznem grad,V(z) -n, + 1o(z), z € I, (1.4.9)
Dy(z) = — lim grad, We(z) -n,, x € I. (1.4.10)

z—x,z€02¢

Note that in (1.4.8) and (1.4.9) the signs at $¢(z) and 30(x) are different
from those in (1.2.4) and (1.2.5), respectively.

For any solution u of (1.4.1) in £2° with w = 0, the Cauchy data on I’
are reproduced by the right-hand side of (1.4.6), which therefore defines the
Calderon projector Cge for the Laplacian with respect to the exterior domain
0¢. Clearly,

Coe =T —Cq, (1.4.11)

where Z denotes the identity matrix operator.
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For the solution of (1.4.1), (1.4.2) and (1.4.3), we obtain from (1.4.5) a
modified boundary integral equation,

Vo(z) —w=—3p(x)+ Kp(x) for zeT. (1.4.12)

This, again, is a first kind integral equation for o = %| r, the unknown
Cauchy datum. However, in addition, the constant w is also unknown. Hence,
we need an additional constraint, which here is given by

/ads = 5. (1.4.13)

r

This is the same modified system as (1.3.5), (1.3.6), which is always uniquely
solvable for (o,w).

If we take the normal derivative at I" on both sides of (1.4.5), we arrive
at the following Fredholm integral equation of the second kind for o, namely

io(z) + K'o(z) = —Dy(z) for z €I, (1.4.14)

This is the classical integral equation associated with the exterior Dirichlet
problem which has a one-dimensional space of eigensolutions. Here, the spe-
cial right-hand side of (1.4.14) always satisfies the orthogonality condition
in the classical Fredholm alternative. Hence, (1.4.14) always has a solution,
which becomes unique if the additional constraint of (1.4.13) is included.

1.4.2 The Exterior Neumann Problem

Here, in addition to (1.4.1), we require the Neumann condition
ou
= I 1.4.15
e =y on (1415)

where 9 is given. Moreover, we again need a condition at infinity. We choose
the growth condition (1.4.3) or (1.4.4), respectively, where the constant X' is

given by
Y= / Wds
r

from (1.4.15), where w is now an additional parameter, which can be pre-
scribed arbitrarily according to the special situation. The representation for-
mula (1.4.5) remains valid. Often w = 0 is chosen in (1.4.3), (1.4.4) and
(1.4.5). The direct approach with  — I" in (1.4.5) now leads to the bound-
ary integral equation

—%u(x) + Ku(x) = V() —w for x eI (1.4.16)

For any given ¢ and w, this is the classical Fredholm integral equation of
the second kind which has been studied intensively (Giinter [113]). (See also
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Atkinson [8], Dieudonné [61], Kral [168, 169], Maz‘ya [202], Mikhlin [211,
212]) (1.4.16) is uniquely solvable for u|r.

If we apply the normal derivative to both sides of (1.4.5), we find the
hypersingular integral equation of the first kind,

Du(z) = —1¢(2) — K'¢(x) for z €. (1.4.17)
This equation has the constants as an one—-dimensional eigenspace. The spe-
cial right-hand side in (1.4.17) satisfies an orthogonality condition in the
classical Fredholm alternative, which is also valid for (1.4.17), e.g., in the
space of Holder continuous functions on I, as will be shown later. Therefore,
(1.4.17) always has solutions u|p. Any solution of (1.4.17) inserted into the
right hand side of (1.4.5) together with any choice of w will give the desired
unique solution of the exterior Neumann problem.

For further illustration, we now consider the historical example of the
two—dimensional potential flow of an inviscid incompressible fluid around an
airfoil. Let q., denote the given traveling velocity of the profile defining a
uniform velocity at infinity and let g denote the velocity field. Then we have

the following exterior boundary value problem for q = (g1, ¢2) '
9g> oq .
= ————=0 n° 1.4.18
(V% q)s 0z, Oy in 2°, ( )
) 0q1 02 : .
d = —+—=0 ne° 1.4.19
v 81’1 + 8x2 ln ’ ( )
qg-npr = 0onl, (1.4.20)
chliHTE lg(z)| = l|q||rE exists at the trailing edge TE, (1.4.21)
d—Qqoo = o0(1) as |z] — 0. (1.4.22)

Here, the airfoil’s profile I is given by a simply closed curve with one corner
point at the trailing edge TE. Moreover, I" has a C*°— parametrization x(s)
for the arc length 0 < s < L with x(0) = x(L) = TFE, whose periodic
extension is only piecewise C°. With Bernoulli’s law, the condition (1.4.21)
is equivalent to the Kutta—Joukowski condition, which requires bounded and
equal pressure at the trailing edge. (See also Ciavaldini et al [44]). The origin 0
of the co—ordinate system is chosen within the airfoil with T'E on the z;—axis
and the line 0 TF within {2, as shown in Figure 1.4.1.
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Figure 1.4.1: Airfoil in two dimensions

As before, the exterior domain is denoted by §2¢ := ]Rz\ﬁ. Since the
flow is irrotational and divergence—free, g has a potential which allows the
reformulation of (1.4.18)—(1.4.22) as

w 1 [—x9
=(Qoo+ — —> \% 1.4.23
4= oo + 5 |x|2<x1)+ u ( )

where v is the solution of the exterior Neumann boundary value problem

—Au = 0 in £2°, (1.4.24)
ou wo 1 [—xzo

9o gm0 : r, (1425
on|r Qoo M =50 || ( X > weoon ( )
u(z) = o(l) as |z] — 0. (1.4.26)

In this formulation, u € C2?(£2¢) N C°(£2¢) is the unknown disturbance po-
tential, wg is the unknown circulation around I" which will be determined by
the additional Kutta—Joukowski condition, that is
li = ists . 1.4.2

gedim |Vu(z)| = |[Vu|rp  exists ( 7)
We remark that condition (1.4.27) is a direct consequence of condition
(1.4.21). By using conformal mapping, the solution u was constructed by
Kirchhoff [157], see also Goldstein [105].

We now reduce this problem to a boundary integral equation. Asin (1.4.5)
and in view of (1.4.26), the solution admits the representation

w(z) = Wu(z) +V (qoo ‘n+ 27:;‘2 (_;12) n) () for z € 2°. (1.4.28)
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Since

/qOO -n(y)ds, = /(divqoo)dx =0,
T Q

and, by Green’s theorem for

[ () moin= [ () mwm=.

ly|=R

it follows that every solution u represented by (1.4.28) satisfies (1.4.26) for
any choice of wy. We now set

U = ug + wol1, (1.4.29)

where the potentials ug and u; are solutions of the exterior Neumann prob-

lems
—Au; =0 in 2° with i=0,1, and

8’&0 8U1| 1 ‘ |_2 —x2
— = - Nr, —\|r=——|% ‘N,
on '’ Qoo "I "5, 71T 2m 1 =

respectively, and
u; =o(l) as |z| = 00, i =0,1.

Hence, these functions admit the representations

wo(z) = Wug(e) +Vigw n)(x), (1.4.30)
ui(z) = Wur(z)+V (217r|yl? (—yiiz) n) (z) (1.4.31)

for x € £2°, whose boundary traces are the unique solutions of the boundary
integral equations

1

iuo(x) — Kug(z) = V(g -n)(x),z €T, (1.4.32)
%ul(:ﬁ) —Kuy(z) = V <2l7r|yl|2 (y?) n> (x),xeI'. (1.4.33)

Note that K is defined by (1.5.2) which is valid at TE, too. The right-hand
sides of (1.4.32) and (1.4.33) are both Holder continuous functions on I". Due
to the classical results by Carleman [37] and Radon [259], there exist unique
solutions ug and w; in the class of continuous functions. A more detailed
analysis shows that the derivatives of these solutions possess singularities at
the trailing edge TE. More precisely, one finds (e.g. in the book by Grisvard
[108, Theorem 5.1.1.4 p.255]) that the solutions admit local singular expan-
sions of the form

ui(z) = ;09 cos (%19) +0 (Q%_E> , 1=0,1, (1.4.34)
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where © is the exterior angle of the two tangents at the trailing edge, o
denotes the distance from the trailing edge to x, ¥ is the angle from the
lower trailing edge tangent to the vector (& — TE), where € is any positive
number. Consequently, the gradients are of the form

Vui(z) = ai%g%_leg +0 (g%_l_s) , 1=0,1, (1.4.35)

where ey is a unit vector with angle (1 — ) from the lower trailing edge
tangent, for both cases, i =0, 1.
Hence, from equations (1.4.27) and (1.4.29) we obtain, for ¢ — 0, the
condition for wy,
g + wory = 0. (1436)

The solution u; corresponds to g, = 0, i.e. the pure circulation flow, which
can easily be found by mapping {2 conformally onto the unit circle in the
complex plane. The mapping has the local behavior as in (1.4.34) with ay # 0
since TE is mapped onto a point on the unit circle (see Lehman [183]).
Consequently, wp is uniquely determined from (1.4.36). We remark that this
choice of wg shows that

Vu=0 (Q%_l_e)

due to (1.4.35) and, hence, the singularity vanishes for @ < 27 at the trailing
edge T E; which indeed is then a stagnation point for the disturbance velocity
Vu. This approach can be generalized to two—dimensional transonic flow
problems (Coclici et al [46]).

1.5 Remarks

For applications in engineering, the strong smoothness assumptions for the
boundary I' need to be relaxed allowing corners and edges. Moreover, for
crack and screen problems as in elasticity and acoustics, respectively, I is
not closed but only a part of a curve or a surface. To handle these types of
problems, the approach in the previous sections needs to be modified accord-
ingly.

To be more specific, we first consider Lyapounov boundaries. Following
Mikhlin [212, Chap. 18], a Lyapounov curve in IR? or Lyapunov surface I" in
IR? (Giinter [113]) satisfies the following two conditions:

1. There exists a normal n, at any point x on I
2. There exist positive constants a and £ < 1 such that for any two points
x and £ on I" with corresponding vectors n, and n¢ the angle ¥ between
them satisfies
|9 < ar® wherer = |z — ¢&|.
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In fact, it can be shown that for 0 < x < 1, a Lyapounov boundary coincides
with a C** boundary curve or surface [212, Chap. 18].

For a Lyapounov boundary, all results in Sections 1.1-1.4 remain valid
if C? is replaced by C1* accordingly. These non-trivial generalizations can
be found in the classical books on potential theory. See, e.g., Giinter [113],
Mikhlin [211, 212, 213] and Smirnov [284].

In applications, one often has to deal with boundary curves with corners,
or with boundary surfaces with corners and edges. The simplest generaliza-
tion of the previous approach can be obtained for piecewise Lyapounov curves
in IR? with finitely many corners where I = Ué\’:lf]— and each I'; being an
open arc of a particular closed Lyapounov curve. The intersections fj ﬁfﬂ_l
are the corner points where I'yy; := [I7. In this case it easily follows that
there exists a constant C' such that

/ |8—E(;v,y)|ds < C forall z € R%. (1.5.1)
ony,
I\{z}

This property already ensures that for continuous ¢ on I'; the operator K
is well defined by (1.2.4) and that it is a continuous mapping in C°(I").
However, (1.2.8) needs to be modified and becomes

Ko(x) = / so(y)gfy(w,y)d%
r\{s}
(1.5.2)
~(3+ [ Hr@uds,)eta).
Ny

where the last expression takes care of the corner points and vanishes if z is
not a corner point. Here K is not compact anymore as in the case of a Lya-
pounov boundary, however, it can be shown that K can be decomposed into
a sum of a compact operator and a contraction, provided the corner angles
are not 0 or 27. This decomposition is sufficient for the classical Fredholm
alternative to hold for (1.3.11) with continuous u, as was shown by Radon
[259]. For the most general two-dimensional case we refer to Kral [168].

For the Neumann problem, one needs a generalization of the normal deriv-
ative in terms of the so—called boundary flow, which originally was introduced
by Plemelj [248] and has been generalized by Kral [169]. It should be men-
tioned that in this case the adjoint operator K’ to K is no longer a bounded
operator on the space of continuous functions (Netuka [237]). The simple layer
potential Vo is still Holder continuous in IR? for continuous o. However, its
normal derivative needs to be interpreted in the sense of boundary flow.

This situation is even more complicated in the three-dimensional case
because of the presence of edges and corners. Here, for continuous ¢ it is still
not clear whether the Fredholm alternative for equation (1.3.11) remains valid
even for general piecewise Lyapounov surfaces with finitely many corners and
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Fig. 1.5.1. Configuration of an arc I" in IR?

edges; see, e.g., Angell et al [7], Burago et al [31, 32], Kral et al [170, 171],
Maz‘ya [202] and [316].

On the other hand, as we will see, in the variational formulation of
the boundary integral equations, many of these difficulties can be circum-
vented for even more general boundaries such as Lipschitz boundaries (see
Section 5.6).

To conclude these remarks, we consider I" to be an oriented, open part of
a closed curve or surface I' (see Figure 1.5.1). The Dirichlet problem here is
to find the solution u of (1.4.1) in the domain £2¢ = IR™\ I subject to the
boundary conditions

upr =4 on Iy and wu_=¢_ on I_ (1.5.3)

where I'y and I are the respective sides of I" and u; and u_ the corre-
sponding traces of u. The functions ¢4 and ¢_ are given with the additional
requirement that
oy —p-=0

at the endpoints of I' for n = 2, or at the boundary edge of I" for n = 3.
In the latter case we require 0I" to be a C°°— smooth curve. Similar to the
regular exterior problem, we again require the growth condition (1.4.3) for
n = 2 and (1.4.4) for n = 3. For a sufficiently smooth solution, the Green
representation formula has the form

u(z) = Wrlul(z) = Vp [gg] (x) +w for z € 02°, (1.5.4)

where W, Vi are the corresponding boundary potentials with integration
over I only,
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o _
Wre(z) = / (%E(I,y)> p(y)dsy, v ¢ I'; (1.5.5)
Yy

yel’
Vro(z) = / E(z,y)o(y)ds,, v ¢ T . (1.5.6)
yel’

Ou|  Ouy  Ou-

with 7 the normal to I' pointing in the direction of the side I';. If we sub-
stitute the given boundary values ¢4, p_ into (1.5.4), the missing Cauchy
datum o is now the jump of the normal derivative across I'. Between this
unknown datum and the behaviour of u at infinity viz.(1.4.3) we arrive at

[u]:u+—u,0::[

/Uds =x. (1.5.8)

r

By taking x to I'y (or I'_) we obtain (in both cases) the boundary integral
equation of the first kind for o on I,

Vro(z) —w = —5(p+(2) + v-(2)) + Kr(ps —¢-)(2) = f(z) (1.5.9)
where K is defined by

0
Krp(z) = / (WE(x,y))go(y)dsy for x € I'. (1.5.10)
yer\{z} !

As for the previous case of a closed curve or surface I, respectively, the system
(1.5.8), (1.5.9) admits a unique solution pair (o, w) for any given ¢, @_
and Y. Here, however, o will have singularities at the endpoints of I" or the
boundary edge of I" for n = 2 or 3, respectively, and our classical approach,
presented here, requires a more careful justification in terms of appropriate
function spaces and variational setting.

In a similar manner, one can consider the Neumann problem: Find u
satisfying (1.4.1) in £2¢ subject to the boundary conditions

Ou Ou_

o =14 on Iy and %zzb, on I_ (1.5.11)

where 14 and 1 _ are given smooth functions. By applying the normal deriv-
atives 0/0n, to the representation formula (1.5.4) from both sides of I', it is
not difficult to see that the missing Cauchy datum ¢ =: [u] = uy —u_ on I’
satisfies the hypersingular boundary integral equation of the first kind for ¢,

Dro= 4y + %)~ Kpl¢] on T, (1.5.12)

where the operators Dy and K- again are given by (1.2.6) and (1.2.5) with
W and V replaced by Wr and Vi, respectively. As we will see later on
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in the framework of variational problems, this integral equation (1.5.12) is
uniquely solvable for ¢ with ¢ = 0 at the endpoints of I" for n = 2 or at the
boundary edge OI" of I" for n = 3, respectively. Here, X' in (1.4.3) or (1.4.4) is
already given by (1.5.8) and w can be chosen arbitrarily. For further analysis
of these problems see [146], Stephan et al [294, 297], Costabel et al [49, 52].



2. Boundary Integral Equations

In Chapter 1 we presented basic ideas for the reduction of boundary value
problems of the Laplacian to various forms of boundary integral equations
based on the direct approach. This reduction can be easily extended to more
general partial differential equations. Here we will consider, in particular, the
Helmholtz equation, the Lamé system, the Stokes equations and the bihar-
monic equation.

For the Helmholtz equation, we also investigate the solution’s asymptotic
behavior for small wave numbers and the relation to solutions of the Laplace
equation by using the boundary integral equations.

For the Lamé system of elasticity, we first present the boundary integral
equations of the first kind as well as of the second kind. Furthermore, we
study the behavior of the solution and the boundary integral equations for
incompressible materials. As will be seen, this has a close relation to the
Stokes system and its boundary integral equations. In the two-dimensional
case, both the Stokes and the Lamé problems can be reduced to solutions of
biharmonic boundary value problems which, again, can be solved by using
boundary integral equations based on the direct approach.

In this chapter we consider these problems for domains whose bound-
aries are smooth enough, mostly Lyapounov boundaries, and the boundary
charges belonging to Holder spaces. Later on we shall consider the boundary
integral equations again on Sobolev trace spaces which is more appropriate
for stability and convergence of corresponding discretization procedures.

2.1 The Helmholtz Equation

A slight generalization of the Laplace equation is the well-known Helmholtz
equation

—(A+EHu=0 in 2 (or 2°). (2.1.1)

This equation arises in connection with the propagation of waves, in partic-
ular in acoustics (Filippi [78], Kupradze [175] and Wilcox [321]) and elec-
tromagnetics (Ammari [6], Cessenat [38], Colton and Kress [47], Jones [152],
Miiller [221] and Neledec [234]). In acoustics, & with Im & > 0 denotes the
complex wave number and u corresponds to the acoustic pressure field.
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The reduction of boundary value problems for (2.1.1) to boundary integral
equations can be carried out in the same manner as for the Laplacian in
Chapter 1. For (2.1.1), in the exterior domain, one requires at infinity the
Sommerfeld radiation conditions,

u(z) = O(|z|~™=1/2) and ;TZ'(x) —iku(z) = o (|z|*<“*1>/2) (2.1.2)
where 4 is the imaginary unit. (See the book by Sommerfeld [287] and the
further references therein; see also Neittaanméki and Roach [236] and Wilcox
[321]). These conditions select the outgoing waves; they are needed for unique-
ness of the exterior Dirichlet problem as well as for the Neumann problem.

The pointwise condition (2.1.2) can be replaced by a more appropriate
and weaker version of the radiation condition given by Rellich [261, 262],

Jim |§—Z(w) —iku(z)|?ds = 0. (2.1.3)
lz|=R
This form is to be used in the variational formulation of exterior boundary
value problems.
The fundamental solution E(z,y) to (2.1.1), subject to the radiation con-
dition (2.1.2) for fixed y € R" is given by

i

4H(()1)(kr) in R?,
Ex(z,y) = . with r = |z — y| (2.1.4)
¢ in R?,

4mr

where Hél) denotes the modified Bessel function of the first kind. We note,
that for n = 2, E(x,y) has a branch point for C 3 k — 0. Therefore, in
the following we confine ourselves first to the case k # 0. In terms of these
fundamental solutions, which obviously are symmetric, the representation of
solutions to (2.1.1) in {2 or in £2° with (2.1.2) assumes the same forms as
(1.1.7) and (1.4.5), namely

ou OEk(7,y)
uw) = i{y /F Bl O~ /F ) = s} -
= :I:{ng—Z(x)—Wku(x)}

for all x € £2 or £2¢ respectively, where the +sign corresponds to the interior
and the exterior domain. Here, V}, is defined by

Vio(z) := /Ek(x,y)g(y)dsy

yel’

(2.1.6)
=Vo(x)+ Sko(zx) + {5,13% — dp2(logk + ’yo)}/ads,
T
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where V is given by (1.2.1) with (1.1.2) and Sy is a k—dependent remainder
defined by

L HD Bl — o) + L log o —
[ G 0 0e =)+ 51081~ otu)ds,

r
Spo(x) =4 S oo (2.1.7)
1 (m—1) 1
= [ {2 e - e was,
yel -
for n = 2 or 3, respectively. The potential W}, is defined by
OFE(x,y
Wip(z) = / %g@(y)dsy = We(z) + Rro(x) (2.1.8)
y
yel’

where W is given by (1.2.2) with (1.1.2) and Ry, is a k—dependent remainder
defined by

0 i _.1 1
| o G ke =y + 5 togle — ylke(u)ds,.

el'\{z
sy = | 00

- / { i (mn; 1>(z’k\x —y|)m}((f%|xly|)w(y)d8y

yer\{z} ™2

(2.1.9)

for n = 2 or 3, respectively. Note that S; and Ry have bounded kernels for all
y € I'and z € IR" and for k # 0 in the case n = 2. Hence, Sio(z) and Rip(x)
are well defined for all x € IR"™. Moreover, the properties of the operators V'
and W, as given by Lemmata 1.2.1, 1.2.2, 1.2.4 and Theorem 1.2.3 for the
Laplacian, remain valid for V;, and Wj. Since the kernels of Vi, and Wy, Sk
and Vi, depend analytically on k € C\ {0} for n =2 and k € C for n = 3,
the solutions of the corresponding boundary integral equations will depend
analytically on the wave number k, as well.

Here again we consider the interior and exterior Dirichlet problem for
(2.1.1), where

upr = on I is given. (2.1.10)

In acoustics, (2.1.10) models a “soft” boundary for the interior and a “soft

scatterer” for the exterior problem. As in Section 1.3.1, here the missing

0
Cauchy datum on I is il
on|r
The boundary integral equation for the interior Dirichlet problem reads

Vio(z) = %(p(x) + Kpp(z), zel, (2.1.11)
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where

aEk (SL’, y)

Kpo(z) = o
Y

yel'\{z}

o(y)dsy = Kp(x) + Rip(x) for x €l

(2.1.12)
with K given by (1.2.8) with (1.2.12) or (1.2.13), respectively. As before,
(2.1.11) is a Fredholm boundary integral equation of the first kind for o on
I'. In the classical Holder continuous function space C*,0 < «a < 1, this
integral equation has been studied by Colton and Kress in [47, Chap.3].
In particular, for ¥ # 0 and ¢ € C'T(I'), (2.1.11) is uniquely solv-
able with o € C*(I'), except for certain values of k € C which are the
exceptional or irregular frequencies of the boundary integral operator Vj.
For any irregular frequency ko, the operator Vi, has a nontrivial nullspace
ker Vi, = span {og;}. The eigensolutions oy; are related to the eigensolu-
tions ug; of the interior Dirichlet problem for the Laplacian,

—Aa() = kﬁﬂo in _Q,

~ (2.1.13)
ug,. =0 on I'.
That is,
3170j
= . 2.1.14
00j an‘F ( )

Moreover, the solutions are real-valued and
dim kerVy, = dimension of the eigenspace of (2.1.13).

As is known, see e.g. Hellwig [123, p.229], the eigenvalue problem (2.1.13)
admits denumerably infinitely many eigenvalues k%,. They are all real and
have at most finite multiplicity. Moreover, they can be ordered according to
size 0 < k3, < k2, < --- and have +oo as their only limit point. For any of
the corresponding eigensolutions @g;, (2.1.14) can be obtained from (2.1.5)
applied to %g;. In this case, when kg is an eigenvalue, the interior Dirichlet
problem (2.1.1), (2.1.10) admits solutions in C*(I") if and only if the given
boundary values ¢ € C1T(I") satisfy the orthogonality conditions

/soaods = /cp—aauo ds=0 forall oq € kerVy,. (2.1.15)
n
r r

Correspondingly, for ¢ € C1T%(I'), the boundary integral equation (2.1.11)
has solutions ¢ € C%(I") if and only if (2.1.15) is satisfied.

For the exterior Dirichlet problem, i.e. (2.1.1) in §2° with the Sommerfeld
radiation conditions (2.1.2) and boundary condition (2.1.10), from (2.1.5)
again we obtain a boundary integral equation of the first kind,

Vio(z) = —30(x) + Kpp(z), z € T, (2.1.16)
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which differs from (2.1.11) only by a sign in the right-hand side. Hence,
the exceptional values kg are the same as for the interior Dirichlet problem,
namely the eigenvalues of (2.1.13). If k& # kg, (2.1.16) is always uniquely
solvable for ¢ € C*(I") if p € C'T*(I"). For k = ko, in contrast to the
interior Dirichlet problem, the exterior Dirichlet problem remains uniquely
solvable. However, (2.1.16) now has eigensolutions, and the right-hand side
always satisfies the orthogonality conditions

[ (= bot0) + Kyl ou(a)as,

zel’
= / o(x){ — 2o0(x) + K, 00(z) }ds, = 0 for all og € ker Vy, ,
zel’

since oy is real valued and the simple layer potential Vi, 00(z) vanishes iden-
tically for = € 2¢. The latter implies

0 1
aTVkOUO(x) = —500(33) + K}, 00(z) =0 for z €I,

where

)
Klo(z) = / ( - 4Ek(x,y)>0(y)dsy = K'o(z) + Ryo(z)
ver\{a}
with

/ TM{ZHO (k|x_y|)+§10g|$—y|}a(y)dsy7

! () = yelr\{z} .
7i / { Z (mn; D) (ik|z — y|)m} (821 E i y|)0(y)dsy ;

yel\{z} "2

for n = 2 and n = 3, respectively. Accordingly, the representation formula
(2.1.5) with u;p = ¢ and g—z = o will generate a unique solution for any o

solving (2.1.16).

Alternatively, both, the interior and exterior Dirichlet problem can also
be solved by the Fredholm integral equations of the second kind as (1.3.7)
and (1.4.14) for the Laplacian. In order to avoid repetition we summarize
the different direct formulations of the interior and exterior Dirichlet and
Neumann problems which will be abbreviated by (IDP), (EDP), (INP) and
(ENP), accordingly, in Table 2.1.1. The Neumann data in (INP) and (ENP)
will be denoted by .

In addition to the previously defined integral operators Vj, K, K}, we also
introduce the hypersingular integral operator, Dy, for the Helmholtz equation,
namely

|\r
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9 Rpp(x) on I,

Dyp(x) == o,

[ B )as, = Do) +

Ong ony
I'\{z}
(2.1.17)
where D is the hypersingular integral operator (1.4.10) of the Laplacian and
Ry, is the remainder in (2.1.9).

Note that the relations between the eigensolutions of the BIEs and the
interior eigenvalue problems of the Laplacian are given explicitly in column
three of Table 2.1.1. We also observe that for the exterior boundary value
problems, the exceptional values ky and k; of the corresponding boundary
integral operators depend on the type of boundary integral equations derived
by the direct formulation. For instance, we see that for (EDP), ko are the
exceptional values for Vj, whereas k; are those for (3/+ K},). Similar relations
hold for (ENP).

In Table 2.1.1, the second column contains all of the boundary integral
equations (BIE) obtained by the direct approach. As we mentioned earlier,
for the exterior boundary value problems, the solvability conditions of the
corresponding boundary integral equations at the exceptional values are al-
ways satisfied due to the special forms of the corresponding right-hand sides.
For the indirect approach, this is not the case anymore; see Colton and Kress
[47, Chap. 3]. There are various ways to modify the boundary integral equa-
tions so that some of the exceptional values will not belong to the spectrum
of the boundary integral operator anymore. In this connection, we refer to
the work by Brakhage and Werner [22] Colton and Kress [47], Jones [152],
Kleinman and Kress [158] and Ursell [309], to name a few.

2.1.1 Low Frequency Behaviour

Of particular interest is the case & — 0 which corresponds to the low-—
frequency behaviour. This case also determines the large-time behaviour of
the solution to time—dependent problems if (2.1.1) is obtained from the wave
equation by the Fourier—Laplace transformation (see e.g. MacCamy [194, 195]
and Werner [319]). As will be seen, some of the boundary value problems will
exhibit a singular behaviour for k¥ — 0. The main results are summarized in
the Table 2.1.2 below.

To illustrate the singular behaviour we begin with the explicit asymptotic
expansions of the boundary integral equations in Table 2.1.1. Our presenta-
tion here follows [140]. In particular, we begin with the fundamental solution
for small kr having the series expansions:

For n = 2:

1 1

Ei(x,y) = ZHél)(kr) = E(x,y) 5 (logk + vo) + Sk(z,v), (2.1.18)
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where
Yo = ¢co — log 2 — zg with ¢cg ~ 0.5772, FEuler’s constant,
and
g (1) 1
w(@y) = pHy (kr) + 5 (log(kr) + )
= ——{log (kr) Z (k7)™ + Z b (k)*™}
=1 m=1
_ (=" B 1 1
am = W, bm—(’YO—l—i—"'—E)anm
For n =3:
ik
Bi(z,y) = Elz,y) + - + Sk(z,y),
where
1 o 1 & (ikr)™
= —(""—1—1ik — . 2.1.1
Su(wy) = (e i) = g 30 (2.1.19)

Correspondingly, for the double layer potential kernel we obtain

0 0
—F = —UF
8ny k:(xa y) any (l‘, y) + Rk)(l‘a y) )
where
G d
Bu@,y) = {3 (am(1+2mlog(kr)) + 2mby) (rk)*™" } = E(w,y)
m=1 Y
for n =2, (2.1.20)
and
- d
Ry(z,y) = Zkr +—E(z,y)
{mzz2 }any
for n=3. (2.1.21)

The kernel of the adjoint operator R) can be obtained by interchanging the
variables « and y. Hence, R} has the same asymptotic behaviour as R}, for
k— 0.

Similarly, for the hypersingular kernel we have, for n = 2,

8Rk om OFE OF

— 4 — Ve (k) (k)™ 2= T2 (g, 2.1.22
o . Z e )" S S (o) (21.22)

1 = 2m Mo * Ny
+ o m§::1 cm (k) (k) 2
1 n OF OF
om My -~
+ logrmzl2mam rk) {27r - 47 (m 1)8711 6ny}
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where
em (k) = (1 4+ 2mlog k)ay, + 2mb,, ,

and, for n = 3,

ORy, 1l s (m-1), Ng - Ny
Ong (z,9) = Ar 2= m! (ikr) 73
" ( ) oL 8 (2.1.23)
m—1 ., wm OF OF
—4r m272(3 + m)Tr(zkr) o a—ny(a?, Y) .

OR
Note that the kernel a—k(x, y) is symmetric.
n

As can be seen from the above expansions, the term logk appears in
(2.1.18) explicitly which shows that V}, is a singular perturbation of V' whereas
the other operators are regular perturbations of the corresponding operators
of the Laplacian as k — 0.

IDP: Let us consider first the simplest case, i.e. Equation (2) for (IDP) in
Table 2.1.1,
(31 -K'—Rj)o=Dyp on I. (2.1.24)

Since, for given ¢ € C1T*(I"), the equation
(L1 — K)& = Dy
has a unique solution ¢ € C*(I"), we may rewrite (2.1.24) as

1 1
o = (51 — K')"'Rj,o + (51 — K')"'Dyyp,

0
T T (2.1.25)

~ 1 1
= o+ (51 — K')'Rjo+ (51 — K™t
- O(k*log k) for n =2,
O(k?) for n =3,

where the last expressions can be obtained from the expansions (2.1.20) and
(2.1.22) in case n = 2 and from (2.1.21) and (2.1.23) in case n = 3 (see
MacCamy [194]).

The analysis for the integral equation of the first kind (1) for (IDP) in
Table 2.1.1 is more involved, depending on n = 2 or 3. For n = 2, from
(2.1.11) with the expansion (2.1.18) of (2.1.7) we have

1
Vo+w+ Sio = §<p+Kg0+Rk<p (2.1.26)

where

1
w= —T(logk + ’yo)/ads. (2.1.27)
T
r
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Similar to (2.1.25), we seek the solution of (2.1.26) and (2.1.27) in the as-
ymptotic form,
o = &+041(k)51+0'p”

w = w+o(k)wr +wr, (2.1.28)

where o,w correspond to the solution of the interior Dirichlet problem for
the Laplacian (1.1.6), (1.3.1). Hence, 7, w satisfy (1.3.3), namely

~ o~ 1
Vo+w= §<p+K<p (2.1.29)

subject to the constraints

/5d5:0 and w=0.
T

The first perturbation terms o1,w; are independent of k with the coefficient
a1(k) = o(1) for k — 0. The functions og,wgr are the remainders which
are of order o(a(k)). To construct o1 and @y, we employ equation (2.1.26)
inserting (2.1.28). For k — 0 we arrive at

Vo, +w; = 0,
/ads _ 1 (2.1.30)
r

where we appended the last normalizing condition for &y, since from the
previous results in Section 1.3 we know that [o1ds = 0 would yield the

r
trivial solution o3 = 0,7 = 0. Inserting (2.1.28) into (2.1.27), it follows

from [&1ds = 1 with @ = 0 that a1(k) = O(og). Hence, without loss of
r
generality, we may set aq (k) = 0 in (2.2.28). Now (2.1.26) and (2.1.27) with

(2.1.28) imply that the remaining terms o, wgr satisfy the equations
Vop+wr + Skor = Rep — So,

/GRds+wR27r(logk+70)*1 =0; (2.1.31)
r

which are regular perturbations of equations (1.3.5), (1.3.6) due to the expan-
sions for Sy, in (2.1.18). The right—hand side of (2.1.31) is of order O(k? log k)
because of the expansions of Si and of Ry, in (2.1.20). Therefore, og and wg
are, indeed, of order O(k?logk) as in (2.1.25), which was already obtained
with the integral equations (2.1.24) of the second kind.

For n = 3, the integral equation of the first kind takes the form

1 1
Vo + ikz/ads + Spo = 3% + Ko+ Ry, (2.1.32)
T
r



2.1 The Helmholtz Equation 35

where the kernels of the integral operators Sy and Ry are given by (2.1.19)
and (2.1.21), respectively. Both are of order O(k?). Hence, (2.1.32) is a regular
perturbation of equation (1.3.3). If we insert (2.1.28) with ay(k) = k then
the function o is given by the solution of

Ve=1p+ Koy,

which corresponds to the interior Dirichlet problem of the Laplacian. Hence,
/Z'ds:O and 01 =0

r
since it is the solution of

V&1+i/5d820.

47
r

Therefore, the solution of (2.1.32) is of the form o = & + O(k?).

EDP: By using the indirect formulation of boundary integral equations, this
case was also analyzed by Hariharan and MacCamy in [120]. In case n = 2,
for the exterior Dirichlet problem (EDP), Equation (1) in Table 2.1.1 has
the form

Vo+w+ Spo=—3p+ Ko+ Ryp (2.1.33)

with w again defined by (2.1.27). Again, the solution admits the asymptotic
expansion (2.1.28) with &, & being the solution of

V&—F&:—%Lp—&—ch,/&ds:O. (2.1.34)

T
Hence, o, correspond to the exterior Dirichlet problem in Section 1.4.1.
Therefore, in contrast to the (IDP), here @ # 0, in general. Again, &1,w; are

solutions of equations (2.1.30). In contrast to the (IDP), the coefficient oy (k)
is explicitly given by

1
m

ai (k) = —@{ (log k + 7o) +w1}_1 ,

which is not identically equal to zero, in general. The remainders og,wg
satisfy equations similar to (2.1.31) and are of order O(k?log k).
For the case n = 3, the integral equation(1) for (EDP) is of the form

1
Va+ik4—/ad5+5ka: —%@—&—Kg@—i—ngp
77
r

and o is of the form
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oc=0+koy+oR.
This yields
Vo = —%(p—i—K(p

for & corresponding to the (EDP) for the Laplacian . For the next term &
we have .
~ (I S
Vo, = I / ods.
r

Therefore, o1 is proportional to the natural charge ¢ which is the unique
eigensolution of

1g+ K'q=0 on I' with /qu=l.
r

Note that the corresponding simple layer potential satisfies
Vg(x) = co = const. for all z € 2. (2.1.35)

For n = 3, a simple contradiction argument shows ¢y # 0. Hence,

o1(x) = 7(47500 /Gds)q(x) .

r

The remainder term o is of order k2 which follows easily from

Vor+ Spor = —Sk(5 + k‘&l) — kzﬁ /Elds — Ry,
r

which is a regular perturbation of (1.4.12).
For the integral equation of the second kind (2) of the (EDP) and k = 0,
the homogeneous reduced integral equation reads

1
54 +K'qg=0 (2.1.36)

with the natural charge ¢ as an eigensolution. We therefore modify boundary
integral equation (2) by using a method by Wielandt [320] (see also Werner
[318]). Using Equation (1), we obtain a normalization condition for o,

[ ods =ite) + 1),

r
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where the linear functionals I, and [, are given by

(3=(logk + o) — 00)71 {[Igoqu +J£(ng0)qu} for n = 2,

k() = .
(co + kﬁ)_l{ [ pqds + f(ngo)qu} for n = 3;
r r
and
B (5=(logk +0) — co)_1 [(Sko)gds  for n =2,
lk(O') = r

(co+ kﬁ)_l J(Sko)qds for n = 3.
r
The modified boundary integral equation of the second kind reads

(A1 + K)o+ q/ods + R0 — ale(0) = =Dy + qli(p) (2.1.37)
T

which is a regular perturbation of the equation

(%I+K')5+q/5ds =—Dy+qlo(p) .
ia

The latter is uniquely solvable. The next term o, satisfies the equation

(%I+K’)51+q/51ds=/<pqu.
T T

It is not difficult to see that both boundary integral equations (2.1.33) and
(2.1.37) provide the same asymptotic solutions

o+ ai(k)ar + O(k*log k) for n =2,
o =
o+ ko1 + O(k?) for n = 3.

INP: Since the boundary integral equation of the second kind (see (2) in
Table 2.1.1) for the (INP) and k& = 0 has the constant functions as eigensolu-
tions, we need an appropriate modification of (2). This modification can be
derived from the Helmholtz equation (2.1.1) in §2 together with the Neumann
boundary condition

%|F =1 on I, (2.1.38)

namely from the solvability condition (Green’s formula for the Laplacian)

/u(x)dm - —];F/¢ds. (2.1.39)

i)
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This condition can be rewritten in terms of the representation formula (2.1.5),
1
/ Wiu(x)dz = /sz/i(x)dx + e /wds ) (2.1.40)
o) o) T

the left-hand side of which actually depends on the boundary values ur.
It is not difficult to replace the domain integration on the left—-hand side
by appropriate boundary integrals. With the help of (2.1.40), the boundary
integral equation of the second kind (see (2) in Table 2.1.1) for (INP) can be
modified,

1 1 1
—u+ Ku— —/Wu(x)dm—l—Rku— —/Rku(a:)dx
2 el el

1 1
= e /wds + Vi — @/Vw(x)dﬂf (2.1.41)
r 9
+ Skip — ﬁ /Sk¢($)d$ on I’
2

where [2| = meas(2). Note, that the constant term of order logk in Vj, for
n = 2 and of order k for n = 3, respectively, has been canceled in (2.1.41)
due to (2.1.40).

The boundary integral operator on the left-hand side in (2.1.41) is a
regular perturbation of the reduced modified operator
1

A=ir4+ K- —
2 |£2]

/Wde on I’
Q

due to (2.1.20) and (2.1.21). Moreover, we will see that the reduced homoge-
neous equation

Avg=0 on I'

admits only the trivial solution vy = 0, since for the equivalent equation,

1
%vo + Kvg = |ﬁ| / Wugdx = k = const, (2.1.42)
o)

the orthogonality condition for the original reduced operator on the left—-hand

side reads
/ qgrds =k =0.

r

This implies from (2.1.42) that vy = const as the eigensolution discussed in
Section 1.3.2. Hence, with (1.1.7), we have

1
Ozfi:—/WUOdw:—vo.
21
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Consequently, A~! exists in the classical function space C*(I") due to the
Fredholm alternative.

As for the asymptotic behaviour of w, it is suggested from (2.1.40) or
(2.1.41) that u admits the form

1
u= ﬁa—i—u—i—uR (2.1.43)

The first term « satisfies the equation

1 1
Aa:lathaf—/Wadx:f—/wds
: 21 1)

which has the unique solution

= 19 /wdS— const. (2.1.44)

The second term u is the unique solution of the equation

_ 1 1
All =V — M/dew o lim ﬁ{}m i /kax}. (2.1.45)
2 2

Now we investigate the last term in (2.1.45).
For n = 2, we have

0 k?
= |27|(10gk +70)k* + o /log |z — yldy + O(k* log k).

(0]

Ryl

This implies
1 1
“ IR 1
2 {Rk |Q| /Rk d:E}
Q
= i{/log|xfy|dyf i//log|xfy|dyd:£} + O(k?logk)
27 |2 '
o) Q0

Hence, the limit on the right-hand side in (2.1.45) exists.
For n = 3, the limit is a well defined function in C*(I") due to (2.1.21).
The remainder up satisfies the equation

1
Aup + Rrpup — E/RkuR(x)dx =fr on I (2.1.46)
o)

where



40 2. Boundary Integral Equations

fr= O(k?logk) for n =2,
"7 ok?) for n = 3.

Hence, ug is uniquely determined by (2.1.46) and is of the same order as fg.

For the first kind hypersingular equation (1) in (INP) we use the same
normalization condition (2.1.40) by subtracting it from the equation and
obtain the modified hypersingular equation

Du—/Wu(z)dz— aa Rku—/Rkudz
%) 2

x

= (3K - Ry — [ Vipdz - [ Spvdz (2.1.47)
[ree]

1 ik 1
+\9|(5nzg(10gk+70)—5n35)/¢d3—ﬁ/¢d5~
r r

Again, the operator on the left-hand side is a regular perturbation of the
reduced operator

Bu := Du — /Wu(z)dz,
2

which can be shown to be invertible, in the same manner as for A. From the
previous analysis, we write the solution in the form (2.1.43), namely

«

U
We note that
B1 = ||,

and therefore (2.1.47) for k — 0 again yields (2.1.44) for o. We further note
that for n = 2, it can be verified from (2.1.20) that

[0 1 2
/Rk (ﬁ) dz = §|Q\ alogk+ O(1) for k —0,
0

which shows that the choice of a from (2.1.44) cancels the term
1

2—|.Q| logk/ 1ds on the right-hand side of (2.1.47).
T

Consequently in both cases n = 2 and n = 3, u can be obtained as the
unique solution of the equation

1
Bﬂ:?/)fK'z/}—/V?/JdZJrOéXm
0]

where
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27

_20 0P 4 im { £ _ e _
o |2 +111L%{k2/Rkldz o logk}, n=2

Xn = 2
m k2{ Rkl-i-/Rkle}, n=3.
2

Similarly, again we can show that ug is the unique solution of the equation

Bug — iRkuR — /RkuR(z)dz = fr

ony
with
fr = 87619; u /Rkﬂdx
+%{a /kax—(s |Q| k:210gk:+5n3|9| zk3}
2
a%%%{aiszl—&—/Rkldx §n2£k210 k}

For n = 2, the above relations show that fr = O(k?logk), which implies
that ur = O(k%logk), as well.

In case n = 3, by using the Gaussian theorem for the first two terms from
(2.1.21) we obtain explicitly

1 1 7
Rt = [ Buleyis, =~k [y - LRI21+ O(K).
(]

T
Hence,
3] 1
1 = —— 4
8nmRk A7 6‘nz |xfy|dy+0<k )
/Rklda: = // P dyda: - —k3|9\2 +O(k*).

0

Together with (2.1.44) this yields
fr=0(K)

which implies that ug is of the same order as k — 0.

ENP: Finally, let us consider the boundary integral equations of (ENP) and
begin with the simplest case, i.e. the integral equation of the second kind (see
(2) in Table 2.1.1),
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1 1 ik

—u— Ku— Ryu= -V + < po —logk + 9 —5n3L /1/}d8—5k1,/}.
2 27 47
r

(2.1.48)
The operator on the left—-hand side is a regular perturbation of the reduced
invertible operator %I — K (see Section 1.4.2).

For n = 2, Si1 is of order O(k?logk) in view of (2.1.19). Hence, for ur we
use the expansion

1 ~
u=—(logk+y)a+u+ug.
27

a:F/wds

is the unique solution of the reduced equation

%oz—Ka:/z/)ds;
r

The highest order term

the second term u is the unique solution of the reduced equation

U— Ki=—Vi. (2.1.49)

N[—=

For the remainder ur we obtain the equation
%uR — Kup — Ryup = %(logk +v)Rrl + Ripu — S .
The dominating term on the right—hand side is defined by
Rpl = %m\k? logk + O(k?),

therefore up is of order O((klog k)?).

For n = 3, St in (2.1.48) is of order O(k?) in view of (2.1.19). Hence, now
u is of the form )
~ ik
U=U—a— +UR
4

where u is the unique solution of the reduced equation (2.1.49) and o =
/ 1 ¥ds. The remainder ug satisfies the equation

~ ik
%UR — KUR - RkuR = Rku — Sk’(b — i—ﬁRka,
and, therefore, is of the order O(k?).

The hypersingular boundary integral equation (1) of the first kind in
Table 2.1.2 reads

pu— 2 Rku:—(%IJrK')w—R;z/;, (2.1.50)

ong

where D has the constant functions as eigensolutions.
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Multiplying (2.1.48) by the natural charge g, integrating over I" and using
(2.1.36) and V; = ¢o, we obtain the relation

/uqu—/q(Rku)ds

Ir Ir

=—{co—6 o—(log k+70) + s o }/wds—/ (Set)ds

(2.1.51)

with ¢g given by (2.1.35). Now (2.1.51) can be used as a normalizing condition
by combining (2.1.50) and (2.1.51); we arrive at the modified equation

Du + /uqu — /(Rku)

r r

= <—Co + 5n2 (logk + ’}/Q) 5n3> /¢d8 (2152)
r

0
ong

— (31 +K') ¢ — R — /q(Skw)ds

r

Again, we assume u in the form

" B
u_5n2 (logk—’—PyO_zWCO) (57132704“!"[14‘|"LLR7

4
az/zﬂds.
r

The term u is the unique solution of

where k — 0 yields

Dﬂ—i—/ﬂqu = —§n300/z/)ds -~ AT+ K.
r

r

The remainder up satisfies the equation

0
Dug + /uqus — /q(RkUR)dS - aTRkUR = IR,
r r

where

ik ( O
frn = a{dng(longr'yO—cho)—5n3£}{anmRkl+/q(Rkl)ds}
I

0 ~ _
+ aTRku + /q(Rku)ds — Ry — /q(Skw)ds
N T

r
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is of order O ((klogk)?) for n =2 and of order O(k?) for n = 3, which is in
agreement with the result from the previous analysis of the boundary integral
equation of the second kind.

With the solutions of the BIEs available, we now summarize the asymp-
totic behaviour of the solutions of the BVPs for small &£ by substituting the
boundary densities into the representation formula (2.1.5). In all the cases
we arrive at the following asymptotic expression

u(z) = £[Vo(z) — Wu(x)] + C(k; z) + R(k; z) (2.1.53)

where the + sign corresponds to the interior and exterior domain and x € {2
or £2¢ as in (2.1.5). For the Dirichlet problems, u| = ¢, and for the Neumann
problems, 7| = % on I', are the given boundary data, respectively, whereas
the missing densities are the solutions of the corresponding BIEs presented
above. In Formula (2.1.53), C'(k;x) denotes the highest order terms of the
perturbations in {2 or 2¢; whereas R(k;x) denotes the remaining boundary
potentials. The behaviour of C and R for k£ — 0 is summarized in Table 2.1.2
below.

The remainders R(x; k) are of the orders as given in the table, uniformly
in z € 2 for the interior problems and in compact subsets of £2¢ only, for the
exterior problems.

Table 2.1.2. Low frequency characteristics

| Bve | C(k; ) | R(kio) |

O((klogk)?) =
IDP 0 o) .
—w O((klogk)*) ' | n=2
o SKVE(a) + 4 [ 5ds) o) ne3
—{ —i!{logu—y\dy}ﬁ!wds O(k? log k) n=29
INP —{=+ ﬁg ﬁdy}ﬁlfdjds O(k?) n=23
37 (logk +70) [ ds O((klogk)?) n=2
ENP iﬁigwdg o) .

'For this case a sharper result with O(k?) is given by MacCamy [194]
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2.2 The Lamé System

In linear elasticity for isotropic materials, the governing equations are
—A% = —pAv — (p+ ) graddive = f in 2 (or 2°), (2.2.1)

where v is the desired displacement field and f is a given body force. The
parameters p and A\ are the Lamé constants which characterize the elastic
material. (See e.g. Ciarlet [42], Fichera [75], Gurtin [115], Kupradze et al
[177] and Leis [184]).

For n = 3, one also has the relation A = 2uv/(1—2v) with 0 < v < 1, the
Poisson ratio. The latter relation is also valid for the plane strain problem
in two dimensions, where (2.2.1) is considered with n = 2. In the special
case of so—called generalized plane stress problems one still has (2.2.1) with
n = 2 for the first two displacement components (v;,v2) " but with a modified
A = 2u7/(1 — 27) and a modified Poisson ratio 7 = v//(1 + v). In this case
and in what follows, we will keep the same notation for .

For the Lamé system, the fundamental solution is given by

E(z,y) = m {vn(x,y)I + /\’\:3‘;%(316 —y)(x— y)T} , (2.2.2)

a matrix—valued function, where I is the identity matrix, r = |z — y| and

—logr for n =2,
(2, y) = {1 (2.2.3)

= for n = 3.

The boundary integral equations for the so—called fundamental boundary
value problems are based on the Green representation formula, which in elas-
ticity also is termed the Betti-Somigliana representation formula. For interior
problems, we have the representation

v(z) = / E(z,5)To(y)ds, — / (T, Bz, )" v(y)ds, + / E(x,y)f (y)dy

T r Q
(2.2.4)
for x € (2. Here the traction on I" is defined by
. ov
T p = | AMdiv v)n + QM% + pn x curlv ’F (2.2.5)

for n = 3 which reduces to the case n = 2 by setting uz = 0 and the third
component of the normal ng = 0. The subscript y in T,,E(z, y) again denotes
differentiations in (2.2.4) with respect to the variable y.

The last term in the representation (2.2.4) is the volume potential (or
Newton potential) due to the body force f defining a particular solution v,
of (2.2.1). As in Section 2.1, we decompose the solution in the form



46 2. Boundary Integral Equations

vV=v,+Uu

where u now satisfies the homogeneous Equation (2.2.1) with f = 0 and has
a representation (2.2.4) with f =0, i.e.

u(z) =Vo(z) — We(x). (2.2.6)

Here V and W are the simple and double layer potentials, now defined by

Vo(x) = /E(a:,y)a(y)dsy, (2.2.7)
I

We(s) = / (T, (2, ) Bz, 9) o(y)dsy ; (2.2.8)
I

and where in (2.2.6) the boundary charges are the Cauchy data ¢ (z) = u(x)|r,
o(x) = Tu(x)|p of the solution to

~A*u =0 in 0. (2.2.9)

For linear problems, because of the above decomposition, in the following, we
shall consider, without loss of generality, only the case of the homogeneous
equation (2.2.9), i.e., f = 0.

For the exterior problems, the representation formula for v needs to be
modified by taking into account growth conditions at infinity. For f = 0, the
growth conditions are

u(z) = —E(x,0) X + w(x) + O(jz|*™") as |z| — oo, (2.2.10)

where w(z) is a rigid motion defined by

w(z) = (2.2.11)

a+b(—z2,71)" for n =2,
at+bxx for n = 3.

Here, a,b and X' are constant vectors; the former denote translation and
rotation, respectively. The representation formula for solutions of

~A*u =0 in Q° (2.2.12)
with the growth condition (2.2.10) has the form
u(z) = —Vo(r)+ We(x) + w(x) (2.2.13)
with the Cauchy data ¢ = u|p and o = T'u|r and with

Ez/ads. (2.2.14)
r
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2.2.1 The Interior Displacement Problem

The Dirichlet problem for the Lamé equations (2.2.9) in {2 is called the dis-
placement problem since here the boundary displacement

up=¢ on I (2.2.15)

is prescribed. The missing Cauchy datum on I is the boundary traction
o = Tup. Applying the trace and the traction operator T' (2.2.5) to both
sides of the representation formula (2.2.4), we obtain the overdetermined
system of boundary integral equations

px) = (GI-K)p(z)+Vo(z), (2.2.16)
o(z) = De+(31+K')o(z) on I'. (2.2.17)

Here, the boundary integral operators are defined as in (1.2.3)—(1.2.6), how-
ever, it is understood that the fundamental solution now is given by (2.2.2)
and the differentiation 52— (1.2.4)~(1.2.6) is to be replaced by the traction

on|p

operator Tjp (2.2.5). Explicitly, we also have:

Lemma 2.2.1. Let I' € C? and let ¢ € C*(I'),0 € C(I") with 0 < o < 1.
Then, for the case of elasticity, the limits (1.2.3)—(1.2.5) exist uniformly with
respect to all v € I' and all ¢ and o with ||@|lce <1, ||o||ce < 1. Further-
more, these limits can be expressed by

Vo(z) = / E(z,y)o(y)dsy, zel, (22.18)
yel'\{z}
Ko(z) = pv. / (T,E(x,v))" @(y)ds,, zel, (2.2.19)
yer\{z}
K'o(x) = pwv. / (T,E(z,y))o(y)ds,, xel. (2.2.20)
yer\{z}

These results are originally due to Giraud [99], see also Kupradze [176, 177]
and the references therein. We remark that the integral in (2.2.18) is a weakly
singular improper integral, whereas the integrals in (2.2.19) and (2.2.20) are
to be defined as Cauchy principal value integrals, i.e.

e—0
yel\{z} ly—z|>e>0Ayel

p.v. /(TyE@,y))Tso(y)dsy:hm / (T, Bz, )" o(y)ds,

since the operators K and K’ have Cauchy singular kernels:



48 2. Boundary Integral Equations

(T,E(z.y))"

~ 2(n- 1)::()\ +2u) { (I + Z@jjl (x —y)(x - y)T) ZZ’;(:E, y)
+ﬁ (@ =y)ny —ny(z—9)") }T’ (2.2.21)
(ToE(x,y))
~ 2(n- 1)::@ T 2p) { (I + ijjﬁl (z —y)(z - y)T) gz’; (z,9)
R FE— ((z —y)n] —ng(z—y)7) } . (2.2.22)

We note that in case n = 2, the last term in (2.2.21) can also be written in
the form

1

(r— (z—ymny —ny(z—y') = (_01 ’ é) L gl —y|. (2.2.23)

) dsy
The last terms in the kernels (2.2.21) and (2.2.22) are of the order O(r~") as
r = |z — y| — 0 and, in addition, satisfy the Mikhlin condition (see Mikhlin
[213, Chap. 5] or [215, Chap. IX]) which is necessary and sufficient for the
existence of the above Cauchy principal value integrals for any z € I'. We
shall return to this condition later on. The proof of Lemma 2.2.1 can be found
in [213, Chap. 45 p. 210 ff].

It turns out that there exists a close relation between the single and double
layer operators of the Laplacian and the Lamé system based on the following
lemma and the Giinter derivatives

0 0

m (3y, m(y)) = n(y) nj(y)afyk = —mi;(9y,n(y))  (2:2.24)

ay;

(see Kupradze et al [177, (4.7), p. 99]) which are particular tangential deriv-
atives; in matrix form

M(8y,n(y)) = (mjx 0y, n(y)))) 4,5 - (2.2.25)

Lemma 2.2.2. For the Ginter derivatives there hold the identities

nj(ye - l‘e) - ntz(yj - xj)

, 2.2.26
|z —y[" ( )

- (ye — w0)(yx — 1)
me(Oy, n(y)
St

|z —y["

(s onlyy )y — k) O
_ (5]k P )anﬂ"' (2.2.27)
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The proof is straight forward by direct computation.
Inserting the identities (2.2.26) and (2.2.27) into (2.2.21) we arrive at

(T,E(z,y)) = M{aiy%(x, y) + M(8y, (n(y))va(z, y)}

+2u(M (8, n(y)) E(z,y)) " . (2.2.28)
In the same manner we find
(TE@) = gy ] e @:) = M (e () ()}
+2u(M 0z, m(x)) E(x,y)) - (2.2.29)

As a consequence, we may write the double layer potential operator in (2.2.19)
after integration by parts in the form of the Stokes theorem as

Kep(x) = M{F/(aiyVn(xay)>S@(y)dsy

- /%(% y)M(9y, n(y))w(y)dsy} (2.2.30)

r

2 [ B M@y n(0) e(w)ds,.
r

see Kupradze et al [177, Chap. V Theorem 6.1].
Finally, the hypersingular operator D in (2.2.17) is defined by

De(z) = -T,We(z)

= z—»zlérlr},z€1" (/\(dIVZWSo(z)) + Qu(gradecp(Z)) B

+ png X curlego(z)) . (2.2.31)

Lemma 2.2.3. Let I' € C? and let  be a Holder continuously differentiable
function. Then in the case of elasticity, the limits (1.2.6) exist uniformly with
respect to all x € I' and all o with ||p||cr+e < 1. Moreover, the operator D
can be expressed as a composition of tangential differential operators and the
simple layer operators of the Laplacian and the Lamé system:

Forn =2:

Dep(z) = f%f/ <‘2‘§) (z) (2.2.32)
where
= r—y)(z—y)"
Vxta) = 200 [ (<togle — ol + EE I ) as,.
r
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Forn =3:

Dey(z) = —ﬁ(nw X V) /

P (ny X Vy)e(y)ds,

~ M(0.,n(x)) / {42B@.) — = —— 1} M(@,,n() e(w)ds,

T |z —yl

4+ = ( 23: Mok agg,n /| mk:] awn(y))‘%)(y)dsy)

£,k=1 J=1.23

(2.2.34)

Proof: The proof for n = 2 was given by Bonnemay [17] and Nedelec [233];
here we follow the proof given by Houde Han [118, 119] for n = 3. The proof
is based on a different representation of the traction operator 7' by employing
Giinter’s derivatives M; more precisely we have:

T(0y,m(z))u(z) = (A + p)(dive)n(z) + u(g% + Mu) . (2.2.35)
We note 9
Mu = 871; — (divu)n(z) + n(z) x curlu. (2.2.36)

Now we apply T in the form (2.2.35) to the three individual terms in the
double layer potential K in (2.2.30) successively, and begin with

T(8Z7 n(x)) 8(727”(27 y) I
— p(n(z) - Vz);%%(z,y)ﬂruM(az,n(w));ly%(%y)I
+ Ot () (erad 50 2.0)

Next we apply T to the remaining two terms by using (2.2.29) to obtain
1
T(0.,n(x)) (QUE(Z, y) — m%(za y)I>

= M(O-.n(a@) {4t Blw.y) - 5o e )T )

+ 27'un(alc) Vo (z,y) I — T(az,n(x))i

n(z ).
2(n— 17 ir ! (z9)

Now we apply (2.2.35) to the last term in this expression and find
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T(0.,n(z)) ! )W%(Z;ZJ)I

2(n—1

B ﬁ(A + (@) (Vaya(z,y) |+

w
2(n— )7

+2(n ﬁ 1)7TM (02, n(2)) (2, )T .

TL(:L') . vz’)’n(zv y)I

Hence,

7(0:,m(@) (20E(z.9) - g5z )

= M(z,n(z)) {4u2E(z,y) - 2(n?L l)wfynl} " - l)wn(w)(vzvn(z,z))

m
+ mn(x) -Va(z,y)I .

Collecting these results we obtain
T (9, n(z))(Kp)(2)

o 0

+ M(00(0) [ {42 B o) = 520 f M@, n(0) (0,
r
i) [ (Tegmnln)) - olu)ds,

2(n — )m Ny
r

—n(:v)(Vz/%(&y) : (M(aym(y))w(y))dsy}
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where
Figla) = [ {n(o) (Vgm0 010)

= n(2)(Varn(z,9)) - (M(9y, () e(y)) }dsy
and

Fupla) = [ {M(0.n(a) 5z

+ (n(2) - Vo (2,9) M(0,,7(1)) fp(w)dsy
The product rule gives

(M(8y,m(y)) Vo (2,9) - @(y)

n

= Y (a0 ) g ) )rly)

k 1

~
Il

[
NE

(1120310 (5290 .00 0)

k=1

— (mre(0y, m(y)) er(y)) %vn(z, y))

= ( — mu 9y, m(y)) (a%evn(z,y)wk(y))
k=1

+<8%%(Z’y)) (men (ay’”(w))sok(y)) . (22.37)

The symmetry of v, (z,y) and Ayv,(z,y) = 0 for z # y implies

XTI aC XL G e e
; Mk (Y) Oz kz:l n(y) By 021 (2, y) — n;(y) kz:l 5 o (2:9)
82’] any ’
ie.,
0Vn(z,
& vagj v) _ M0y () V(2. 9) - (2.2.38)
Y

Using (2.2.37) and (2.2.38) for the first term of the integrand of 7y, we find
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Tiple / [(M(8y (1)) Vara(2:3) - (1)

- Vﬂn(z y) - (M(9y(»))e(y)) }ds,

/ Z e ay,n (aa Y (2, 1) 0k (y ))dsy =0

£,k=1

for x & I' due to the Stokes theorem.
For the integral J5 we use

M(az,n<x>)£y%<z,y> M9y n() (V. - 1))z, )T
— (M(0, 1)) M (D n(2)) — M0, (@) M (B, () Y (2, )T

to obtain

Tap(a) = [ (M(0-n(2)) 0 200) IM(0,. () " 0)ds,

r

- M(sm(2)) / (22 9) M (3, m9)) o) sy
I

The final result is then with (2.2.36):

T(0.,n(x /sz y)ds,

T / (02 (@) )M (D3 00) ) 0lu)ds,
r

where z & I'.

As can be seen, this is a combination of applications of tangential deriv-
atives to weakly singular operators operating on tangential derivatives of .
Therefore, the limits z — x € ' with z € 2 or z € §2° exist, which leads
to the desired result involving Cauchy singular integrals (see Hellwig [123,
p. 197]). Note that for n = 2 we have (n(z) x V,)|r = ;2. [ |

Sx

The singular behaviour of the hypersingular operator now can be regular-
ized as above. This facilitates the computational algorithm for the Galerkin
method (Of et al [243]).
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As for the hypersingular integral operator associated with the Laplacian in
Section 1.2, here we can apply a more elementary, but different regularization.
Based on (2.2.31), we get

Do) = - lim_ (T, [(1,E(.0) (ply) - elo))ds,
r

LT / (T, E(z,y)) p()ds,}
I

Here, in the neighborhood of I', the operator T, is defined by (2.2.22) where
we identify n, = n, for z ¢ I'. If we apply the representation formula (2.2.4)
to any constant vector field a, representing a rigid displacement, then we
obtain
a=— /(TyE(z,y))Tadsy for z € (2,
r
which yields for z € {2 in the neighborhood of I

7. [ (1, () dsye@) = 0.
r

Hence,

D) =~ tim_ T [ (1,EG) (o) ~ ())ds,.
r

from which it can finally be shown that

De(z) = —pa. / T, (T,E(x.y)) " (¢(y) — () ds, (2.2.39)
r

(see Kupradze et al [177, p.294], Schwab et al [274]).

If the boundary potential operators in (1.2.18) and (1.2.19) are replaced
by the corresponding elastic potential operators, then the Calderén projector
Cg, for solutions u of (2.2.9) in (2 again is given in the form of (1.2.20) with
the corresponding elastic potential operators.

Also, Theorem 1.2.3. and Lemma 1.2.4. remain valid for the corre-
sponding elastic potentials V, K, K’ and D.

For the solution of the interior displacement problem we now may solve

the Fredholm boundary integral equation of the first kind

Vo=3p+Kp on I, (2.2.40)

or the Cauchy singular integral equation of the second kind
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30— K'o=D¢ on I', (2.2.41)

which both are equations for o.

The first kind integral equation (2.2.40) may have eigensolutions for spe-
cial I" similar to (1.3.4) for the Laplacian (see Steinbach [291]). Again we
can modify (2.2.40) by including rigid motions (2.2.11). More precisely, we
consider the system

Vo —wy= %cp—i—ch on I,
/ads=0 (2.2.42)

r
together with
/(—01952 +o9x1)ds = 0 for n=2 or
r (2.2.43)
/(O'X:B)ds = 0 for n=3,

r

where o and the unknown constant vector wg are to be determined. As was
shown in [142], the rotation b in (2.2.11) can be prescribed as b = 0; in this
case the side conditions (2.2.43) will not be needed. For n = 3, many more
choices in wq can be made (see [142] and Mikhlin et al [214]). The modified
system (2.2.42) and (2.2.43) is always uniquely solvable in the Holder space,
o € C%(I) for given p € C1T(I).

For the special Cauchy singular integral equation of the second kind
(2.2.41), Mikhlin showed in [210] that the Fredholm alternative, originally
designed for compact operators K, remains valid here. Therefore, (2.2.41)
admits a unique classical solution o € C*(I") provided ¢ € C+*(I'),0 <
a < 1. (See Kupradze et al [177, Chap. VI], Mikhlin et al [215, p. 382 ff]).

2.2.2 The Interior Traction Problem

The Neumann problem for the Lamé system (2.2.9) in {2 is called the traction
problem, since here the boundary traction

Tupr=1vonl (2.2.44)

is given, whereas the missing Cauchy datum w|r needs to be determined.
Corresponding to (2.2.16) and (2.2.17), we have the overdetermined system

(GI+K)u = Vi, (2.2.45)
Du = (3 -K')¢¥ on I’ (2.2.46)

for the unknown boundary displacemant w,r.
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As for the Neumann Problem for the Laplacian, here 1 needs to satisfy
certain equilibrium conditions for a solution to exist. These can be obtained
from the Betti formula, which for w and any rigid motion w(x) reads

0 = /(w CA*u) — (u- A'w)ds

1)
= /w-Tuds—/u-des.
T T

This implies, with Tw = 0, the necessary compatibility conditions for the
given traction 1), namely

/w -1pds = 0 for all rigid motions w (2.2.47)
r

given by (2.2.11). This condition turns out to be also sufficient for the ex-
istence of w in the classical Holder function spaces. If ¢ € C*(I") with
0 < a < 1 is given satisfying (2.2.47), then the right-hand side, V1) in
(2.2.45), automatically satisfies the orthogonality conditions from Fredholm’s
alternative; and the Cauchy singular integral equation (2.2.45) admits a
solutionu € C'T(I"). The solution, however, is unique only up to all rigid
motions w, which are eigensolutions. For further details see [142].

The hypersingular integral equation of the first kind (2.2.46) also has
eigensolutions which again are given by all rigid motions (2.2.11). As will be
seen, the classical Fredholm alternative even holds for (2.2.46), and the right—
hand side %1/1 — K'4) satisfies the corresponding orthogonality conditions,
provided, ¥ € C*(I") satisfies the equilibrium conditions (2.2.47). In both
cases, the integral equations , together with appropriate side conditions, can
be modified so that the resulting equations are uniquely solvable (see [141]).

2.2.3 Some Exterior Fundamental Problems

In this section we shall summarize the approach from [142]. For the exterior
displacement problem for w satisfying the Lamé system (2.2.12) and the
Dirichlet condition (2.2.15),

ur=¢onl,

we require at infinity appropriate conditions according to (2.2.10); namely
that there exist X and some rigid motion w such that

w(z) + E(z,0) X —w =0(z|'™™) as |z| — c0.

In general, the constants in ¥ and w are related to each other. However,
some of them can still be specified.
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For n = 2, we consider the following two cases. In the first case,
b in w=a-+b(—zp,21)T is given.

In addition, the total forces X' in (2.2.14) are also given, often as X' = 0 due to
equilibrium. Then a in w is an additional unknown vector. The representation
formula (2.2.13) for the Dirichlet problem (2.2.12) with (2.2.14) yields the
modified boundary integral equation of the first kind

Vo—a = —1p)+Ke(r)+b(—,, +21)" on I', (2.2.48)
/ads = Y. (2.2.49)
r

Here, ¢, 3 and b are given and o,a are the unknowns. As we will see,
these equations are always uniquely solvable. In particular, for any given
@ € C1T(I'), X and b, one finds in the classical Holder-spaces o € C*(I).

In the second case, in addition to the total force X', the total momentum

/(—.’E201 + £C10'2)d81 = 23
r

is also given, whereas b is now an additional unknown. Now the modified
boundary integral equation of the first kind reads

1
Vo(z)—a—b(—zy,+x1) = icp(x) + Kep(z) on I, (2.2.50)
/ads =X, /(—3720'1 + x109)ds, = X3, (2.2.51)
ia r

where ¢ € C1T(I"), X, X3 are given and o,a and b are to be determined.
The system (2.2.50), (2.2.51) always has a unique solution o € C*(I"), a, b.

Both these problems can also be reduced to Cauchy singular integral equa-
tions by applying the traction operator to (2.2.13). This yields the singular
integral equation

io(z)+ K'o(z) = —Dy(z) for z €I, (2.2.52)

with the additional equation (2.2.49) in the first case or the additional
equations (2.2.51) in the second case, respectively. The operator 31 + K’
is adjoint to %I + K in (2.2.17). Due to Mikhlin [210], for these special oper-
ators, Fredholm’s classical alternative is still valid in the space C*(I"). Since

%w—i—Kw:O on I'

for all rigid motions w, the adjoint equation (2.2.52) has an 3(n — 1)—
dimensional eigenspace, as well. Moreover, Dw = 0 for all rigid motions;
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hence, the right-hand side of (2.2.52) always satisfies the orthogonality con-
ditions for any given ¢ € C*+<(I). This implies that equation (2.2.52) always
admits a solution o € C*(I") which is not unique. If, for n = 2, the total force
and total momentum in addition are prescribed by (2.2.51), i.e. in the second
case, then these equations determine o (z) uniquely. For finding a and b we
first determine three vector-valued functions X;(z),j = 1,2, 3, satisfying on
I" the equations

/a~)\jds = a; and /(—azg,ml)-)\j(x)ds =0 for j=1,2,

T r
/a “X3ds = 0 and /(—mg,xl) - X3ds =1.
T

(2.2.53)
Since o(z) on I' is already known from solving (2.2.52), equation (2.2.50)
can now be used to find a and b; namely

forj=1,2 :a; | _ 1 ,
for j = 3 b }/Vo'(x)~)\()d ,,/90 Ajds — /(K(,D)')\]ds.
r r r
(2.2.54)

If, as in the first case, b and X' are given, then the additional equations

/ads = X and
r
1
/Ag(x) Vo(z)ds, = b-— 5/)\3 - pds + /)\3 - Kepds
r r T
determine o uniquely; and a1, as can be found from (2.2.54), afterwards.

In the case n = 3, there are many more possible choices of additional
conditions. To this end, we write the rigid motions (2.2.11) in the form

3
x) :Zajmj +ij am;(x ijm]
j=1

where m;(z) is the j-th column vector of the matrix

]-7 07 Oa 07 xs3, —Xx2
0, 1, 0, x5, 0, 2 |. (2.2.55)
O7 0, 1, —xr3, —I1, 0.

Let J C F:={1,2,3,4,5,6} denote any fixed set of indices in F. Then we
may prescribe a;_s3,b; for j € J, i.e., some of the parameters in w subject
to the behavior of (2.2.10) at infinity. If 7 is a proper subset of F then we
must include additional normalization conditions,
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/mk(y) <o (y)ds, = Ty for ke F\J. (2.2.56)
r

By taking the representation formula (2.2.13) on I", we obtain from the direct
formulation the boundary integral equation of the first kind on I,

1
> wpmp(r) = —5#(@) + Kep(x +> wimy(r),  (2.2.57)
keF\T JET

together with the additional equations,

/mk y)ds, = Xy for ke F\J. (2.2.58)

In the right-hand side of (2.2.57), the w; are given, whereas the wy in the
left—-hand side are unknown. For given ¢ € C*(I'),0 < a < 1, and given
constants wj,j € J, the unknowns are o € C*(I') together with wy, for
ke F\J.

Again, we may take the traction of (2.2.13) on I' to obtain a Cauchy
singular boundary integral equation instead of (2.2.57) and (2.2.58), namely
(2.2.52) together with (2.2.58). Since (2.2.52) is always solvable for any given
¢ € C1T(I') due to the special form of the right-hand side, and since the
eigenspace of %I + K’ is the linear space of all rigid motions, the linear
equations (2.2.58) need to be completed by including (card J) additional
equations which resembles the required behavior of u(x) at infinity for those
w; given already with j € J. For these constraints, we again choose the
vector—valued functions, A, on I', £ € F, (e.g. linear combinations of my|r)
which are orthonormalized to m;|r, i.e.,

/mJ x)dsg =00, JlLEF. (2.2.59)

Now, the complete system of equations for the modified Dirichlet problem can
be formulated as

1
3 o(z)+ Ko Zagmg =-—D¢(z) for z €l

(2.2.60)
/mk-ak(y)dsy:Zk, ke F\J,

together with

/)\j( VUdS—/)\ { z)+ K’ (x)}ds+wj for j € J.
r
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The desired displacement w(z)|r then is obtained from (2.2.13) with o (x)
determined from (2.2.60) and wy given by

1
wkZ/Ak-VO'dS—l-/)\k-{2¢—K§0}d8 for k‘E}—\j
r r

Note that we have included the extra unknown term > apmy(z) in (2.2.60)
so that the number of unknowns and equations coincide. One can show that
in fact ay = 0 for £ € F. The last set of equations has been obtained from
(2.2.50) with (2.2.59).

For the exterior traction problem, the Neumann datum is given by

Tulr =1 on I,

and the total forces and momenta by

/¢~mkd8:2k, keF.
r

Here, the standard direct approach with  — I" in (2.2.13) yields the Cauchy
singular boundary integral equation for u,r,

iu(z) — Ku(z) = Vyp(z) + w(z) for z €. (2.2.61)

As is well known, (2.2.61) is always uniquely solvable for any given ¢ € C*(I")
and given w with w € C'*(I"); we refer for the details to Kupradze [176,
p. 118].

If we apply T to (2.2.13) then we obtain the hypersingular boundary
integral equation

Du(z) = —3¢(z) — K'tp(z) for z€T. (2.2.62)

It is easily seen that the rigid motions w(y) on I' are eigensolutions of
(2.2.62). Therefore, in order to guarantee unique solvability of the boundary
integral equation , we modify (2.2.62) by including restrictions and adding
unknowns, e.g.,

3(n—1)
Dug(r) = —%'w(x) — K'¢(z) + Z aymy(z) for z € I' and
=t (2.2.63)
/mk(y)-uo(y)dsy =0, k=1,---,3(n—1).
T

Also here, the unknowns ay are introduced for obtaining a quadratic system.
For the Neumann problem, they all vanish because of the special form of
the right-hand side. As we will see, the system (2.2.63) is always uniquely
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solvable; for any given ¢ € C*(I') we find exactly one uy € C1T(I'). In
(2.2.63), the additional compatibility conditions can also be incorporated
into the first equation of (2.2.63) which yields the stabilized uniquely solvable
version

_ 3(n—1)
Dug(x) := Dug(z) + Z /mk(y)uo(y)dsymk(x)
k=1
= —1y(x) - K'(x) for €.

(2.2.64)

Once ug is known, the actual displacement field w(z) is then given by
u(z) = =Vp(x) + Wug(z) for z € 2°. (2.2.65)

Note that the actual boundary values of u|r may differ from wug by a rigid
motion. u|r can be expressed via (2.2.65) in the form

w(@)|r = %uo(x) + Kug(z) — V(). (2.2.66)

In concluding this section we remark that the boundary integral equa-
tions on Holder continuous charges are considered in most of the more clas-
sical works on this topic with applications in elasticity (e.g., Ahner et al [5],
Balas et al [11], Bonnemay [18], Kupradze [175, 176], Muskhelishvili [223]
and Natroshvili [225]). However, as mentioned before, we shall come back to
these equations in Chapters 5-10.

Now we extend our approach to incompressible materials.

2.2.4 The Incompressible Material

If the elastic material becomes incompressible, the Poisson ratio
v = A2(A+ p) tends to 1/2 or A = 2ur/(1 — 2v) — oo for n = 3 and
for the plane strain case where n = 2. However, for the plane stress case we
have 7 — 1/3 and A — 2y if the material is incompressible; and our previous
analysis remains valid without any restriction.

In order to analyze the incompressible case, we now rewrite the Lamé
equation (2.2.1) in the form of a system

—Au+Vp=0,

2.2.67
+ udivu ( )

divu = —cp where p=—

and ¢ =1—2v = f= — 0+ (see Duffin and Noll [66]). This system corre-
sponds to the Stokes system. In terms of the parameter ¢, the fundamental

solution (2.2.2) now takes the form
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14 2¢

E@y) = oDt 9

{m@ I+ =@ - -yT}

(2.2.68)
which is well defined for ¢ = 0, as well. Consequently, the Betti-Somigliana
representation formula (2.2.4) remains valid, where the double layer potential
kernel now reads as

TE@) = g+ e ) y)T)ac'z
+ r% (x=yn, —ny(z—y)") }T , (2.2.69)

which again is well defined for the limiting case ¢ = 0. However, the limiting
case of the differential equations (2.2.63) leads to the more complicated Stokes
system involving a mixed variational formulation (see Brezzi and Fortin [25])
whereas the associated boundary integral equations remain valid. In fact,
from (2.2.65) and (2.2.66) it seems that the case ¢ = 0 does not play any
exceptional role. However, for small ¢ > 0, a more detailed analysis is re-
quired. We shall return to this point after discussing the Stokes problem in
Section 2.3.

2.3 The Stokes Equations

The linearized and stationary equations of the incompressible viscous fluid
are modeled by the Stokes system consisting of the equations in the form

2.3.1
divu =0 in 2 (or £2°). ( )

Here u and p are the velocity and pressure of the fluid flow, respectively,
which are the unknowns; f corresponds to a given forcing term, while u is
the given dynamic viscosity of the fluid. We have already seen this system
previously in (2.2.67) for the elastic material when it becomes incompressible,
although for viscous flow with given fluid density p, one introduces

V2:H>>1
P

which is usually referred to as the kinematic viscosity of the fluid, not the
Poisson ratio as in the case of elasticity. The fundamental solution of the
Stokes system (2.3.1) is defined by the pair of distributions v*, and ¢* satis-
fying

—{pA 0" (2,y) — Vag" (2,9)} = 6(x,y)e",

2.3.2
div, v* =0, ( )

where e* denotes the unit vector along the z-axis, k = 1,.,n with n = 2 or 3
(see Ladyzenskaya [179]). By using the Fourier transform, we may obtain the



2.3 The Stokes Equations 63

fundamental solution explicitly:
For n = 2,

2 .
1 (xp — T —Y;)e’
k(l‘ y) {1 L 2 : k yk j yj) 7

An _ — 2
Th va yl |z =y (2.3.3)
o 1 1
k
=~ [~ Jog—— ).
q*(,y) 8%{ o Oglfc—yl}’
and for n = 3,
3
1 (z — x; —vy;)€el
k _ k k= Ye) (T —y;
@) = 87m{|ﬂc—y|e t2 |z —yf® }
=1 (2.3.4)
d 11

}.

T A S
¢"(2.y) = Oxy, ~ 4w |z —y|
We note that from their explicit forms, v*(z,y) and ¢*(x,y) also satisfy the
adjoint system in the y—variables, namely

—{udy(z,y) + Vya* (2,y)} = 6z, y)e*
A (2.3.5)
—div, v* =0.
This means that we may use the same fundamental solution for the Stokes
system and for its adjoint depending on which variables are differentiated.
As will be seen, we do not need to switch the variables  and y in the repre-
sentation of the solution of (2.3.1) from Green’s formula (see [179]). For the
flow (u,p), we define the stress operators as in elasticity,

T(u) := —pn + u(Vu + Vu ' n (2.3.6)
=o(u,p)n

T'(u) := pn + u(Vu + Vu ' )n
=o(u,—p)n

where
o:=—pl+pu(Vu+Vu')

denotes the stress tensor in the viscous flow. We remark that it is understood
that the stress operator T is always defined for the pair (u,p). For smooth
(u,p) and (v, q), we have the second Green formula

/u~{—,uAv—Vq)}dx—/{—uAu—i—Vp} -vdy
7}

° (2.3.7)

:/[T(u)-v—u-T’('v)] ds

r
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provided

divu=dive =0.
Now replacing (v,q) by (v*,¢*), and by following standard arguments, the
velocity component of the nonhomogeneous Stokes system (2.3.1) has the
representation

ug(x) = / [Ty (w) - o*(2,y) = u- T (v") (2, 9)] dsy+/f-v’“dy for =€ 0.
r 19’
(2.3.8)
To obtain the representation of the pressure, we may simply substitute the
relation
Op

e pAug + fi
g

into (2.3.8). To simplify the representation, we now introduce the funda-
mental velocity tensor E(x,y) and its associated pressure vector Q(z,y),
respectively, as

E(l’,y) = [’Ulv '7vn]7 and Q($7y) = [q17'7qn]a

which satisfy

2.3.9
div,E=0". (2:3.9)
As a result of (2.3.4) and (2.3.5), we have explicitly
_ _oNT
E(®.9) = 10" Tymm (9 + e—ole—y) |j)(x |ny) ).
H i’ (2.3.10)
-+ T__ L T

with

F)/n(xv y) =

{log|xy for n =2,

|miy‘ forn =3

as in (2.2.2). In terms of E(z,y) and Q(x,y), we finally have the representa-
tion for solutions in the form:

u(z) = /E z,y)T(u)(y)ds, —/(Ty’E(m,y))Tu(y)dsy

r

/E z,y)f(y)dy for z € (2, (2.3.11)

p(z) = /Q z,y) - T(u)(y)dsy — 2u/(§2(:€,y)) “u(y)dsy

/Q x,y) - fly)dy for z € 1. (2.3.12)
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It is understood that the representation of p is unique only up to an additive
constant. Also, as was explained before,

T;E(w, y) = U(E(QU, Yy), —Q(z, y))n(y) .

2.3.1 Hydrodynamic Potentials

The last terms in the representation (2.3.11) and (2.3.12) corresponding to
the body force f define a particular solution (U, P) of the nonhomogeneous
Stokes system (2.3.1). As in elasticity, if we decompose the solution in the
form

u=u.+U, p=p.+P,

then the pair (u.,p.) will satisfy the corresponding homogeneous system of
(2.3.1). Hence, in the following, without loss of generality, we shall confine
ourselves only to the homogeneous Stokes system. The solution of the homo-
geneous system now has the representation from (2.3.11) and (2.3.12) with
f=0,ie.,

u(z) = Vr(z)—Wel(x), (2.3.13)
p(z) = &71(x)— Hp(x). (2.3.14)

(The subscript ¢ has been suppressed.) Here the pair (V,®) and (W, II) are
the respective simple— and double layer hydrodynamic potentials defined by

<

hu

=
|

/ E(z,y)7(y)ds,
r (2.3.15)

s

u )

&
[

/ Q(z.y) - T(y)dsy ;
I

We(z) = / (TH(E (@) @y)ds,
I
(2.3.16)
() =2 [ (5-Qa) - lu)ds, for 2# 1.
I

In (2.3.13) and (2.3.14) the boundary charges are the Cauchy data ¢ =
u(z)|r and 7(z) = Tu(x)|r of the solution to the Stokes equations

—puAu+Vp=0,

. . (2.3.17)
divu=0 in 2.

For the exterior problems, the representation formula for u needs to be
modified by taking into account the growth conditions at infinity. Here proper
growth conditions are



66 2. Boundary Integral Equations

)X loglz|+0O(1)  forn =2,
u(zr) = {O(|z|1) for n — 3 (2.3.18)
p(z) = O(z]'™) as |z| — occ. (2.3.19)

In the two—dimensional case X' is a given constant vector. The representation
formula for solutions of the Stokes equations (2.3.17) in £2¢ with the growth
conditions (2.3.18) and (2.3.19) has the form

u(z) = “Vr(a)+We(z)+w, (2.3.20)
p(z) = —@1(z)+ Hp(x) (2.3.21)

with the Cauchy data ¢ = u|p and T = T'(u)| satisfying
XY= /Tds; (2.3.22)
T
and w is an unknown constant vector which vanishes when n = 3.

2.3.2 The Stokes Boundary Value Problems

We consider two boundary value problems for the Stokes system (2.3.17) in
2 as well as in £2¢. In the first problem (the Dirichlet problem), the boundary
trace of the velocity

ulp=¢ on I (2.3.23)

is specified, and in the second problem (the Neumann problem), the hydro-
dynamic boundary traction

T(u)|r=71 on I' (2.3.24)

is given. As consequences of the incompressible flow equations and the Green
formula for the interior problem, the prescribed Cauchy data need to satisty,
respectively, the compatibility conditions

/(p-nds:(),

r

/T~(a+b><sc)d5:0 for all @ € R" and be R!T2""2
r

(2.3.25)

with b x @ := b(xy, —x1) " for n = 2.

For the exterior problem we require the decay conditions (2.3.18) and
(2.3.19). We again solve these problems by using the direct method of bound-
ary integral equations.

Since the pressure p will be completely determined once the Cauchy data
for the velocity are known, in the following, it suffices to consider only the
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boundary integral equations for the velocity u. We need, of course, the rep-
resentation formula for p implicitly when we deal with the stress operator.
In analogy to elasticity, we begin with the representation formula (2.3.13)
for the velocity w in {2 and (2.3.20) and (2.3.21) in £2¢. Applying the trace
operator and the stress operator 1" to both sides of the representation for-
mula, we obtain the overdetermined system of boundary integral equations
(the Calderén projection) for the interior problem

p(x) = (31-K)p()+Vr(z), (2.3.26)
T(z) = Do+ (iI+K')r(z) on I'. (2.3.27)

Hence, the Calderén projector for {2 can also be written in operator matrix

form as )
I - K \%4
_ (2
CQ—( D ;I+K') :

Here V, K, K’ and D are the four corresponding basic boundary integral op-
erators of the Stokes flow. Hence, the Calderén projector Cg, for the interior
domain has the same form as in (1.2.20) with the corresponding hydrody-
namic potential operators.

For the exterior problem, the Calderén projector on solutions having the
decay properties (2.3.18) and (2.3.19) with X' given by (2.3.22) is also given
by (1.4.11), i.e.,

1 _
I+ K =V ) (2.3.28)

2

As always, the solutions of both Dirichlet problems as well as both Neumann
problems in {2 and (2¢ can be solved by using the boundary integral equations
of the first as well as of the second kind by employing the relations between
the Cauchy data given by the Calderén projectors.

The four basic operators appearing in the Calderén projectors for the
Stokes problem are defined in the same manner as in elasticity (see Lemmata
2.3.1 and 2.2.3) but with appropriate modifications involving the pressure
terms. More specifically, the double layer operator is defined as

Ko@) = sel)+  lm_ [ (1ECY) ewis, (2.3.29)

r
- / (T, E(x, ) e(y)ds,
r\{z}

- OEiy(z,y) OEjk(z,y)
— k y k J , ,
- / Jg 1 {Q (2, )04 +,u( oy, + i )}nj(y)cpz(y)dsy
r\{z} v1,k,=

_ n / (=) n)((z—y)-e)(=—y)
2(n — 1)71'F\{ } |z — y[n+2

dsy
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having a weakly singular kernel for I" C C?, and, hence, defines a continu-
ous mapping K : C*(I') — C'T(I') (see Ladyzenskaya [179, p. 35] where
the fundamental solution and the potentials carry the opposite sign). The
hypersingular operator D is now defined by

Dy = -T,We(z)
= —QaigepTz(@,x)(Wgo(z)) (2.3.30)
= lim_ {(Te()n(x) - u(V-We(2) + (V-We(2) n()} .

With the standard regularization this reads

Dila) = —pov. [T (TyEG0) THplw) - o()ds, (2.331)
r
- ﬁp-“ /{lej_lynn(y) (e(y) — p(2))

) n@)[@ =) ()~ o) (@ - y) s,

bt [{2 2 = y) o)

+

2(n — 1)7TF |z — y[nt+e
x [(@ =) nw)] [z =) - (py) - ¢@)] (@ —y)
- m([(m —y) - n(@)][(z —y) - (e(y) — ¢(z))]n(y)

(
+n(z) - (¢y) — @) [(y —2)-n(y)](z—y)
+ [(z —y) - n@)][(z —v) - n®)] (ey) - 90(:6))) }dsy :

Again, as in Lemma 2.2.3, the hypersingular operator can be reformulated.

Lemma 2.3.1. Kohr et al [164] Let I' € C? and let ¢ be a Hélder continu-
ously differentiable function. Then the operator D in (2.3.30) can be expressed
as a composition of tangential differential operators and simple layer poten-
tials as in (2.2.32)(2.2.34) where in the case n = 2 set L =1 in (2.2.33)

A 24
and in the case n = 3 take E(x,y) from (2.3.10) in (2.2.34).
L
Now let us assume that the boundary I' = |J I consists of L separate,
=1
mutually non intersecting compact boundary components I7,...,I7 .

Before we exemplify the details of solvability of the boundary integral
equations, we first summarize some basic properties of their eigenspaces.

Theorem 2.3.2. (See also Kohr and Pop [163].) Let n = 3. Then we have
the following relations.
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i) The normal vector fields mny € C*(I") where ng|r, = 0 for £ # j generate

L
exterior to 2 on I' = |J Iy the L—dimensional eigenspace or kernel of the
=1
simple layer operator V as well as of (31 — K'). Then the operator (31 —
K) also has an L-dimensional eigenspace generated by @,, € C*T(I") with

Yoelr; = 0 for £ # j satisfying the equations

ng = Dpy, for £=1,L. (2.3.32)

L
Any eigenfunction ) vy;n; generates a solution
j=1

L
OEZVjan and po=7y1 in 2

j=1

(see Kohr and Pop [163], Reidinger and Steinbach [260]).
ii) On each component I'y of the boundary, the boundary integral operators
D|r, as well as (I + K)|r, have the 6-dimensional eigenspace v, = (a; +
by x )| for all ay € R® with b, € IR,

Ifvjewithj=1,...,6 and{ =1,...,L denotes a basis of this eigenspace
then there exist 6L linearly independent eigenvectors T, € C*(I") of the
adjoint operator (I + K')|r,; and there holds the relation

v =V (2.3.33)

between these two eigenspaces.
Any of the eigenfunctions vj, on I' generates a solution

0 forzeNif¢=21L
) =— [ K(x, ) ds, = )
Uos,¢(¥) / (@, y)vje(w)ds {vj,l(x) forzenifi=1
I
0 forxe Nif¢=2,L,

poj.e(z) = divxﬁrf (%*ﬁ(:ﬂ,y)) v;1(y)ds, for x € 2 if £=1.
1
In the case n = 2, the operator V needs to be replaced by
Vr = V7'+cv(/ Tds) with a>0
r
an appropriately large chosen scaling constant o and a + b X x replaced by
a+b(xo,—x1)" and 6 by 3 in ii).

Proof: Let n = 3 and, for brevity, L = 1.
i) It is shown by Ladyzenskaya in [179, p.61] that n is the only eigensolution
of (I — K'). Therefore, due to the classical Fredholm alternative, the adjoint
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operator (%I — K) has only one eigensolution ¢, as well. It remains to show
that n is also the only linear independent eigensolution to V' and satisfies
(2.3.32).

As we will show later on, for V, the Fredholm theorems are also valid and
V . C*(I') — C*TY(I") has the Fredholm index zero. Let 75 be any solution
of Vry = 0. Then the single layer potential

ug = V1o with pg = @1y

is a solution of the Stokes system in {2 as well as in 2¢ with ug|r = 0. Then
ug = 0 in IR? and the associated pressure is zero in £2¢ and py = 8 = constant
in £2. As a consequence we have from the jump relations

Ty (uo—,po) — Ty (uo4,0) = [U(uo,po)n} Ir =—pBn,

therefore 79 = —fn.

On the other hand, Vn|r = 0 follows from the fact that w := Vn and
p = IIn is the solution of the exterior homogeneous Neumann problem of
the Stokes system since

T(Vu)r=(—31+K')n=0.

and therefore vanishes identically (see [179, Theorem 1 p.60]).
In order to show (2.3.32), we consider the solution of the exterior Dirichlet
Stokes problem with u™ | = ¢, # 0 which admits the representation

u(z) =We,—VT.

Then it follows that the corresponding simple layer term has vanishing bound-
ary values,

~VTlr=¢o = (31 + K)pg = (31 = K)py = 0.
Hence, 7 = fn with some constant § € IR. Application of T, | gives
T=0n= —Dgoo + (%I— K')ﬁn = —DQDO .

The case 8 = 0 would imply 7 = 0 and then u(z) solved the homogeneous

Neumann problem which has only the trivial solution [179, p. 60] implying
o = 0 which is excluded. So, 3 # 0 and scaling of ¢, implies (2.3.32).
ii) For the operator (11+ K) having the eigenspace (a+bx )| of dimension
6 we refer to [179, p. 62]. Hence, the adjoint operator (%I + K') also has a
6-dimensional eigenspace due to the classical Fredholm theory since K is a
compact operator. For the operator D let us consider the potential u(z) =
Wo(z) in 2° with v = a+bx x|r. Then w is a solution of the Stokes problem
and on the boundary we find

utpr=G3I+Kwv=0.
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Therefore u(z) = 0 for all x € £2¢ and, hence,
TWv=—-Dv=0 and v €kerD.

Conversely, if Dv = 0 then let u be the solution of the interior Dirichlet
problem with w4~ | = v which has the representation

u(z) =Vr—-Wr for z €
with an appropriate 7. Then applying 1" we find
T=GI+K)r+Dv=(3I+K')T.

Therefore T satisfies (%I—K’)T = 0 which implies 7 = fn with some § € IR.
Hence,
u(x) = fVn(x) — Wo(z) = —Wo(z)

and its trace yields
(AI+K)v=0 on I.

Therefore v = a + b x  with some a,b € R>.

Now let 79 € ker(31 + K'), 7o # 0. Then u(z) := Vro(z) in 2 is a
solution of the homogeneous Neumann problem in {2 since Tu|r = (%I +
K')7y = 0. Therefore u = a + b x = with some a,b € IR® and

V1o € ker(31 + K).

The mapping V : ker(3I + K') — ker(31 + K) is also injective since for
70 # 0)
V1o =0 would imply 79 = fn

and, hence,
(3I+K)10=0=B(31+K')n=pn— (31 -K')Bn=pn.

So, 8 = 0, which is a contradiction. The case L > 1 we leave to the reader
(see [143]).

For n = 2 the proof follows in the same manner and we omit the details.
|

In the Table 2.3.3 below we summarize the boundary integral equations
of the first and second kind for solving the four fundamental boundary value
problems together with the corresponding eigenspaces as well as the compat-
ibility conditions. We emphasize that, as a consequence of Theorem 2.3.2, the
orthogonality conditions for the right—hand side given data in the boundary
integral equations will be automatically satisfied provided the given Cauchy
data satisfy the compatibility conditions if required because of the direct
approach. _

In the case of n = 2 in Table 2.3.3, replace V by V and b x x by
(bzo,—21)", be R, a € R?.
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AT 2 u = woﬁQ

{ron} weds = (37 — 12)10y

QUON dNH
{7*fa} ueds = 1oy (3 + 5 =na(1)
(O + 1) > 7fa =11
S = 4 — = 4
—_— {7} weds = (37 + 1 7)10Y da—=1(31+17)@) qam
{7u} ueds = p10y A + NM\V = 2L A(T)
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Since each of the integral equations in Table 2.3.3 has a nonempty kernel,
we now modify these equations in the same manner as in elasticity by incor-
porating eigenspaces to obtain uniquely solvable boundary integral equations.
Again, in order not to be repetitious, we summarize the modified equations
in Table 2.3.4.

A few comments are in order.

In the two-dimensional case, it should be understood that V' should be
replaced by V and that kerD = span {v; ¢} with v, ¢ a basis of {a+b(_1;1) Hr,
with @ € R?, b € IR. Moreover, as in elasticity in Section 2.2, one has to
incorporate [ ods appropriately, in order to take into account the decay

r
conditions (2.3.18).
For exterior problems, special attention has to be paid to the behavior at
infinity. In particular, w has the representation (2.3.20), i.e.,

u=Wep—-Vr+w in °.
Then the Dirichlet condition leads on I" to the system
Vi—w=-(3I-K)p and [7ds=X, (2.3.34)
r
where in the last equation X is a given constant vector determining the log-

arithmic behavior of w at infinity (see (2.3.18)). For uniqueness, this system
is modified by adding the additional conditions

JT meds=0¢=1,L.
r

Then the system (2.3.34) is equivalent to the uniquely solvable system

L
Vr—w+ E W3eMy
=1

JT mnds =0, [eds=X, (=1L, or (2.3.35)
r r

—(31 - K)p,

L

V’T—w—l—ZfT-ngdS’ng
=171

~-AI-K)p, [ods=X. (2.3.36)
r

These last two versions (2.3.35) and (2.3.36) correspond to mixed for-
mulations and have been analyzed in detail in Fischer et al [80] and
[134, 135, 137, 139].

In the same manner, appropriate modifications are to be considered for
other boundary co nditions and the time harmonic unsteady problems and
corresponding boundary integral equations as well [137, 139], Kohr et al [163,
162] and Varnhorn [310]. There, as in this section, the boundary integral
equations are considered for charges in Holder spaces. We shall come back to
these problems in a more general setting in Chapter 5.
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Note that for the interior Neumann problem, the modified integral equa-
tions will provide specific uniquely determined solutions of the integral equa-
tions, whereas the solution of the original Stokes Neumann problem still has
the nullspace @ + b x  for n = 3 and {a + b(zq, —21) "} for n = 2.

Finally, the second versions of the modified integral equations (II) in
Table 2.3.4 are often referred to as stabilized versions in scientific computing.
Clearly, the two versions are always equivalent Fischer et al [79].

2.3.3 The Incompressible Material — Revisited

With the analysis of the Stokes problems available, we now return to the
interior elasticity problems in Section 2.2.4 for almost incompressible mate-
rials, i.e., for small ¢ > 0, but restrict ourselves to the case that I" is one
connected compact manifold (see also [143], and Steinbach [289]). The case

L
of I'=|J I as in Theorem 2.3.2 is considered in [143].
=1
For the interior displacement problem, the unknown boundary traction o

satisfies the boundary integral equation (2.2.40) of the first kind,
Veeo = (31 + Keg)p on T (2.3.37)

where the index el indicates that these are the operators in elasticity where
the kernel F.¢(z,y) can be expressed via (2.2.68). Then with the simple layer
potential operator V;; of the Stokes equation and its kernel given in (2.3.10)
we have the relation

1 2¢ 1
—V; —Val 2.3.38
14+¢ 4 ( )

‘/6:
¢ t+1—|—cg

where V4 denotes the simple layer potential operator (1.2.1) of the Laplacian.
Inserting (2.3.38) into (2.3.37) yields the equation

2
Vo = (1—|—C)(%I—|—Keg)cp—c;VA0', (2.3.39)

which corresponds to the equation (1) of the interior Stokes problem in
Table 2.3.3.

As was shown in Theorem 2.3.2, the solution of (2.3.39) can be decom-
posed in the form

o=o0¢+an with [op-nds=0 and a€RR. (2.3.40)
r

Hence,
1 2
Vioo = (1+¢)(51 + Kee)p — C;VA(UO +an),

(2.3.41)
Joo-nds=0.
r
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A necessary and sufficient condition for the solvability of this system is
the orthogonality condition

2 2

/ {(1 + c)(%[ + Kep)p —c—Vaog — achAn} ‘nds =0.
[ [

r

Now we combine (2.2.68) with (2.3.29) and obtain the relation
(14 ) Kepp = Koo + c(Kap + L) (2.3.42)

between the double layer potential operators of the Lamé and the Stokes sys-
tems where K 4 is the double layer potential operator (1.2.8) of the Laplacian
and L is the linear Cauchy singular integral operator defined by

_ 1 n(y) e (@ —y) — (@ —y) ey)n(y)
Lip = 2 =1) p.v./ ( o=y )dsy.
n (2.3.43)

Therefore the orthogonality condition becomes

[{(3T+ K)o} s e[ [{(31 + Ka + L)) - mds
T T
2 2
—EJI(VAO'()) -nds — a;ﬁA} =0

where 84 := [(Van) - nds. Since [nds = 0, it can be shown that 54 > 0

r r
(see [138], [141, Theorem 3.7]). In the first integral, however, we interchange
orders of integration and obtain

J(GT+ Ka)p) - nds = [@- (3] + K)n)ds = [¢ - nds
r r r

from Theorem 2.3.2. Hence, the orthogonality condition implies that @ must
be chosen as

if(VA(J'O) -nds.

ﬁAP
(2.3.44)

Replacing a from (2.3.44) in (2.3.41) we finally obtain the corresponding
stabilized equation,

:02ﬁ Je- nds+—f{ 11+ Ka+ L)} - nds —

Voo + [og-ndsn+ cBog = f (2.3.45)
r

where the linear operator B is defined by

if(VAO'o) . ndsVAn)

2
Bog := *(VAUO —
w Bar
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and the right-hand side f is given by
1
F=GI+Ky)p— —[p ndsVan
ﬁA r

1
+c[(%f+ Ka+Li)p - Ff{(%pr Ka+Li)p}- ndsVAn] :
Ar

Since for ¢ = 0 the equation (2.3.45) is uniquely solvable, the regularly per-
turbed equation (2.3.45) for small ¢ but ¢ # 0 is still uniquely solvable.

With o available, « can be found from (2.3.44) and, finally, the bound-
ary traction o is given by (2.3.40). Then the representation formula (2.2.6)
provides us with the elastic displacement field w and the solution’s behavior
for the elastic, but almost incompressible materials, which one may expand
with respect to small ¢ > 0, as well. In particular we see that, for the almost
incompressible material

Uep = Ugr + g%f(p ‘ndsVan+0(c) as ¢— 0
T

where ug; is the unique solution of the Stokes problem with

ust|p:<p—6%f<p~ndsVAn+O(c).
T

We also have the relation

Jo - nds = [divude = —c[pdz.
r 2 2
This shows that only if the given datum [ ¢ - nds = O(c) then we have
r

Uer = ug + O(c).

Next, we consider the interior traction problem for the almost incompress-
ible material. For simplicity, we now employ Equation (2.2.46),

Degw = (31 — K))¥ on I’ (2.3.46)

where now 1, the boundary stress, is given on I" satisfying the compatibility
conditions (2.2.47), and the boundary displacement w is the unknown.
With (2.3.38), i.e.,

c 1

T5c 2n= D @Y1 (2.3.47)

Eeé(xay) = Est(xay) +

1+4+c¢

and with Lemma 2.3.1 we obtain for the hypersingular operators

Depp = Dyyp + cLogp (2.3.48)
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where for n = 3

Lap(e) = Mo [ 4y i (Bulz)-

o/ 1y, In\4y I) d ’
T e e (@, y)I | Myp(y)dsy
I'\{z}

(2.3.49)
and for n = 2 the differential operators can be replaced as M, = %m and
M, = %. Hence, (2.3.46) can be written as

Dyu= (31— K¢ — cLou. (2.3.50)

In view of Theorem 2.3.2, one may decompose the solution u in the form
M

w(z) = uo(x) + Y aymy(x) (2.3.51)
j=1

where

Juo-mjds=0 for j=1,...,M with M:=3n(n+1),
r

and m;(z) are the traces of the rigid motions given in (2.2.55). These vector
valued functions form a basis of the kernel to D., as well as to D, which
implies also that

Lym; =0 for j=1,...,M and ceR. (2.3.52)

Substituting (2.3.51) into (2.3.50) yields the uniquely solvable system of equa-

tions
Dgug + cLoug = (31 — K.,

r

or, in stabilized form

M
Dyyuo + Y [uo - mydsm; + cLoug = (31 — Klo)9. (2.3.54)

j=1T
The right-hand side in (2.3.53) satisfies the orthogonality conditions

ir K/ Y) -mids=0 for j=1,.... M
2 el J
ha

since the given 1 satisfies the compatibility conditions

J¥-mjds=0 for j=1,...,.M
r

and the vector valued function m; satisfies

(AI+Key)m; =0 on I'.
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The equations (2.3.53) or (2.3.54) are uniquely solvable for every ¢ €
[0,00) and so, the general elastic solution u., for almost incompressible ma-
terial has the form

M
Uep(x) = Veptp(z) — Wepuo(z) + Z a;m;(x)

M
1 2c
= m{ust + ;VAQP —c(Waug + Lluo}(m) + Zajmj(x)
j=1

for x € {2 with arbitrary a; € IR and where u,; is the solution of the Stokes
problem with given boundary tractions v, and L is defined in (2.3.43). For
¢ — 0 we see that for the elastic Neumann problem

Uep = Ust + O(C)

up to rigid motions, i.e., a regular perturbation with respect to the Stokes
solution.

2.4 The Biharmonic Equation

In both problems, plane elasticity and plane Stokes flow, the systems of partial
differential equations can be reduced to a single scalar 4th—order equation,

A?u=0 in £ (or 2°) Cc R (2.4.1)

kwown as the biharmonic equation. In the elasticity case, u is the Airy stress
function, whereas in the Stokes flow u is the stream function of the flow. The
Airy function W(z) is defined in terms of the stress tensor o;;(u) for the
displacement field u as
(w) oW () o*w (w) W

on1(u) = —5, o12(u)=———"—7F—, o2u)=—7=,
H 330% 12 81'181'2 = al’%
which satisfies the equilibrium equation dive(u) = 0 automatically for any
smooth function W. Then from the stress-strain relation in the form of
Hooke’s law, it follows that

AW = o11(u) + o92(u) = 2(A + p)divu;

and thus, W satisfies (2.4.1) since A(div u) = 0 from the Lamé system. On
the other hand, the stream function u is defined in terms of the velocity w in
the form

u = (Vu)t.

Here | indicates the operation of rotating a vector counter—clockwise by
a right angle. From the definition, the continuity equation for the velocity
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is satisfied for any choice of a smooth stream function u. One can verify
directly that u satisfies (2.4.1) by taking the curl of the balance of momentum
equation in the Stokes system. We note that in terms of the stream function,
the vorticity is equal to wk = V x u = Auk, where k is the unit vector
perpendicular to the (z1,22)— plane of the flow. For the homogeneous Stokes
system, the vorticity is a harmonic function, and as a consequence, u satisfies
the biharmonic equation (2.4.1).

To discuss boundary value problems for the biharmonic equation (2.4.1),
it is best to begin with Green’s formula for the equation in 2. As is well
known, for fourth-order differential equations, the Green formula generally
varies and depends on the choice of boundary operators, i.e., how to apply
the integration by parts formulae. In order to include boundary conditions
arising for the thin plate, we rewrite A%u in terms of the Poisson ratio v in
the form

0% 10%u  O%u 0? 0%u 0% 10%u  O%u
A%y = 2(1— 2l tvas)-
“= 922 (8x2 v 03 ) +2(1-v) 0x10xz2 (8z18x2> + 0z3 (8:17% +V8x%)
Now integration by parts leads to the first Green formula in the form
/(Azu) vdr = au,v) — / {S—ZMU + vNu}ds, (2.4.2)
0 r

where the bilinear form a(u,v) is defined by

P
a(u,v) = /{uAu Av+ (1 -v) Z (&ﬂ-;xj 3x-;zj)}dx; (2.4.3)
ii—1 K3 ?

0 )=

and M and N are differential operators defined by

Mu :=vAu+ (1 —v)((n(z) - V)*u)|s) (2.4.4)
0 d
Nu:= {anAu+ (1 =) ((n(2)- V) (#() ~Vw)u(x))}‘z:z (2.4.5)
where t = n't is the unit tangent vector, i.e. t{ = —ngy, to = ny. Then
ou 0%u u
Mu=vAu+ (1—v) {Biac%nl + 289518 2n1n2 + 8:62”2] ,

o dy(0®u  u Pu 5
s (=0 (3 - i et =}

For the interior boundary value problems for (2.4.1), the starting point is the
representation formula

/ (E(z, y)Nu(y) + (gfy(x,y))Mu(y)}dsy (2.4.6)
r

_ /{(MyE(a:,y))aa;; + (NyE(x,y))u(y)}dsy for v € 12,
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where FE(z,y) is the fundamental solution for the biharmonic equation
given by

1
E(z,y) = 87T|$—y|210g\x—y\ (2.4.7)

which satisfies
A2E(z,y)=6(x —y) in IR?.

As in case of the Laplacian, we may rewrite v in the form

u(z) = V(Mu, Nu) — W(u, %) (2.4.8)

where

{E(z,5)Nuly) + (gj;@, »)) Mu(y)}ds, . (249)

W(u, a—Z) = / (MUE(x,y))g—Z(y) + (NUE($7y))u(y)}dsy (2.4.10)

are the simple and double layer potentials, respectively, and u|r, % |ry Mul|p
and Nu|r are the (modified) Cauchy data. This representation formula
(2.4.6) suggests two basic types of boundary conditions:

The Dirichlet boundary condition, where u|r and g—g\ r are prescribed
on I, and the Neumann boundary condition, where Mu|r and Nul|r
are prescribed on I'. In thin plate theory, where u stands for the deflection
of the middle surface of the plate, the Dirichlet condition specifies the dis-
placement and the angle of rotation of the plate at the boundary, whereas
the Neumann condition provides the bending moment and shear force at
the boundary. Clearly, various linear combinations will lead to other mixed
boundary conditions, which will not be discussed here.

From the bilinear form (2.4.2), we see that

a(u,v) =0 for veER:={v=ciz1+coxa+cs| forall c1,ca,c3 € R}.
(2.4.11)

This implies that the Neumann data need to satisfy the compatibility
condition

0
/{gMquvNu}ds:O forall veR. (2.4.12)
n
r

We remark that looking at (2.4.2), one might think of choosing Au and
—(%Au as the Neumann boundary conditions which correspond to the Pois-
son ratio v = 1. This means that the compatibility condition (2.4.12) requires
that it should hold for all harmonic functions v. However, the space of har-
monic functions in {2 has infinite dimension, and this does not lead to a
regular boundary value problem in the sense of Agmon [2, p. 151].
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As for the exterior boundary value problems, in order to ensure the
uniqueness of the solution of (2.4.1) in ¢, we need to augment (2.4.1) with
an appropriate radiation condition (see (2.3.18)). We require that

Alcc

u(z) = (Aor + ) rlogr+0O(r) as r=|z]— (2.4.13)

]
for given constant Ag and constant vector A;. Under the condition (2.4.9),
we then have the representation formula for the solution of (2.4.1) in £2¢,

u(z) = =V(Mu, Nu) + W(u, g—Z) + p(z), (2.4.14)

where p € R is a polynomial of degree less than or equal to one.
Before we formulate the boundary integral equations we first summarize
some classical basic results.

Theorem 2.4.1. (Gakhov [90], Mikhlin [208, 209, 211] and Muskhelishvili
[223]). Let [ € C**, 0 < a < 1.
i) Let

ou
= T 3+a 24«
Y= (p1,p2) = <u|r7 8n|r) € CoFT (D) x I*F(I)

be given. Then there exists a unique solution u € C3T(2) N C*(2) of the
interior Dirichlet problem satisfying the Dirichlet conditions

ou
= d —|r= . 2.4.15
ulp =p1 an o Ir =2 ( )

For given Ay € R and A; € R? there also emists a unique solution
u € C3e (U ) N C*($2°) of the exterior Dirichlet problem which behaves
at infinity as in (2.4.13).
ii) For given

P = (P1,¢) " € CMH(I) x C(T)
satisfying the compatibility conditions (2.4.12), i.e.,

ov
/{1/)1% + wzv}ds =0 forall veER, (2.4.16)
T

the interior Neumann problem consisting of (2.4.1) and the Neumann condi-
tions
Mu|lp =41 and Nu|p =9 (2.4.17)

has a solution u € C3T(2) N C*(§2) which is unique up to a linear function
peER.

If, for the exterior Neumann problem in £2°, in addition to v the linear
function p € R is given, then it has a unique solution u € C3T*(2°U )N
C4(02) with the behaviour (2.4.13), (2.4.14) where
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—/’L/)st and A :/(1/)171+1/)233)d8. (2.4.18)
r

r

As a consequence of Theorem 2.4.1 one has the useful identity of Gaussian
type,

ap D for x€ 12,
fW( '3 ) %p for xel, forany peR. (2.4.19)
" 0 for 1z € 2°,

2.4.1 Calderdn’s Projector

(See also [144].) In order to obtain the boundary integral operators as x
approaches I', from the simple— and double-layer potentials in the represen-
tation formulae (2.4.8) and (2.4.14), we need explicit information concerning
the kernels of the potentials. A straightforward calculation gives

V(Mu,Nu)(z) = /E(x,y)Nu(y)dsy—i—/(gj;(x,y))Mu(y)dsy
r r
= i/|gc—y|210g|:10—y\Nu(y)alsy (2.4.20)
—|——/ y—x)(2log |z — y| + 1) Mu(y)ds,
W(u,g—;ﬁ)(x) = /(MyE(x,y))agi%)dsy—I—/(NyE(x,y))u(y)dsy
T T

1
= g/{(210g|x—y|+1)+1/(2log\m—y|+3)

«y—x)ﬂﬂyDz}&dwd

|z —y[? on
1 0 1
+27r/{8nybg(:c—y|)
T

_%u_V%i<@—y%ﬂw@—y%nww}mw@y

ds, |l —y|?

+2(1 —v) sy (2.4.21)

This leads to the following 16 boundary integral operators.
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Some more explanations are needed here. In order to maintain consistency
with our notations for the Laplacian, we have adopted the notations V;;, K;;
and D;; for the weakly and hypersingular boundary integral operators ac-
cording to our terminology. These boundary integral operators are obtained
by taking limits of the operations V,(e)-n,, M,, N., respectively on the cor-
responding potentials V and W as 2 3 z — x € I'. As in the case of the
Laplacian, for any solution of (2.4.1), the Cauchy data (u, %, Mu,Nu)ron I’
are reproduced by the matrix operators in (2.4.23), and Cy; is the Calderén
projector corresponding to the bi—Laplacian. In the classical Hoélder function
spaces, we have the following lemma.

Lemma 2.4.2. Let I' € C**, 0 < a < 1. Then Cg maps szo C3+a—k()
into itself continuously. Moreover,

C% =Cq. (2.4.24)
As a consequence of this lemma, one finds the following specific identities:
ViaDa1 + VisDs1 + VigDyy = (iI - K121)a
Do1Via 4 Vag D3y + VauDay = (31 — K3,),
D31 Viz 4 D3aVos + VauDas = (31 — K3),
Dy Vi + DysVoy + DazVag = (31— K3)).

Clearly, from (2.4.24) one finds 12 more identities between these operators.
In the same manner as in the case for the Laplacian, for any solution

of (2.4.1) in £2¢ with p = 0, we may introduce the Calderén projection Cge

for the exterior domain for the biharmonic equation. Then clearly, we have

Coe =7 —-Cqp,

where Z denotes the identity matrix operator. This relation then provides the
corresponding boundary integral equations for exterior boundary value prob-
lems. As will be seen, the boundary integral operators in Cy, are pseudodif-
ferential operators on I' and their orders are summarized systematically in
the following:

0o -1 -3 -3
+1 0 -1 -3
+1 41 0 -1
+3 41 +1 0
The orders of these operators can be calculated from their symbols and

provide the mapping properties in the Sobolev spaces to be discussed in
Chapter 10.

Ord(Ca) == (2.4.25)

2.4.2 Boundary Value Problems and Boundary Integral Equations

We begin with the boundary integral equations for the Dirichlet problems.
For the integral equations of the first kind we employ the second and the
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first row of Cg, which leads to the following system for the interior Dirichlet
problem,

Vaz Vag\ (o1 —Dyy 31— Ka)\ (¢1
Vo := =1, = f,.
Vis Via) \ o2 51+ K —Via Y2
(2.4.26)

The solution of the interior Dirichlet problem has associated Cauchy data o
which satisfy the three compatibility conditions:

[(e1m + oox)ds, =0, —[o2ds =0. (2.4.27)
r r

As we shall see in Chapter 10 , V' is known as a strongly elliptic operator
for which the classical Fredholm alternative holds. Hence uniqueness will
imply the existence of exactly one solution o € C1T(I") x C*(I).

For the exterior Dirichlet problem, by using Cp- and the representation
(2.4.13) we obtain the system with integral equations of the first kind,

D 1+ K
Vo + Rw— — 1 21 3 22 ¥1 ::fe7
51— K1 V12 P2

f(aln + 0'2513) = A1 5 —fO'QdS = AQ (2428)
r r

where

_ (0 n1 ng _ T 3
R(x) = (1 ) 302) and w = (wp,w1,ws) €IR°.

Lemma 2.4.3. The homogeneous system corresponding to (2.4.28) has only
the trivial solution in C1t(I') x C*(I") x R?.

Proof: Let oy, wq be any solution of
0
Vog+ Rwg=0 on I, f(a—v,v) opds=0 forall veR (2.4.29)
7 \on

and consider the solution of (2.4.1),
uo(x) := Voo(z) + po(z) with po(x) = @o + @121 + womy for x € 0°.

Then Ap =0, A; = 0 because of (2.4.29) and (2.4.18), hence ug = O(|z|)at
infinity due to (2.4.13) which implies ug(z) = po(x) for all x € 2°UI". On
the other hand, ug(z) is also a solution of (2.4.1) in {2 and is continuous
across I" where ug|r = 0. Hence, due to Theorem 2.4.1, ug(z) = 0 for all x
in 2. Consequently, MuZ|r = 0 and NuZ|r = 0. Then the jump relations
corresponding to Coe — Cq imply o9 = ([Mu]|r, [Nu]lr)T = 0 on I' and
O=ugy|r= u{ﬂp = po implies po(x) = 0 for all z, i.e., w=0. [ ]
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As a consequence, both, interior and exterior Dirichlet problems lead to
the same uniquely solvable system (2.4.28) where only the right-hand sides
are different and, for the interior Dirichlet problem, w = 0.

Clearly, the solution of the Dirichlet problems can also be treated by using
the boundary integral equations of the second kind. To illustrate the idea we
consider again the interior Dirichlet problem where u|r = ¢ and %| r = s
From the representation formula (2.4.6) we obtain the following system for
the unknown o = (Mu, Nu)" on I:

31+ K3 1 — Va4 o) _ D31 D32\ (1 . Dy. (2.4.30)
—Dy3 51— Kyg) \o2 Dy Dya) \p2

This system (2.4.30) of integral equations has a unique solution. As we shall

see in Chapter 10, for 0 < v < 1 the Fredholm alternative is still valid for

these integral equations and o € C'*(I") x C*(I"). So, uniqueness implies
existence.

Lemma 2.4.4. Let o € C*(I') x C**(I') be the solution of the homoge-
neous system
1 [e] o
(EI:'K33)01 - V34C;2 =0 (2.4.31)
—D340’1 + (%] — K44)0‘2 =0 on I'.
Then & = 0.
Proof: For the proof we consider the simple layer potential

ug(z) =Vo

which is a solution of (2.4.1) for © ¢ I'. Then for x € {2 we obtain with
(2.4.31):

Mug|r = (%I*K33)001+V34002 =01,
Nug|r = (%I+K44)002+D43001 = 0.
Then the Green formula (2.4.2) implies
o Ov o
f(alf + 0211) ds=0 forall veR. (2.4.32)
N\ Ou

For x € ¢ we find Muf|r = 0 and Nuf|r = 0 due to (2.4.31). Then
Theorem 2.4.1 implies with (2.4.32) that

ug(x) = p(x) for x € N°UI with some p e R.

But ug(z) is continuously differentiable across I' and satisfies (2.4.1) in 2

. . _ dus .
with boundary conditions uy|p = p|p and F>|p = g—z\ r. Hence, with

Theorem 2.4.1 we find
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Vo(x) =ug(z) = p(z) for = eIR?.

Then
o1 = [Mugllr =0 and o2 = [Nugl|r =0.

‘We now conclude this section by summarizing the boundary integral equa-
tions associated with the two boundary value problems of the biharmonic
equation considered here in the following Tables 2.4.5 and 2.4.6. However,
the missing details will not be pursued here. We shall return to these equa-
tions in later chapters.

We remark that in Table 2.4.5 we did not include orthogonality conditions
for the right-hand sides in the equations INP (1) and (2), EDP (2) and ENP
(1) since due to the direct approach it is known that the right—hand sides
always lie in the range of the operators. Hence, we know that the solutions
exist due to the basic results in Theorem 2.4.1, and, moreover, the classical
Fredholm alternative holds for the systems in Table 2.4.5. From this table we
now consider the modified systems so that the latter will always be uniquely
solvable. The main idea here is to incorporate additional side conditions as
well as eigensolutions. These modifications are collected in Table 2.4.6. In
particular, we have augmented the systems by including additional unknowns
w € IR? in the same manner as in Section 2.2 for the Lamé system. Note that
in Table 2.4.6 the matrix valued function S is defined by

S(z) := (o'(z),0%(x),0°(2))

where the columns of S are the three linearly independent eigensolutions of
the operator on the left—-hand side of EDP (2) in Table 2.4.5. If we solve the
exterior Neumann problem with the system ENP (1) in Table 2.4.6, then we
obtain a particular solution with p(xz) = 0 in £2¢, and for given p(x) # 0, the
latter is to be added to the representation formula (2.4.14). For the interior
Neumann problem, the modified boundary integral equation INP (1) and (2)
provide a particular solution which presents the general solution only up to
linear polynomials.

Note that here we needed I' € C%“ and even jumps of the curvature
are excluded. For piecewise I' € C?®-boundary, Green’s formula, the rep-
resentation formula as well as the boundary integral equations need to be
modified appropriately by including certain functionals at the discontinuity
points (Knépke [160]).
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Table 2.4.6. Modified Systems for the Biharmonic Equation

BVP
V Vs -D i1 K
(1) 23 24 o1 {Rw — ) 21 B) 22 ©1
Vis Via o2 51 + K11 —Via ©2
fagds =0, f(ayn, + o2x)ds, =0
IDP r r
2) %I + K33 —Va4 o1\ D31 D3z ©1
—Duys %I — Kua o2 D41 Da2 P2
(1) D41 D42 a’U;L +Rw _ . —D43 %I — K44 wl
D31 D32 o 51+ Kss —Va4 P2
fuds:O,f(um—i—nlg%)ds:o,f(umz—i—ngg%)ds:o
r r r
INP

lI—FKH —‘/12 u ‘/13
(2)(2_D g on | W= v
21 5 22 B 23
fudszO,f(uxl—Fm%)ds: ,f
r r r

Via (o
Vau o

uzs +n22%) ds =0
( Dn)

EDP

\% \% D
(1) 23 24 g1 +RUJ _ ) 21
‘/13 V14 g2 51 - Kll

—fO'QdS = Ay s f(U1’I’L + Uzﬂ?)ds = A
r

r

%[ + Koo P1
Via ©2

Va4 z1

g1 1
1 +
§I+K44 o2 0 n

Dy3
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D1

®) (51 -~ fa

D-
32 L 7\[0’2d8:A0, f(o’ln+0'2$)dS:A1
D42 ©2 r r

ENP

D D D
(1) 41 42 ;ip +Rw = — . 43
D31 D32 T 1] — Ks3

Jupds =0, f(upn1+
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2.5 Remarks

Very often in applications, on different parts of the boundary, different bound-
ary conditions are required or, as in classical crack mechanics (Cruse [58]),
the boundaries are given as transmission conditions on some bounded mani-
fold, the crack surface, in the interior of the domain. A similar situation can
be found for screen problems (see also Costabel and Dauge [52] and Stephan
[293]).

As an example of mixed boundary conditions let us consider the Lamé
system with given Dirichlet data on I'p C I' and given Neumann data on
I'y C I"' where I' = I'p U I'y U~y with the set of collision points 7 of the two
boundary conditions (which might also be empty if I'p and I’y are separated
components of I') (see e.g. Fichera [76], [145], Kohr et al [164], Maz‘ya [202],
Stephan [295]) where meas (I'p) > 0.

For n = 2, where I' is a closed curve, we assume that either v = ) or
consists of finitely many points; for n = 3, the set v is either empty or a
closed curve and as smooth as I'. For the Lamé system (2.2.1) the classical
mixed boundary value problem reads:

Findu € C2(2)NC*(N2), 0 < a < 1, satisfying

—A*u=f in {2 with

(2.5.1)
You=¢p on Ip and Tu=1y on In.

For reformulating this problem with boundary integral equations we first ex-
tend ¢ from I'p and ¥y from I'y onto the complete boundary I such that

Yp=¢lr, and Yy =[r, (2.5.2)
with ¢ € C*(I'"), 0 < a < 1 and appropriate 1. Then
Nu=9+@, Tu=1 -+ (2.5.3)

where now

& € G5 (I'n) = {¢ € C°(I')| suppep C I} (2.5.4)

and 17) with supp {/; C I'p are the yet unknown Cauchy data to be determined.
With (2.5.3), the representation formula (2.2.4) reads

vm:/Emmwxmf/aw@wfwwm

r

/E (z y y)dsy — /(TyE(%y))TcTo(y)dsy (2.5.5)

/Emy y)dy for z € (2.
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As is well known, even if ¢ € C*(I") then 4 will have singularities at v which
need to be taken into account either by {dist (z,7)} "2, with ¢, € C*(I'p)
or by adding singular functions at ~.

Taking the trace and the traction of (2.5.5) on I" leads with (2.5.3) to the
system of boundary integral equations

Vip(z) — Kp(z) = Lp(a) + Kp(a) — Vap(z) — Nf(z)  for z€lp,

K'(z) + D@(x) = Lp(z) — K'9p(x) — Dp(x) — TN f(x) for =€ Iy .
(2.5.6)
As will be seen in Chapter 5, the system (2.5.6) is uniquely solvable for
p € C§(I'y) and ¢ either in the space with the weight {dist (z,7)}"2 or
in an augmented space according to the asymptotic behaviour of the solu-
tion and involving the stress intensity factors (Stephan et al [297] provided
meas(I'p) > 0.
In a similar manner one might also use the system of integral equations
of the second kind

38(2) + K@(x) — Vip(z) = Vap(x) — 3p(x) — Kp(x) + N f(=)

for z € I'y,
1p(z) — K'p(z) — DP(z) = —i9p(x) + K'yp(x) + Dp(x) + T, N f(x)
for zelp. (2.5.7)

For the Laplacian and the Helmholtz equation and mixed boundary value
problems as well as for the Stokes system one may proceed in the same man-
ner. As will be seen in Chapter 5, the variational formulation for the mixed
boundary conditions provides us with the right analytical tools for show-
ing the well-posedness of the formulation (2.5.6) (see e.g., Kohr et al [164],
Sauter and Schwab [266] and Steinbach [290]). In the engineering literature,
usually the system (2.5.7) is used for discretization and then the equations
corresponding to (2.5.7) are obtained by assembling the discrete given and
unknown Cauchy data appropriately (see e.g., Bonnet [18], Brebbia et al
[23, 24] and Gaul et al [94]).

For crack and insertion problems let us again consider just the example
of classical linear theory without volume forces. Let us consider a bounded
open domain 2 C IR"™ with n = 2 or 3 enclosing a given bounded crack
or insertion surface as an oriented piece of a curve I, € C%, if n = 2 or,
if n = 3, as an open piece of an oriented surface I, € C®, with a simple,
closed boundary curve I, = v € C%. Further the crack should not reach
the boundary 92 = I" of {2, i.e., I C §2. The annulus (2. := 2\ F, is not a
Lipschitz domain anymore but if we distinguish the two sides of I assigning
with + the points near I'. on the side of the normal vector n. given due to
the orientation of I', and the points of the opposite side with —, the traces
from either side are still defined. For the crack or insertion problem, an elastic
field u € C?(2.) is sought which satisfies the homogeneous Lamé system
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~A*'u=0 in 2, (2.5.8)

in C*(2. UTI) and up to I. from either side with possibly different
traces at I,
vEulr, =@t and THu =* (2.5.9)

where we have the transmission properties

houllr, == (W0 u = wlr. = [#llr. = (¢" —¢7)|r. € CG (L) (2.5.10)

and
[T, == (T u— T w)lr, = [lln, = (@ —97)|n, € CH(IL) (25.11)

with
Cg (L) i={v € C*(Te) | (v v = 75 )|, = O}, (2.5.12)

and
CP(L) = {tp = {dist (z —7)} 29y (2) |9, € C*(Te)}. (2513

For the classical insertion problem with Dirichlet conditions you = ¢ €
C(I') on I the functions p* € C$(I.) are given. The unknown field u then
has to satisfy the boundary conditions

+

Youlr =¢ on I' and with (¢t —¢7)|, =0,

N ¥ (2.5.14)
Youlr, = ¢ and q, ulr, = ¢~ on I

as well as the transmission conditions (2.5.10) and (2.5.11).

By extending I up to the boundary I ficticiously and applying the Green
formula to the two ficticiously separated subdomains of {2 one finds the rep-
resentation formula

/E z,y) P (y)dsy — /(TyE(w,y))Tw(y)dSy

; (2.5.15)
- / Bz, y) ]|, (v)ds, + / (TeE(z,y)) " [@lIr. (v)ds,

yele I,

for z € 2.
By taking the traces of (2.5.15) at I" and at . one obtains the following
system of equations on I" and on [I:
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[ Bewwtas, - [ By,

yerl yel.

p(x) + Kep(zr) — / (T;E(x,y))—r[go]dsy for x eI,
yelt

- [ Bewwwis,+ [ E@o@lwds,

I

(T (z) + ¢ (2)) —l—/(T;E(%y))T[@b]dsy for x e I.
I

c

N|—=

(2.5.16)

~

yeE

N

This is a coupled system for » € C*(I") on I" and [¢p] € C¢(I,) on I, which,
in fact, is uniquely solvable for any given triple (¢, ™, ™) with the required
properties.

For the classical crack problem with Dirichlet conditions on I', e.g. as
Yt e C¥(T,) and ¢~ € C%(T.) are given with (¢p" — 9 7)|, = 0; the
desired fields w has to satisfy (2.5.8) and the boundary conditions

n=v%", T ulp, =%~ on I. (25.17)

Yulr =¢ on I' and Tfu

as well as the transmission conditions (2.5.10), (2.5.11).
Again from the representation formula (2.5.15) we now obtain the coupled
system

[ Beopswis, + [ (@B elwds,

yel yel,
= %<P($)+K<P(ﬂc)—|— / E(z,y)[¥]|r.(y)ds, for z €T,
yel.
DJ‘P](QU)— / TgE({E,y)q/J(y)dsy (2.5.18)
yel’

=1y () +v () — K| ([%]|r.)(z)

- /T;(TyE(x.y))Tgo(y)dsy for z €I},
yel’

for the unknowns ¢ € C*(I") and [¢] € C§(I.). As it turns out, this sys-
tem always has a unique solution for any given triple (¢, ", 4 ™) with the
required properties.

The desired displacement field in {2, is in both cases given by (2.5.15).



3. Representation Formulae, Local Coordinates
and Direct Boundary Integral Equations

In order to generalize the direct approach for the reduction of more general
boundary value problems to boundary integral equations than those pre-
sented in Chapters 1 and 2 we consider here the 2m—th order positive elliptic
systems with real C'>°—coefficients. We begin by collecting all the necessary
machinery. This includes the basic definitions and properties of classical func-
tion spaces and distributions, the Fourier transform and the definition of
Hadamard’s finite part integrals which, in fact, represent the natural regu-
larization of homogeneous distributions and of the hypersingular boundary
integral operators. For the definition of boundary integral operators one needs
the appropriate representation of the boundary manifold I" involving local
coordinates. Moreover, the calculus of vector fields on I" requires some basic
knowledge in classical differential geometry. For this purpose, a short excur-
sion into differential geometry is included. Once the fundamental solution
is available, the representation of solutions to the boundary value problems
is based on general Green’s formulae which are formulated in terms of dis-
tributions and multilayer potentials on I'. The latter leads us to the direct
boundary integral equations of the first and second kind for interior and
exterior boundary value problems as well as for transmission problems. As
expected, the hypersingular integral operators are given by direct values in
terms of Hadamard’s finite part integrals.

The results obtained in this chapter will serve as examples of the class of
pseudodifferential operators to be considered in Chapters 6-10.

3.1 Classical Function Spaces and Distributions

For rigorous definitions of classical as well as generalized function spaces we
first collect some standard results and notations.
Multi—Index Notation

Let INg be the set of all non—negative integers and let IN[} be the set of
all ordered n—tuples @ = (a1, - ,a,) of non—negative integers a; € INp.
Such an n-tuple « is called a multi-index. For all o € INjj, we denote by
|a] = a1 +as+- - -+ a, the order of the multi-index a. If a, 8 € INjj, we define
a+ = (a1+ b1, ,an+ Bn). The notation o < 3 means that «; < f; for
1 <7< n. We set
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al =aq!l---ap!

(0) = e = () ()

We use the usual compact notation for the partial derivatives: If
a=(ag, - ,a,) € Ny, we denote by D*u the partial derivatives

and

dlely

D%y =
(03 @ [}
Oz, 0x5? ... 0zp

of order |e|. In particular, if |a| = 0, then D%u = u.

Functions with Compact Support
Let u be a function defined on an open subset 2 C IR". The support of
u, denoted by suppu, is the closure in IR"™ of the set

{z € 2 :u(x) # 0}.

In other words, the support of u is the smallest closed subset of {2 outside of
which u vanishes. We say that u has a compact support in (2 if its support
is a compact (i.e. closed and bounded) subset of 2. By the notation K € (2,
we mean not only that K C {2 but also that K is a compact subset of (2.
Thus, if v has a compact support in {2, we may write suppu € (2.

The Spaces C™(§2) and C§°(2)

We denote by C™(§2), m € IN, the space of all real- (or complex—)valued
functions defined in an open subset {2 C IR™ having continuous derivatives of
order < m. Thus, for m = 0,C°(2) is the space of all continuous functions
in 2 which will be simply denoted by C(£2). We set

c>)= ) C™9),

m&EINg

the space of functions defined in {2 having derivatives of all orders, i.e., the
space of functions which are infinitely differentiable.

We define C§°(£2) to be the space of all infinitely differentiable functions
which, together with all of their derivatives, have compact support in 2. We
denote by CJ"(£2) the space of functions v € C™(§2) with suppu € 2. The
spaces CJ"(£2) as well as C§°({2) are linear function spaces.

On the linear function space C§5°({2) one can introduce the notion of
convergence ¢; — ¢ in C§°(£2) if to the sequence of functions {¢;}32, there
exists a common compact subset K € {2 with suppy; C K for all j €
IN and D%; — D% uniformly for every multi-index a. This notation of
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convergence defines a locally convex topology on C§°(£2) (see Treves [305]).
With this concept of convergence, C§°(£2) is a locally convex topological
vector space called D(£2).

Similarly, one can define C™({2) to be the space of functions in C™(2)
which, together with their derivatives of order < m, have continuous exten-
sions to 2 = 2U L. If 2 is bounded and m < oo, then C™(2) is a Banach
space with the norm

lulcmim = D sup[D*u()].
(2

loo|<m
The Spaces C™>({2)

In Section 1.2, we have already introduced Holder spaces, however, for
completeness, we restate the definition here again. Let {2 be a subset of IR"
and 0 < a < 1. A function u defined on {2 is said to be Holder continuous
with exponent « in 2 if 0 < o < 1 and if there exists a constant ¢ > 0
such that

lu(@) — u(y)| < clz—yl*

for all x,y, € 2. The quantity

|lu(z) — u(y)|
Ulq:2 = SUp ——————
[ ]a,() :L',yEI)Q |.23 — yl“
TFy

is called the Hélder modulus of u. For @ = 1, u is called Lipschitz continuous
and [u]1.p is called the Lipschitz modulus. We say that u is locally Holder
or Lipschitz continuous with exponent « on (2 if it is Holder or Lipschitz
continuous with exponent o on every compact subset of {2, respectively. By
C™(£2),m € Np,0 < o < 1, we denote the space of functions in C™(2)
whose m—th order derivatives are locally Holder or Lipschitz continuous with
exponent a on the open subset 2 C IR". We remark that Holder continuity
may be viewed as a fractional differentiability.

Further, by C™%(£2) we denote the subspace of C™({2) consisting of
functions which have m—th order Hélder or Lipschitz continuous derivatives
of exponent o in (2. If 2 is bounded, we define the Hélder or Lipschitz
norm by

|DPu(x) — Du(y)|

||U||0m»o(§) = ||U||cm(§) + Z sup — (3.1.1)
|,6\—m yeR |£E y|
" aAy

The space C"™*(£2) equipped with the norm || - || gm.« () is a Banach space.

Distributions
Let v be a linear functional on D(§2). Then we denote by (v, @) the image
of p € D(02).
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Definition 3.1.1. A linear functional v on D(§2) is called a distribution
if, for every compact set K € {2, there exist constants cx > 0 and N € INg
such that

[(0,0)| < e Y IDllco) =cx Y sup |[Dp()] (3.1.2)
la] <N la]<N *€9

for all ¢ € D(2) with supp ¢ C K. The vector space of distributions is called
D'(£2). For 2 =R" we set D:=D(R") and D' :=D'(R").

For a distribution v € D’'(£2), (3.1.2) implies that (v, ;) — (v, ) for v €
D'(02) if ¢; — ¢ in D(2). Correspondingly, we equip D’(£2) by the weak
topology; i.e., v; = v in D'(£2) if and only if (v,,¢) — (v,¢) as j — oo for
every ¢ € D(£2).

For v, w € D'({2), we say that v = w on an open set © C {2 if and only if
(v, ) = (w, p) for all ¢ € C§°(O). The support of a distribution v € D'(12)
is the complement of the largest open set on which v = 0.

The function space C*°({2) equipped with the family of seminorms
| ® llcm(xy for all compact subsets K € {2 is denoted by £(§2). The space
of distributions with compact supports in (2 is denoted by &’({2) and for
2 =1R" we set £ := ER") and & := &'(R™). As a consequence of this
definition, one obtains the following characterization of £'(£2).

Proposition 3.1.1. A linear functional w on £ is an element of £'(2) if
and only if there exist a compact set K € {2 and constants ¢ and N € INy
such that

[(w, o) < cllelleny for all ¢ € E(£2). (3.1.3)

We remark that the standard operations, such as the multiplication by a
function and differentiation can be extended to distributions in the following
way. Let T be any linear continuous operator on D({2), i.e., Typ; — T in
D(0) if p; — ¢ in D(£2). Then the operator T' on D’(2) is defined by

(T, @) = (v, T'p) for veD(2) and € D(2) (3.1.4)
where the dual operator T” is given by

/(Tgo)wdx = /gp(T’z/J)dx for all ¢,v € D(£2). (3.1.5)

R7l Rn

Therefore, the linear functional (Tw) in (3.1.4) is continuous on D({2) pro-
vided T" is continuous on D({2).

If f € &(2), then for v € D'(£2) we can define the product (fv) € D'(£2)
via the continuous linear functional given by

<(f’U),QD> = <’U7.f90>' (316)



3.1 Classical Function Spaces and Distributions 99

For the differential operator D® = T, which is continuous on D({2),
(=1)l*lD* = T’ is also continuous on D(2), hence, for v € D'(2) we
define D%v by

(D%, ) = (v, (=1)I*ID%p)  for all ¢ € D(12). (3.1.7)

Next, we collect the basic definitions of the rapidly decreasing functions
and corresponding tempered distributions IR".

Definition 3.1.2. A function p € C*°(IR") is called rapidly decreasing if

pllas := sup [z*Dg| < oo (3.1.8)
z€R™

for all pairs of multi—indices ., 3.

The vector space of the rapidly decreasing functions equipped with this
family of seminorms is called Schwartz space S.

A sequence of functions {pr}2, C S converges to p € S if and only if

lp = illag—0 as j—0
for all pairs of multi—indices ., 3.

Definition 3.1.3. By 8’ C D’ we denote the space of all continuous linear
functionals on S, i.e., to v € 8’ there exist constants c, > 0 and N € INg
such that

[{(v,0)| < ¢ Z sup |z®DPy| forall ¢ €S. (3.1.9)
lo],|BISN

The distribution space S’ is usually referred to as the space of tempered
distributions on IR". A sequence {v;}32, C &' is said to converge to v € &'
in &’ if and only if

(vj,0) = (v, ) forall pe€S as j— 0. (3.1.10)

Remark 3.1.1: For the above spaces we have the following inclusions:

DcE,ScS,EcD,DcScC€ and &€ S cD. (3.1.11)

As will be seen, the Fourier transform will play a crucial role in the analysis
of integral- and pseudodifferential operators. It is defined as follows.

Fourier Transform
On the function space D of functions in C§°(IR™), the Fourier transform
is defined by
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Foseu(x) == 0(€) == (2m)""/? / e" " Sy(z)dr for ueD. (3.1.12)

R™

Clearly, F : D — & is a continuous linear mapping. By using Definition
(3.1.4), we extend the Fourier transform to distributions v € £’ by

(Fu,0) := (v, Fp) forall peD. (3.1.13)

Then the linear map F : & — D’ is also continuous. If u € S then F is also
well defined by (3.1.12) and the following theorem is valid.

Theorem 3.1.2. The Fourier transform is a topological isomorphism from
S onto itself and the following identity holds:

u(z) = (2m) /2 / eTEFu(€)de  forall p€S. (3.1.14)
RBr

This is the inverse Fourier transform F*v for v = Fu.
In addition, we have for u,v € S:

Faose(Dou(z)) = (i€)*u(¢) and (D?ﬂ(f)) = fm._,g((fix)ﬁu(x)) (3.1.15)
(u, Foy = (Fu,v) and (Fu,Fv) = (u,v). (3.1.16)

(Formula (3.1.16) is called Parseval’s formula.)
Similar to the extension of F from D to &', we now extend F from S to
S’ by the formula

(Fu, @) :=(u,Fp) forall pe8 (3.1.17)

which defines a continuous linear functional on S since F : § — S is an
isomorphism. The inverse Fourier transform F*v for v € S’ is then defined by

(Fv,0) = (v, F*p) forall p€S. (3.1.18)

With these definitions,
Theorem 3.1.2 remains valid for S’.

A useful characterization of £’ in terms of the Fourier transformed distri-
butions is given by the fundamental Paley—Wiener—Schwartz theorem.

Theorem 3.1.3.
(i) If u € E'(IR™) then its Fourier transform

U(E) = Farogu = (2m) /7 / u(z)e " da
]1:{’71,

s analytic in & € C™. Here, the integration is understood in the distrib-
utional sense.
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(ii) Foru e &'(IR™) and suppu C {z € R"||z| < a} with a > 0, there exist
constants ¢, N > 0, such that

Q)] < c(1+ [g))Nel ™l for £eCm.

(ili) Ifu e C°(R™) and suppu C {z € R" ||z| < a} then for every m € INg
exists a constant ¢,, > 0 such that

[U(E)] < em (14 €)™ ™l for all ¢ € C™.

(see e.g. Schwartz [276] or Friedlander [84, Theorem 10.2.1]).

3.2 Hadamard’s Finite Part Integrals

We now consider a subclass of &’ which contains distributions defined by
functions having isolated singularities of finite order. In order to give the pre-
cise definition of such distributions, we introduce the concept of Hadamard’s
finite part integrals. Since our boundary integral operators have kernels de-
fined by functions with singularities of this type, we confine ourselves to the
following classes of functions.

Definition 3.2.1.
A function hy(z) is a C*(IR™ \ {0}) pseudohomogeneous function of
degree g € IR if

he(tz) = t%hg(z) for every t>0 and z#0 if ¢ ¢ Ng;

he(2) = fq(z) +log|z|pe(2) if qenN,, (32D

where py(z) is a homogeneous polynomial in z of degree q and where the
function f,(2) satisfies

fq(tz) =tif,(2) for every t >0 and z#0.

In short, we denote the class of pseudohomogeneous functions of degree
g€ R by Vhi,.

We note that for ¢ > —n, the integral
/hq(z)u(z)dz (3.2.2)
Q

for u € C§°(2) is well defined as an improper integral. For ¢ < —n, however,
hq(z) is non integrable except that u(y) and its derivatives up to the order
k = [-n — q] vanish at the origin'. Hence, (3.2.2) defines a homogeneous

! As usual, [p] := max{m € Z|m < p} with Z the integers, denotes the Gaussian
bracket for p € IR.
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distribution on C§°(£2 \ {0}). In order to extend this distribution to all of
C§°(£2), we use the Hadamard finite part concept which is the most natural
extension. It is based on the idea of integration by parts. Consider first the
family of regular integrals:

I (u) == / he(z)u(z)dz + / he(z)u(z)dz (3.2.3)

02\ 29 20\{|z|<e}

depending on € > 0 where u € C5°({2) and {2y is any fixed star-shaped
domain with respect to the origin, satisfying 29 C §2. The first integrals on
the right-hand side has C*°—integrands and exists. With the decomposition
of the second integral we have

1 ,0%
19(u) = / hq(z){u(z)— PORSE @(0)}@
20\{|zl<e} <k (3.2.4)
1 0% o o
+ Z N (0) / hg(2)z%dz .
o< 20\{|z|<e}

We note that the first integral on the right-hand side has a singularity of
order |z|~¢ where
0<pop:=—(g+n)—r<1.

We shall see that the last term on the right-hand side can be written in the
form

> da g;ﬁ (0)+ ) Cjlue7 (3.2.5)
7=0

0<lal<r

if o > 0. For ¢ = 0 one gets the same expansion as in (3.2.5) except that
Co(u)e® is replaced by Cp(u)loge. The constants C;(u) and d, will be given
explicitly later on. We note that for ¢ — 0, the terms Cj log 6+Zj:1 Cje=I—e
diverge. These are the terms causing the non—existence of the limit value of
the integral on the left—hand side in (3.2.4). More precisely, the coefficients d,,
and the functionals Cj(u) in (3.2.5) are computed from (3.2.4). To illustrate
the idea, we now compute a typical term where g+ |a|+n = —p—j < 0 and
la] =k —j:
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Z i@(0) / he(2)z%dz

ol Oz
lad=r= 20\{lzl<e}
R(©)
= > Lo / /rqh yrlel @=L drduw
al 83@0‘
‘O(I:K J ‘@‘ 1 T=¢
B 1 6% (R(é)qﬂa\-i-n —gatlaltny o
- / ararem O O}
= 61=1
5 ~ 0%
= O%hy(0)dw—— (0
- / A6, (O)dw 2 0)
éa 50,
—Jj—e
la \—f@—y ‘@‘ 1
« 804 —j—e
=: Z {da— hq(z)z dz} %( )+ Cj(u)e
la|=r—j 2\

provided j 4 ¢ > 0. The coefficients d, and the functional C; are defined in
an obvious manner. Here, & = z/ |z|, and dw is the surface element on the
unit sphere. R(é) describes the boundary of {2y in polar coordinates. For
j + 0 = 0 one may proceed similarly; we omit the details.

The Hadamard finite part integral as an extension of the homogeneous
distribution is now defined by neglecting the divergent terms in (3.2.4) given
n (3.2.5) (see also Sellier [280]).

Definition 3.2.2. Hadamard’s finite part integral is defined by

pf. / o (2)u(z)dz = / hy(2)u(z)dz
(9]

2\ 20

X aa (3.2.6)
qy
+/hq(z){u(z)— Z o7 }d + Z do—
2 la|<k lal<k
where, for 0 < o < 1 and for all multi-indices o with |a] = k — j and
7j=0,...,K,
d LI / R-2(6)6°h, ()d (3.2.7)
o= —— — w 2.
(j+o)al !
|6]=1
if n > 2 and where for the case n = 1 we set {2y := [—Ro, Ro| and identify

[ B 08 B)d = BT (h(1) + (<17 ho(-D) . (328)

161=1
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If 0 =0 and |a| < K, i.e, j=1,...,k, then dy is still given by (3.2.7),
(3.2.8), respectively.
For =0 and |a| = k, i.e. j =0, then

dy = % / log R(6)0%hy(O)dw if n > 2 (3.2.9)
.|é|:1
and for n = 1 we identify
/ log R(©)0%hy(0)dw = (logRo) (hq(1) + (—1)%hg(—1)).  (3.2.10)
|8|=1

The Hadamard finite part integral is also often denoted by
%hq(z)u(z)dz = p.f. /hq(z)u(z)dz.
Q 0

Alternatively, by subtracting the singular terms in (3.2.5), the value of
Hadamard’s finite part integral is also given by the limiting procedure

p.f. /hq(z)u(z)dz =
Q

. (3.2.11)
6112%{ / he(z)u(z)dz — Z C; (u)a_J_Q}
2\{[zl<e} =0
where Cp(u)e® is to be replaced by Co(u)loge for o = 0 and where the

functionals C;(u) are given as follows:
For 0 < o < 1 we have for j =0,...,k:

1 1 0%u ~ ~
; = — « . 2.12
GW=Grg L wge® [ Om@e  212)
la|=r—j 18]=1
If o =0, then for j = 0 we have
1 0% Say A
Co(u) I; o O%hy(0)dw, (3.2.13)
a=r 16]=1

whereas for j = 1,. .., k, the functionals are still given by (3.2.12) with ¢ = 0.
In the sequel it is understood, that for n = 1 the surface integral in
(3.2.13) should always be replaced by

/ 6hy(B)dw = (hy(1) + (—1)hy(~1)) . (3.2.14)

161=1
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Remarks 3.2.1: We observe that the functionals C; in (3.2.12) and
(3.2.13) are independent of the choice of §25. Thus, the equation (3.2.11)
of Hadamard’s finite part integral is independent of the choice of (2.

On the other hand, since Definition 3.2.2 and (3.2.11) are equivalent, non
of the coefficients d,, in (3.2.7) dependent on the choice of (2.

The advantage of Definition 3.2.2 is that it provides a constructive pro-
cedure for the evaluation of the Hadamard finite part integrals in terms of
the weakly singular and regular integrals. Furthermore, one has the freedom
to choose {2y as one wishes. This freedom is very handy from a practical
computational point of view. Moreover, we may decompose the integral

I(e) := hqe(z)u(z)dz
\{|z]<e}
in the form .
I(e) =T+ Cjei 2+ o(1), (3.2.15)
=0

(where for o = 0 we replace €” by loge) and where I is the finite part of the
integral due to (3.2.11). Conversely, if such an expansion is available then the
finite part is simply given by I.

Definition 3.2.3. A Hadamard finite part integral is called the Cauchy
principal value integral if in (3.2.15)

C;j=0 for j=0,...,K. (3.2.16)
In particular, we obtain a Cauchy principal value integral if
/ O%hy(B)dw = 0 (3.2.17)
|6|=1

for all multiindices o with |o| =k —j, j=0,...,k. We then denote by
p.v. /hq(z)u(z)dz = lin% / hg(2)u(z)dz (3.2.18)
E—
? 2\{|z|<e}

the Cauchy principal value of the integral, whenever it exists.

With the definition of Hadamard’s finite part integral available, every
pseudohomogeneous function hy(z) defines a distribution.

Lemma 3.2.1. Let hy(z) € Yhf, then

pf. /hq(z)u(z)dz =: (hg,u) forall weD (3.2.19)
&n
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defines a distribution hq € D'. This distribution can be extended to u € S,
hence, hg € S'.

Proof: The first claim follows from Definition 3.2.2 since the right—hand side
of (3.2.6) can be bounded by ck |[ulcx(xy for u € C§°(K) for any compact
set K € R".

If u € S, then we write

p.f. /hq(z)u(z)dz = / hq(z){u(z)— Z %zagZ:(O)}dz

R" l2j<1 lof<x
0%u
+ Y a0+ [ by,
laf<k |2]>1

where the d,, are defined by (3.2.7) with 2 = 2y = {z] |z| < 1}. Let ¢ ¢
INg. Then the integrand of the first integral is of order |z|**1%9 hence, this
integral is dominated by cl|u|cw+1(rny for £ > —¢ —n — 1. The last integral
is dominated by csup |29 1u(z)|. Hence,

[(hg,u)] e sup [2*D(2)|
lal,|BI<N

for N > |q+ n| + 1; and Definition 3.1.3 ensures h, € S'.
If ¢ € INyp then the first integral exists already for x = 0, whereas the

additional logarithmic growth does not effect the estimate of the integral for
|z| > 1. |

Remark 3.2.2: Let y € L*°(IR") with compact supp x =: K. Then

/X(z)hq(z)u(z)dz =: (xhg,u) for ueé (3.2.20)
e

defines a distribution xh, € £ since xh, also has support K.

As an example of the Hadamard’s finite part integral we consider the
hypersingular operator D of the Laplacian defined in (1.2.16) for n = 2. We
shall show that for I' € C?t® and ¢ € C'**, 0 < o < 1, we are able to
express the hypersingular operator in terms of a finite part integral, more
precisely,

De(e)=—=_ lim , noeV: / (B G0 e(whas,
) Yy

62
= —pf. d r
p /anﬁany (v, y)e(y)dsy, x €T,

r
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where the finite part integral is defined by the limit

0’E . 0*E
ot [ g ) )ds, = lim { / S Ee)s, — (i)}
I I

by using Formula (3.2.11) with I. = I'N{y ||z — y| > €} and,

d d

) ds, ds,
FE

H(zs50) (B w)e)ds, =~ poe). @aa)

To show (3.2.21), we first use formula (1.2.14), i.e.,

De(a) = —v (%) )

“ a5 \as,

and, with the well known result for singular integrals of Cauchy type, (see

e.g. Muskhelishvili [222, p. 31]) we can interchange ﬁ with integration, to

obtain the principal value integral

d dy . d
Do(a) = —pv. | G B 32 sy =~ tim [ By
r

€

dy
—(y)ds, .
dSy (y) Sy

Here we see that the above limit depends on the special choice of I%. If I.
were not chosen symmetrically with respect to & and the arclength distance
from x, the interchange of ﬁ and the integration needs to be modified. Now,
for fixed £ > 0 we have

/iE(x,y)d?‘pdsy - [ i(E(fc,y)@(y))dsy

€ €

_/<£ ngE(z,y)><p(y)d8y~

FE

Note that with our assumptions, the limit on the left—-hand side exists for
€ — 0, so does the difference on the right-hand side whereas each of the two
terms blows up individually. In particular, the first term can be simplified
with integration by parts, i.e.

d d

ds, dsy
I

P1

(B 0)el0))ds, = - B, y)elo)]

where p; = y(s; + 1) and py = y(s, — €2) with € > 0 and €5 > 1 which
are defined by |z — p,| = ¢ = |x — p,|. If we use the Taylor expansion of the
curve I' about x, we have
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2+a)

2
p,=x+¢t, — /{mnz% +O0(e and

2
€
Py =T — ety — Koo 5 + O(e*T)

where k, denotes the curvature of I" at . Hence, from (1.1.2) we find

d P2 1 tz A\ — D2
3, P@y)e@W)]  =-o- Uﬁf(y) N
{0 o o)
=20,

which is (3.2.21).

Alternatively, the same result can be achieved according to Definition
3.2.2 by chosing 20 = I'N{y|ly —z| <e}. Thenn=1, ¢g=—2 and k = 1;
dy = —5= is given by (3.2.7) with (3.2.8) and d; = 0 is given by (3.2.9); and
the regularized part in (3.2.6) satisfies

/ h_o(z —y){...}dsy = O(e%).

lz—y|<e

3.3 Local Coordinates

In order to introduce the notion of a boundary surface I" of a bounded domain
2 C R™, we shall first define its regularity in the classes C** k € INg, k €
[0, 1] by following Nedelec [229] and Grisvard [108], see also Adams [1, p.67]
and Wloka [322]. Given a point y = (y1, -+ ,yn) € IR", we shall write

y= "y, (3.3.1)
where

y = (1, yn1) ERL (3.3.2)

Definition 3.3.1. A bounded domain 2 in R™ is said to be of class C**
(in short §2 € C**) if the following properties are satisfied:

i. There exists a finite number p of orthogonal linear transformations T,
(i.e. n X n orthogonal matrices) and the same number of points x(,y € I'
and functions a,y(y'),m = 1,...,p, defined on the closures of the (n—1)-
dimensional ball,

Q={y e R"[[y| <4}
where § > 0 is a fixed constant. For each x € I there is at least one
re{l,...,p} such that

z =)+ Ty (Y, am) (y)) - (3.3.3)
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ii. The functions a(, € CkR(Q).
ili. There exists a positive number € such that for each r € {1,...,p} the
open set

Boy={e=2m+Tnyly= " un)y € Qand |y,| < e}

is the union of the sets

Uy = BonynR={z=z4)+Tmyly=© )y €Q
and a()(y') —€ < yn < a@(¥')},
Uty = By N(R\2) = {e =2+ Tnyly = y)y €Q
and a(y (') < yn < (') + €}, (3.3.4)
and

I'vy = By N 02 ={x = Ty + T (y',a(r)(y/)) |y/ €Q}. (3.3.5)

The boundary surface I" = 942 is said to be in the class C** if 2 € C**; and
in short we also write I" € C**. The collection of the above local parametric
representations is called a finite atlas and each particular mapping (3.3.3) a
chart of I'. For the geometric interpretation see Figure 3.3.1.

Uty = By n(R"\ ()

x =Xy + 1) (v ay (v'))

U, =BynQ

Fig. 3.3.1. The local coordinates of a C** domain

Remark 3.3.1: Note that we have a special open covering of I" by the open
sets By,

p
INe U B(r)-

r—1
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Moreover, the mappings

y = (Y, yn) = P()(x) where z € B, and

v= (T o - 9«"<r>))/ o= (T - x“)))n — o (T3 = 20)))

are one-to-one mappings from B,y onto @ x (—¢,¢) C IR™ having the inverse
mappings
T = !p(r) (y) =Ty + T(r) (y/7 Q(r) (yl) + yn)

from @ x (—¢,¢) onto B, as considered by Grisvard in [108] (see also Wloka
[322]). Correspondingly, we write I € C™ if I" € e, C*.

In the special case, when I" € C%!, the boundary is called a Lipschitz
boundary with a strong Lipschitz property and (2 is called a strong Lipschitz
domain (see Adams [1, p.67]). That means in particular that the local para-
metric representation (3.3.3) is given by a Lipschitz continuous function a,).
Such a boundary can contain conical points or edges (see e.g. in Kufner et al
[173]). Note that the domains shown in Figure 3.3.2 are not strong Lipschitz
domains.

It was shown by Gagliardo [87] and Chenais [41] that every strong
Lipschitz domain has the uniform cone property and conversely, every do-
main having the uniform cone property, is a strong Lipschitz domain (Gris-
vard [108, Theorem 1.2.2.2]).

A domain £2 € CY* with 0 < k < 1 is a Lyapounov surface as introduced
in Section 1.5. In fact, we have C%° c ¢! ¢ Cb C C%! where 0 < a < 1.

If f € C®(R") then, with our definitions, the restriction of f to the
boundary I € C*° will be denoted by f|,., and it defines by f(z(y’)) a C*°~
function of ¥ in Q. The mapping o : f — f|,. defines the linear continuous
trace operator from C*°(IR"™) into C*°(I").

Fig. 3.3.2. Two Lipschitzian domains



3.4 Short Excursion to Elementary Differential Geometry 111

These local coordinates are necessary for obtaining explicit representations
of the corresponding boundary integral operators on I'. For this purpose we
are going to rewrite the representation formulae.

According to (3.3.3), let I" be given locally by the regular parametric
representation

I':xp=y(o) (3.3.6)

in the vicinity of a fixed point z(,y € I', where 0’ = (01,...,0,_1) are the
parameters and z(,) = y(0). In the following, we require only that the tangent
vectors

9 . :

——(o’) for A\=1,...,n— 1 are linearly independent

80')\
and sufficiently smooth but not necessarily orthonormal. We note that in
(3.3.3) a particular representation was given by

y(o') = xpy + Ty (0, aiy(0"))

For x ¢ I' but near to I', we introduce a spatial transformation
x(o’ o) =y(o') + oun(o’), (3.3.7)

where n(o’) = n is the exterior normal to I" at y(¢’) and o, is an additional
parameter. (The coordinates (¢}, 0,) and (3.3.7) are often called “Hadamard
coordinates”.) For I' sufficiently smooth, it can easily be shown that (3.3.7)
defines a diffeomorphism between x € R™ and ¢ = (¢/,0,) € R" in ap-
propriate neighbourhoods of z = z(,j and ¢ = 0. However, note that for
x(0) € C%*, the surface I' must be given in C**1*. We shall come back to
this point more specifically in Section 3.7.

3.4 Short Excursion to Elementary Differential
Geometry

For the local analysis of differential as well as boundary integral opera-
tors on the boundary manifold we need some corresponding calculus in the
form of elementary differential geometry. For straightforward introductions
to this area we refer to the presentations in Berger and Gostiaux [15], Bishop
and Goldberg [16], Klingenberg [159], Millman and Parker [216] and Sokol-
nikoff [286]. We begin with the differential operator 52— Wthh can be trans-
formed by

Z 0o, Ou (3.4.1)

axq * dxy Aoy
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where the Jacobian % is to be expressed in terms of the transformation
q

(3.3.7). To this end, let us define the coeflicients of the associated Riemannian
metric

9ik(0) = gri = gz . % for i, k,=1,. (3.4.2)

The diffeomorphism defined by (3.3.7) is said to be regular if the determinant
does not vanish,

g :=det (g;x) #0. (3.4.3)

For a regular diffeomorphism, the inverse ¢"* of g, is well defined by

> gimg™ Z Z 8% g™ (’)xk. e (3.4.4)
m=1 0j

k=1m= 1
and from
Z Ooy 3:ck e
Oxi, 80 Oj¢
one gets
doy oxy, ¢
it m 3.4.5
orr 80 ( )
Hence, (3.4.1) becomes
- g e ou
g™ . 3.4.6
6xq ; aom ( )

This equation can be rewritten as follows.

Lemma 3.4.1. Let (3.3.7) be a reqular, sufficiently smooth transformation.

Then
e = s X e (A Gt

Proof: In order to show (3.4.7) we need to introduce the Christoffel symbols
G, of the diffeomorphism (3.3.7) defined by?

a? =1,. . 4.
aaqaap ; GW@ ori,p,q = (3.4.8)

For the Christoffel symbols, the following relations are easily established
(Sokolnikoff [286, p.80 ff.]):

’In Millman and Parker [216, (32.6)] one finds the additional term

Ozxs Ox
{ } * 22! which can be shown to be zero after some manipulations.

dop Jog
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Oger, —~ ~
Tﬁ = Z Ggqgmk + Z qugmla (349)
m=1
n dgP1 n
Z Jdo, - Z Gfl)@gzq Z Gqu (3.4.10)
g=1 1 gl=1 q.0=1
"9 (axi "\ O
9 gpq> = =y Bigrgm, (3.4.11)
p,q=1 Ooq \ 0o p,q,m=1 9oy
a n
879 - QQZG;q_ (3.4.12)
q

The right-hand side of (3.4.6) can be written as

ou 1 Oz, g
8:rq o Z 304 (f )

T Z (804 ‘[8% m@))u.

Then the second term on the right—hand side vanishes, since

5 e (Vi)

£,m=1
1 « 1 09 O0xq e 0%z, g dzx, 0 e
79 z; {2\/5 oy Do, g+ \@aogaa + \[('“)gm 87
IR 1 - ox
o D) e b3 ap, Lagn
9 Lm=1 2 9 r=1 rm =1 8
. " Oz
-3 g 3 Zagre
m,L,t=1 m,l,t=1
= 0, (3.4.13)
which gives (3.4.7). [ |

Our coordinates (3.3.7) are closely related to the surface I which corre-
sponds to o, = 0, i.e. z = z(0’,0) = y(o).

In the following, we refer to these coordinates (3.3.7) as Hadamard’s tubu-
lar coordinates. The metric coefficients of the surface I' are given by

dy Oy

You(0") =y (0') == o Do forv,p=1,...,n—1. (3.4.14)
v n

As usual, we denote by
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v = det (Vuu) (3.4.15)

the corresponding determinant and by 4" the coefficients of the inverse to
Yvu- Then

ds = ~2do’ (3.4.16)

is the surface element of I" in terms of the local coordinates.
In order to express g;; in terms of the surface geometry we will need the
Weingarten equations (Klingenberg [159], Millman and Parker [216, p. 126]),

on i, L, Oy
9o~ ~ 250,

where the coeflicients L¥ of the second fundamental form of I" describe the
curvature of I" and are given by

forA=1,...,n—1 (3.4.17)

n—1
0%y
LY = Ly~ , Ly, = . 3.4.18
A ; W L = 5 — e (@) (34.18)
In addition, we have
n—1
2H =Y Ly =—(Ven) (3.4.19)
A=1
with the mean curvature H of I and
n—1
K = det (L), Z L)L) =2HLy, — K7, (3.4.20)

A=1

where K is the Gaussian curvature of I'. With (3.4.2) we obtain from (3.3.7)

(%, 0N, Oy  On
Gon = 0o, U"aay doy, Un@a#

and with (3.4.17) and (3.4.20),

n—1
Gou = Wwu—20uLuut+0n Y LAl (3.4.21)
A=1
= (1- aiK)%M —20,(1—0,H)L,,
for v,u=1,...,n— 1. Furthermore, we see immediately
n—1
al’ /! 81/ K ay !
gun = ao_l/ .TL(U) = <6UV _o'ngLyao_K .n(0'>

=0 forv=1,...,n—1; and (3.4.22)

gnn = 1.
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From (3.4.21) one obtains

n—1
det (Z g,m’y‘”‘> =(1-20,H+ UiK)2

pn=1

and, hence,
=7(1—20,H +d2K)>. (3.4.23)

Equations (3.4.21), (3.4.22) and (3.4.23) imply in particular that for ¢,, =0
one has

guﬂ(a/u 0) = ’71/#(0'/) and gyu(0/7 0) = ’YVH(J/) : (3.4.24)

Similar to (3.4.22), by computing the left-hand side in (3.4.8), we find
that some of the Christoffel symbols in (3.4.8) take special values, namely:

Gr,=0 forr=1,...,n;

(3.4.25)
Ny=0 forA=1...,n—1.

We also find for our special coordinates (3.3.7) with (3.4.25) and (3.4.17),

0%x
Z G")‘ 30 = 00,00y 80)\ Z L/\ 801,

As a consequence from (3.3.7) with (3.4.17) we have
n—1 (9y
GY Le = _ L =7
S (S ) =S
from which we obtain the relations
—L{ =Ghy —on Y GoLY (3.4.26)

for v,A=1,...,n— 1. Note that on I', for ,, = 0 we have
ma(o’,0) = —L(o") .

For the Jacobian g% of our special diffeomorphism (3.3.7), we find from

(3.4.5) and (3.4.22) the equations

n—1
0 0
a;‘AZE RGN g™ for k=1,...,n,A=1,...,n—1. (3.4.27)
Tl g

Multiplying by nj we obtain



116 3. Representation Formulae

- 80A 6mk GOA A
0 = —_— = —_— = 1 n
; Oxy, Ooy, 0 1k g
Hence,
Oo [t
n\ A k)
=0 d —= = E —g" 3.4.28
g an oxy = 80#9 ( )

fork=1,...,n; A=1,...,n—1. Moreover, with g% = ny, from (3.3.7), the
relation

Oo,, 6ark
pn nn __ nn
e Z + kgt = nkg

yields

g"" =1 and Oon =n, for k=1,...,n. (3.4.29)
8$k

We also note that for any function wu,

ou 8xk
aan Z Oxi 0oy, Z axk (3.4.30)

With (3.4.28), (3.3.7) and (3.4.30) one obtains from (3.4.7), in addition to
(3.4.19), the equation

1 0 1 0
_— = 4.31
f do, 9= \fan (3.4.31)
Finally, by collecting (3.4.27), (3.4.30) we obtain from (3.4.7)
ou 0
q
where )
— Oz 0
D = q  pX
1 Z aaug Ooy,
A,p=1
) ) (3.4.33)
— 0Yq -— IYq 0
_ a4 R ST S
Z <8O'H ULZ " 9o, g 0oy
A,p=1 rk=1

is a tangential operator on the surface o,, = const, parallel to I". We note that
the tangential operator D, can be written in terms of the Giinter derivatives
(2.2.24) in the tubular coordinates, i.e.,

0 0
m; 0z, n(0”)) = nk(o’)%j — nj(a')a—xk

as
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an )mgi (0z,m(c”)) (3.4.34)

Now, from (3.4.32), (3.4.33) we have on I', i.e. for o, =0,

n—1
Jyq M ou ou
E * 4.
8O'H + Qa | (3 35)
HA=1

or from (3.4.7),
ou 1R 0 Dy 0
87%_%{ Z %(\/580#9 U>+an(\/§”qu)}7

and with (3.4.23),

ou 1 0
2 = v /L)\
Oz 9,52 Ooy (\[00# )
V(oK — 9u
+2\/§(07,K H)nqu+nqan,

which becomes on I, i.e. for o,, = 0,

du 1 & 9 Yy du
—lr=— )Y 7— 74 —2H —. A.
dq ! v pA=1 dox (ﬁaauv u) Mt on (34.36)

Correspondingly, the so—called surface gradient Gradu is defined by

n—1

Gradru = Z ;y ”’\ Ou , (3.4.37)
ap=1 97m

which yields from (3.4.32) and (3.4.33) with o, = 0 the relation

Vur = Gradru + n% on I'. (3.4.38)

Again, with the Giinter derivatives (2.2.25) we have the relation
Gradru = —(n"M|r)Tu on I. (3.4.39)

In order to rewrite a differential operator Pu along I" we further need
higher order derivatives:

Du (D+n( )a f[( (0", ) + ng(0 ); )aqu (3.4.40)
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where 2 = % due to (3.4.30). Note that only the operators n,(c")2 and
1%}

ng(0') %, commute, whereas the tangential differential operators D, and D,

and the operators n, (o’ )% mutually are noncommutative. However, due to

the Meinardi-Codazzi compatibility conditions, the operators

aaxq = (Dq—knq%) and (;fcp = (Dp—knp%)

do commute. Similar to the arrangement in (3.4.40) we now write

ol @
0
5 Ca, k (D + n@n) u = Dgju (3.4.41)

with tangential differential operators
o Y
Co = Z Cam (0’ 00) (80’) u, (3.4.42)
[vI<lal—k

fory=(71,..-,-1),k=0,...,]a| and

Coru=0 for k<—-1 andfor k> |a. (3.4.43)
For convenience in calculations we set

Canyi(0',0n)=0for any ~; <0 orfor |y|>|a]—k. (3.4.44)

Then, in particular, ¢, 45 = 0 for k > |a in accordance with (3.4.42). The
tangential operators C, i can be introduced from (3.4.40) and (3.4.41) recur-
sively as follows: Set

Coo =1, hence Copu=u. (3.4.45)
Then we have for
B=(a1,...,ap+1,...,ap) with |8] = |a| +1

the recursion formulae

0
Ca.k = DeCo i +n¢ (

Ca,k:) +1¢Ca k-1 (3.4.46)
Ooy,

and

n—1
8%[ acm k
8,0,k ( o' on) Z Do HA( 8Ui +Ca7(91—5n)7k>
Ap=1""H (3.4.47)

Oca ok
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In particular, we have
Ca1a1 = cao)p =1’ (") = [ ne(o”)? . (3.4.48)
(=1

Finally, inserting (3.4.40)—(3.4.42) we can write along I’
0

Pu(z) = Y aa@)Du(x)= > a ()(D+n8n>au

|a|<2m |a|<2m

]

= > a an k (3.4.49)

lor|<2m
=: % Pk&
prs onk’
where the tangential operators Py of orders 2m — k are given by

Pe = Y aa(x)Cank
lal<2m
2l

Yo D aa(®)cann(d’on) (ai) (3.4.50)

lo]<2m |v]|<|e]—k

> Y alanucon) (5n)

vI<2m—k |a|<2m

~

|
2

in view of (3.4.44). With (3.4.43) and (3.4.48) we find

Pom = 3 aa(x)Cazm= Y aa(z(c’,00))n*(0). (3.4.51)

jal=2m jal=2m
The operator
9 \"
|’Y|<22m|a;2maa a0’ n) <@U/) (3.4.52)

is known as the Beltrami operator along I" associated with P and I'.

3.4.1 Second Order Differential Operators in Divergence Form

As a special example let us consider a second order partial differential oper-
ator in divergence form,

9 ou = Ou
Pu(zx) = Z oz, ( x)axk> + ; bk(x)% +c(x)u(z).  (3.4.53)

i,k=1
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Then (3.4.6) yields

"9 ou\ 0 0z .0 Ou
> ox; <a1kaxk) o 2 8%{ " 805}'

ik

I
—

Now applying formula (3.4.7) to the term {- -}, we obtain

; %(Mk(@%)

1 Zai({ Zn: aik(x)gizgiiigngqp}aaje).

pl=1 i,k,q,m=1

By using the properties ¢g"* = 0 and g"" = 1 in (3.4.28) and (3.4.29), formula
(3.4.54) takes the form

> o (w5
- L G S ity e
5 (3 S ) )
(S X Seani ) 5)
SRV T

On the other hand, (3.4.6) gives
n n— n n—1
&Tk v Ou i
Zbk S = Z {Z > by 9" } <Z bknk> 5. (3:4.55)
k=1 p=1
Substituting (3.4.54) and (3.4.55) into (3.4.53) yields

ou 0u

For ease of reading, at the end of this section we shall show how these tan-
gential operators Py, for k =0, 1,2, can be derived explicitly:
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Py = Z aix(z(o’,00))ni (0" )ng (o). (3.4.57)
ik=1
n—1 n n-—1 Oz )
_ Oz 4,
Pl A=1 (121 ; alk o, e ) o (3459

P ;le 1g(9i<{\[ Zkzl:yzlla““ o ajig”“gﬁ}ai) (3.4.59)
R {Z_”(Z{Qg (ot — 1) 5"
_ :f (gﬂ "+ %G;n) Lo - ::1 g:f: G,
S (5 08 Lt

On I', where o, = 0, the operators further simplify due to (3.4.24) and
(3.4.26) and the definition of H. Moreover, we have the relation

8 n—1
ng‘)‘ oo = DL VL = 2L (3.4.60)
n v=1

The operators Py on I' now read explicitly as
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Py = aix(y)ni(y)ne(y) , (3.4.61)

P = (zn:

n n—1
Jy; 0

3§ g

i,k=1p,v=1 9o Ov

n dak daii Oye Oy; Ug}

+ Z { ning + Z Z O 809 0. ey

i,k=1 o,v=1f=1
D b (3.4.62)

k=1
n—1 1 a n n—1 8y 8y

= N X [ k vk H}\} )
Fo 7805 ({ﬁz Z a“fa do dox

w,A=1 i,k=1 p,v=1

n—1 n n—1 9
+ { kM Z %(—ZHWW + L")

A=1  i,k=1 =1 9%u

n—1 n n

da;y, 8yk N 0

+ZZ(Z nz“"bki)‘u}

p=1k=1 1i=1 an 80—:“’ 80}\
) (3.4.63)

Remark 3.4.1: In case of the Laplacian we have a;, = d;r, b, = 0,¢ = 0.
Then the expressions (3.4.60) and (3.4.62), (3.4.63) become

Py = 1,
n—1 n—1
Pio= = ) el == L{=-2H,
o,v=1 o=1
n—1 1 P n—1 » P
"o ,\Eofa({fzfy’w’y Vﬂ/\}aa,\)
— Z - (f'y“ o )=4r, (3.4.64)
)\n— e

which is the Laplace—Beltrami operator on I'. (See e.g. in Leis [185, p.38]).
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Derivation of P; and Py:
We begin with the derivation of the P; by collecting the corresponding

terms from (3.4.54) and (3.4.55) arriving at
0

n—1 n —
P = Z(ZZ(LM a o)) gjink(a’)g’»‘)af‘)\

A=1 ik=1v=1
+ %{i(ﬁ 2_: amnmk>
S (a3 S )

i,k=1v=1
n
+ E bpn,. .
k=1

The following formulae are needed when we apply the product rule to the
second term in the above expression.

0

%\@ - 2\f(0”K —H) from (3.4.23),
8i V9 = \[ZG from (3.4.11),
821'1' 3%
dopdo, - Z Gra 9o, from (3.4.8),
6nk n 1 ayk
= 2 from (3.4.1
aaﬁ ; ”801, rom (3 7)7
— ZIK agyn n
Z e T T Z Glg™ — Z Gl from (3.4.10) .
k=1 n =1 o)

As a consequence, we find



124 3. Representation Formulae

1 = £ lk@au kg 80')\

i,k=1p=1

VY =~ dag,
—1—2%(071]( —H) Z Qi + Z on Nk

n
ik=1 ik=1

n—1 n n 81 ) ; .
S S (e ey ) b

— Oz,
Z ik ﬁnk (Ghg" " + GLg™)

i,k,l,qg=1 v=1

In addition, we see that with (3.4.28) and (3.4.29), i.e. ¢"® = 0 and
g"" =1 there holds

< 99" 99"
6an Z do,. Z Oop
and (3.4.10) gives

= - Z Gm/g ZG/{ng n nn

k,v=0
- Z Gnég Z Gn)\g Z Gnng
K,A=1
n—1 n—1
= - Z Gm/g Z Gnég Z G’:TL .
K,v=1 k=1

Using (3.4.25), we obtain

n—1
Z Grg"=-> Gr,. (3.4.65)
k=1

K,v=1

A simple computation with the help of (3.4.65) and (3.4.25) yields
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n n-—1
0
A
P = ( E ik 7 nrg" )80
A=l dk=1p=1 t A
n n
Y 6azk
+ 2£(0‘nK —H) E AiLMing + o ;N
9 ik=1 ik=1 "
n n—1 oz n—1
+ ik "npGe g¥"F — nin,G
a Iiljg RN
i,k=1 o,v,k=1 e k=1
n—1 n—1
ox; ox;
— E Nk Grpg”"” 9% nG,,
o,V,k=1 o=1 e

0o, "0o,

n—1
_ O Y &ykgafi}

o0,k,v=1

< 8 i+ S

i,k,4=1v,0=1

With (3.4.25) and rearranging terms, the result (3.4.58) follows.
For Py we collect from (3.4.54) the terms

n—1

— n—1
n o LS L el
9 Ly O B}
7Z(T{f 2 2 auni 50,9 }) 30y
Z{ZZ 00 o) 2 ).
A=1 k=1p=1

With the product rule and (3.4.23) we obtain
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3
—_

7) = e \[ a;
’ K,A=1 \/> <{ zkzl ;LVZI ka 30';
n—1 n n—1
2V Tk
+ —— (0, K — H) a; nl gt
/\—1{ V9 2;1;:1 ' T
n n—1
+ Z Z ikni(agHA %<@9M)>
i,k=1 p=1
n n—1
8alk axk
! 'k*lzl on aa“ -
i, k=1 p=
n n—1 8 a
+y . %gw}% + ().

B
Il

—

g S

Il

In the third term we insert %
Tn

(3.4.10), which yields

0
kA
oo, g

Representation Formulae

0x; Oxy, ;M ke

from (3.4.17), whereas for

- Z g <9/zp> g

£,p=1

- Z(g}wal?n + gAeG;fn)

-1
,ul/ A )\u “w
- § Gun Gun)

bors)

%g“’\ we use

following from (3.4.25). On the surface I where o, = 0 we obtain again

(3.4.60).

3.5 Distributional Derivatives and Abstract Green’s

Second Formula

Let I" be sufficiently smooth, say, I' € C* and let x> (x) be the characteristic

function for 2, namely

xo(z) = {

We begin with the distributional derivatives of y(;, and claim

0

1 for x € 2 and
0 otherwise.

oz, Xo(r) = —n;(z)dr

(3.5.1)
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where n;(z) is the i—th component of the exterior normal n(z) to 2 at = €
I' = 012 extended to a C§°(IR™)—function, dr is the Dirac distribution of I"
defined by

(6r, ©)Rn = /5p x)dx —/(p(x)dsx (3.5.2)
r

for every ¢ € C§°(IR"™). Equation (3.5.1) follows immediately from the defin-
ition of the derivative of distributions and the Gaussian divergence theorem

as follows:
0 B 8<p Op
<(8xiXQ>’<p>1Rn B _/ d /8mzdx
IRn
= —/@(x)ni(iv)dsz = —(0r,nig)mrr = —(Nidr, )R
T
from (3.1.6).

Now we define the distribution 5(;)(9:) = 26 given by

0
O, e = (n - V)or, @)me = (5-0r,9)

which, by the definition of derivatives of distributions becomes

8 1 o'e) n
(5-0r¢),, = O Phme = (<00, V- (ng))me for all ¢ € G (R™).
(3.5.3)
Consequently, we have

60w = [(2+ (7 om)pdss =~(r. 00 (354)
r

which also defines the transpose of the operator %,

o' 0 0
%¢——(%+V~n)@——<%—2H>goonf’, (3.5.5)
where H = —1V - n is the mean curvature of I" (see (3.4.19)). With these

operators, the following relations of corresponding distributions can be de-
rived:

Vxa(z) = -n(z)ér(z), (3.5.6)
Axo = %lér, (3.5.7)
Alpxa) = (AQO)XQ—Qg 6p+<p(aa ) ) (3.5.8)
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for any ¢ € C§°. Here, the right-hand side in (3.5.7) is the composition of

the differential operator %/ given in (3.5.5) with the distribution dr, and it

defines again a distribution. Correspondingly, (3.5.8) yields the Green identity
in the form:

!

(oxe, AY)re — ((Ap)x 0, Y)mn = <w(% 5r),¢>w - 2<g—iér,w>m

= (0052 = (3007

or, in the traditional form,

/(@Aw — P Ap)dr = / (wg% - %Z)dsw. (3.5.9)
2 r

In order to formulate the Green identities for higher order partial differen-
tial operators, we also need a relation between the distribution’s derivatives

a%i(% and 5}1) which is given by

0 1
52 0r = ni(z)st) . (3.5.10)

The derivation of this relation is not straight forward and needs the concept of
local coordinates near I', corresponding formulae from differential geometry
which are given by (3.4.29) and (3.4.30), and also the Stokes theorem on I'.

For u, a sufficiently smooth p—vector valued function, e.g. u € C*(IR")
and for a general 2m—th order differential operator P, we have

Puxn) = Z ao(2)D*(ux )
jal<2m
a!

= Y aal®) Y Z——=D* PuDx, (3.5.11)

la|<2m 0<B<a Bia—p)!

a!
= P o __ = peByuD”P
ux o + 1<|§<2ma (.’L‘) Oq;a ﬁ'(a*ﬂ)' u X825
where
[B]—1

Dxa ==Y epdy) for |8 = 1 and DOxg = o
v=0

The distribution 555}“) is defined recursively by

oY = (n-V)op”
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according to (3.5.3). Similarly to (3.5.10) is can be shown that

a v 14
ax@}) = n;(z)s . (3.5.12)
The coefficients cg, are given by the recursion relations
5 9 pa
DPxo=———D%gq for B=(a1,...,ar+1,...,0p),
856@
and by
0
c = —Cap,
3,0 B, S0
0
By = Cap—1Mg+ —Copforv=1...|la]—1, (3.5.13)
8.rg
Cplel-1 = CBlal = Calal-1T0 -

For |a| =1 with ay = 1 and a; = 0 for j # ¢ we find from (3.5.10)
Ca,0 =Ny . (3.5.14)

Hence, collecting and rearranging terms in (3.5.11), we obtain

1Bl-1
P(uxe) = (Pu)xo — Y x> e Pu Ny epuof)
1§\a|§2m 0<,B<oz v=0
(3.5.15)
By setting
cg, =0 for v > 10|, (3.5.16)
we can rewrite equation (3.5.15) in the form
2m—1
P(uxgn) = (Pu)xo — Z Qyuégf) (3.5.17)
v=0
where
al
QV’U/ = Z aa(x) Z mca,%,,(l‘)l)vu
1<|a|<2m 0<v<a o (3518)
=: Z gu(x)D* u
|l <2m—v—1

and where the coefficients g, ,, are defined in an obvious manner by (3.5.18).
In fact, for m =1 and

(@) 1 for a = a¥) Wltha —251]» and 7,5 =1,...,n,
ae () =
0 otherwise.
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we recover formula (3.5.8) from (3.5.17). The latter is the second Green’s
formula in distributional form, namely by multiplying (3.5.17) with ¢ €
(Cg° (]R”))p and integrating, we get

(Pluxe), Ghme — (Pl S = 2:12;1«@,,”)5;% -
Zupwdy—zqspudy (3.5.19)
- —Q:HZ_: F/ (2 s,
- T G HE) e

)
e

where Q,(,T) corresponds to the transposed differential operator P _of P via
(3.5.18). Obviously, formula (3.5.19) is also valid for any ¢ € (C*°(£2)).

3.6 The Green Representation Formula

In this section we consider a scalar differential equation or a 2mth—order
uniformly strongly elliptic system, in the sense of Petrovski, in the domain
2 or °=TR"\ 0, respectively,

Pu := Z ao(z)D% = f (3.6.1)

la|<2m
with real p x p coefficient matrices a,,.
Definition 3.6.1. (see Mikhlin [210], Miranda [217, p.244] and Stephan et

al [296]). The linear operator P is called strongly elliptic in §2 if there
exists a smooth matriz—valued function ©(x) and vo(x) > 0 such that

Re{CTO(z) Y aa(@)€"Ch > y0l¢I¢I? (3.6.2)

|a|=2m

for all &€ € TR™ and all { € CP is satisfied where p denotes the dimen-
sion of the wvector valued functions w . If, in addition, v9 > 0 is a con-
stant independent of x and (3.6.3) holds for all x € {2, then P is called
uniformly strongly elliptic.
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In many applications one has ©(z) = 1 with the unity matrix I. Note that
strongly elliptic real differential operators are of even order and are properly
elliptic (see Wloka [322, Def. 9.24]).

The formula (3.5.19) can be employed to obtain a general Green repre-
sentation formula for the solution of (3.6.1) by using a fundamental solution.

Definition 3.6.2. Let x € IR" be any chosen point. Then the distribution
E(x,y) is called a fundamental solution of the differential operator P
(in R™) if it satisfies the equation

P} E(z,y) = 6,(y) = d(y — @) (3.6.3)
in the distributional sense where 8, (y) is the Dirac distribution given by
{0z, )mr = p(z) for all p € C5°(R").
(As usual, the notation PJ stands for differentiation with respect to y.)

For a general differential operator P, the existence of a fundamental solution
is by no means trivial, see Section 6.3.

For strongly elliptic operators it can be shown with the Green formula
(3.5.19) that (3.6.3) implies

P.E(z,y)" = 6,(z) for any fixed y € R". (3.6.4)

Hence, if E,(y) := E(z,y) is the fundamental solution of P, then E,(z) =
E(x,y)T is the fundamental solution of P,.

Lemma 3.6.1. Let P be a uniformly strongly elliptic differential operator
of order 2m with real C™ coefficients an(x). Then for every compact region
2 € R™ with 02 = I' € C*™ there exists a local fundamental solution E(x,y)
which is a C> function of all variables for x #y and x,y € 2.

We shall come back to this topic in Section 6.3 and also refer for the
interested reader to the proofs given by Hérmander [131, III Theorem 17.1.1].

Hence, in what follows we shall always assume that a fundamental solution
exists, either for 2 or the the whole space IR”. With the fundamental solu-
tion £ of PT as test function ¢ in (3.5.19) we obtain a desired representation
formula for any fixed x € £2:

u(z) = [ E(z,y)" f(y)d (3.6.5)
([ Y y)ay
SIS () [ ey {(2)

This formula, however, still needs to be justified since E(z,y) is not in
C§°(IR™). Therefore, let us introduce a cut—off function x € C{°(£2) with
the properties
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1 for |y — x| < o,
x(y) =
0 for |y — x| > 24

for fixed x € 2 where §p > 0 is an appropriately chosen constant depending
on x and 2. Then

E(z,y) =xE+(1-x)E
and xE is a well defined distribution whereas ¢(y) := (1 — x)E € C*°(IR")
can be used in formula (3.5.19). This yields

/ (I_X)ET(Pu)dy_/ uP (1= X)E)dy (3.6.6)
? (9}
! ;) kz( )/{( ) Q(T Bz, )}T{(%Y%u}dsy:o

since x(y) = 0 along I'. On the other hand, by definition of distributional
derivatives and by x € C§°(§2), we have

(XE, Pu) = (P (xE),u),

i.e.

/(XE)TPudy - /uPT(XE)dy =0. (3.6.7)
Q 2
Since x = 1 for |z — y| < dp we find with PJE(x,y) =0 for y # «x,

/ uP,) (xE)dy = / uP, E(z,y)dy + / uP " (xE)dy

2 |z—y|<do do<|z—y|A yeN

(PTE, u)r» + / uP" (YE)dy,

do<|z—y|AyeN

formula (3.6.7) becomes

/ (xE) " Pudy — / uP " (xE)dy = u(x) . (3.6.8)
o)
do<|z—y|Ayes?

Now, formula (3.6.5) follows immediately by adding (3.6.6) and (3.6.8) since
(1—=x) =0 for |z —y| <do andPTEfOforsc;éy

In order to use the Cauchy data ( —)"u|,. in the representation formula
(3.6.5), we need to replace ( ))‘ by using (3.5.5) which yields

0= [ By dy+2m21/{ny B H (5 ) uly)}ds,
(9]

(3.6.9)
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where the boundary operators T), are defined by the equations

2m—1 A
> (The)" (&) U, = (3.6.10)

>y e e () () @) () e

This formula will be used for defining general boundary potentials and
Calderoén projectors as introduced in Chapters 1 and 2 for special differential
operators.

Now, let x € £2¢. Then (3.6.3) yields

T _
P, E(z,y)=0fory e 2

and from (3.5.19), in exactly the same manner as before, one obtains the
equation

FE S0 ) e} ()

(3.6.11)

I
O
S|
&
<
)

S

and for any u € C°(2).
For exterior problems one can proceed correspondingly. For u € C*°(IR"),
one has with (3.5.17) the equation

Pluxge) = Pu(l—xa))
= Pu— P(uxn) (3.6.12)
2m—1

= Puxge + Z (Qyu)é(pu).

Hence, if R > 0 is chosen large enough such that
Br:={yeR"|lyl <R} > 2

then (3.5.19) for 2° N By gives
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/ uw PTody — / ¢ Pudy

ﬁ“mBR ﬁCﬂBR
2m—1 N 2m—1 '\ v
v=0 T v=0 OBRr

for every test function ¢ € C*(IR") and every R large enough. If ¢ €
C§°(IR™) has compact support then the last integral over dBp vanishes for
supp ¢ C Bpg. In order to obtain the Green representation formula in 2¢, we
again use E(z,y) instead of ¢(y) and in exactly the same manner as before
we now find

ue) = [ Bl Pty
°NBr
=3 [T {(o) i Jas, (3.6.13)
A=0 Ia
Py [1mB ) {(5) uw) s, for o € 20 B

A=0 I'n

and for every u € Cw(ﬁc) and every R large enough, I'r = 0Bg.
If the right-hand side f of the differential equation

Pu= fin 2° (3.6.14)

has compact support then the limit of the volume integral in (3.6.13) exists
for R — oo and, in this case, for any solution of (3.6.14) the existence of the
limit

2m—1

M) = Jim > [1mBe )y {(2) wwfds,  @o)
A=0 I'r

follows from (3.6.13). Since all the operators in (3.6.13) are linear, for any
fixed z € £2°, the limit in (3.6.15) defines a linear functional of w. Its value
depends on the behaviour of u at oo, i.e., on the radiation conditions im-
posed. For instance, from the exterior Dirichlet and Neumann problems for
the Helmholtz equation subject to the Sommerfeld condition we have

M(z;u) = w(u)

as was explained in Chapter 2.2, whereas for exterior problems of elasticity

we have 3(n—1)

M(wsu) =) wj(uymy(x)
j=1
for n = 2 and 3 dimensions due to (2.2.11).
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An immediate consequence of (3.6.4) is
P, M(z;u) =0 for all z € R" (3.6.16)

and for every solution of (3.6.14) with f having compact support. Collecting
the above arguments, we find in this case the representation formula for
exterior problems,

u(z) = /ﬂaﬁ%@@+Mmm (3.6.17)
QC
— szl/{TAyE(x,y)}T{(ai))\u(y)}dsy for x € 2°.
A=0 T

Finally, we find from (3.6.4) in the same manner the identity

Oz/E@wfﬂw@+ﬂﬂﬁw

QC
2m—1 (3.6.18)

_ Z /{T)\yE(l’,y)}T{ (%)Au(y)}dsy for x € 0.

A=0 1

3.7 Green’s Representation Formulae in Local
Coordinates

The differential operators T in the representation formulae (3.6.9), (3.6.13)
and (3.6.17) and in the identities (3.6.11) and (3.6.18) can be rewritten in
terms of local coordinates in the neighbourhood of I" by using the parametric
representation of I'. This will allow us to obtain appropriate properties of
the corresponding Calderén projections as in the special cases considered in
Chapters 1 and 2.

In order to simplify the Green representation formulae introduced in Sec-
tion 3.6 we introduce tensor distributions subordinate to the local coordinates
o= (c',opn) or T = (7', 7,) of the previous sections.

For simplicity, we present here the case of Hadamard’s tubular local coor-
dinates (0, 0,,). Let £2; C IR"™* and 25 C IR be open subsets. If o € C$°(£2;)
and ¢ € C§°(f2,), the tensor product ¢ @ 1 of ¢ and v is defined by

(p @) (o', 0m) = @(0")ib(on) (3.7.1)

which is a C§°(£2; x {2)-function. The corresponding space C§°(2;) ®
C§°(£29) is a sequentially dense linear subspace of C§° (21 x §23), that is, for
every ¢ € C§°(f21 x (23), there exists a sequence {P;} in C§°(£21) ® C§°(£22)
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such that &; = ¢;(0') ® Y;(o,) — P in C§°(21 x (23) (Friedlander [84,
Section 4.3] and Schwartz [276]).

The tensor product can be extended to distributions; and the resulting
distributional tensor product then satisfies

<u®v, <P®¢>1R" = <u’ (p>IR"*1<U’w>]R (372)

where u and v are distributions on {2 and (2, respectively. By density ar-
guments, the equation (3.7.1) extends to

<(u®v)ﬂ¢>]R” <ua <,U3¢(OJ7.)>IR,>IRTL71
= (v, (u, P(®,00))rr—1)

(3.7.3)

for all @ € C§°(§21 x 23). The basic properties of the tensor product are

supp(u ® v) = supp(u) X supp(v) (3.7.4)
and

DDY (u®v) = (D) ® (DPv). (3.7.5)

o

In order to make use of (3.7.5) we first use the separation of the differential
operator P in the neighbourhood of I" in the form (3.4.49).
We begin with the following jump formula:

Lemma 3.7.1. For k € IN and for uw and I' sufficiently smooth one has the
jump formula

o oku — 0u (k—t—1)
W(UXQ) = <W> X2 — ézo W}F ®d0p . (3.7.6)

Proof: The proof is done by induction with respect to k. For k = 1 we have
from (3.5.6)

0 ou
g lixe) = Z-xaet+un(z) Vxe
0
= KZXQ —udp(w)
ou
= g xe— (uredr)
Now, if (3.7.6) holds for k, we find
o /o 0 (0*u = 0t 1
o () = go{Gaeve - X (Glr @ 07"))
oFtly 0*u
- <8nk+1>XQ B (W‘r ® 5F)

k-1

0 o —o
_ﬁz:(ﬁ“@é}k ‘ 1))

" =0
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and, with (3.7.5), the desired formula (3.7.6) for k + 1:

ak+1 8k+1u k aeu k—¢
Okt (uxe) = (3nk+1> Xe = Z <ane|r ® op ) :
=0
|

In terms of tensor products, Formula (3.5.8) can now be rewritten in the
form of the jump relation

Aluxa) = (Auye + (ulr @ (%/%)) _9 (gz @ 5p) .

Now we consider the jump relation for any differential operator P as in
(3.4.49), namely

ZP’“ Zpk ( ) gz.k

in the neighbourhood of I where Py, is the differential operator (3.4.50) of
order 2m—k acting along the parallel surfaces o,, =const. By virtue of Lemma
3.7.1 we have

ak

Pluxo) = ZPk( N o7 (0x2)
= PO(UXQ)
o 0\ (/0% = 1)
Sl (e 5 (2], )
2m 2m k—1
~ (g X (Pl gl oo
k=0 k=1 ¢=0

By interchanging the order of summation between k and ¢ and afterwards
setting p = k — ¢ — 1 we arrive at

2m—12m—~£—1 ¢

0
P(uxo) = (Pu)xo — Z Z (( pHAL 57 1;) ’F ® 5%”) (3.7.7)
p=0

similar to (3.5.17), the equation (3.7.7) is again the second Green formula in
distributional form, which yields

/uTPTgodx—/cpTPudm

(9} (9}
2m—12m—~4—1 i o /

- i: /(Pp+e+1%)T<% )pwds

= p=0 2

o
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for any ¢ € C*°(£2). This formula evidently is much simpler than (3.5.19).
With (3.5.5) and (3.4.31) one also obtains

(ZYo= (- % 2 ). (3.7.9)

In particular, the tangential operators Py appear in the same way as in the
differential equation (3.4.49) operating only on the Cauchy data of w.

As in Section 3.6, one may replace ¢ in (3.7.8) by the fundamental solu-
tion E(x,y) of the differential operator P T, satisfying equations (3.6.3) and
(3.6.4). This yields the representation formulae

u(z) = / E(z,y)T f(y)dy (3.7.10)

7}
9 '\P ! du, T
/{(8%) E(amy)} {PpMﬂw(y)} dsy for z € (2
r

2m—12m—~£—1

=0

and

0 = / E(z.y)" f(y)dy (3.7.11)
N

~ — 0 '\P T aéu T
_ Z Z /{(any ) E($7y)} {Pp+g+1w(y>} dSy for = c 0°
£=0 p=0 T

For the representation formula of the solution of Pu = f in §2¢, we again
require the existence of the limit

M(z;u) = (3.7.12)
2m—12m—~(—1

S Y (e ) Ben} (P gt} s,

£=0 p=0 T

If f € C§°(IR™), then the existence of M (z;u) follows from the representation
formula (3.7.10) with {2 replaced by £2°N Bg as in Section 4.2; and (3.6.16)
remains the same for the present case.

The exterior representation formulae (3.6.17) and (3.6.18) now read as

u(z) = / E(z,y)" f(y)dy + M(z:u) (3.7.13)
QC
2m—12m—~—1

o 2 [y ) Ee} Preagpo) o
=0 p=0 F Y
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for x € 2¢ and

0 = /E(I,y)Tf(y)dy—FM(x;u) (3.7.14)
Q(‘

/ { (8?@l>pE(m7 y)}T {PPHH%(y)}Tdsy

r

2m—12m—~£—1

for x € £2.

We note that the representation formulae hold equally well for systems
with p equations and p unknowns, such as in elasticity where p = n.

We remark that similar formulae can be obtained when using the local
coordinates 7 = (7/,7,) as in the Appendix.

3.8 Multilayer Potentials

In this section we follow closely Costabel et al [55].

From the representation formulae such as (3.6.9), (3.7.10) and (3.7.13), the
boundary integrals all define boundary potentials. For simplicity, we assume
I' € C* and consider first (3.7.10) by defining the corresponding multiple
layer potentials:

T

(K, 0)(x) = F/ { <aiy ,)pE(m,y)} b(y)ds, for 2 € Qorw € O° (38.1)

for the density ¢ € C°°(I"). Using the tensor product of distributions, we can
write (3.8.1) as

Kb(a) = / B) (60 () "or)dy
R (3.8.2)

= (9|, @0 E(z.9)")

for x ¢ I' since then FE(z,y) is a smooth function of y € I' and z is in its
vicinity. As we will see in Chapter 8, this defines a pseudodifferential operator
whose mapping properties in Sobolev spaces then follow from corresponding
general results. We shall come back to this point later on.

Clearly, the boundary potentials (3.8.1) are in C*°(IR" \ I') for any given
¢ € C>°(I"). Moreover, for z ¢ I" we have

P(0) = [{(e) PeB@)} ot)ds, =0 (383)

ony
T

since here x # y for y € I' and; therefore, integration and differentiation can
be interchanged. Moreover,
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P/E(m,y)f(y)dy = f(x) forall ze€ 0. (3.8.4)

In terms of the above potentials, the representation formula (3.7.10) now
reads for u € C*({2) and z € 2

2m—12m—~4—1

o) = [ B - 3 > Ko (Prs 8) @) (385)

In addition, as we already have seen in Chapters 1 and 2, these potentials
admit boundary traces as x approaches the boundary I" from (2 or 2¢ re-
spectively, which are not equal in general. More specifically, the following
lemma is needed and will be proved in Chapter 8, Theorem 8.5.8.

Lemma 3.8.1. Let E be the fundamental solution of P with C* —coefficients
defined in Lemma 3.6.1. Let I' € C*° and ¢ € C°(I"). Then the multilayer
potential Kyp(x) can be extended from x € 2 up to the boundary x € 2 in
C>(82) defining a continuous mapping

K, : C®(I) — C=(1).

Similarly, K,p(z) can be extended from x € ¢ to 2¢ defining a continuous

mapping o
Kp: C°(I) — C°°(42¢).

By using the traces from {2 of both sides in equation (3.8.5) we obtain
the relation

yu(z) =y / E(z,y)f(y)dy
QQm 12m—~4—1 ¢

ou
*Z Z YEp( p+e+1ag()foriﬂef,

where the trace operator yu is defined by

(3.8.6)

ou(z O Lu(2)\ T
yu(z) = (Y0, .-, Yam—1)u(z) = Qaligzlcer (u(z), 651 ) e 3n2m*(1 ))
(3.8.7)
for x € I' and u € C?™(§2). Of course, 7K, needs to be analyzed carefully
since it contains the jump relations (see e.g. (1.2.3) — (1.2.6)).
The second term on the right-hand side of (3.8.6) defines a boundary
integral operator

,_.
[ )
i
,_.
(\

QoPy(z) = Z W’Kp(PpHHW)(m)
(3.8.8)

- YK p (Pptes1te) ()
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where both, P and Qg themselves may be considered as matrix—valued op-
erators with

Pi Py P3s ... Pom
Py Ps 0
p=|Ps 0 (3.8.9)
Pom 0 0
and
YKo e 0K2m Yo
Qn = : : = : (Ko, Kam-1) -
72m71]C0 cee 'Y2m71’C2m71 Y2m—1

(3.8.10)
Again, the boundary integral operator

Cotp = —QuPY (3.8.11)

defines the Calderon projector associated with the partition of the differential
operator P in (3.4.49) for the domain {2 (see Calderdn [34] and Seeley [278]).
For the Laplacian, it was given explicitly in (1.2.20).

If 9 is specifically chosen to be 1) = ~yu as the trace of a solution to the
homogeneous partial differential equation

Pu= Y an(z)D*u=0 (3.8.12)
la]<2m
in {2, then (3.8.6) yields with (3.8.11) the identity
yu = Coyu. (3.8.13)
Consequently, because of (3.8.3),

2m—12m—~—1

U= — Z Z Kp(Pp-i-f-&-lwé)
£=0 p=0

is a special solution of (3.8.12), hence we find
CHY = Coyu = yu=Cotp (3.8.14)

for every ¥ € (C°°(£2))?™. Hence, Cg, is a projection of general boundary
functions | onto the Cauchy data yu of solutions to the homogeneous
differential equation (3.8.12).

On the other hand, the relation (3.8.13) gives a necessary compatibility
condition for the Cauchy data of any solution u of the differential equation
(3.8.12). For solutions of the inhomogeneous partial differential equation

Pu=f (3.8.15)
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in {2 we have the corresponding necessary compatibility condition

yu ="y / E(x,y)" f(z)dy + Coyu. (3.8.16)
2

In the same manner, for the exterior domain we may consider the correspond-
ing Calderén projector

2m—12m—1—/¢

Coetp:=Qa:Phi= Y Y 7Ky(Ppies1tr) (3.8.17)
=0  p=0

where v, now denotes the trace operator with respect to 2¢ i.e.,

Ou(z) o*m 1y, ))T

(Veos - - - s Yezm—1)u(z) = Yeu(z) ;= lim (u(z)7 an 0 gpami

NR¢3z—axel’

on I'. Here, Qg is defined by (3.8.10) with - replaced by .. For solutions
satisfying the radiation condition (3.7.12) we find the necessary compatibility
condition for its trace:

Yell = Ve / E(z,y)" f(y)dy + Coeyeu + CoeyeM . (3.8.18)
Qc
The following theorem insures that Cge is also a projection.
Theorem 3.8.2. (Costabel et al [55, Lemmal.1])

For the multiple layer potential operators K; and KCj. as well as for Qo and
Qqe (cf. (3.8.10)) there holds

Qoe— Qo =P ". (3.8.19)
Equivalently, the Calderdon projectors satisfy
Co+Cpe=1T. (3.8.20)

Proof: As was shown in (3.4.51), Pay, = Z\a|:2m ann® is a matrix—valued

function and the assumption of uniform strong ellipticity (3.6.2) for the op-
erator P assures

1OY)Pam(y)| = Yoln*™ =70 >0,

hence, the existence of the inverse matrix-valued function P,,! exists along
I'. Therefore, the existence of the inverse of P in (3.8.9) follows immediately
from that of P, since P has triangular form. Moreover, P~! is a lower
triangular matrix of similar type as P consisting of tangential differential
operators PU) of orders 2m — j;
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0 ... 0 0 Pyt

Pr=1 ) (3.8.21)
0 PB)  p2)
Pyt ... pB® p@ pO),

Therefore, (3.8.19) and (3.8.20) are equivalent in view of (3.8.11) and (3.8.17).
Next we shall show (3.8.19). For this purpose we consider the potentials

() = Krp(a) = {plr © 8%, E(z, o)) (3.8.22)

for z € 2 and Q°, respectively. For ¢ € C*°(IR"), the multilayer potential v
is in C*°(£2) up to the boundary and also in C*°(§2°) up to the boundary, as
well, due to Lemma 3.8.1.

Then, from the formula (3.7.7) we find, after changing the orders of sum-
mation,

2m—12m—p—1

P(vxo) = (Pv)xe — Y Z Pper17e0)), ® 68
p=0 =0

and, similarly,

2m—12m—p—1

P(UXQc) P’U X_Qc + Z Z p+€+17€€v)|r 6%)’
p=0 (=0

since

0
(9:L‘i
Adding these two equations yields, with (3.8.3), i.e., Pv =0 in 2 U £2¢, and

with any test function
1 € C§°(IR™), the equation

X =ni0r .

2m—12m—p—1

(P(vxe) + Pluxee), Z Z Pt (Yeev = 7ev) @ 52, 4.

By the definition of derivatives of distributions, the left—-hand side can be

rewritten as
/UPdex—l— /UPdex = /UPdeJ;,

9] £2¢ RrR™

where the last equality holds since v was in C*°(§2) up to the boundary and
in C*(£2°) N C§°(IR™) up to the boundary, too. With (3.8.22), this implies

(P(vxa) + Pvxoe), ) = (Pv,v) = (g, © 6%, ) (3.8.23)
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since FE is the fundamental solution of P. The last step will be justified at
the end of the proof. Therefore, we obtain with (3.8.10),

2m—12m—p—1

k
Pr @08 = 3 3 Py (kg — 1K) © 6
p=0 /=0
2m—12m—p—1

= Z Z Ppre+1(Qeees1hr19 — Qatt1,h4+10) ® 6%1)) :

p=0 =0
Hence, from the definitions (3.8.9) and (3.8.10) we find the proposed equation
I=P(Qqa —Qpn).

Since we have shown in (3.8.21) that P is invertible, this yields (3.8.19).

To complete the proof, we return to the justification of (3.8.23). Let &
and v belong to C§°(IR"). Then, since E(x,y) is a fundamental solution of P
satisfying (3.6.3) and (3.6.4) , we obtain the relation

/ (6. Bz, &) PT(x)dz = (P / E(o, )T d(y)dy, &) = (6, 0)
. e (3.8.24)
— (0.0 = [ (0Bl o) o),

R"

where the last identity follows by symmetry. Since (3.8.24) defines for any
¢ € C* a bounded linear functional on ¢ € C§°(IR"), we can extend (3.8.24)
to any distribution ¢ € D’. In particular, we may choose

Then (3.8.24) implies
0. P70 = [{61, 088, Bl )Pl w(a)ds = (or 05, 0),
R‘VL
i.e. (3.8.23). This completes the proof. |

As a consequence of Theorem 3.8.2 we have

Corollary 3.8.3. For the "rigid motions” M (x;u) in (3.7.12) and with the
exterior Calderén projector, we find

CaeyeM(o;u) =0. (3.8.25)
Proof: Since M(z;u) is a C*°—solution of

PM =0 in R",
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which follows from (3.7.12), we find
CoyM =~M =~.M .

Applying Cqe to this equation yields (3.8.25) since Cp<Cp; = 0 because of
(3.8.20). [

Remark 3.8.1: From the definition of Q¢ we now define the finite part
multiple layer potentials on I,

Duse = vt [{() (o) Bl Jontiis,

r

jk=1,....2m (3.8.26)

and

2m 2m T
D¢ = (ZDL/«%,M,ZDM,W@)
k=1 k=1
= Qno+ %7’7% = Qne¢p — %Pfld) on I (3.8.27)

for any given ¢ = (¢1,...,¢am) " € C®(I"). Correspondingly, we have

D(Py) = —Coth + %w =Coet) — %1/) on I'. (3.8.28)

As we will see, (3.8.27) or (3.8.28) are the jump relations for multilayer po-
tentials.

3.9 Direct Boundary Integral Equations

As we have seen in the examples in elasticity and the biharmonic equation
in Chapter 2, the boundary conditions are more general than parts of the
Cauchy yu data appearing in the Calderén projector directly. Correspond-
ingly, for more general boundary conditions, the boundary potentials in ap-
plications will also be more complicated.

3.9.1 Boundary Value Problems

Let us consider a more general boundary value problem for strongly elliptic
equations associated with (3.6.1) in {2 (and later on also in £2¢). As before,
(2 is assumed to be a bounded domain with C°°~boundary I" = 9f2. The
linear boundary value problem here consists of the uniformly strongly elliptic
system of partial differential equations
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Pu= Y an(x)D°u=f in Q2 (3.9.1)

jal<2m

with real C° coefficient p x p matrices a,(x) (which automatically is prop-
erly elliptic as mentioned before, see Wloka [322, Sect. 9]) together with the
boundary conditions

Ryu=¢ on I (3.9.2)
where R = (Rji) with j =1,...,mand k =1,...,2m is a rectangular matrix
of tangential differential operators along I" having orders

order (Rji) = p; —k+1 where 0 < p; <2m—1
and p; < prjp1 for 1<j<m—1.

If pj —k+1 < 0 then R;; := 0. Hence, component-wise, the boundary
conditions (3.9.2) are of the form

2m pi+1
ZRjk’yk_lu = Z Rixvk—1iu=; for j=1,...,m. (3.9.3)
k=1 k=1

For p—vector—valued functions u each R;j is a p X p matrix of operators. In
the simplest case 1, is constant for all components of © = (u1, ... ,up)T, and
let us consider here first this simple case. We shall return to the more general
case later on.

In order to have normal boundary conditions (see e.g. Lions and Magenes
[190]), we require the following crucial assumption.

Fundamental assumption: There exist complementary tangential
boundary operators S = (Sjr) with j = 1,....,m and k = 1,...,2m,
having the orders

order (S;x) =v; —k+1, where v; #
forall j,0=1,....m,0<v; <2m —1;v; >vjy1 for 1<j<m-—1

such that the square matrix of tangential differential operators

M = <§) (3.9.4)

N = M1, (3.9.5)

admits an inverse

which is a matriz of tangential differential operators.

Since M is a rearranged triangular matrix this means that the operators
on the rearranged diagonal, i.e. Rj 41 and S jv;+1 are multiplications with
non vanishing coeflicients.
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Definition 3.9.1. The boundary value problem is called a reqular elliptic
boundary value problem if P in (3.9.1) is elliptic and the boundary con-
ditions in (3.9.2) are normal and satisfy the Lopatinski-Shapiro conditions.

In order to have a regular elliptic boundary value problem (see Hérmander
[130], Wloka [322]) we require in addition to the fundamental assumption,
i.e. normal boundary conditions, that the Lopatinski-Shapiro condition is
fulfilled (see [322, Chap.11]). This condition reads as follows:

Definition 3.9.2. The boundary conditions (3.9.3) for the differential op-
erator in (3.9.1) are said to satisfy the Lopatinski-Shapiro conditions if the
initial value problem defined by the constant coefficient ordinary differential
equations

2m k
Z,PIEQm) (x725/)(dj ) X(Jn) =0 for 0 <oy, (3.9.6)

together with the initial conditions

. d \k-1 )
Z rjkA(x)(zﬁl)A(E) Xlon_o =0 forj=1,...,m (3.9.7)

[A|=p;—k—1
and the radiation condition x(oy,) = o(1) as o, — 00 admits only the trivial
solution x(o,) = 0 for every fized x € I' and every £ € R™ ™' with |¢'| = 1.

Here, the coefficients in (3.9.6) are given by the principal part of P in local
coordinates via (3.4.50) as

PEM@ )= 3 3 da(@)cannle’ 0

[v|<2m—k |a|=2m

and the coefficients in (3.9.7), from the tangential boundary operators in
(3.9.2) in local coordinates are given by

O\
Rjk = Z Tjk)\(l')(%) .
M <p;—k—1

The case of more general boundary conditions in which the orders g,
for the different components u, of u are different, with corresponding given
components ;; of ¢;, was treated by Grubb in [109]. Here the boundary
conditions have the form

Z Z Z %,\( V(i€ ) k1w = @je (3.9.8)

(=1 k=1 |X=pjo—k—1

m
t=1,...,¢;<p,j=1,...,m and qu:m~p.
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Here, for each fixed ¢ we have pj, € {0,...,2m — 1} which are ordered as
tie < [tj+1,¢, then we also need complementing orders
2m—1
vie € {0,...,2m—=1}\ U {pje} withvje > v;41,¢ and complementing bound-
j=1
ary conditions Sjt-f;. For a system of normal boundary conditions S the bound-
ary conditions in R together with the complementing boundary conditions
should be such that the rearranged triangular matrix M = (M;x))2mx2m

with Mj, = 0 for j < k and tangential operators

Mje = (Mfi))g, xp

now define a complete system of boundary conditions

p
Z ZM%WW =g, t=1,q;, j=12m

=1 k<j

where the diagonal matrices M;; = ((M;;))q,x», whose entries are functions,
define surjective mappings onto the g;—vector valued functions, and where
¢; < p. Then there exists the right inverse A/ to the triangular matrix M
and, hence, to M.

If we require the stronger fundamental assumption that M~! exists, the
boundary conditions still will be a normal system. In this case, in the Shapiro—
Lopatinski condition, the initial conditions (3.9.7) are now to be replaced by

d \k-1
> @ (o) e =0

(=1 k=1 |\=pje—k—1 (3.9.9)

for t=1,...,q; with ¢ <p and j=1,...,m.

In regard to the Shapiro—Lopatinski condition for general elliptic systems
in the sense of Agmon-Douglis—Nirenberg, we refer to the book by Wloka
et al [323, Sections 9.3,10.1], where one can find an excellent presentation of
these topics.

Now, for the special cases for m = 1 we consider the following
second order systems:

In this case, only the following two combinations of boundary conditions
are possible:

i)
R = (Roo,0)  with order (Rgpp) =0

. (3.9.10)
S = (S00,501) with order (Sgp) =1 and order (Sp1)=0.

For (3.9.5) to be satisfied, we require that the inverse matrices Ry, and
Spy* exist along I'. Then M and N are given by
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Rog' , 0
M= (ROO 0 ) Y ) (3.9.11)
Soo» Son —So1 SooRog 5 Sou
ii)
R = (R()(), R(n) with order (ROO) =1 and order (R()l) = 0,
S

3.9.12
= (So(), O) with order (Soo) =0. ( )

Similarly, here for (3.9.5) one needs the existence of Ry;' and Sp,". Then M
and N are given by

~1
M= <§0" ’ Ré”) N = < (11 ’ fm 1) (3.9.13)
00 Ror 5 —Rgy RooSgo
In general, the verification of the fundamental assumption is nontrivial
(see e.g. Grubb [109, 110]), however, in most applications, the fundamental
assumption is fulfilled.
Because of (3.9.4) one may express the Cauchy datayu = (you, - . . , Yom—1u)

by the given boundary functions ¢; in (3.9.3) and a set of complementary
boundary functions A; via

vi+1
> Sipyk-ru=2X; with j=1,...,m onI. (3.9.14)

If we require (3.9.5) or normal boundary conditions, the Cauchy data yu can
be recovered from ¢ and A by the use of N,

2m
Yo_ lu_Z/\/WJJr > NipAp—m for £=1,...,2m; (3.9.15)
j=1 p=m-+1
in short,
yu = N1 + NaA (3.9.16)

with rectangular tangential differential operators N7 and N from (3.9.15).
Then
RNy =1, RNy =0, SNy =0, SNy = I (3.9.17)

since V' is the right inverse. This enables us to insert the boundary data ¢
and A with given ¢ into the representation formula (3.8.5), i.e., for x € §2 we
obtain:

/E(% )" fy)dy (3.9.18)

2m—12m—~4—1

—Z Z ;cp,,w{zmﬂm zmmﬂ i@
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By taking the traces on both sides of (3.9.18) we arrive with (3.8.6) or
(3.8.10) at

yu = N(f) =~qF — QQPN(?) =~F +CQ/\/(<§)

where

F(o)i= [ Bla) f)dy.
0
Now, applying the boundary operator M, we find
Moy = <‘§> = MyF + MCoM™ <‘§> :

If f = 0, the right-hand side again is a projector for (f) = M~u, which
are generalized Cauchy data and boundary data to any solution u of the
homogeneous equation Pu = 0 in 2. We call Cy, defined by

Co (‘;’) - MCQM_1<i) = (?)CQ(J\GQ@ + AR, (3.9.19)

the modified Calderdn projector associated with P, {2 and M, which satisfies

C3=Cg. (3.9.20)

In terms of the finite-part integrals defined in (3.8.26), we have a relation
corresponding to (3.8.28) for the modified Calderén projector as well:

< 1
MDPM 'x =—Cox+ gx on I'. (3.9.21)

For the boundary value problem (3.9.1) and (3.9.3), ¢ is given. Consequently,
for the representation of u in (3.9.18) the missing boundary datum A is to be
determined by the boundary integral equations

(‘i) —Cy (‘i) +M~F  on I. (3.9.22)

As for the Laplacian, (3.9.22) is an overdetermined system for A in the sense
that only one of the two sets of equations is sufficient to determine .

Applying RM~1 = ((I)) and SM~1 = (?) to (3.9.22) and employing
(3.9.21) leads to the following two choices of boundary integral equations in
terms of finite part integral operators:

Integral equations of the ”first kind”:

Ao = —RQoPNoA = o+ RQoPNi1p — RYF

3.9.23
= —RDPNoA = Lo+ RDPNp — RyF on I'. ( )



3.9 Direct Boundary Integral Equations 151

Integral equations of the “second kind”:

BoX =X+ SQoPNoX = —SQoPNip + SvF

3.9.24
= I\ 4+ SDPN2A = —SDNip + SyF on I'. (3.9.24)

Note that in the above equations the tangential differential operators R and
S are applied to finite part integral operators. These operators can be shown
to commute with the finite part integration (see Corollary 8.3.3).

We now have shown how the boundary value problem could be reduced
to each of these boundary integral equations. Consequently, the solution A of
one of the boundary integral equations generates the solution of the boundary
value problem with the help of the representation formula (3.9.18). More
precisely, we now establish the following equivalence theorem.

This theorem assures that every solution of the boundary integral equa-
tion of the first kind generates solutions of the interior as well as of the
exterior boundary value problem and that every solution of the boundary
value problems can be obtained by solving the first kind integral equations.
This equivalence, however, does not guarantee that the numbers of solutions
of boundary value problems and corresponding boundary integral equations
coincide.

Theorem 3.9.1. Assume the fundamental assumption holds. Let f €
C>(£2) and ¢ € C=(I'). Then every solution u € C>(£2) of the bound-
ary value problem (3.9.1), (3.9.2) defines by (3.9.14) a solution A of both
integral equations (3.9.23) and (3.9.24). Conversely, let A € C™(I") be a
solution of the integral equation of the first kind (3.9.23). Then X\ together
with ¢ defines via (3.9.18) a solution u € C*(82) of the boundary value
problem (3.9.1), (3.9.2) and, in addition, A solves also the the second kind
equation (3.9.24).

If X € C*°(I') is a solution of the integral equation of the second kind
(3.9.24) and if, in addition, the operator SDPN7 is injective, then the poten-
tial u defined by A and ¢ via (3.9.18) is a C°°—solution of the boundary value
problem (3.9.1), (3.9.2) and, in addition, X solves also the first kind equation
(3.9.23).

Proof: i.) If u € C°°(£2) is a solution to (3.9.1) and (3.9.2) then the previous
derivation shows that A € C°°(I") and that A satisfies both boundary integral
equations.

ii.) If A € C°°(I') is a solution of the integral equation of the first kind
(3.9.23) then the potentials in (3.9.18) define a C*°—solution u of the partial
differential equation (3.9.1) due to Lemma 3.8.1 and (3.8.3), (3.8.4). Applying
to both sides of (3.9.18) the trace operator yields

yu=~F + CoM™! (f) onl. (3.9.25)
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Applying R on both sides gives with (3.9.5)
Ryu = RyF + RCo(N1p + NoA);
and (3.9.23) for \ yields with (3.8.11)
Ryu=¢.

Hence, yu = M~!(%) and the application of SM to (3.9.25) yields (3.9.24)
for A, too.

iii.) If A € C°°(I") solves (3.9.24), i.e.
A+ SQaP(Nip + Nod) = SHF, (3.9.26)

then the potentials in (3.9.18) again define a C'*°—solution u of the partial dif-
ferential equation (3.9.1) in {2, and for its trace holds (3.9.25) on I'. Applying
S yields with (3.9.26) and (3.8.11) the equation

Syu=XA onl.
On the other hand, the solution u defined by (3.9.18) satisfies on I’
Myu = M~F + C~9M7u
whose second set of components reads
A= Syu = SYyF — SQoP (N1 Ryu + N2 X)

in view of (3.9.23) and (3.8.11). If we subtract (3.9.26) we obtain

SCoN1(Ryu —¢) =0.
On the other hand, with (3.8.28),

SCoNy = S{iT — DPIN, = —SDPN;

due to (3.9.17). Therefore

SDPNi(¢ — Ryu) =0

which implies ¢ = R~vyu due to the assumed injectivity. Now, the first equation
(3.9.23) then follows as in ii). |

Now let us consider the exterior boundary value problem for the equation
(3.6.14), i.e.,
Pu=f in ¢ (3.9.27)

together with the boundary condition
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Ryu=¢ on I' (3.9.28)

and the radiation condition — which means that M (z;u) defined by (3.6.15)
is also given. Here, the solution can be represented by (3.7.13),

u(z) = / E(a,y)f(y)dy + M(x:)
Qch 12m—~0—1

+ Z Z /{ any y)T}PpMH%zU(Q)dSy-
T

As for the interior problem, we require the fundamental assumption and
obtain with the exterior Cauchy data Ry.u = ¢ and Svy.u = A, the modified
representation formula for x € £2¢, similar to (3.9.18):

u(z) = Fe(x)+ M(z;u) (3.9.29)

2m—12m—£—1

4 Z Z K Pp+e+1{ZM+1]¢g+ZM+1m+J }( )

r) = [ E(z,y)f(y)dy
/

In the same manner as for the interior problem, we obtain the set of
boundary integral equations

where

<<§> = Coe (f) + M~ F. + M~y M(o;u) (3.9.30)
where ~ ~
Coc=T—Co=MCoe M (3.9.31)

and Cgpe is given in (3.8.17). These are the ordinary and modified exterior
Calder6n projectors, respectively, associated with P, 2¢ and M.
As before, we obtain two sets of boundary integral equations for A.

Integral equation of the “first kind”:

A_Qc)\ = —RQQCPNQ)\ = — + RQQ"PN]S@ + R’YCFC + R’YCM

1 (3.9.32)
= —RDPN3\ = —5¢ + RDPN1yp + Ry F. + Ry.M
Integral equation of the “second kind”:
Baocd := X — SQnPNoX = SQoePNip + Sy F. + Sy M (3.9.33)

— L\ — SDPNyA = SDPN ¢ + S7cFe + Sy M
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In comparison to equations (3.9.23) and (3.9.32), we see that A and Agqe
are the same for interior and exterior problems. Hence, we simply denote this
operator in the sequel by

A = A_Q = AQC = —RDPNQ .

It is not difficult to see that under the same assumptions as for the interior
problem, the equivalence Theorem 3.9.1 remains valid for the exterior
problem (3.9.27), (3.9.28) with the radiation condition provided f € C'*°(£2¢)
and f has compact support in IR".

The following theorem shows the relation between the solutions of the ho-
mogeneous boundary value problems and the homogeneous boundary integral
equations of the first kind.

Theorem 3.9.2. Under the previous assumptions I' € C*° and a, € C*,
we have for the eigenspaces of the interior and exterior boundary value prob-
lems and for the eigenspace of the boundary integral operator A on I', respec-
tively, the relation:

kerA = X (3.9.34)
where
kerA = {AeC®(")|AX=0on I}

and
X = span {S'yu)uecm(ﬁ)/\PuzO in 2and Ryu=0on I'}

U {Syete | ue € C°(2°) A Pu, =0 in 2°, Ry.u.=0on I’

and the radiation condition M (x;u.) = 0}

Proof:
i.) Suppose A € kerA, i.e. AN =0 on I'. Then define the potential

2m—12m—~4—1

u@) = > Y KpPprep1(NaA)e

=0 p=0

where (1), denotes the /~th component of the vector ¥. Now, u is a solution
of

Pu=0 in {2 and in £2°.
Then we find in {2

Ryu = RQoPNoA=—-AN=0 and

3.9.35
Syu = SQuPNa. ( )



3.9 Direct Boundary Integral Equations 155

Similarly, we find in £2°¢,

Ryau = RQo:PNod=—-AN=0 and

3.9.36
Syeu = SQacPANA. ( )

Subtracting (3.9.36) from (3.9.35) gives
Ryu = Ry,u=0 and
Syu—Syeu = S(Qp — Qae)PNad = SPIPAZA =\,

This shows that A € X
ii.) Let u be the eigensolution of Pu = 0 in 2 with Ryu = 0 on I'. Then u

admits the representation (3.9.18), namely

2m—12m—~£—1

ua) ==Y Y KyPpirr1{NaSyu}e in 2.

£=0 p=0
By taking traces and applying the boundary operator R we obtain
0 = Ryu = A(Svu).

This implies that Syu € kerA.

In the same manner we proceed for an eigensolution of the exterior prob-
lem and conclude that Svy.u € kerA as well.

This completes the proof. |

Corollary 3.9.3. The injectivity of the operator
SDPM

in the equivalence Theorem 3.9.1 is guaranteed if and only if the interior and
exterior homogeneous boundary value problems

Pu = 0in £ and Pu., = 0 in 2°,
Syu = 0 and  Sy.u. = 0 on I with M(z;u.)=0

admit only the trivial solutions.

Proof: For the proof we exchange the roles of R and S, A and ¢, respectively.
Then the operator A will just be SDPN; and Theorem 3.9.2 implies the
Corollary. |

3.9.2 Transmission Problems

In this section we consider transmission problems of the following rather
general type:
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Find u satisfying the differential equation
Pu=f in 2U0Q°
and the transmission conditions
Ryu= ¢~ and [Ryu|r = (Ry.u— Ryu) =[p] on I (3.9.37)

where f € CP(IR"), ¢, [p] € C=(I") are given functions and where u
satisfies the radiation condition (3.6.15).

We begin with some properties of the modified Calderén projectors. Ob-
viously, they enjoy the same properties as the ordinary Calderén projectors,

namely _ B _ _ B
Ch=Ca, Co+Coe=71I, Ch.=2Cqe. (3.9.38)

In terms of the boundary potentials and boundary operators R and S, the
explicit forms of Cg, and Cq. are given by

c. <<P) _ _(RQQPNIaRQQPN2> <<P)
2\\) T SQaPN1,SQaPN2 ) \\)’

C (90) _ (RQQCPNLRQQCPNQ) (90)
\N) T \8QuPN:,SQ0 PN )\ M)

(3.9.39)

If we denote the jump of the boundary potentials u across I" by
[QPN;] = Qa-PNj — QaPN;

then, as a consequence of (3.8.27), we have the following jump relations for
any @, A € C°(I") across I
[RQPN1¢] = ¢, [ROPN2A] =0,

3.9.40
[SOPNip] =0, [SQPN2A] = A. ( )

From the representation formulae (3.7.10), (3.7.11) and (3.7.13), (3.7.14)
we arrive at the representation formula for the transmission problem,

u(z) / Bz, 9)f (y)dy + M(z;u)
Rﬂ

2m—12m—£—1

+ Z Z /{(%IYE(%Z/)T}PM@H(’Yceu(y)f'yeu(y))dsy
=0 p=0 v

= /E(m,y)f(y)derM(m;u) (3.9.41)
R’IL
2m—12m—~£—1

+ Z Z KpPpter1{Ni[p] + N2}

£=0 p=0

for z€ QU 2 ¢ T.
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Now, we apply v and 7. to both sides of (3.9.41) and obtain after applying M:

2m—12m—~—1
Myu = M~AF 4+ MyM + M~y Z Z KpPpter1{N1[p] + Na[Al}e
/=0  p=0
= MyF 4+ MyM + MQaoP{Ni[p] + Na[A]}, (3.9.42)
2m—12m—~£—1

My = MyF+ My M+M D > KyPprepr{MNle] + Na[A}e

£=0 p=0
= MyeF+ MyM+MQ  P{Ni[e] + Na[A]} (3.9.43)
where
[¢] = R(veu —yu) and [A] = S(yeu —yu). (3.9.44)

Inserting (3.8.27) into (3.9.42) and (3.9.43), we arrive at the boundary inte-
gral equations

0T = RyF+RyM + RDP{N[g] + Na[\]} F %[:p] (3.9.45)
and
AT = SyF+ SyM + SDP{M[g] + No[A]} F L[2],  (3.9.46)

where we use the properties v.F' = vF and v.M = yvM due to the C>°-
continuity of F and M.

Since ¢~ and [¢] in (3.9.45) are given we may use the boundary integral
equation of the first kind for finding the unknown [\]:

AN == —RDPN3[A] (3.9.47)
= RyF+ RyM(e;u) — ¢~ — 3[¢] + RDPN:[y] .

Once [A] is known, A\~ may be obtained from the equation (3.9.46).

The solution u of the transmission problem is then given by the represen-
tation formula (3.9.41).

We notice that in all the exterior problems as well as in the transmission
problem, the corresponding boundary integral equations as (3.9.32), (3.9.33)
and (3.9.47) contain the term M (z; u) which describes the behavior of the so-
lution at infinity and may or may not be known a priori. In elasticity, M (z; u)
corresponds to the rigid motions. In order to guarantee the unique solvabil-
ity of these boundary integral equations, additional compatibility conditions
associated with M (z;u) need to be appended.

3.10 Remarks

In all of the derivations of Sections 3.4-3.9 we did not care for less regularity
of I' by assuming I' € C*°. It should be understood that with appropriate
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bookkeeping of the respective orders of differentiation, all of the calculations
presented in this chapter can be carried out under weaker assumptions for
Ck* boundaries according to the particular formulae and derivations. In or-
der not to be overwhelmingly descriptive we leave these details to the reader.

As far as generalizations to mixed and screen boundary value problems
are concerned, as indicated in Section 2.5, one has to modify the represen-
tation formulae as e.g. (3.9.18) by splitting the generalized Cauchy data
wip = @; +@; and \jny = Aj + Xj in order to obtain systems of bound-
ary integral equations instead of (3.9.23) and (3.9.26). Also, singularities of
the charges at the collision points need to be incorporated which is crucial
for the corresponding analysis.

In this Chapter we also did not include one of the very important appli-
cations of integral equations, namely those for the general Maxwell equations
in electromagnetic theory, which have drawn much attention in recent years.
To this end, we refer the reader to the monographs by Cessenat [38] and
Nedelec [234] and also to Costabel and Stephan [54] and other more recent
results by Buffa et al [27, 28, 29] and Hiptmair [126].



4. Sobolev Spaces

In order to study the variational formulations of boundary integral equations
and their numerical approximations, one needs proper function spaces. The
Sobolev spaces provide a very natural setting for variational problems. This
chapter contains a brief summary of the basic definitions and results of the
L?-theory of Sobolev spaces which will suffice for our purposes. A more gen-
eral discussion on these topics may be found in the standard books such as
Adams [1], Grisvard [108], Lions and Magenes [190], Maz‘ya [201] and also
in McLean [203].

4.1 The Spaces H*(12)

The Spaces LP(£2)(1 < p < o0)

We denote by LP(£2) for 1 < p < oo, the space of equivalence classes of
Lebesgue measurable functions u on the open subset 2 C IR" such that |u|?
is integrable on (2. We recall that two Lebesgue measurable functions v and
v on {2 are said to be equivalent if they are equal almost everywhere in {2,
i.e. u(z) = v(x) for all z outside a set of Lebesgue measure zero (Kufner et al
[173]. The space LP(£2) is a Banach space with the norm

1/p
lullze (o) == (/Iu(:c)|”dx) .
2

In particular, for p = 2, we have the space of all square integrable functions
L?(£2) which is also a Hilbert space with the inner product

(u,v)p2(0) = /u(m)v(m)dm for all u,v € L*(£2).
Q
A Lebesgue measurable function u on {2 is said to be essentially bounded if

there exists a constant ¢ > 0 such that |u(x)| < ¢ almost everywhere (a.e.)
in 2. We define

esssup |u(z)| = inf{c € R||u(z)| < ¢ a.e.in 2}.
€S2
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By L*°(£2), we denote the space of equivalence classes of essentially bounded,
Lebesgue measurable functions on {2. The space L*°({2) is a Banach space
equipped with the norm

| w || oo (2y:= ess sup |u(x)].
TES?

We now introduce the Sobolev spaces H*(f2). Here and in the rest of this
chapter 2 C IR" is a domain. For simplicity we begin with s = m € INy and
define these spaces by the completion of C™(f2)—functions. Alternatively,
Sobolev spaces are defined in terms of distributions and their generalized
derivatives (or weak derivatives), see, e.g., Adams [1], Héormander [130] and
McLean [203]. It was one of the remarkable achievements in corresponding
analysis that for Lipschitz domains both definitions lead to the same spaces.
However, it is our belief that from a computational point of view the following
approach is more attractive.
Let us first introduce the function space

C(12) = {u € C™(2) | [|ullwm () < oo}

where

1/2
fulwnioy = { 35 [ 1DuPac} " (4.11)

la|<m

Then we define the Sobolev space of order m to be the completion of CJ*(§2)
with respect to the norm || - |lym (o). By this we mean that for every u €
W™ (S2) there exists a sequence {uytrew C C7*(£2) such that

kllrgo||u—uk\\w7yl(9) =0. (4.1.2)

We recall that two Cauchy sequences {uy} and {vi} in C*(£2) are said to
be equivalent if and only if limy . [|ux — vk |lwm () = 0. This implies that
W™(£2), in fact, consists of all equivalence classes of Cauchy sequences and
that the limit w in (4.1.2) is just a representative for the class of equivalent
Cauchy sequences {ug}. The space W™ ({2) is a Hilbert space with the inner
product defined by

(Uy V) := Z D*uD>vdzx . (4.1.3)

la|<m g

Clearly, for m = 0 we have W°(£2) = L?(£2).
The same approach can be used for defining the Sobolev space W?#(2) for
non-integer real positive s. Let

s=m+oc withmelNy and0<o<1; (4.1.4)
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and let us introduce the function space
C:(£2) :=={u € C™(02) | Jullw=() < oo}

where

Du(x) = Du(y)® V2
lullwe(a) {||u||Wm(m+Z / / ‘x_ywo drdy} "

lee|=

(4.1.5)

which is the Slobodetskii norm. Note that the second part in the definition
(4.1.5) of the norm in W*(§2) gives the L?—version of fractional differentia-
bility, which is compatible to the pointwise version in C™%({2). In the same
manner as for the case of integer order, the Sobolev space W*({2) of order
s is the completion of the space C7({2) with respect to the norm || - [[yys ().
Again, W#({2) is a Hilbert space with respect to the inner product

(u,v)s := (4.1.6)

()t Y // (Du (y))(Dav(x)—D“v(y))dxdy.

|z —y|"+2o

lee|=

Clearly, for m = 0 we have W°(£2) = L?(£2).

Note, that all the definitions above are also valid for 2 = IR"™. In this
case, the space C§°(IR") is dense in W*(IR") which implies that for 2 = R"
the Sobolev spaces defined via distributions are the same as W*(IR"). We
therefore denote

H*(R") :=W*(R") for s>0. (4.1.7)

Instead of the functions in C™(£2) let us now consider the function space
of restrictions,
C>®(2) ={u=1|lnp with @€ C°(IR")}
and introduce for s > 0 the norm
l[ull g2y == nf{{Jullgsqrr) [u = ulo} . (4.1.8)

Now we define H*({2) to be the completion of C*°(§2) with respect to the
norm || -{| = (), which means that to every u € H*(2) there exists a sequence

{uk trew C C°°(£2) such that
klin;o lu — ugl s 2y = 0.

Before we can state further properties we need some mild restrictions on
the domain {2 under consideration.

The domain {2 is said to have the uniform cone property if there exists
a locally finite open covering {U;} of 92 = I" and a corresponding sequence
{C;} of finite cones, each congruent to some fixed finite cone C such that:
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(i) For some finite number M, every U; has diameter less than M.

(ii) For some constant 6 > 0 we have
U;il U; D s :={x € 2)infyer |z —y| < 6}

(iii) For every index j we have Uxenmuj (x+Cj) =:Q; C 1.

(iv) For some finite number R, every collection of R + 1 of the sets Q); has
empty intersection.

We remark that the uniform cone property is closely related to the
smoothness of I'. In particular, any C?-boundary I" will possess the uni-
form cone property. It was shown by Gagliardo [87] and Chenais [41] that
every strong Lipschitz domain has the uniform cone property. Conversely,
Chenais [41] showed that every bounded domain having the uniform cone
property, is a strong Lipschitz domain.

Theorem 4.1.1. Strong extension property (Calderén and Zygmund
[35], McLean [203], Wloka [322])
Let §2 be bounded and satisfy the uniform cone property.

i. Letm € INg. Then there exists a continuous, linear extension operator

Fo : H*(2) - H*(R™) for m<s<m+1
satisfying
||FQUHHS(]R7L) § c_Q(s)HuHHs(Q) fOT all u € HS(Q) . (419)

7. Let I be a C’k”‘fboundary withk+r>1, k€N, andlet 0 <s<k+k
ifk+rk € IN or0 < s < k+rk if k+r € IN. Then there exists a continuous,
linear extension operator Fq which is independent of s satisfying (4.1.9).

As a consequence, whenever the extension operator Fq exists, we have
We(£2) = H*(§2) and the norms

lullws(2y and |lulgs(o) (4.1.10)

are equivalent (see Meyers and Serrin for s € INg Meyers and Serrin [205],
Adams [1, Theorem 3.16], Wloka [322, Theorem 5.3]).

Since C§°(£2) C C°°(2) where for any u € C§°(§2) the trivial extension
@ by zero outside of 2 is in C§°(IR"), we define the space H*({2) for s > 0
to be the completion of C§°(§2) with respect to the norm

ull . oy = Nl e ey - (4.1.11)
This definition implies that!
H*(2) = {u € H*(R") | suppu C 2} (4.1.12)

"Note that these spaces H*(f2) are often denoted by Hgo(£2) (see Lions and
Magenes[190]).
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and _
H?(2) C H*(2) for s > 0.

Note that (4.1.12) implies that H®(£2) is a closed subspace of H*(IR™)
whereas, e.g., H2 (2) # Hz(£2) (see (4.1.38), Lions and Magenes [190, p.66]).

For negative s, we define H*({2) by duality with respect to the inner
product (-, -)z2(p). More precisely, for s < 0 we define the norm by

lulo = suwp 1w el /el o - (4.1.13)
0F£peH~2(£2)

As usual, we denote the completion of L?(§2) with respect to (4.1.13) by
H*(2) = (H*(2)) for s<0, (4.1.14)

the dual space of H—*(£2) which coinsides with the space of restrictions of
elements to 2. These are the Sobolev spaces of negative order.

Extending (4.1.14), we also define the spaces H*({2) for s < 0 by the
completion of L?(2) with respect to the norm

||u||ﬁ5(9) = sup |(¢»U)L2(Q)\ / ”wHH—S(Q)a (4.1.15)
0£YEH ~5(2)

(see Adams [1, p.51], Lions and Magenes [190, (12.33) p.79]). This completion
is denoted by _ )
H*(2) = (H*(2)) , (4.1.16)

which is the dual of H*(£2). In fact, if for (—s) > 0 the strong extension
property, Theorem 4.1.1 holds, one can show that

H*(2) = {u € H*(R") | suppu C 12}, (4.1.17)

see Hormander [130] for 2 = IR™ and Wloka [322].
For s > 0, we have the inclusions:

H*(2) C H*(R2) C L*(2) ¢ H*(2) (4.1.18)

with continuous injections (i.e. injective linear mappings). Since for 0 < s < %
one has H*(£2) = H*(£2), and one also has H~*(£2) = H~*({2) which is not
true anymore for s > £. Note that if u € H~*(£2) then u|; € H5(£2) defines
a projection whose kernel consists of all u € H ~5(£2) with support on 91?2
(see Mikhailov [207]). We remark that the elements of the Sobolev spaces of
negative order, H*(£2) and H~*(2), define bounded, i.e. continuous, linear

functionals on the Sobolev spaces H*(£2) and H*(£2), respectively. As will be
seen, these functionals can be represented in two different ways.
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In what follows, let V denote the Hilbert space H*(£2) or H*(£2) with
0 < s, and let V’ denote its dual. That is, we have V C L? C V'. We set the
value of the continuous linear functional ¢ at v by

(6,v) :=f(v)for £€V'and v €V with ({,v) = (v,0)p2 (4.1.19)

provided ¢ € L?. Here the bilinear form (¢, v) is called the duality pairing on
V! x V. If ||u|lv is the norm on V, the space V' is supplied with the dual

norm /
el = sup Ko

0#£vEV HUHV .

Since V is a Hilbert space, by the Riesz representation theorem, for each
£ € V' there exists a unique A € V depending on ¢ such that

(£,0) = £(v) = (v, )y and [y = [Allv, (4.1.20)

where (v, \)y denotes the inner product in V. This is one way to represent
the element of V', although it is not very practical, since it involves the
complicated inner product (e, e)y of the Hilbert space V.

The other way to represent £ € V' is to identify ¢ with an element W,
in L2(2) and to consider the value ¢(v) at v € V as the L?-inner product
(v,ug) 2(2) provided £ € V' is also bounded on L?. In other words, we express
the bilinear form (£, v) on V' x V' as an inner product (v, u¢)2(). In fact, the

definitions (4.1.13) and (4.1.15) for the dual spaces V' = H*(£2) and H*(£2)
for s < 0 are based on this representation. In case £ € L?(§2) C V', we simply
let W, = ¢ € L%(£2) and obtain

(,v) = (v,ue)2(2) = /v(x)mdx = /v(m)é(m)dw

0 0

for all v € V. On the other hand, if £ € V' but £ & L?({2), then we define

(0,v) = klin;o(v,ugk)p(m = kllngo/v(m)ugk (x)dx (4.1.21)
I7;

for all v € V, where {uy, } C L?(£2) is a sequence such that
lim ||ﬂ[k — €||V/ = 0.
k—oo

We know that {y, } exists and (4.1.21) makes sense, since V' is the com-
pletion of L?(£2) with respect to the norm || - ||y, defined by (4.1.13) and
(4.1.14), respectively.

The second way is more practical; and as will be seen, our variational
formulations of boundary integral equations in Chapter 5 are based on this
representation. In what follows, we write
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<U,U>L2(Q) = (u,ﬁ)Lz(Q) (4.1.22)

for the duality pairing of (u,v) € V' x V; and the L?-inner product on the
right—hand side is understood in the sense of (4.1.21) for u & L?(§2).

We remark that both representations are equivalent and are defined by
the same linear functional. Hence, the mapping ¢ — A from H~*({2) onto
H*(£2) is a well defined isomorphism. By isomorphism we mean a continuous
one-to-one linear mapping from H~*({2) onto H*(£2) whose inverse is also
continuous.

Now we consider the special case {2 = IR". In this case, for any s € IR, in

addition we have B
H*(R") = H*(R"). (4.1.23)

Moreover, these Sobolev spaces can be characterized via the Fourier trans-
formation. For any u € C§°(IR™), the Fourier transformed @ is defined by
(3.1.12), and there holds

Fepli = u(x) = (27r)—”/2/e”fa(5)dg, (4.1.24)
IRW/

with the inverse Fourier transform of 4. The following properties are well
known (see e.g. Petersen [247, p.79]); i.e. the Parseval-Plancherel formula

(oo = [ @@l = [ € = (@, 6) oy, (41.25)

R™ R"
/ u(z)o(x)de = / a(&)v(€)de . (4.1.26)
R" R"

Formula (4.1.25) implies
lall L2y = llullLzrn) (4.1.27)
for any u € C§°(IR™). A simple application of (4.1.27) to the identity
(27r)_"/2 / e " (D(z))dx = (—1)'0“(277)_”/2 /(Dge_m'g)u(as)dx
R" R"
= (i§)"u(&)
for any o € INj shows that
(€*a(¢)) € LA*(R™)  for every a € INj and u € C5°(IR™).
This implies that we have

llll? = (2m)~" /(1 +1€%)*la()Pde < oo (4.1.28)

R"
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for every s € R and u € C§°(IR"™). Obviously, ||| - |||ls is a norm. Now let
H*(IR"™) be the completion of C§°(IR™) with respect to the norm || -|||s. Then
the space H*(IR™) again is a Hilbert space with the inner product defined by

((wo))e = 20" [ (L4 € a(REE (4.1.29)
J

From Parseval’s formula, (4.1.27) it follows that
HY(R") = H°(R") = L*(R").

In fact, one can show that H*(IR") is equivalent to H*(IR") for every s € IR,
see e.g. Petersen [247, p.235]. Therefore, in what follows, we shall not distin-
guish between the spaces H*(IR") and H*(IR") anymore. The corresponding
norms || - ||s and ||| - |||s will be employed interchangeably.

As a further consequence of Parseval’s equality (4.1.27), we see that the
Fourier transform Fu(§) := 4(€) as a bounded linear mapping from C§°(IR™)
into L2(IR™) extends continuously to L?(IR™) and the extension defines an
isomorphism L?(IR™) — L2(R").

Here again, by isomorphism we mean a continuous one-to—one mapping
from L?(IR") onto itself whose inverse is also continuous. In fact, the inverse
F~1is given by (4.1.24). Further properties of F on the Sobolev spaces and
on distributions will be discussed in Chapter 6.

Now we summarize some of the relevant results and properties of H*({2)
without proofs. Proofs can be found e.g. in Adams [1], Kufner et al [173],
McLean [203] and Petersen [247].

Lemma 4.1.2. Generalized Cauchy-Schwarz inequality (Adams [1,

p. 50]).
The H?*(£2)-scalar product extends to a continuous bilinear form on

HV(02) x H=4(£2). Moreover, we have
[(w, v) s ()| < ull gste ) ||u||ﬁ.g_t(9) (4.1.30)

for all (u,v) € H*"(£2) x H*~%(2) and all s,t € R. This inequality also
holds for 2 = R"™ where H*"t*(IR™) = H*t(IR").

Lemma 4.1.3. (Petersen [247, Chap. 4, Lemma 2.2])
For s < t, the inclusion H'(R") C H*(IR") is continuous and has dense
image.

Theorem 4.1.4. Rellich’s Lemma ([247, Chap. 4, Theorem 3.12])
Let s <t and 2 C IR" be a bounded domain. Then the imbedding

HY(02) S H*(R™)

is bounded and compact.
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In the following, the symbol <% will be used for compact imbedding.

Theorem 4.1.5. Sobolev imbedding theorem ([247, Chap. 4, Theorem
2.13])

Let m € Ng and s < m + §. Then for every u € H*(IR") and every
compact K € R"™ we have u|x € C™"*(K) and

Hu”Cm’a(K) < C(K7 m, Oé) ||u||Hb(]R”)

f0<a<s—m-—35 and a < 1.

Theorem 4.1.6. Rellich’s Lemma, Sobolev imbedding Theorem
(Adams [1]) Let 2 be bounded and satisfy the uniform cone property. Then
the following imbeddings are continuous and compact:
i. B o
H*(2) S HY(2) for —oo<t<s< o0, (4.1.31)
. .
H*(2) — H'(2) for —oco<t<s<oo. (4.1.32)

H*(2) <5 0™(Q) for meNo,0<a<l,m+a<s—2. (4.1.33)

Fors=m+a+ 35 and 0 < a < 1, the imbeddding
H*(02) — C™*(92) (4.1.34)

15 continuous.

Classical Sobolev spaces
For m € Ny, let Hi*(§2) be the completion of C§*({2) with respect to the
norm || - || gm (). Then we have

H'(2) = H™) and L
mme) = (@) = mp@)y (139

In the case 0 < s & INg, for H*(£2) there are two cases to be considered. If
s =m+ o with |o| < 2 and m € INy then there holds

-z 2

= H{(0) = CytH(0) . (4.1.36)

Nl s ey

H*(2) = g7 (@)

where the completion of the space Cj*(2) with respect to the norms || - || s ()
and || - || gs(r~), respectively, is taken.
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The spaces Hy,(£2)
If s = m+ 3, then the space H*({2) is strictly contained in Hg({2):

I-lzs @mm) o

H*(2) = CrHi(0) C Hy(9). (4.1.37)

In this case, Lions and Magenes [190] characterize H*(£2) by using the norm

=

—1 .4 2
lllizgocn = {Ilulli i)+ D2 ™2 D ullF () (4.1.38)

lal=m
where p = dist (x,092) for z € 2. It is shown in [190, p.66] that the norms

u ith T for z € 02,
l|lull g, (2) and [|@]| g (mny Wwith @ = U or x .
" 0 otherwise,

are equivalent.

In variational problems it is sometimes convenient to express equivalent
norms in different forms. In the following we present a corresponding general
theorem from which various well known equivalent norms can be deduced.

Theorem 4.1.7. Various Equivalent Norms

(Triebel [307, Theorem 6.28.2]) Let §2 be a bounded domain having the uni-
form cone property, m € IN, and let q(v) be a nonnegative continuous
quadratic functional on H™(£2); i.e.,

q: H™(2) — R with q(\) = |M\?*q(v) forall \€C, ve H™(2),
0<q(v) < cvlime and (4.1.39)
q(p) > 0 for all polynomials @ of degree less than m.

Then the norms ||v|| gm0y and { Y ||DO‘UH%2(Q) +q(v)}2 are equivalent on
|a]=m
H™(().
In particular, let us consider the following special choices of g:

2
i q(v) == Z /QDﬁvdx

. Then we have the
1Bl<m
Poincaré inequality:

lollizecoy < Nollmey < ef 32 D™ 0Faey + >

la|=m |Bl<m

2.1
}2

(4.1.40)

/ DPuvdx
1)

for 0 </ <m.
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ii. ¢(v) :== / |v|?ds. Here we have the
r

Friedrichs inequality:

1
o 2
Hv||Hm(Q)gc{ Y Ip 11||2L2(Q)+/\11|2d5} . (4.1.41)

la]=m T

When v € HJ"(£2) then we have in particular

1

loll e (o) SHUHHm(Q)Sc{ 3 HD%HQLQ(Q)F for 0<0<m. (4.1.42)

|a]=m
We often shall also need the local spaces defined as

Hp () = {u € D'(2) |V € C(R2) : pu € H (R")}. (4.1.43)

Theorem 4.1.8. The multiplication by ¢ is continuous; i.e.

loullare ey < 252 ] e / L+ 12106 de (4.1.44)
]R"ﬂ

where (&) = Fuep(z).

The space Hf .(f2) is a Frechet space since with an exhaustive sequence of
compact subsets K; of {2 one may choose a sequence {¢;} C C5°(£2) with
@j(z) = 1 on K;. With this result, the family of seminorms |[¢;ul| g=(mn)
could be used to define the corresponding Frechet space.

We also introduce the space

H o (2)={ue& ()] to u there exists a compact

comp . (4.1.45)
Ke? and ue H*(K)}.

The spaces Hj .(£2) and H_?  (£2) are dual to each other with respect to

comp

the bilinear pairing defined by the bilinear form

(u,v) = /u(m)md:ﬁ for w € Hi,.(£2), v € Hepny (£2). (4.1.46)
2

4.2 The Trace Spaces H*(I")

In the study of boundary value problems we need to speak about the values
which certain elements of H!(§2) taken on the boundary I" of 2. If u € H*(£2)
is continuous up to the boundary I, then one can say that the value which u
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takes on I is the restriction to I" (of the extension by continuity to §2) of the
function u, which will be denoted by wu|r. In general, however, the elements
of H?((2) are defined except for a set of n—dimensional zero measure and
it is meaningless therefore to speak of their restrictions to I" (which has an
n—dimensional zero measure). We therefore need a new concept, the concept
of the trace of a function on I'; which can substitute and generalize that of
the restriction u|r whenever the latter in the classical sense is inapplicable.
To this end, we need the boundary spaces. In the following, we define the
boundary spaces in three different ways. However, it turns out for Sobolev
indices s with |s| < k + x — %, that these spaces are equivalent due to the
trace theorem.

Let us begin with the definition of the integration on I'. We introduce
partitions of unity subordinate to the covering of I" by the sets B,y C IR".
We say, a family of functions o,y € Cg°(IR"),r = 1,...,p, is a partition of
unity, if o,y : R™ — [0, 1] has compact support supp a(,y € B, satisfying

p
Za(r)(x) =1forall z €lUp,
r=1

where Ur D I' is an appropriate n—dimensional open neighbourhood of I'.
For I' € C** and k + k > 1, the tangent vectors are well defined almost
everywhere for x € I'N By, as is the surface element ds,. Then, for f given
on I', we define the surface integral by

/fds:i / F(@)ay(x)ds,.

"= rnB,

By using the local representation (3.3.3) of I', the integrals on the right-hand
side are reduced to integrals of the function (fo ) o (z¢) + Ty (¥ a@y (¥))
over Q@ C IR™!. This definition is intrinsic in the sense that it does nei-
ther depend on the special local coordinate representation of I' nor on the
particular partition of unity considered.

Now let L?(I") be the completion of C°(I"), the space of all continuous
functions on I, with respect to the norm

fullzary = { [ hto)Pas. ) (12.1)
I

As is well known, L?(I) is a Hilbert space with the scalar product

(u,v) 21y i= /u(x)@dsz (4.2.2)

r

For a strong Lipschitz domain {2 one can show that there exists a unique
linear mapping o : H*(2) — L?(I") such that if u € C°(£2) then you = u|r.
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If u € H*(£2) we will call you the trace of u on I" and the mapping 7o the trace
operator (of order 0). However, in order to characterize all those elements in
L?(I') which can be the trace of elements of H'({2), we need to introduce
the trace spaces H*(I"). For s = 0, we simply set H(I") = L*(I).

Natural trace space H*(I)

The simplest way to define the trace spaces on I is to use extensions of
functions defined on I' to Sobolev spaces defined in 2. For s > 0 let us
introduce the linear space

Cio(IN) :={pe CO%(IN)| to ¢ there exists @ € HH%(Q)
such that 0@ := @;p = @ on I'}.

Then the natural trace space H*(I") is defined to be the completion of C(4)(I")
with respect to the norm

e L (4.2.3)

However, with this definition we note that it is difficult to define a scalar
product associated with (4.2.3). On the other hand, the trace theorem holds
by definition, namely

Io@llers 0y < 1l yer g ) for every @€ HT2(£2) (4.2.4)

and for any s > 0. As we will show later on, H*(I") is actually a Hilbert
space itself, although the inner product can not be deduced from the above
definition (4.2.3).

For s < 0, we can define the space H*(I") as the dual of H™*(I") with
respect to the L2(I") scalar product; i.e. the completion of L?(I") with respect
to the norm

HUHHS(F) = sup | (%u)m(m | (4.2.5)
H<p\|H,5(F):1

These are the boundary spaces of negative orders.

The Fichera trace spaces H*(I")
Alternatively, one may define the Sobolev spaces on the boundary in terms
of boundary norms (Fichera [77]), instead of the domain norms as in (4.2.3).
We begin with the simplest case; for 0 < s < 1 we define H*(I") to be the
completion of

T = {p € CD) ¢lhercr < o0}
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with respect to the norm

[N

|u(z
||UH’HS F) - ||U||L2(F +// |$ |n 1+2S dSzdSy . (426)
r r

Again, H*(I') is a Hilbert space equipped with the inner product

(w, V) sy = (u,v) 2 p)+// |7Sv§f)25_ v(y))dszdsy. (4.2.7)

To define H*(I") for s > 1, it is more involved. In the following, let m € IN
be fixed and let

M = {uc C™(2)|(t(2) - Vi) u(x)|,=2er = 0 for all

0 < |a| < m and for all tangential vectors ¢} .

This defines an equivalence relation on C™({2). With M we can define the
cosets of any u € C™(£2) by

[u] = {veC™(2)|v—ue M}.
Now let us consider the quotient space

C™(2)/ M= {[u]lu € C™(2)}.

As usual, the quotient space C"™(£2)/M becomes a linear vector space by the
proper extension of linear operations from C™(£2) to C™(§2)/ M, i.e.

alu] + Blv] = au + fu]

for all a, 3 € C and u,v € C™(£2). On C™(12), we introduce the Hermitian
bilinear form

((uyv))m = Z D*uD%v ds (4.2.8)

la|<m

and the associated semi—norm
([l == ((u, ) - (4.2.9)

If Il - [Il-n were a norm on C™ (£2), then the completion of the quotient space
C™(£2)/ M, would provide us with the desired Hilbert space on I". However,
since {u € C™(Q2)|||Julllm = 0} # {0}, we need to introduce an additional

quotient space in which ||| - |||, will become a norm. To be more precise, let
N = {ue C™(2)| Dr =0 for all « with 0 < |a| < m}
= {ue C™(8) |lulllm = 0} .
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Then N defines an additional equivalence relation on C"™(§2). Moreover, on
the quotient space C™(£2)/N, given by the collection of cosets,

[l = {v e " () [llv = ulllm = 0},

((e,0)),, and ||| ® |||, define, by construction, a scalar product and an associ-
ated norm. The corresponding completion

= -1l

B™(I) = C™ ()N

then defines a Hilbert space with the scalar product (4.2.8) and norm (4.2.9);
for any @,0 € B™(I') we find sequences u,,v, € C™(2) such that @ =
limy, oo [tn & and © = lim,, oo [vn] o in B (). Thus, we may define

(U, D) = (ﬂvi’)BM(F) = lim ([up]n [Un]N)BM(F)

= lim ((tn, ) (4.2.10)
Vil = sy = Y fun]llsn(ry = T [funfln - (4.2.11)

In order to identify C™(£2)/M with a subspace of B™(I"), we map M into
C™(2)/N by
M3 ur— [uly € M/N,

where

M/N = {[uln |u € M} C C™(2)/N C B™.
One can easily show that the quotient spaces
C™(Q)/M = (C™(2)/N) [(M/N)

are algebraically isomorphic, i.e., there exists a linear one—to—one correspon-
dence between these two spaces. Now we denote by M the completion of
M/N in B™(I'), and define the trace spaces by

H™(D) == B™(I) /M. (4.2.12)

For any u € H™(I"), by the definition of the quotient space (4.2.12), u has
the form u = [u] for some @ € B™(I"), and the norm of u is defined by

[ull3m(ry == nf ||@+ 3| - (4.2.13)
vEM

Since M is complete, we can find some 4* € M such that

[wllsm (ry = @+ @[l = inf @+ 9m (4.2.14)
veEM



174 4. Sobolev Spaces

Moreover, for
&=+ a* € M CB™I") there holds (&), =0 for all & € M.

Therefore, H™(I") and M are isomorphic.

By the definition of completion, there exists a sequence t,, € C™(£2) such
that

lim || [in]nr = @ = 0

and
i [faly [l = Y ], il = 0. (4.2.15)
In particular, we see that
lllpen(ry = Yin [ @l (4.2.16)

Similarly, for v € H™(I") we can find ¥ € M* and a sequence U,, € C™(12)
with the corresponding properties. Then we can define the inner product by

(u, V) pgm(ry i= (U, 0), = lm ((dy, 00))m (4.2.17)

n—oo

so that H™(I") becomes a Hilbert space.

Remark 4.2.1: As we mentioned earlier, the space H™(I") may also be
considered as the completion of the quotient space C™(£2)/ M with respect
to the norm

m = inf m 4.2.18
lfulllm = Jnf flu+ ] (4.2.18)

corresponding to (4.2.14). However, in order to define the inner product (-, ).,
in (4.2.17), it is necessary to introduce the quotient space C™(£2)/N. In
addition, note that, in general, the infimum in (4.2.18) will not be attained

in M since M is not complete.

To define H*(I') for s ¢ IN, s > 0, we write s = m + o where —1 < ¢ <
%, m € IN, and proceed in a similar manner as before. More precisely, we first
replace the scalar product (4.2.8) by

|J? _ y|n—1+2(s—[s])

by [ [ Rl D) D DT, g, (6219
rr

where [s] := max{{ € Z|{ < s} denotes the Gaussian bracket. Correspond-
ingly, we define the associated semi-norm
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llells == ((u, u))d (4.2.20)
on C#(£2) which is a subspace of C™(£2) defined by
Cy(2) = {u e C™@) | [[lullls < o0} .
The subspace M is now replaced by

M® = {u € C2(Q)] (#(2) - Vi) u(2) s=ser = 0

for all |a] < m and all tangent vectors ¢} ;
and the quotient space is replaced by C* (2)/ M?. Furthermore, let
N ={ue C:(2)|[lullls = 0};
and the completion of the quotient space CN'j (2) /N3, given by the cosets
[l == {v € C2(2) | lu —vllls = 0},
is denoted by B*(I"). We denote by M" the completion of

MPIN? = {luly

ue M} CB(I)
in the Hilbert space B*(I"). Then, finally we define
HE(D) == B5(I")J M? (4.2.21)

as the new boundary Hilbert space. Note that any element v € H*(I") can

again be approximated in H*(I") by sequences U, € 5: (2) ; and the details
are exactly the same as in the case of integer s = m.

For negative s, we define H*(I") by duality with respect to the L?(I")-
inner product, (-,-)z2(p). Similar to (4.1.13), the norm is given by

lull#s(ry == sup  [(p,u)p2(ryl/ lellm—sry; (4.2.22)
0F#peH == (I")

and the completion of L?(I") with respect to (4.2.22) is denoted by
S —S !
H (D)= (H*(1)) ",

={¢:H*(I") —» C]| ¢ is linear and continuous }, (4.2.23)

i.e., the dual space of H~*(I"). We write again

<£, U) = (57 Z)LQ(I’)

for ¢ € H*(I') and v € H™%(I"), and the L*(I')-inner product (-,-)p2(py is
understood in a sense similar to (4.1.21) for ¢ & L*(I').
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Remark 4.2.2: In principle, to replace the cosets, one can define H*(I") in
terms of functions on I" with covariant derivatives of orders o with || <
m from differential geometry which we tried to avoid here. Nevertheless,
properties concerning the geometry of I" will be discussed later.

Standard trace spaces H®(I")

In this approach we identify the boundary I" with IR" ! by means of the local
parametric representations of the boundary. Roughly speaking, we define the
trace space to be isomorphic to the Sobolev space H*® (]R”_l). This approach
is the one which can be found in standard text books in connection with the
trace theorem (Aubin [9, p.198ff]).

Let us recall the parametric representation (3.3.3) of I', namely

v=a0)+ T (V,am(y)) for ¥ €Q,r=1,...,p.

Then, for s with 0 < s < k + x for noninteger k + x or 0 < s < k + & for
integer k+ k we define here the Sobolev space H*(I") by the boundary space

{U € L2(F) | u (x(r) =+ T(r)(y/aa(r)(y/))) € HS(Q)’T =1,... ap}

equipped with the norm

N

p
[ullhsry = {Z lu () + Ty (¥ ar) (¥))) ||%15(Q)} : (4.2.24)
r=1

This space is a Hilbert space with the inner product

p
(s gy = Y (@) + T (¥ am) (1) 026y + Ty (4 a6y (4) o)

r=1
(4.2.25)

Note that the above restrictions of s are necessary since otherwise the differ-
entiations with respect to 3’ required in (4.2.24) and (4.2.25) may not be well
defined. Also note that H*(Q) is the Sobolev space in the (n—1)—dimensional
domain @ as in Section 4.1. In an additional step, these definitions, (4.2.24)
and (4.2.25), can be rewritten in terms of the Sobolev space H*(IR"™') by
using the partition of unity on I" subordinate to the open covering By,.,. More
precisely, we take the functions o,y € Cg°(IR"),supp a(,y € B, introduced
previously, with

> o) =1 (4.2.26)

in some neighbourhood of I'. For u given on I', we define the extended func-
tion on IR" ! by

o amu) (@) + Ty am(y)  fory' €Q,
' 0 otherwise.
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Then H*(I") is given by all u on I for which ayu € HS(R" '), r=1,...,p
The corresponding norm now reads

‘u”HS(F) - {Z || r)u ”H s(R™— 1)}2 (4227)

and is associated with the scalar product

P

(u, U)HS(I“) = Z(m, a/E;_)/’U)HS(Rnfl) . (4.2.28)
r=1
Clearly, for 1 < s < k+k, the integrals in (4.2.24)—(4.2.28) contain derivatives
of uw on I' with respect to the local coordinates, i.e. derivatives of

u (i) + Ty (¥ ae (¥)))

with respect to y;,7 = 1,--- ,n—1. These derivatives are, in fact, the covariant
derivatives of u with respect to I" (see Bishop and Goldberg [16] and Millman
and Parker [216]).

Since with the particular charts, the pushed forward functions 04/(;)/u are
defined on IR™~! having compact supports in @, and in (4.2.27) and (4.2.28)
we are using H*(IR"™1), we can introduce via L?-duality the whole scale of
Sobolev spaces for H¥(I"), all s with —k — £ =) s =) k + k.

Up to now, we have introduced three different boundary spaces. The con-
nection between these boundary spaces and the Sobolev spaces on the domain
{2 are given through the trace theorem in (2. To this end, let us introduce
the trace operators 7,7 =0,1,--- ,m—1,1<m € N,

oLl 1( ) —ome 1( )
defined by

'Vju:%| =(n- V)u‘p, 7=0,1,--- ,m—1.

In particular, we have, as before, for u € C?(2),
You = ulr,

and 7 is a linear operator which acts on a continuous function u € C°(2) to
produce its restriction to the boundary I" as a continuous function ~yyu on I.
What we are really interested in is the problem of how to define ygu when u
belongs to L?(§2) or, more generally, to one of the Sobolev spaces H™(£2). As
we mentioned earlier, functions belonging to H™ ({2) are only defined uniquely
on 2 and not on {2 since I' is a set of n—dimensional measure zero, and
functions in H™({2) differing on a set of measure zero are regarded as being
identical. However, the trace theorem enables us to define unambiguously you
(or more generally v;u), provided that u is smooth enough, e.g. in H'(£2) (or
u € H™(R2)) and I is sufficiently smooth. We now state the Trace Theorem.
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Theorem 4.2.1. Trace Theorem
(Costabel [50], Grisvard [108], Necas [229, Chap.2,5], Wloka [322, p. 130])

i. Let 2 € C** where k+r > 1 and s € R with + < s <max{k+=x, 2} for
non integer k + k or % < s < k+ k for integer k + k. Then there exists
a linear continuous trace operator ~yy with

Yo @ H¥(2) — H*"3(I) (4.2.29)
which is an extension of
You =ulr for ue C°(R).

ii. Let 2 € C*1 and s € R and j,k € INy with%—l—j<s§k+1fornon
integer k+k or %Jrj < s < k+k for integer s. Then there exists a linear
continuous trace operator yv; with

~; « H5(£2) — H7=3(I) (4.2.30)
which is an extension of

g _
Wju:a—nlﬂp for ueC’) with s+j<{ecIN.

Moreover, for these s the three boundary spaces are equivalent:

1

H* 3 (I) ~ H* 3 () ~ H 3 () (4.2.31)

In view of the trace theorem, for £2 € C*!, we identify once and for all
the boundary spaces

H*(I') := H(I') = H*(I") = H*(I") (4.2.32)

for 0 < |s| < k+ %, taking H*(I") = L*(I') and call H*(I') the trace spaces.
We note that for 0 < s < k + %, the equivalence is due to the trace theorem.
For —k — % < s < 0 the equivalence follows from the common definition via
L?(I")~duality.

Since in these cases the boundary spaces are equivalent to the spaces
H*(IR"™ '), we have with the imbedding theorem in IR™ ™" also on I’:

Theorem 4.2.2. Let I" be a C*! boundary, k € Ny and let |t|, |s| < k+ 3.
Then the imbeddings
H(I)
1(1)

HY(I) for t<s (4.2.33)
C™* () for m+a<s—%+3,melNy0<a<1 (4.234)

C
—

(&
—

are compact.
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Remarks 4.2.3:

i. In case of a Lipschitz domain, i.e. k = 0,k = 1, we see that for % <s<1,

ii.

iii.

the trace operator 7 exists with
Y0 H*(2) — H* 3(I)

and -
you = u|p for u e C°(92).

However, as shown by Costabel [50], this even extends to 1 < s < 2
which indicates that the equivalence (4.2.31) can also be extended for
0 < |s| < k + k. However, as shown in Wloka [322, p. 130], for 0 < k < 1
it seems that one needs the stronger restrictions % +j<s<k+4+r-1
for (4.2.30) to hold.

For 2 € C*! and fixed s with % < s < k+1let m be the largest integer
in IN with m < s + % Here, we may collect the trace operators «y;u for
j=0,---,m—1 and define

YU = (YoUy - - -y Yrn1u) | (4.2.35)
Then
m—1
v Q) — [ B2 (D) (4.2.36)
3=0

is continuous and linear and is an extension of

i = ( ou oy

"on’ T Onm—1

T _
) I for ueC™H(12).

The continuity of v can be expressed through the inequality

[

m—

Z ||7j“||Hs—j—%(F) < dllullg=(2)
j:
with a constant ¢ independent of w.

The first approach shows that the spaces Hsfé(l” ) are just the quotient
spaces

H* 2(I') = H*(2)/H (1) . (4.2.37)

Here, H(§2) denotes the completion of C5°(§2) in H*((2). Hence, due to
(4.2.32) we also have with cp,¢; > 0,

allull joog g < 0 fJolle) < collull ooy - (4.2.38)
H*72(I) — yov=u H*™2(I)

From the trace theorem, it is clear that the concept of the trace on I is

a natural generalization of the concept of the restriction on I'. In the sequel,
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we shall adopt the convention that the trace of the function u will be denoted
by the symbol u|r or simply by the same symbol w. If ¢ = ¢(x) is a function
defined on I'; then the statement: w = ¢ on I in the sense of traces will
express the fact that you = ¢ on I'. In addition to the trace theorem, we
also have the inverse trace theorem.

Theorem 4.2.3. Inverse Trace Theorem

(McLean [203], Necas [229, p. 104], Wloka [322]) For 2 € C*! let s be fized
with % < s < k+ k. Let m be the largest integer with m < s+ % Then there
exists a linear bounded (i.e. continuous) right inverse Z to v with

m—1
z: [[ H773() — H*(2) and ~(Z¢) = ¢ (4.2.39)
7=0
m—1 o
for all ¢ € H H*797=(I).
§=0

The continuity of Z can be expressed through the inequality

m—1

|Zellrs(a) <c Z ||80jHHrj7%(F) (4.2.40)
=0

with ¢ independent of ¢;, the components of ¢.

Remark 4.2.4: The trace theorem for £2 € C*! together with the inverse
trace theorem implies that the trace operator « in (4.2.36) is surjective. The
kernel of v is H§(£2); dense in H(2) = L?(£2). The proof of the trace
theorem usually is reduced to the case when 2 = R} = {z € R" |z,, > 0}
and I' = R"' = {z € R" |z, = 0} is its boundary (Aubin [9, p.198 ff.]),
which corresponds to our spaces H*(I"). Note that in this case one also has

VH®(£2) = vH{, (62°) .

Remark 4.2.5: For s > k+ 1 and 2 € C®!, the equivalence of our three
boundary spaces in (4.2.32) is no longer valid since the trace theorem does

not hold anymore. However, the definition of the boundary spaces H* 2 (r)
provides the trace theorem by definition and we therefore define

H3(I) :=H*"2(I) for s > k+ 1

to be the trace spaces.
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For these s, we can see that the trace space Hs % (I') is in fact the same
as the subspace of L?(I") defined by

{u € L*(I") | There exists (at least) one extension

u € H°(f2) with you = u} (4.2.41)
equipped with the norm
el yyoms gy = i0f Nl (4.2.42)

since C°(I") is dense in L?(I') and s > 1, we have H*(2) C H'(£2) N C°(02).
Moreover, for any & € H*(£2) we have vou € H2 (I') C L%(I"). Consequently,
every u € H®(2) is admissible in (4.2.41) as well as in (4.2.3).

4.2.1 Trace Spaces for Periodic Functions on a Smooth
Curve in IR?

In the special case n = 2 and I" € C'*°, the trace spaces can be identified with
spaces of periodic functions defined by Fourier series. For simplicity, let I" be
a simple, closed curve. Then I' admits a global parametric representation

I': z=uxz(t) for t € [0,1] with 2(0) = z(1) (4.2.43)

satisfying
| |>'yo>0fora11t€IR

Clearly, any function on I' can be identified with a function on [0, 1] and its
1-periodic continuation to the real axis. In particular, 2:(¢) in (4.2.43) can be
extended periodically. Then any function f on I" can be identified with fox
which is 1-periodic. Since I' € C'°°, we may use either of the definitions of
the trace spaces defined previously. In particular, for s = m € INg, the norm
of w € H™(I) in the standard trace spaces is given by (4.2.27) with n = 2;

namely
iy = {32 3 [ lowm@ e}

r=1 0<5<m]R

For 1-periodic functions u(t), this norm can be shown to be equivalent to a
weighted norm in terms of the Fourier coefficients of the functions. As is well
known, any 1-periodic function can be represented in the form

—+oo
u(z(t) = Z u;e’™t t e R (4.2.44)

j=—o0
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where u are the Fourier coefficients defined by
1

u; = /6*2”% (x(t))dt, j€Z. (4.2.45)
0
By using the Parseval equality, the following Lemma can be established.

Lemma 4.2.4. Let u(t) be 1-periodic: Then, for m € Ny, the norms

1

ull ey and |Jullsm = {Z Gk kaO)zm}

kEZ

are equivalent.

Proof:
i. The definition (4.2.27) implies that

lalmy <c 35 % / fu(z ()t

<B<m r=1
0=psm v supp(a(r))

from which by making use of the 1-periodicity of v o x, we arrive at

ﬁ)
falZimiy < 3 / dt.
0<pB<m 0

An application of the Parseval equality then yields
1

> [ lulew)PPa= 3 Y paPag)

0<B<m | 0<B<m j€EZ
< @2m)*™(m+1) Y 1 + So; 1" [a (i) ?
jez
which gives
[ull zm(ry < cllullsm -
ii. Conversely, again by the Parseval equality, we have

[ull$m = [@(0)

(uox) / (w0 z)(™)|2dt

Za udt / Za(r)|(uox)(m)|2dt
=1

r=1

/|<a( )@ (6) Pt
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This shows that
[ullsm < cllullgm(r)-

In general, for 0 < s ¢ IN, we write s = m+o0 with 0 < ¢ < 1. We now define
for periodic functions the Fourier series norm,

s =) [alk) Ik + okl >} . (4.2.46)

kEZ

[[ul

Following Kufner and Kadlec [174, p.250ff], we can show again the equivalence
between the norms || - || s () and || - ||s

Lemma 4.2.5. Let u(t) be 1-periodic. Then for 0 < s ¢ IN, the norms
lull g+ (ry and |Jul|s: are equivalent.

Proof: In view of (4.2.27), (4.1.5) with 2 = IR and Lemma 4.2.4, it suffices
to prove that the double integral

[ [0 —
_// \smﬂt—T )| 120 ddr

converges if and only if ||u("™]|/s- is bounded. Of course, we may restrict
ourselves to m = 0, since the case m € IN reduces to m = 0, for v := u(™.
Using periodicity and interchanging the order of integration we obtain

11
(t v(t)|?
:/ ot + ) —vOF 4, )
0

| sin 7rT|1+2"

0
= / |w(7)|2| sin 7TT|_1_2”dT
0

where
w(t) = [[v(e+7) —v(e)| L2(0,1) -
With the identity

(v(® +7) —v(®)) = —0(j)(1 — €™7)

and the Parseval equality one finds

2(r) =4 [5()*(sinmjr)? .

jez
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Therefore,

(sinmjT)?
=4 E 7d
o |51n7r7'\1+2‘7 g
JEZL

1

B (sinmjT)?
=8 Z [9G7) / (sinmrr)i+2e dr.

JEZ 0

Since for 7 € (0, 1) we have

IN

sinnmr < 7T,

(G

it follows that

1

1
2

gr—1-20 (sinﬁjT)QdT <3 (sin 7j7)?
Tl+20 - (sinr)it2o
0 0

1
2

N2
142 (sinmjT)
<82 U/iﬂﬁa dr .

0

We now rewrite the last integral on the right-hand side in the form:

(sinmjT)? 9 sin? s
/ 1420 dr = (7)™ sl+20 ds
0 0

Wl
<.
[NE]

and we see that

As a consequence, we find

-8-co1 Y [0l
<I(v) <8227 7,0 > [0(5)1i*

which shows the desired equivalence of ||v||go(r) and [|ufs-. With u(™ = v
and Lemma 4.2.4, the desired equivalence of |[u| g+ (ry and [|ul|ss for s = m+o
and 0 < o < 1 follows easily. |
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For s > 0, the trace space H*(I") can also be considered as the completion
of C°°(I') with respect to the Fourier series norm || e ||ss which, in fact, is
generated by the scalar product

(w,0)s0 1= Y |j + 6000 (j) - (4.2.47)
JEZ

By applying the Schwarz inequality to the right-hand side of (4.2.47), we
immediately obtain the inequality

1

[, 0)] < { D15+ 8 PGP {3 i+ 50226} (4:2.48)

JEZ JEL

for any real p. In terms of the norms (4.2.46), the last inequality can be
written as
[(w,v)ss| < ||ul Se—o (4.2.49)

which shows that the spaces H*T¢(I") and H*~¢(I") form a duality pair with
respect to the inner product (4.2.47), if these spaces are supplied with the
norms || - ||ss+e and || - [|ss—e, respectively, for 0 < p < s.

Moreover, the inequality (4.2.48) for any ¢ € IR indicates that the norm
of the dual space gives for negative s the norm of the dual space of H~*(I")
with respect to the (e, ®)so—inner product. Therefore, for negative s, we can
also use the norm (4.2.46) for the dual spaces of H*(I").

setellv]

Corollary 4.2.6. Let u be a 1-periodic distribution. Then, for s € IR, the
norms ||ul|gs(ry and ||lul|ss are equivalent.

Remarks 4.2.6: Since for 1-periodic functions on IR, the Fourier series
representation coincides with (4.1.25), the Fourier transformation of u on IR,
the S*-norm (4.2.46) is identical to the one in terms of Fourier transform
(4.1.28).

From the explicit expression (4.2.46) of the norm one can obtain elemen-
tarily the Sobolev imbedding theorems (4.1.32) and (4.1.33) for the trace
spaces where n = 1 and {2 is replaced by I

4.2.2 Trace Spaces on Curved Polygons in IR?

Let I € C%! be a curved polygon which is composed of N simple C*>-arcs
I;,5=1,---, N such that their closures Tj are C*°. The curve fjH follows
Tj according to the positive orientation. We denote by Z; the vertex being
the end point of I'; and the starting point of I'j41.

For s € IR let PNIS(FJ») be the standard Sobolev spaces on the pieces
I, =1,---,N which are defined as follows. Without loss of generality, we

assume for each of the I'; we have a parametric representation
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x = x;)(t) for t € 2; = [a;,b;] CR

Wlth;’l,'(])(a]) = ijl,x(j)(bj) = Z]'7Qj = (aj,bj),j = ].,' c ,N where LU(]) S
C*°(£2). Then, we define the space

H(I;) = {¢| ¢ (z(5)(e)) € H*(2;)}

to be equipped with the norm

||<P||H (r) ||<P°93 ||HS(Q )

where || - || s (0,) is defined as in Section 4.1. Then QS(FJ') is a Hilbert space
with inner product

(D) e g,y = (o 2G) Yoz He(2)- (4.2.50)

From the formulation of the trace theorem, for s = m + ¢ with m € IN and
lo| < , we now introduce the boundary spaces

m—1

N
Tm+07%([v) — H H Iim J+¢T—* Fg)
=0 j=1

We note that the restriction of a smooth function in IR? to the curve I" auto-

matically satisfies compatibility conditions of the derivatives at each vertex
1

zj, and this is not the case generally for functions in 77~z (I"). Here we

see that
m—1

Tt () £ [ Bt (),

since the latter, i.e. the natural trace space, does include implicitly the ap-
propriate compatibility conditions by construction.

The compatibility conditions can be found in Grisvard’s book [108]. These
are the following conditions: Let

=Y a.D" = E OPM%‘”
iz

|| <d

be any partial differential operator in IR? of order d having constant coef-
ficients a, where the sums on the right—hand side correspond to the local
decomposition of P, in terms of the normal derivatives and the tangential
differential operators P, ; of orders d — j along I, for { =1,--- | N.

Further let P, denote the class of all these operators of order d. Then the
compatibility conditions read for all P; € Py,
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d d
(C1) ZO Pyjfej(ze) = ZO Pogrjferri(ze)
1= J=

ford<m—-2ifc<0ord<m-—1if ¢ >0,

dt

d
(Ca) | ZO P fei (@) = Perg ferns @en (0) = < oo
j:

C =0,

for 0 =0, d =m — 1 and some § > 0, where the functions
m—j—i—a—% .
fej€H (Iy) for 7=0,...,m—1.
By requiring the functions in T3 (I') to satisfy the compatibility condi-
tions we now have the following version of the trace theorem.

Theorem 4.2.7. Trace theorem (Grisvard [108, Theorem 1.5-2-8]) Let

Pt (D) = {f € T 3(D)|f = (for -+ s fn1) " A fji, = fei}

satisfy (C1) and for o =0 also (Cs). Then
m—1 o .
[[E" 72t (1) = Pm2to(D).
§=0

Alternatively, the mapping
ou oum—1

U yUr, = (u, o ,W)ln

is a linear continuous and surjective mapping from H™T(£2) onto
pmato().

In order to illustrate the idea of the compatibility conditions (C}) and (Cs),
we now consider the special example for the polygonal region consisting of
only two pieces I} and [5 at the vertex z as shown in Figure 4.2.1. We
consider two cases m = 1 and m = 2:

I.m=1,0>0.Thend=m—1=0,Py =Py = {fo = apD° |ap € R} and
Py = ap,? =1,2. The condition (Cy) takes the form

P1,0f1,0(21) = P2,0f2,0(2’1)
which reduces simply to the condition
f1,0(21) = f2,0(21).
2. m=2,0>0.Thend>m—1=1 and

Pa=P1 = {P1 = aoD" + a190 + ap102 | ag, a1o, a1 € R}.
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Figure 4.2.1: Polygonal vertex

The differential operator P; restricted to I'7 can be written in terms of tan-
gential and normal derivatives,

0 0 0 0
Pi|lr, =ao+ am(cos a% — sin a%> + ap1 (sin oz% + cos oza—n>

= ag + (a1p cos a + apy sin ) — + (—ajg sina + agy cos @) —

0s on

=P Pi1—
1,0 T 11,1 8n|F1’

where P; ;,7 = 0,1 are the differential operators tangential to I, explicitly
given by

P1 o = ag + (a1g cos a + apy sin a)g\pl ,

P11 = (—apsina + apy cos o) .
The differential operator P; restricted to I is

0 Io) B
Pilr, = ao +a10%|F2 —a01%|rz =P —&-P2,1871\F2
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with

Py =ap+ alO%hE )
P2,1 = —aop1-
The compatibility condition (C) now reads

Piofio(z1) + Prifii(z1) = Peofoo(#1) + Paafo1(z21)

which reduces explicitly to the relation:

ao (f1,0(21) = f2,0(21))

0 . 0
+a10(cos Of@ﬁ,o(a) —sinafi1(z1) — %fz,o(?d))

.0
+a01(sma gls’o (21) +cosafii(z1) + fg’l(zl)) =0.

Since ag, a19, ag1 are arbitrary, this yields three linearly independent condi-
tions:

f1,0(z1) = fa,0(21) =0,

0 ) 0
cos @ gls’o(Zl) —sinafi1(z1) — gz,o (21) =0,
.0
sin o J10 (z1) +cosafii(z1) + f2,1(z1) =0.

0s

4.3 The Trace Spaces on an Open Surface

In some applications we need trace spaces on an open connected part I cr
of a closed surface I'. To simplify the presentation let us assume I" € C*:!
with & € INy. In the two—dimensional case I} é I' = 992 with 2 c R>,
the boundary of Iy denoted by v = 0 consists just of two endpoints v =
{Zl, 22}.

In the three-dimensional case let us assume that the boundary 91 of I
is a closed curve ~. In what follows, we assume s satisfying |s| < k + 1. In
this case, all the trace spaces H*(I") coincide. Similar to Section 4.1, let us
introduce the spaces of trivial extensions from I’y to I" of functions u defined
on Iy by zero outside of I'y which will be denoted by %. Then we define

H*(I) :={u e H*(I)| upmr, =0t={ue H*(I')| suppu C T} (4.3.1)
as a subspace of H*(I") equipped with the corresponding norm

||u||ﬁ3(po) = ||dll s (ry - (4.3.2)
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By definition, H*(Iy) € H*(I).
For s > 0 we also introduce the spaces

H*(Io) = {u=vp|veH )} (4.3.3)
equipped with the norm

s == 1 f s . 4.34
lull &+ () vGHS(ILI)lAv‘pO:u||U||H () ( )

Clearly, H*(I'y) C H*(I).
For s < 0, the dual spaces H*(Iy) with respect to the L?(I})-inner
product are well defined by the completion of L?(I}) with respect to the norm

ey i=  swo | [ gudsl [l (135)
0#£peH—5(Iv) 7 1o

Correspondingly, we also have H 5(Ip) with the norm

oy = sw | [euds|leluey. (430)
0#peH (1) 4

The following lemma shows the relations between these spaces in full
analogy to (4.1.14) and (4.1.16).

Lemma 4.3.1. Let ' € C*' | k € INy. For |s| < k+ 1 we have

(H*(Iy)) = H*(Iy) (4.3.7)
and
(ﬁS(FO)) = H(Iy). (4.3.8)

We also have the inclusions for s > 0:
H*(Iy) € H*(Ip) € L*(Iy) € H*(Iy) € H*(I). (4.3.9)

Similar to the spaces Hg,({2) in Section 4.1, the inclusions in (4.3.9) are strict
for s > % and

~ 1
H*®(Iy) = H*(Ip) for |s] < 5
For s > 3, we note that u € H*(I) satisfies u), = 0. Hence, we can introduce
the space Hg(I,) as the completion of H*(I}) with respect to the norm
|l - I+ (ry)- Then the spaces H*(Ip) can also be defined by

~ {HS(FO) for s #m+ 1,m € Ny, (4.3.10)

HS(F()): e (F " B 1
50(10) or s =m+ 5,m € Ng.
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1
Here, as in Section 4.1, the space H68+2 (1) is defined by
m+3 m+3 —1l 2
Hy, 2(Iv) ={u|lue Hy *(Ip),0 >D% € L*(Iy) for |a| = m},

where ¢ = dist (x,v) for z € I, and D* stands for the covariant derivatives
in I' (see e.g. Berger and Gostiaux [15]). It is worth pointing out that again

H™ 3 (Iy) = Hyg " (Io) # Hy' (1) (43.11)

4.4 The Weighted Sobolev Spaces H™ (2% X)
and H™(IR™; \)

In applications one often deals with exterior boundary-value problems. In
order to ensure the uniqueness of the solutions to the problems, appropriate
growth conditions at infinity must be incorporated into the solution spaces.
For this purpose, a class of weighted Sobolev spaces in the exterior domain
2¢:=R"\ 2 or in the whole IR" is often used.

For simplicity we shall confine ourselves only to the case of the weighted
Sobolev spaces of order m € IN. We begin with the subspace of C"(£2°),

C™ (2% 0) = {u € C™(2°)|[ull g 200y < 00}

where A € INg is given. Here, [ - || gm(qe;n) is the weighted norm defined by
lulleoeny = { D o™ g5 Dl gy
<la|<k
Oslal= L (44.0)
+ Z ||Q—(m—\a|—/\)Dau”%2(Qc)} 7
w+1<]al<m

where o = o(|x|) and gp = go(]z|) are the weight functions defined by

1

o) = (1 + [2*)2, eo(lz]) =log(2 + |z[*), = € R",
and the index & in (4.4.1) is chosen depending on n and A such that
m— (5 +A) if g+ Xxe{l,...,m},
R =
-1 otherwise.

The weighted Sobolev space H™(£2¢; \) is the completion of C"™(£2¢; \) with
respect to the norm [ - || gm(ge;x). Again, H™(§2¢ )) is a Hilbert space with
the inner product
(u7 U)HW(QC;A) = Z (Q*(m*‘(ﬂ*)\) QalDau , Q*(M*M‘*)\)QalDav)Lz(Qc)
0<|a|<k
+ ) (ol Dy, ol Do) o oy L (4.4.2)

k+1<]a|<m
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In a complete analogy to H{*({2), we may define

HP (7)) = Cpr@m - ey (4.43)
where C§*(£2% ) is the subspace
O (255 0) = {u € CP(29) | [[ullimoesn) < o0}

Then the following result can be shown (see Nedelec [230, Lemma 2.2], [231,
p. 16fL.])

Lemma 4.4.1. (a) The semi-norm |u|gm e,y defined by

1

a 2
ulirm ey = { D N0*Dullfz(or) } (4.4.4)

|a|=m

is a norm on Hy'(£2°)), and is equivalent to the norm |[ullgm(ge;n) on
HE (25 ).

(b) In general, |u|gm(oen) is a norm on the quotient space H™ (2% X) /Py,
and is equivalent to the quotient norm

y m c. = i f m c. 4.45
]| 7 (205n) plenPnHU*‘pHH (£2¢5)) ( )

for any representative w in the coset. Here Py, is the set of all polynomials of
degree less than or equal to n = min{n’,m — 1} where ' is the non—negative
integer defined by

n,{m—g—)\ for 5 +Xe{0,1,--- ,m},

[m— 5 — Al otherwise .

We remark that the definition of H™(£2¢;\) carries over to cases when
£2¢ is the entire IR"™, in which case we have the weighted Sobolev space
H™(R"; \). It is also worth pointing out that the space H™(£2°; \) is con-
tained in the space

H? (029 :={ue H*(K)| forevery K € 2°}, (4.4.6)
the latter can also be characterized by the statement
u € Hb (02°) iff pu € H™(£2°) for every ¢ € C;°(IR").

Consequently, the trace theorem can also be applied to ¢u and, hence, to all
these spaces.

To conclude this section, we now consider two special cases for H™(£2¢; \).
For n =2, we let m =1 and A = 0. Then we see that the weighted Sobolev
space H!(§2¢;0) is equipped with the norm
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1
lull gm0y = Il 05 M ull 2oy + Y 1D ullFa (o0} (4.4.7)
|a]=1

and the corresponding inner product is

(u,v) fr1(0es0) = (07 00 "1, 07 0g ') L2 (e) + Z (D%u, D*v) p2(qey - (4.4.8)
la|=1

Similarly, for n = 3, A = 0,m = 1, the norm|| - [| g1 (0e.0) is given by

_ a 1
el gm0y = {llo ™ ullZagoey + Y 1D ullF2(0e )2 (4.4.9)

lee|=1

and the associated inner product is

(U7U)H1(QC;O) = (‘Q—lu’g 1 LZ(QC) + Z “u, D% Lz(Qc) . (4.4.10)

lo=1

As will be seen, these are the most frequently used weighted Sobolev spaces,
which are connected with the energy spaces of potential functions for the
two— and three—dimensional Laplacian, respectively.

An Exterior Equivalent Norm
In analogy to the interior Friedrichs inequality (4.1.41) we now give the
corresponding version for m = 1 and the weighted Sobolev space H(£2¢; 0).

Lemma 4.4.2. Nedelec [231] Let £2° be an unbounded domain with strong
Lipschitz boundary. Then the norms

lull g1 (0e;0) and {HVUH%Q(QC)—F/\@Fds}% are equivalent. (4.4.11)
r

Moreover, the exterior Friedrichs—Poincaré inequality

lals e 0y < e { IVl ey + Nl g, ) } (4.4.12)

is valid where 2% = {x € 2°||z| < Ro} and Ry > 0 is chosen large enough
to guarantee 2 C {z € R™||z| < Ro}.

Proof: Let ¢ € C*°(IR"™) be a cut—off function with
0<¢p(zr)<1 and ¢(x)=0 for |z| < Ry, p(x)=1 for || >2R,.
Let By :={z € R"||z[ > Ro}. Then

lullzr (e 0) < llullasg, s 0) + cllullm g, ) -



194 4. Sobolev Spaces

Since pu € H}(02¢; 0), we can apply Lemma 4.4.1 part (a) and obtain
with (4.4.1),

el e 0y < ellV(el2ag, ) + ellullin g, ) -
Because of the properties of ¢ the product rule implies
[ullF (g, 0y < el Vull7z (e + C2||UH§{1(Q;RO) .
1
In 05, the norms {||Vu||2L2(QC) + ||u||§11(Q§RO)}2 and {||Vullz2(0e) +

[ |uf?ds}> are equivalent due to (4.1.41) which yields
T

oo < (IVullge + [ TuPds) (4.4.13)
r
and with the trace theorem, (4.2.30) for yu with ¢¥(z) =1 — ¢ we find

/ uPds < [l e o < cllullaoe: o)
I

IVl e + / [ul2ds < clfullZs e o) -
r

Hence, [|ul|g1(0<; 0) and (4.4.11) are equivalent.
The inequality (4.4.12) follows from (4.4.13) with the trace theorem,
(4.2.30) for 025 . |
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In this chapter we will discuss the variational formulation for boundary in-
tegral equations and its connection to the variational solution of partial dif-
ferential equations. We collect some basic theorems in functional analysis
which are needed for this purpose. In particular, Green’s theorems and the
Lax—Milgram theorem are fundamental tools for the solvability of boundary
integral equations as well as for elliptic partial differential equations. We will
present here a subclass of boundary value problems for which the coercive-
ness property for some associated boundary integral operators follows directly
from that of the variational form of the boundary and transmission problems.
In this class, the solution of the boundary integral equations will be estab-
lished with the help of the existence and regularity results of elliptic partial
differential equations in variational form. This part of our presentation goes
back to J.C. Nedelec and J. Planchard [235] and is an extension of the ap-
proach used by J.C. Nedelec [231] and the “French School” (see Dautray and
Lions [59, Vol. 4]). It also follows closely the work by M. Costabel [49, 50, 51]
and our works [55, 138, 292].

5.1 Partial Differential Equations of Second Order

Variational methods proved to be very successful for a class of elliptic bound-
ary value problems which admit an equivalent variational formulation in
terms of a coercive bilinear form. It is this class for which we collect some of
the basic results. We begin with the second order differential equations which
are the simplest examples in this class.

In this section let 2 C IR™ be a strong Lipschitz domain with strong
Lipschitz boundary I', and let £2¢ = IR" \ {2 denote the exterior domain. We
consider the second order elliptic p X p system

"9 ou - ou
Po=- 3 o (ajm)axk) + 3otz +elau= @) (1D

in £2 and/or in £2°. The coefficients a;x, bj, ¢ are p x p matrix-valued func-
tions which, for convenience, are supposed to be C*°~functions. For a;;, we
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require the uniform strong ellipticity condition (3.6.2). We begin with the
first Green’s formula for (5.1.1) in Sobolev spaces.

Throughout this chapter we assume that a fundamental solution E(z,y)
to the system (5.1.1) is available (see Lemma 3.6.1 and Section 6.3).

First Green’s Formula (Nedelec [229, Chap. 3])
Multiplying (5.1.1) by a test function v and applying the Gauss divergence
theorem one obtains

/(Pu)—r@dx =agn(u,v) — /(ayu)—rﬁds (5.1.2)
0 r
with the energy—sesquilinear form

an(u,v) = /{ i (ajk(x)%)T% + i (bj(x)%)Tﬁ—i— (cu)TE}dx
A J

0 J,k=1
(5.1.3)
and the conormal derivative

n
ou
8UU = j%::l njajk%aixk (514)

provided v € H?({2) and v € H*(£2) (see Necas [229]); or in terms of local
coordinates, inserting (3.4.35) into (5.1.4), by

n n n—1
ou Yy, ou
dyu = ( > nj(ljknk) an T > > njajkg "5 (5.1.5)
Jik=1 Jk=1p,0=1 " ¢

For further generalization we introduce the function space
H'(2,P):={ue H(2)| Pue Hy ' (2)}
equipped with the graph norm
[ullzr (2,p) = llull @) + [[1Pull -1 ) -
Here the space flgl(!)) C H~1(£2) will be the closed subspace orthogonal to
Hi'(2) ={f € HHQ)|(f,)r2(2) =0 forall g€ C(2)}.

The space f[;l(()) consists of those distributions on IR™ belonging to H~*(£2)
which have their supports just on I'. Now H~1(£2) can be decomposed as

H™ Y Q)= H:Y(2) @ HyY(2) (5.1.6)

where ﬁgl((z) and ﬁ;l(()) are orthogonal in the Hilbert space H1(£2).
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Clearly, the following inclusions hold:
HY(2) C HY(R) C L*(2) C Hy'(2) c H'(2).

It is understood, that u = (u1,...,u,)" € (HY(2,P))? = HY(£2,P).
Here and in the sequel, as in the scalar case, we omit the superindex p.
Then first Green’s formula (5.1.2) remains valid in the following sense.

Lemma 5.1.1 (Generalized First Green’s Formula).
For fized uw € H' (02, P), the mapping

v = (Tu,v)r = ag(u, Zv) — /(PU)TZUd:L' (5.1.7)
Q

is a continuous linear functional Tu on v € H%(F) that coincides for u €
H?(82) with d,u, i.e. Tu = dyu. The mapping 7 : H' (2, P) — H_%(F) with
u — TU 18 continuous. Here, Z is a right inverse to the trace operator -y
(4.2.39).

In addition, there holds also the generalized first Green’s formula

/(Pu)Tﬁdx =agn(u,v) — (Tu, YoU)r (5.1.8)
2

foru € H*(£2, P) and v € H' () where

(ru, T8 = (v, Y00) 2 (1) = / (ru) Fouds (5.1.9)
I

with Tu € H=2(T).

Note that the resulting operator Tu = d,u in (5.1.7) does not depend on the
special choice of the right inverse Z in (4.2.39); and that (-,-)r denotes the
duality pairing (5.1.9) with respect to L*(I').

This definition of the generalized conormal derivative 7 in (5.1.7) corre-
sponds to 7" in Mikhailov [207, Definition 3] and Costabel [50, Lemma 2.3].

Proof: First, let u € C°°(£2) be any given function. Then for any test
function v € H2 (I') and its extension Zv € H'(£2) (see (4.2.39)) with Z a
right inverse of vy, the first Green’s formula (5.1.2) yields

(Opu,v)r = ag(u, Zv) — /(Pu)—'—Zvdx7 (5.1.10)
Q
where 0,u is independent of Z. Moreover, by applying the Cauchy—Schwarz

inequality and the duality argument on the right-hand side of (5.1.10), we
obtain the estimate
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(O, v)r
C||UHH1(Q)||ZU||H1(Q) + ||PU||I7—1(Q)HZU||H1(Q)

IN A

ez (@) + 1Pullzago ol 3 oy = czllullmom ol

where cz is independent of v and v. This shows that the right-hand side of

(5.1.10) defines a bounded linear functional on v € H 2 (I") which for every
u € C*(£2) is given by 90, u satisfying

|0, ul| sup  [{Oyu,v)r| < czllullgio,p), (5.1.11)

H™5()

where cz is independent of w. This defines a linear mapping from u €
C>=(2) ¢ H'(£2,P) onto the linear functional on Hz(I') given by 7u =
dyu € C=(I') ¢ H™2(I'). This mapping u — 7u can now be extended
continuously to u € H(£2,P) due to the estimate (5.1.11) by the well
known completion procedure since C°°(£2) is dense in H'({2, P). Namely,
if u € H'(£,P) is given then choose a sequence u, € C°°(£2) such that
lu — up|lgr(2,py — 0 for B — oco. Then the sequence Tup = d,uy defines

a Cauchy sequence in H *%(F ) whose limit defines 7u. This procedure also
proves the validity of the generalized Green’s formula (5.1.7). |

Note that the generalized first Green’s formula (5.1.8) in particular holds
for the H'-solution u of Pu = f with f € Hy'(£2).

We also present the generalized first Green’s formula for the exterior do-
main £2¢. Here we use the local space

Hioo (029, P) 1= {u € Hyoo(£2°) | Pu € Higp (2°)}
as defined in (4.1.45). The following version of Lemma 5.1.1 is valid in £2¢.

Lemma 5.1.2 (Exterior Generalized First Green’s Formula).
Letu € HllOC (£2¢, P). Then the linear functional T.u given by the mapping

(Tetl, Yoo 1 1= —age(u, Z.0) + /(Pu)Tchdx for all v e H%(F)
nec

belongs to H_%(F) and coincides with

2 0
Tt = Oppt = Z njajk%og—u (5.1.12)
jk=0 Tk

provided u € C>(§2¢). Moreover, T, : u — T.u is a linear continuous map-
ping from HL_(92¢,P) into H==(I'). In addition, there holds the exterior
generalized first Green’s formula
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/(Pu)Tﬁdx = age(u,v) + (Tel, YeoU) (5.1.13)
nec

for w € HE _(£2¢, P) and for every

ve H !

comp($29) :={v € HE.(£2)| v has compact support in R™} .

Here Z. denotes some right inverse to 7.9 (cf. (4.2.39)) which maps v €
Hz(I') into Z.v € H! 1 (£2¢) where supp(Z.v) is contained in some fixed
compact set 2% C IR" containing I". Note that the distributions belonging
to Hohp(£2°) cannot have a singular support on I" due to the definition

in (4.1.45). The sesquilinear form age(u,v) is defined as in (5.1.3) with 2
replaced by (2°¢.

Proof: The proof resembles word by word the proof of Lemma 5.1.1 when
replacing {2 by (2% in the corresponding norms there. |

Before we formulate the variational formulation for the boundary value
problems for P we return to the sesquilinear form ag(u,v) given by (5.1.3).
In the sequel, the properties of a, and ape will be used extensively. Let us
begin with the general definition of sesquilinear forms.

The sesquilinear form a(w,v) (Lions [189, Chap. II], see also Stummel
[299] and Zeidler [325].)
We recall that a(u, v) is called a sesquilinear form on the product space HxH,
where ‘H is a Hilbert space with scalar product (-, )y and |[ull3, = (u,u)x,
iff:
a:HxH—C;
a (e,v) is linear for each fixed v € H; i.e. for all ¢1,¢2 € C, uy,uz € H:
a (cruy + coug,v) = cr1a(uy, v) + cealug, v);
a (u, ) is antilinear for each fixed u € H; i.e. for all ¢;co € C,v1,v9 € H:
a (u, c1v1 + cov9) = cra(u, v1) + cza(u, va).

The sesquilinear form a(-, -) is said to be continuous, if there exists a constant
M such that for all u,v € H:

|a(u, v)| < Mllullw [|v]l2 - (5.1.14)

5.1.1 Interior Problems

With the sesquilinear form ap,(u,v) available, we now are in a position to
present the variational formulation of boundary value problems. For simplic-
ity, we begin with the standard Dirichlet problem.
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The interior Dirichlet problem
Given f € Hy () and ¢ € Hz(I'), find v € H' () with you = ¢ on I’
such that

an(u,v) = £p() := (f, 1) for all v € H)(£2), (5.1.15)

where ag(u,v) is the sesquilinear form (5.1.3) and the right—hand side is a
given bounded linear functional on H{(£2).

We notice that the standard boundary condition you = ¢ on I" is imposed
in the set of admissible functions for the solution. For this reason, the Dirichlet
boundary condition is referred to as an essential boundary condition. It can
be replaced by the slightly more general form

Byu = Boyyou = ¢ € H*(T') (5.1.16)

with order (Bgg) = 0 corresponding to (3.9.10) with Ryu = B~yu where
Byo is an invertible smooth matrix—valued function on I'. For this boundary
condition, in order to formulate the variational formulation similar to (5.1.15),
one only needs to modify the last term in the first Green’s formula (5.1.8)
according to (5.1.16):

(Tu,%00) r = (Nyu, Booyov) r (5.1.17)

if we choose the complementary operator S = N of (3.9.10) as

e ou
Nvyu := (By')*ru = Nooyou + Nol%‘[‘ (5.1.18)
with
n n—1
_ 8yk 0
Noo = (Byg)* Z (”jajki'yup) o
il do,, do,

N01 = (Baol)*( njajknk)

3 k=1

satisfying the conditions required in (3.9.5) because of the strong ellipticity
of P. This leads to the variational formulation:
The general interior Dirichlet problem

For given f € L2(2) and ¢ € Hz(I'), find u € H'(2) with Bygyou = ¢
on I' such that

ap(u,v) = L4(0) == (f,0)g forall veH:={ve H (2)|Byv=0on I'}.
(5.1.19)

Clearly, H = Hg(£2) since Byv = Bgoyov = 0 for v € HY(Q) iff yov = 0
because the smooth matrix—valued function By is assumed to be invertible.
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The interior Neumann problem
Given f € Hy () and ¢ € H~=(I), find u € H'(£2) such that

ao(u,v) = L; 4 (@) = (f,0) o + (¥,0)r forall ve H'(02). (5.1.20)

where ag(u,v) again is the sesquilinear form (5.1.3) and the right-hand side
is a given bounded linear functional on H'({2) defined by f and 1.

In contrast to the Dirichlet problem, the Neumann boundary condition
Tu = 1 is not required to be imposed on the solution space. Consequently,
the Neumann boundary condition is referred to as the natural boundary
condition. Both formulations (5.1.15) and (5.1.20) are derived from the first
Green’s formula (5.1.2).

The more general Neumann—Robin condition with Ryu = Nvyu in (3.9.13)
is given by

9
Ny := Noprou + Nma—z — e H3(D). (5.1.21)

Here Ny is now a smooth, invertible matrix—valued function and Ny is a
tangential first order differential operator of the form

n—1

0
Nooyou = Z copa You + cooyou on I (5.1.22)
p=1

with smooth matrix—valued coeflicients cg, and coo. In contrast to the stan-
dard Neumann problem, we now require additionally that I" is more regular
than Lipschitz, namely I' € C':!. The latter guarantees the continuity of the
mapping Nv : H*(£2, P) — H’%(F).

In (5.1.8) we now insert (5.1.5) with (5.1.21) and (5.1.22) to obtain

n B 0
- ( Z njajkﬂk>No11(¢ — Nooyou) + Z Z nja]k@ 7 do, 9o, "
Jk=1 3A=1 pop=1

and
<TU/,W>[‘ = <N')/’U/, SV’U>F + <]’\770uaw>1—" (5123)

where the complementary boundary operator is now chosen as

n *
Syv := Byu := (No_ll)*< Z njajknk) Yov (5.1.24)
k=1

and N is therefore defined by

n
~ 0
N*you::{ (g n]ajknk>N01 N00+E E n]ajka ’y“”—a }’You~
Op

J.k=1 p,p=1
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This operator can be written with (5.1.22) as
B n—1 o
Nygu = Zgop—’you + ¢ooyou on I, (5.1.25)
p do,

where
n

Cop = Z Z nJ%’C(ZLVW — np Ny COp)
J,k=1p=1
Following an idea of Weinberger (see the remarks in Agmon [2, p. 147ff],
Fichera [77]), the corresponding term in (5.1.23) will now be incorporated
into ag(u,v) generating an additional skew—symmetric bilinear form. For
fixed p, (3.3.7) gives, with the chain rule,

ou - (% 8nk) ou

— = o near I'.
do, do, "&Tp Oxy,

By extending y, and n; to all of £2 smoothly, e.g. by zero sufficiently far
away from I, we define the skew—symmetric real-valued coefficients

Jy; Oy
ﬂkjp = (nk(,%"; — nj?% = _ﬁjkp . (5126)
With
n n a
Znizl and ana—y’“p—o
k=1 k=1 e
we have

[ (B
r
n—1

) ! ) ((ax ZCO”ﬁ’“”) )wx
/ (Zcopﬂk]p L) e
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Since the last term vanishes because of (5.1.26), this yields

Z T 0v
<N’YOU ’YO'U r = Z Z/ cOpﬁk]pa 5‘xkdx

J.k=1p=1g,

i/ ((njco0u) " Jrinzl (( opﬂk]p> 88;2) T)}dm

(5.1.27)
which motivates us to introduce the modified bilinear form

an(u,v) = ag(u,v) Z/ ZCOpﬁ]k’J)am) ;;}kd

Jk=1g

/i ((njc00u)” +”§:1§": (( Oﬂﬁ’wﬂ> §;> @}df”'
j=1 p=1 k=1 J
(5.1.28)

Equations (5.1.23) and (5.1.28) in connection with the first Green’s formula
(5.1.8) lead to the variational formulation of the general Neumann—-Robin
problem.

The general interior Neumann—Robin problem
Let I' € CY'. Given f € Hy'(2) and ¢» € H™=(I') in (5.1.21), find
u € H'(£2) such that

an(u,v) = (f,0) o + (¢, Byv)r forall ve H' () (5.1.29)

where ap(u,v) is defined by (5.1.28) and the right—hand side is a bounded
linear functional on H*({2) defined by f and 1.

The combined Dirichlet—Neumann problem

A class of more general boundary value problems combining both Dirichlet
and Neumann conditions can be formulated as follows. First let us introduce
a symmetric, real (p X p) projection matrix 7 on I" which has the properties:

rank 7(z) =7 <p forall z€ ', 7=7' and 7°=m, (5.1.30)

where 7 is constant on I' and 7(x) € C1(I"). As a simple example consider
1 00

7=T(x) [0 0 0| TT(x) for p =3 where T(z) is any smooth orthogonal
0 0 O

matrix on I'. The combined interior Dirichlet-Neumann problem reads:
For given f € Hy*(2), ¢1 € nH2(I') and v € (I — n)H~2(I") find u €
HY(£2, P) satisfying

Pu=f in 2, 7Byu=¢; and (I —m)Nyu=1y on I'. (5.1.31)
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Here I denotes the identity matrix on I
The corresponding variational formulation then takes the form:
Find u € HY(2) with mByu = ¢1 on I" such that

ao(u,v) = /fT@ds + (b2, (I — m)Byu)r (5.1.32)

for all v € Hqp :={v e H' (2)|nByv, =0}.

Note that in the special case m = I, (5.1.32) reduces to the interior Dirichlet
problem (5.1.16), while in the case # = 0, (5.1.32) becomes the interior
Neumann—Robin problem (5.1.29).

Note that in the special case Bgg = I and Ngg = 0, for the treatment of
(5.1.31) we only need I' € C%! i.e., to be Lipschitz.

5.1.2 Exterior Problems

For extending our variational approach also to exterior problems, we need
to incorporate the radiation conditions. For motivation we begin with the
”classical” representation formula (3.6.17) in terms of our boundary data
Yeotw and T.u = Ogu (see (5.1.12)), respectively,

/ ET(z,y)f(y)dy — /ET(x,y)Tcuds (5.1.33)
yene
-
+ / (e B,9) + Sy (0 () e, ) Aeouds + M (z;u)
T J=1

provided f €
is defined by

H o1, (£2°) has compact support in IR™ (see (4.1.45)). Here, M

M) = i { / ET (z,y)rcuds (5.1.34)
ly|=R
- / (any(JU,y)-‘rzn:nj(y)bj(y)E(x,y))TrycoudSy}_
lyl=R Jj=1

From this definition, we see that M must satisfy the homogeneous differential
equation

PM =0 (5.1.35)

in all of IR™. Its behaviour at infinity is rather delicate, heavily depending
on the nature of P there. In order to characterize M more systematically
we require that M is a tempered distribution, and we further simplify P by
assuming the following:
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Conditions for the coefficients:

c=0forall x, aji(z) = a;x(c0) = const. and bj(zx) =0for |z| > Ry .
(5.1.36)
In addition, we require that for P there holds the following

Unique continuation property: (See Hérmander [131, Chapter 17.2].)

If Pu =0 in any domain w CIR"™ and u =0 in some ball
B,(x0) :={xwith |zt — 29| < p} Cw, p>0 then u=0 in w.
(5.1.37)

Under these assumptions together with the restriction that uniqueness
holds for both Dirichlet problems with P in (2 as well as in 2¢, we now show
that every tempered distribution M € §’(IR") satisfying (5.1.35) admits the

form
Mp(zsu) = Y ag(u)ps(z), (5.1.38)
[BISL

where ag are linear functionals on v and pg(z) are generalized polynomials
behaving at infinity like homogeneous polynomials of degree |3]. (For the
constant coefficient case see, e.g., Dautray and Lions [59, pp. 360ff.], [60
p. 119] and Miranda [217, p. 225].)

Let M be a tempered distribution satisfying (5.1.35). Because of assump-
tion (5.1.36) we have M (z;u) = p*>(z) for |x| > Ry where p* is a tempered
distribution satisfying

Z a;r (00 83(;]83%]) (x)=0. (5.1.39)
7,k=1

By taking the Fourier transform of (5.1.39) we obtain

Z £5a,(00)Exp®(€) =0 for all ¢ € R™\ {0}. (5.1.40)
7,k=1

Since for each £ € IR™ \ {0} the strong ellipticity (3.6.2) implies that

(> &ajn(00)é,) ™! exists, it follows that

k=1

pR(€) =0 forall ¢ eR™\{0}. (5.1.41)

Hence, every component of ]50\0(5) is a distribution with only support {0}.
The Schwartz theorem (Dieudonné [61, Theorem 17.7.3]) implies that p> (&)
then is a finite linear combination of Dirac distributions at the origin. This
yields:

Lemma 5.1.3. For a strongly elliptic operator P with (5.1.36) in IR", every
tempered distributional solution of (5.1.39) in R" is a polynomial.
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To see that M, is of the form (5.1.38), we first decompose every general-
ized polynomial of degree |3] as

ps(x) = p3(x) + ps(x) (5.1.42)
and require
Ppg(z) =0 in R" and pg(x) =0 forall || > Ry. (5.1.43)

In order to find pg(x) we need the following additional general
Assumption: The Dirichlet problem

Pw=0 in Bp,:={zecR"||z|] < Rp} (5.1.44)

with w € H(Bg,) admits only the trivial solution w = 0.
(For a more detailed discussion involving more general unbounded do-
mains see Nazarov [228]).

Remark 5.1.1: In case that we have the unique continuation property
(5.1.37) one can show that this assumption can always be fulfilled for some
Ry > 0 (see Miranda [217, Section 19]).

Now we solve the following variational problem:
Find ps € H{(Bg,) such that

arn (pg,v) = — / (Ppgo)TT)dm for all v € Hy(Bg,) - (5.1.45)

Br,

This variational problem has a unique solution ps € Hg(Bg,) which can
be extended by zero to all of R" and ps € H...(IR"). With the constructed pp,
every polynomial 33° generates a generalized polynomial ps(z) via (5.1.42).
This justifies the representation of My, in (5.1.38).

On the other hand, since E(z,y) represents in physics the potential of a
point charge at y observed at x, the representation formula (5.1.33) suggests
that one may assume for the behaviour of u(x) at infinity a behaviour similar
to that of E(x,0). This motivates us, based on (5.1.33), to require, with given
L and M (x;u),

D%(u(z) — My (z;u)) = DYE " (2,0)q +o(1) for |z| — co and with |a| <1,
(5.1.46)

where ¢ is a suitable constant vector. Hence, we need to have some infor-
mation concerning the growth of the fundamental solution at infinity. (We
shall return to the question of fundamental solutions in Section 6.3.) Since
for |z| > Ry, the equation (3.6.4) reduces to the homogeneous equation with
constant coefficients, here the corresponding fundamental solution has the
explicit form (see John [151, (3.87)]):
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Bu(os) = gzdy [ PHQIa ) P logl(o —v) - €ldwe (5.147)
|€l=1

for n = 2 and |z| > Ro, where the integration is taken over the unit circle
|¢| = 1 with arc length element dwg and where P7*(¢) denotes the inverse of
the matrix

(@0 (E))nxn With @ (€) = ai(00)€ 6

which is regular for all ¢ € IR? \ {0} due to the uniform ellipticity.
For n =3 and |z| > Ry, one has (see John [151, (3.86)])

4, / PIEE)|(y — ) - €|duw (5.1.48)

Eji(z,y) = “16m2
[€]=1

where dw; now denotes the surface element of the unit sphere.
For the radiation condition let us consider the case n = 2 first. Here,
(5.1.47) implies (see [151, (3.49)])

Eji, = O(log|z|) and D®Ej, = O ( ) for |a|=1 as || — oo.

1
||
Since My, (z;u) is of the form (5.1.38), no logarithmic terms belong to

M7y, Consequently, it follows from (5.1.33) by collecting the coefficients of
ET that the constant vector ¢ in (5.1.46) is related to u by

=1 | f)dy— [ (reu— (b-n) yeu)ds ;. (5.1.49)
q {Q/ y)dy F/ Yeo }

The proper radiation conditions for v now will be

D% = D*E " (z,0)q+D“ M, (z;u)+O ( > for |a| <1 as |z] — 0.

(5.1.50)

||t el

The exterior Dirichlet problem

Now we can formulate the exterior Dirichlet problem in two versions.
For given f € Hgp, (£2°) with compact support in IR"™ and ¢ € Hz(I') we
require that u belongs to H (£2°) N S'(IR") and satisfies

Pu = f in 2°,

ot — o on I (5.1.51)

together with the radiation conditions (5.1.50). The space Hgop,,(£2°) is de-

fined as in (4.1.45) where §2 is replaced by 2¢ =R\ 2. (5.1.51) allows the
following two interpretations of the radiation conditions and leads to two
different classes of problems.
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First version: In addition to f and ¢, the constant vector q and the integer
L in (5.1.50) are given a—priori. Find u as well as My, (x;u) to satisfy (5.1.51)
and (5.1.50).

Note that modifying the solution by adding the term ET(z,0)q with
given ¢, this problem can always be reduced to the case where ¢ = 0. In the
latter case, the corresponding variational formulation reads:

Find a tempered distribution u in HL_(2°) NS’ (R™) with vou = ¢ on
I which behaves as (5.1.50) with ¢ =0 and given My, and satisfies

age(u,v) = (f, V) forall ve H},,,(2°) with yov=0 on I,
(5.1.52)

where age(u,v) is defined by (5.1.3) with {2 replaced by (2°.
We remark that, in order to obtain a unique solution one requires side
conditions.

Second version: In addition to f and ¢, the function My, (x;u) in the form
(5.1.38) is given a—priori. Find u as well as q to satisfy (5.1.51) and (5.1.50).

We may modify the solution by subtracting the given M} and reduce
the problem to the case My = 0. Under this assumption, the variational
formulation of the second version now reads:

Find a tempered distribution u € H\ (£2°)NS'(R™) with y.ou = ¢ on I"
which behaves at infinity as (5.1.50) and satisfies

age(u,v) = (f,0)qe for all v € H}

comp

(02¢) with y.ov=0 on I' (5.1.53)

subject to the constraint My (x;u) = 0 for x € R".
In view of (5.1.34) and our assumption (5.1.36), the radiation condition is

0= Rlim { / E'(z,y)Truds, — / (&,yE(w,y))T'yOu(y)dsy} (5.1.54)
— 00
lyl=R lyl=R
for every x € £2¢°. Alternatively, for My (x;u) = 0, in view of (5.1.50) and

(5.1.49) we obtain from (5.1.33) together with the asymptotic behaviour of
E(z,y) for large |z,

‘ l‘im u(z) — ET(I',O){ /f(y)dy - / (Teu — (b n)yeou) dsH =0.
e Qe r

(5.1.55)
Since the representation formula (5.1.33) holds for every exterior domain, we

may replace 2¢ by {y € ]R2‘|y| > R > Ry} with supp(f) C {y‘|y| < R} and
find instead of (5.1.55) the radiation condition
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\zlgloo {u(w) + ET(x,0) / TR’U,dS} =0 (5.1.56)

lyl=R

for every sufficiently large R > Ry.

In contrast to the interior Dirichlet problem, the above formulations in
terms of local function spaces are not suitable for the standard Hilbert space
treatment unless one can find an equivalent formulation in some appropriate
Hilbert space. In the following, we will present such an approach for the first
version only which is based on the finite energy of the potentials. The same
approach, however, cannot directly be applied to the second version since the
corresponding potentials do not, in general, have finite energy.

However, the following approach will be used for analyzing the corre-
sponding integral equations for problems formulated in the second version.
We will pursue this in Section 5.6.

The Hilbert space formulation for the first version of the general
exterior Dirichlet problem

In view of the growth condition (5.1.50), in the first version with ¢ = 0 we
have to choose Hilbert spaces combining growth and M (x;u) appropriately.
Let us consider first the case of self-adjoint equations (5.1.1) with a symmet-
ric energy—sesquilinear form age(u,v) where, in addition to the assumptions
(5.1.36), b;(x) = 0 for all x € £2°. Then

age(u,v) = age(v,u) and age(v,v) >0 forall u,v € C°(IR")

due to the strong ellipticity condition (3.6.2).
For a fixed chosen L denote by Py, all the generalized polynomials M, (z)

of the form
p@) =Y asps()
[BISL

satisfying (5.1.43).
By &L let us denote the subspace of Py, of generalized polynomials with
“finite energy”, i. e.

Er i ={p e Pr|lag:(p,p)| < x}. (5.1.57)
Because of (5.1.35) one finds
ao(p,v) =0 forall v e H(82)

and further
agr~(p,v) =0 forall ve CF(R"™). (5.1.58)

Now define the pre-Hilbert space

Hp(02°) = {v=wo+p|p€&andvy € Hypp(2°)  (5.1.59)
satisfying agqe(p,vg) =0 forall p e &}
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equipped with the scalar product

(u,v)1, = age(u,v) + /’ycguTst. (5.1.60)
r

(See also [142], Leis [184, p. 26].) Note that C§°(£2°) C Hp.(£2°) because
of (5.1.58). For convenience, we tacitly assume © = 1 in the uniform strong
ellipticity condition (3.6.2). Then (u,v)s, has all the properties of an inner
product; in particular, (u,u)y, > 0 for every u € Hp.(£2¢). Now, suppose

(v,V)Hy = age(vo + p,vo +p) + / |vo —|—p|2ds =0,
r

which implies (vg +p),. = 0 since an-(vo +p,vo +p) > 0. The former allows
us to extend vy by —p into 2 and to define

~  Jv in£2¢ 1 _ B
vy 1= {p i _Q} € Hcomp(]R”)7 where (79 +p)), =0.
Then

0 = agne(vo + p,vo +p) = arn (Vo + p, Vo + p)
and (5.1.58) implies

ar~ (Vo + p, % +p) = ar~(p,p) = 0.

Here, our assumption (5.1.44) together with the strong ellipticity of P implies

the Hg(Bg, )-ellipticity of agn(-,-) for any Ry > 0, in particular for I%Rl >
supp(vp). Hence, vp = 0 in IR". Consequently, p = 0 in {2 and Pp = 0 in
IR"™. The unique continuation property then implies p = 0 in IR". Hence,
(v,v)2, = 0 implies v = 0 in Hp. Consequently,

[vllre = (v,0)F, (5.1.61)

defines a norm. Now, Hg(£2¢) is defined by the completion of H . (£2°) with
respect to the norm || - ||7-

In the more general case of a non-symmetric sesquilinear form age(u,v)
(and for general exterior Neumann problems later-on) we take a slightly more
general approach by using the symmetric part of age, i.e.

agpe (u,v) = 1 {agc (u,v) + ane (v, u)} (5.1.62)
together with the requirement
afe(v,v) >0 forall ve C(R™).

Note that again
(11, 0) 3¢, = ae (u,v)
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has all the properties of an inner product as before in view of condition
(5.1.36). The corresponding space is now defined by
H%*(QC) = {UO +pS |pS € gf and Vo € comp(‘QC)
satisfying afy.(p®,v0) =0 for all p® € £F}

where £ f now denote all generalized polynomials of degree < L with finite
energy ap. (p°,p°) < oo satisfying

aipn (p°,0) =0 for all v e C°(IR™).

Then by following the same arguments as in the symmetric case, one can
again show that (u,v)ss is an inner product on the space HE (QC)

For the formulation of the exterior Dirichlet problem we further introduce
the closed subspace

Hpo(2°) :== {v € Hp(2°)|y0v =0o0n I'}. (5.1.63)

If u e Hp(£2°) and v € HE o(§2°) then u = uy + p and v = vy + r where
p,r € £. Moreover, by applying Green’s formula to the annular region 2NBg
with Bg := {z € R"||z| < R} for R > Ry sufficiently large, we obtain the
identity

sanmu) = [ PTode [ () agrds

2¢NBgr OBRr

(Pu)TT)dx +apg(p,7).

2°NBRr
For R — oo we obtain
age(u,v) = /(Pu)T@dx + arn(p, 7). (5.1.64)
QC

With a basis {qs} _, of &, where L= dim &g, the last term can be written

more explicitly with v = vy +r = vy + Z _1 KpQp as

agr» (p, 7 Zfipaw Psdp) -

Now, for the first version we formulate:

The general exterior Dirichlet problem. For given ¢ = 0, L and L=
dim &, ¢ € H2(I'), fELcomp(Qc) d, € Cfor p=1,. ., L, find u

uo + p € Hg with Bysu = ¢ € H2(I') on I satisfying
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L L
age(u,v) = (f,0)ne + depr for all v =wvg + Zf@pqp € Hgo (5.1.65)
p=1 p=1

subject to the side conditions
arn(p,qp) =d,, p= 1,...,L.
In this formulation, we need in addition to the assumptions (5.1.36) that
Boo =1 for |z| > Ry where I is the identity matrix. (5.1.66)

We note that in this formulation we have replaced the function space {v €
HE | Byev =0 on I'} by Hpo. Since det (Bgo)|,. # 0, they are equivalent.

Remark 5.1.2: In our Hilbert space formulation, for the Laplacian in IR? and
the special choice of L = 0, and in IR® and &, = {0} = M, the energy space
Hp($2) is equivalent to the weighted Sobolev space H*(£2¢;0) corresponding
to Wi (§2") in Nedelec [231]. Hence, in these cases, one may also formulate
the variational problems in the weighted Sobolev spaces as in Dautray and
Lions [60, Chap. XI], Giroire [100] and Nedelec [231].

The exterior Neumann problem
The exterior Neumann problem is defined by

Pu = f in 0°,

(5.1.67)
Tu = Y on I'.

Again we require the solution to behave like (5.1.50) for || — oo. Since
Teu = 1) is given, the equation (5.1.49) yields

q= Q/Cfdy —F/z/)ds—i— /(b~n)T%oudS

r

For the special case b-nn = 0 on I', the constant g is determined explicitly by
the given data from (5.1.67). In order to find a solution in Hg(£2°) for n = 2,
the constant ¢ in the growth condition (5.1.50) must vanish. This yields the
necessary compatibility condition

qg=0= [ f(y)dy— [ ds for n=2 (5.1.68)
o]

and for the given data in (5.1.67). Then the solution will take the form u = ug
with ug(xz) = O (ﬁ) for |x| — co. In the three-dimensional case n = 3, the

compatibility condition (5.1.68) is not needed to guarantee a solution of finite
energy.
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The behaviour at infinity motivates us to consider the following variational
problem in the Hilbert space Hg(£2¢). For the solution we assume the form

u=uy+p+E"(2,0)g in 2° (5.1.69)

where ug + p € Hg and g € CP to be determined.

The exterior Neumann variational problem
Find ug + p € Hg and q € CP satisfying

i
age(uo,v) = (fi0)ge — (¢ — BT (2,0)q, ) + ;dﬂ?ﬂ (5.1.70)

forallv—vo—l-z _1kpGp € HE

and
/f(y)dy — /¢ds + /(b . n)T'yco(uo +p+ ET(x,O)q)ds
Qe T T

subject to the side conditions

arn(p,q,) =d, for pzl,...,z.

This formulation shows that the given data f, v do not have to satisfy the
standard compatibility condition (5.1.68) and, in general, the total solution
uw in (5.1.69) does not have finite energy. If the latter is required, i.e., ¢ = 0
in (5.1.70) then the compatibility condition between f and v can only be
satisfied in an implicit manner resolving the bilinear equation with respect
to ug + p and with ¢ = 0 and inserting p in the second equation of (5.1.70)
with ¢ = 0.

The general exterior Neumann—Robin problem

Here we extend the boundary conditions to Ng; = Byg = I and Ngg =0
on the artificial boundary I'r for R > Ry. Then we can proceed in the same
manner as for the general interior Neumann—Robin problem except for the
radiation conditions which need to be incorporated. In this case, the constant
vector ¢ in the radiation condition (5.1.50) is related to the solution u by

/f(y)dy - /( z": njazni)Noy ' ds

k=1
/(b ’I'L+Z Cop —Coo>’7c0(uo +p+ET( ,0)g)ds

where ¢y, and oo are given by (5.1.25), which modifies (5.1.49) of the stan-
dard Neumann problem.
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For the special case
b- n—l—z 8Upc0p—coo =0 on I,

we recover, similar to (5.1.68), the necessary compatibility condition
1=0= [ £y~ [ (Enann)Ng vis
Qe r

for the given data f and v and for a solution with finite energy.

The exterior combined Dirichlet—Neumann problem
We begin with the formulation of the boundary value problem in distribu-
tional form: Given f € Comp(Qf) P € 7mH2(I') and 4y € (I —7)H "2 (I)

on I" and d, € C, p = 1,...,L, find u = uy + p + E'(x;0)q with
uo+p € Hp(£2°) and q € CP as the distributional solution of

Pu = f in °
mBy.u = ¢ and (1 —7m)Nyu=12 on I’ (5.1.71)
subject to the side conditions

arn (p,qp) =d, for p=1,..., L where &, = span{qg}g=1 ,

and the constraint

g=1 / f@dy ~ [ (e (b m) Trou)ds)

The application of Lemma 5.1.2 then yields:

The variational formulation for the exterior problem
Find v = ug +p+ ET(e;0)q with ug + p € H(§2°) and 7By.u = @1 on I’
satisfying

age(ug +p,v) = /fTT)dz — (o, (I — m)Bv0) (5.1.72)
L
+ (I = m)NYE T (0,0)g. (I =m)Brev)r + ) diky
p=1

for all v = vy + Z£:1 kplp € Herp = {v € Hp(2°)|mBy.v = 0 on I'},
subject to the side conditions
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ar~(p,qp) =d, for p=1,... .L where & = span{qg}gzl ,  (5.1.73)

and the constraint

q= {/ fy)dy — /(Tc —(b-1n)"70)(uo +p+ E"(e;0)q)ds}.  (5.1.74)
e r

Since T.u = No_11 (Nv.u — Nooveou) due to (5.1.21) and yeou = Bo_oleyCu
due to (5.1.16), in view of the given boundary conditions in (5.1.71), the last
constraint (5.1.74) can be reformulated as the linear equation of the form

¢ = { [ s [ (Nal(1 = me + (N Voo — (b m) B ) s
£2¢ r

- / (N&IWN% + (Ngy Noo — (b-n)) Byg! (1 — W)B%)
r
(uo +p+ ET(:;0)q)ds. (5.1.75)

Remark 5.1.3: In the special case m = I, one verifies that the combined
problem reduces to the general Dirichlet problem (5.1.65). For 7 = 0, we
recover the general exterior Neumann—Robin problem.

5.1.3 Transmission Problems

The combined Dirichlet—INeumann conditions

As we can see in the previous formulations of the boundary value problems,
the boundary operator R is always given while the complementing boundary
operator S could be chosen according to the restrictions (3.9.4) and (3.9.5).
As generalization of these boundary value problems, we consider transmission
problems where both boundary operators are given to form a pair of mutually
complementary boundary conditions.

We will classify the transmission problems in two main classes. In_both
classes we are given f € Hg (R"\T')and d, € C, p = 1,...,L and
we are looking for a  distributional solution w with w, € H'(§2,P) and
U =ug+p+ E"(0;0)q with u =ug+p € Hg(2°) and q € CP satisfying

Pu=f in R"\I' and awr~(p,q,) =d, for p=1,...,L; (5.1.76)

and q= | fdy— [ (teu— (b n)you)ds (5.1.77)
Jro- |

r

subject to the following additional transmission conditions on I'; & =

span{a,}L_;.
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In the first class these transmission conditions are
1. [#Byul =, € tH*(I') and [xN~u] =y € tH 3(I")  (5.1.78)

where 1 and v, are given on I” together with one of the following conditions:

(I —7)Byu =@y € (I —7)H2(I') and

M (- m) Ny = b € (1 m)HH () (o179
(I —7)Byou =9 € (I —7)H2(I') and

Y2 m)Nou = s € (T — m)H-H(T) (5:1:50)

For the corresponding variational formulations, for simplicity we confine our-
selves to the cases with d, = 0 and p(z) = 0 in (5.1.69), (5.1.70). The
corresponding exterior energy space will be denoted by H%(£2¢). Then the
variational equations for this class of transmission problems can be formu-
lated as:

apn\r(u,v) == ag(u,v) + age(u,v)

B / fTodz + (Nv.E" (50)q, Byeo)r + £(0) (5.1.81)

IR"\F

for all test functions v as characterized in Table 5.1.1, and where the linear
functional

6(1‘;) = <N7uv B’7v>l’ - <N'cha BPYC'U>F

will be specified depending on the particular transmission conditions (5.1.78)—
(5.1.80), whereas ¢ € CP must satisfy the constraint (5.1.77), i.e.,

q= [ fdy— | (reu—(b-n) you)ds. (5.1.82)
[

In this class with (5.1.78), the corresponding variational formulations now
read:

Find u € HY(£2) x H%(£2¢) with the enforced constraints given in Table
5.1.1 satisfying the variational equation (5.1.81) with (5.1.82) for all test
functions v in the subspace of H*(£2) x H%(£2¢) characterized in Table 5.1.1
with the functional £(0) also specified in Table 5.1.1.

We remark that in all classes 7,7 and (I —7), (p —r) can be interchanged
throughout due to the properties (5.1.30).

In the second class, the transmission conditions are
2. [rByu] = gy € nH*(I) and (I~ m)Nyu] = ¢y € (I —m)H " *(I)

(5.1.83)
together with one of the following conditions:
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Table 5.1.1. Relevant data for the variational equations in the first class

Boundary | Constraints _ Subspace

. £(v) s
conditions| for u conditions
(5.1.78) | [xBy = g1, (g1, 7B [wByv] =0,
(5179) | (I—mByu=sz0 | —(Wor,(I—m)Byehr| (I—m)Byw=0
(5.1.78) [mByu] = 1, —(¢1, mByv)r [mByv] =0,
(5.1.80) I —m)Bycu= 21| +{¢20,(I —m)Byv)r (I —m)Byv =

mByu= 19 € TH(I') and
2.1 5.1.84
(I = m)Nu = thag € (I — ) H- (D) (5.1.84)

TByeu =1 € TH2(I') and
2.2 5.1.85
(I = 7)Nryeu = 1hgy € (I —m)H"2(I'); ( )
TByu = @10 € TH2(I') and
(I —m)Nyeu = oy € (I —m)H2(I);
TBy.u = 11 € WH%(F) and
24 5.1.87
(I~ )Ny =t € (1~ m)H=H(D) (o457
(I —m)Byu= gy € (I —7)H2(I") and
TNvyu = h1o € tH-2(I');

(I —7)Byeu =g € (I —7)H2(I') and
TNYyu =11 € WH_%(F).

2.3 (5.1.86)

2.5 (5.1.88)

2.6 (5.1.89)

We remark that in all the above cases, one may rewrite the equations (5.1.77)
for ¢ in terms of the given transmission and boundary conditions, accordingly.

Similar to the variational formulations for the first class of transmis-
sion problems, we may summarize these formulations for the cases 2.1-2.4
in Table 5.1.2.

We note that for all the cases in Table 5.1.2 one could solve the transmis-
sion problems equally well by solving the interior and the exterior problems
independently. However, in the remaining two cases 2.5, 2.6 we can solve
the transmission problems only by solving first one of the interior or exte-
rior problems since one needs the corresponding resulting Cauchy data for
solving the remaining problem by making use of the transmission conditions
in (5.1.83). To illustrate the idea we now consider case 2.5. Here, first find
u € HY(2) with (1 — 7)Byu = g satisfying the variational equation

agn(u,v) z/fT@d$+<¢1o,WW>F
2

for all v € H*(£2) with (1 —7)Byv=0.
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Table 5.1.2. Relevant data for the variational equations in the second class

Bougdfmry Constraints 0(v) Subsp:fmce

conditions for u conditions
(5.1.83) mByu = @10, —(t2, (1 — ) Byev)r mByv =0,
(5.1.84) TBy.u = o1 + P10 — (20, (1 — ﬂ)W)p 7By =0
(5.1.83) TBy.u = @11, —(32, (1 — ) Byv) r wByv =0,
(5.1.85) TByu = p11 — p1 — (21, (1 — W)W>F mBy.v =0
(5.1.83) 7Byu = @10, —(w2, (1 — ) Byv)r mByv =0,
(5.1.86) TBY.u = @1 + @10 — (420, (1 = m)[Byv])r | 7#By.v =0
(5.1.83) TBYy.u = 11, — (2, (1 — ) Bycv)r mByv =0,
(5.1.87) TByu = —p1 + p11 — (120, (1 — 7)[Byv])r TBy.v =0

Then, with the help of (5.1.83), we have the data

(1 =m)Nvyeu =13 :=ts+ (1 —7)Nyu and
TBycu = ¢3 1= 1 + mByu

for the exterior variational problem (5.1.72).
In the case 2.6, the exterior problem is to be solved first for providing the
necessary missing Cauchy data for the interior problem.

Remark 5.1.4: We note that for the problems above we have restricted
ourselves to the case My, = 0 if exterior Neumann problems are involved. For
the case My, # 0, the formulation is more involved and will not be presented
here.

5.2 Abstract Existence Theorems for Variational
Problems

The variational formulation of boundary value problems for partial differ-

ential equations (as well as that of boundary integral equations) leads to

sesquilinear variational equations in a Hilbert space H of the following form:

Find an element u € ‘H such that

a(v,u) =£L(v) forall veH. (5.2.1)

Here a(v,u) is a continuous sesquilinear form on H and ¢(v) is a given

continuous linear functional. In order to obtain existence results, we often
require further that a satisfies a Garding inequality in the form
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Re{a(v,v) + (Cv,v)1} > aollv]3 (5.2.2)

with a positive constant oy and a compact linear operator C' from H into H.
We recall the definition of a linear compact operator C' between two Ba-
nach spaces X and .

Definition 5.2.1. A linear operator C : X — Y is compact iff the image
CB of any bounded set B C X is a relatively compact subset of V; i.e. every
infinite subset of CB contains a convergent sub—sequence in ).

Garding’s inequality plays a fundamental role in the variational methods for
the solution of partial differential equations and boundary integral equations
as well as for the stability and convergence analysis in finite and boundary
elements [141] and Dautray and Lions [60], Nedelec [231], Sauter and Schwab
[266] and Steinbach [290].

In this section we present the well known Lax—Milgram theorem which
provides an existence proof for the H—elliptic sesquilinear forms. Since these
theorems are crucial in the underlying analysis of our subjects we present
this fundamental part of functional analysis here.

Definition 5.2.2. A continuous sesquilinear form a(u,v) is called
H- elliptic if it satisfies the inequality
la(v,v)| > agl|v]|3, for all veEH (5.2.3)

with ag > 0.

Remark 5.2.1: In literature the term of H—ellipticity is some times defined
by the slightly stronger condition of strong H—ellipticity (see Stummel [299]),

Rea(v,v) > ag||v||3, forall veH (5.2.4)

with ag > 0. (See also Lions and Magenes [190, p. 201].)
Clearly, (5.2.4) implies (5.2.3); in words, strong H-ellipticity implies H—
ellipticity since
la(v,v)| > Rea(v,v) > ag|v||3 .

Hence, when C' = 0 in Garding’s inequality (5.2.2) then a(u,v) is strongly
H—elliptic. In most applications, however, C' # 0 but compact.

5.2.1 The Lax—Milgram Theorem

In this section we confine ourselves to the case of H—ellipticity of a(u,v). We
begin with two elementary but fundamental theorems.
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Theorem 5.2.1 (Projection theorem). Let M C H be a closed subspace
of the Hilbert space H and let M* := {v € H|(v,u) = 0 for all u € M}.

Then every u € H can uniquely be decomposed into the direct sum
u=ug+uy with ug € M and ug € M™*. (5.2.5)

The operator defined by Taq : u — ug =: TAu 1S a linear continuous projec-
tion. In this case one also writes H = M @& M* .

Proof: The proof is purely based on geometric arguments in connection
with the completeness of a Hilbert space. As shown in Figure 5.2.1, ug will
be the closest point to u in the subspace M.

Let
d:= inf — .
it u— ol
Then there exists a sequence {v;} C M with

d= klim [l — vkl - (5.2.6)

With the parallelogram equality

(= i) + (= ve) 13 + [| (= wie) + (u =) I3, = 2| (w—wie) 7 + 20 (u = ve) 13

Vg + v .
K Y ¢ M the estimate

we obtain together with

20l(u = w3 + 20l (w = ve) 3, — 4w —
20l (u = vi) 13 + 2ll(u — ve) |3, — 4d*.

Ve + vy
or = ve) 3 L

IN

U

Fig. 5.2.1. H=M & M~
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Hence, from (5.2.6) we obtain that
vk — vel|2, — 0 for k,£— oco.

Therefore, the sequence {v } is a Cauchy sequence in H. Thus, it converges to
ug € H due to completeness. Since M is closed, we find ug = limy_, o, v € M.

If vy — uo and vy, — u(, are two sequences in M with ||u —vg||» — d and
llu — v} |l% — d then with the same arguments as above we find

vk = vellze < 2llw = vgllae + 2l|u — vkll2 — 4d* — 0

for k — 0. Hence, uy = uj; i.e. uniqueness of ug and, hence, of ug-, too. Thus,
the mapping 7 is well defined.

Since for ug € M, ug = mug + 0, one finds 72u = wuy = uy = wu for all

u. Hence, 72 = 7.

The linearity of m can be seen from
(amuy + frug) € M and aui + fuy € M+
for every ui,us € H and a, 8 € C, as follows. Since the decomposition
oy 4 Bug = amuy 4+ ui) + Blrug +uy) = (aruy + Brug) + (qui + Buy)
is unique, there holds
m(auy + Pug) = amuy + Brusg .
From
lull3; = (uw)pe = (uo +ubuo +ub )y = JJuoll, + u™ |17
one immediately finds
[rulls = lluolls < llull and |72 =1

because of Tug = ug for ug € M. [ ]

Theorem 5.2.2 (The Riesz representation theorem). Toeverybounded
linear functional F'(v) on the Hilbert space H there exists exactly one element
f € H such that

Fw)=(v,f)n forall veH. (5.2.7)

Moreover,

Ifll# = sup |F(v)]
ol
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Remark 5.2.2: For a Hilbert space H with the dual space H* defined by all
continuous linear functionals equipped with the norm

[Fll3+ = sup [F(v)],
[lv]l~<1

the Riesz mapping j : H* — H defined by

JF =

is an isometric isomorphism from H* onto H.

Proof: i.) Existence: We first show the existence of f for any given F' € H*.
The linear space ker(F) := {v € H | F(v) = 0} is a closed subspace of H since
F is continuous. Then either ker(F) = H and f = 0, or H\ker(F) # . In the
latter case there is a unique decomposition of H due to the Projection
Theorem 5.2.1:

H = ker(F)® {ker(F)}* and
u = wup+ut with ug € ker(F) and (ub,v)y =0 for all v € ker(F).

Since H \ ker(F) # 0, there is an element g € {ker(F)}* with F(g) # 0
defining

Then F(z) =1 and for every v € H we find
Flv—F(v)z)=F(@) - F()F(z) =0, i.e. v—F(v)z € ker(F).
Moreover,

(v.2) = (v = F(0)z + F(v)2, 2) = (F()2, 2 = Fo)||21%

1
Hence, f := Wz will be the desired element, since
z

z 1
(v, flm = (U, ||Z||2> = W(v,z)H = F(v) forall ve™H.
H
This implies also

[Ell3e- = sup [F(v)] = sup |[(v, f)n|=[flln-
loll <1 lolln<t

ii.) Uniqueness: Suppose f1, fo € H are two representing elements for F' €
‘H*. Then
F(v) = (v, fi)n = (v, f2)n forall veH
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implying
(v,fi1— fa)n =0 forallveH.

The special choice of v = f; — fo yields

0=11fi — foll?, = (1 — fo, fr — fo)m, ie. fr=fa.
||

Theorem 5.2.3 (Lax—Milgram Lemma). Let a be a continuous H-
elliptic sesquilinear form. Then to every bounded linear functional ((v)
on H there exists a unique solution u € H of equation (5.2.1).

Proof: For any fixed u € H, the relation
(Au)(v) == a(v, u)

defines a bounded linear functional Au € H* operating on v € H. By the
Riesz representation theorem 5.2.2; there exists a unique element jAu € H
with

(v, jAu)y = a(v,u) for all v e H.
The mappings A : u — Au € H* and Bu := jA : H — H are linear
and bounded, since a(v,u) is a continuous sesquilinear form (see(5.1.14)).
Moreover,

M = Bl = [l7AlH1 = 1AllH3- = sup [JAully- = sup — Ja(v,u)|.
lulle<1 lull=llvl=1

Obviously, the H—ellipticity implies the invertibility of the operator B on
its range. So, B : H — range (B) is one-to-one and onto and there B~ is
bounded with

”B_l”range(B),H S 0%0 .

This implies that range (B) is a closed subset of H. Next we show that range
(B) = H. If not then there existed z € H \ range(B) with z # 0 and there

was zg € (range(B))J‘ with z # 0 due to the Projection Theorem 5.2.1, but
a(Zo, Zo) = (BZ,’O7 ZO)H =0.

Then the H—ellipticity implied zg = 0, a contradiction. Consequently, range
(B) = 'H and the equation

a(u,v) = (Bu,v)y = £(v) = (jl,v)y forall veH

has a unique solution
u=B"1jl.
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Note that the solution u then is bounded satisfying

lullre < cElliellre = o5 101 - (5.2.8)
As an immediate consequence we have

Corollary 5.2.4. Let a(u,v) be a continuous strongly H—elliptic sesquilinear
form on H x H, i.e., satisfying (5.2.4) has a unique solution u € H.

Clearly, since a is also H—elliptic, we obtain u via the Lax—Milgram lemma,
Theorem 5.2.3. However, for the strongly H—elliptic sesquilinear form, we
can reduce the problem to Banach’s fixed point principle and present an
alternative proof.

Proof: The equation (5.2.1) has a solution u if and only if u is a fixed point,
u=Q(u),
of the mapping @) defined by
Qw):=w—p(jAw— f) for weH
with the parameter p € (0, ?\%‘2’), where ay is the ellipticity constant in (5.2.4).
With this choice of p (preferably p = {%), @ is a contractive mapping, since

1Q(w) = Q)3 = (w — v — pjA(w —v), w —v — pjA(w — v))x
= |w— [} — 2pRe a(w — v, w — v) + p*||jA(w — v) |3
< {1 = 2pag + p* M?}|lw — v| 3,
= ¢*llw - vl%,
for ¢? := (1—2pag+ p?M?) < 1. Consequently, the successive approximation
defined by the sequence {wy},
wo =0 and w1 :=Qwy), k=0,1,...,
converges in H to the solution u = %imo wg. Moreover, we see that the solution

u is unique. Since if u; and us are two solutions, then

uy —ug = Qu1) — Quz)
implies that
llur = uzl7 < gllur — ualls -
That is with 0 < ¢ < 1,
0<(1-qllu—uzln <0,
which implies that uy = us. | |
In applications one often obtains H—ellipticity of a sesquilinear form af(-, -)

through Garding’s inequality (5.2.2) provided that Re a is semidefinite. More
precisely, we have the following lemma.



5.2 Abstract Existence Theorems for Variational Problems 225

Lemma 5.2.5. Let the sesquilinear form a(-,-) satisfy Garding’s inequality
(5.2.2) and, in addition, have the property

Rea(v,v) >0 forall veH with v#0.
Then a(-,-) satisfies (5.2.4) and, consequently, is strongly H—elliptic.

Proof: The proof rests on the well known weak compactness of the unit
sphere in reflexive Banach spaces and in Hilbert spaces (Schechter [270, VIII
Theorem 4.2]), i. e. every bounded sequence {v;};ew C H with ||v;|ly < M
contains a subsequence v; with a weak limit vy € H such that

lim (g,vj/)n = (g,v0)n for every g € H.

j'—o0

We now prove the lemma by contradiction. If a were not strongly H—
elliptic then there existed a sequence {v;};enw C H with |lvj||» =1 and

lim Rea(v;,v;) =0.

J—00

Then {v;} contained a subsequence {v; } converging weakly to vy € H.
Garding’s inequality then implied

IN

aollvyr — voll3 Re{a(vj — vo,vj — vg) + (C(vjf —09), Uy — Uo)H}

Re{a(vjr,vjr) — a(vo,vjr) — a(vj,vo)

A

+ a(’Uo,Uo) + (C’Ujg’l)j/ - ’UQ)H - (CU(),’Ujf — UO)’H}-

Since C is compact, there existed a subsequence {v;»} C {v;s} C H such that
Cvjn — w € H for j” — oo. Hence, due to the weak convergence v;» — vg
we would have

(Cvjr,vjm)y — (Cvjr,vo)n —  (w,v0)n — (w,v0)n =0,

a(vo,vjr) = ((jA)*Uo,vju)H — ((jA)*vO,UO)H = a(vg, vo)

and corresponding convergence of the remaining terms on the right-hand
side. This yielded

0 S mj//*,ooaollvju — ’U()Hg_[ S —Re a(’l}07’l)())
and, consequently, with Re a(vg,v9) > 0, we could find

lim |lvjr —vollw =0  together with Rea(vg,vp) =0.
//_>OO

The latter implied

vo =0; however, |lvo|lx = lm vy =1,
3" —o0
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which is a contradiction. Consequently,

inf Rea(v,v) =:af >0,
lloll=1

i.e., a is strongly H-elliptic. ]

In order to generalize the Lax-Milgram lemma to the case where the
compact operator C' is not zero, we need the following version of the classical
Fredholm theorems in Hilbert spaces.

5.3 The Fredholm—Nikolski Theorems

5.3.1 Fredholm’s Alternative

We begin with the Fredholm theorem for the standard equations of the

second kind
Tu:=I-Clu=f in H, (5.3.1)

where as before C is a compact linear operator on the Hilbert space H into
itself. We adapt here the Hilbert space adjoint C* : H — H of C which is
defined by

(Cu,v)y = (u,C*v)y for all u,veH.

In addition to (5.3.1), we also introduce the adjoint equation
T*v:=(I-C")v=g in H. (5.3.2)

The range of T' will be denoted by R(T") and the nullspace of T' by N (T') =
ker (7).

Theorem 5.3.1 (Fredholm’s alternative). For equation (5.3.1) and equa-
tion (5.3.2), respectively, the following alternative holds:
Either

i) N(T)={0} and R(T)="H
or

ii.) 0 < dim M(T) = dim N (T*) < oo.
In this case, the inhomogeneous equations (5.3.1) and (5.3.2) have solutions
iff the corresponding right-hand sides satisfy the finitely many orthogonality
conditions

(fivo)n = 0 forall vo € N(T™) (5.3.3)
and
(wo,9)n = 0 forall ug € N(T), (5.3.4)

respectively. If (5.3.3) is satisfied then the general solution of (5.3.1) is of
the form
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k
w=ut+ Y e
=1
where u* is a particular solution of (5.3.1) depending continuously on f:

[l < el flln with a suitable constant c.

The uge) for £ = 1,...,k are the linearly independent eigensolutions with
N(T) = span {ug) i, Similarly, if (5.3.4) is fulfilled then the solution of
(5.3.2) has the representation

k
v=v"+ Z dﬂ}()(g)
=1

where v* is a particular solution of (5.3.2) depending continuously on g;
and vogy for £ = 1,...,k are the linearly independent eigensolutions with

N(T*) = span {vo(p) }—; -

Our proof follows closely the presentation in Kantorowitsch and Akilow [153].
For ease of reading we collect the basic results in the following four lemmata
and will give the proof at the end of this section.

Lemma 5.3.2. The range R(T) is a closed subspace of H.

Proof: Let {ur} C R(T) be a convergent sequence and suppose that ug =
limyg_ oo ug. Our aim is to show that ug € R(7T). First, note that by Projection
Theorem 5.2.1, N'(T) is closed and we have the unique decomposition

H=N(T)sN(T)"*.

Moreover, R(T) = T(N(T)*). Since ux, € R(T), there exists vy, € N(T)*
such that uy = Tvg.

Now we consider two cases.

(1) We assume that the sequence ||vi || is bounded. By the compactness of
the operator C, we take a subsequence {vy/} for which Cvy: — ' when
k' — oo. We denote uy = Tvyr = vy — Cvgr. This implies that

v = up + Cupr — g :u0+u'.
Consequently,
Cvp — Cvg and ug = vg — Cvg = Ty

which implies up € R(T), that is, R(T) is closed.
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(2) Suppose that ||vg|l% is unbounded. Then there exists a subsequence

Uk , we have Uy, € N(T)+ and

{Uk/} with ||’Uk/||H — OQ. Setting 5,1@/ T
l[ves |7

HE]C/”H = 1. With U = T’Uk./ we obtain

Uk

=TV = U — CUpr — 0 since upr — ug .
l[or [l

Now let {¥}} be an other subsequence of Uy, such that Cvy» — w”. This
implies the convergence vy~ — u”. Hence,

= Ou’ with |||y = 1

However, vy € N(T)* and so is the limit u” € N (T)*. Hence, v’ € N'(T)*
N(T) = {0}. This contradicts the fact that ||u” ||y = 1. Therefore, only case
(1) is possible. |

Lemma 5.3.3. The sequence of sets N'(T7) forj=0,1,2,... with T =1 =
identity is an increasing sequence, i.e. N (T7) C N (T’ 1). There exists a
smallest index m € INg such that

N(T7) = N(T™) forall j >m and N(T?)EN (T for all 7 <m.

Proof: The assertion N (T7) C N(T7F!) is clear. Observe that if there is an

m € IN with

N(T™H) = N(T™),
then, by induction, one has N'(T7) = N (T™) for all j > m. We now prove by
contradiction that there exists such an m. Suppose that it would not exist.
Then for every j € IN, the set N(T7) was a proper subspace of N (T7+1).
Hence, there existed an element v,

0 7é Vj+1 € N(Tj+1) ﬂ./\/(Tj)L
Without loss of generality, we assume that
[vj41ll =1.

This would define a sequence {v;}jen with v; € N(T7), and there existed a
subsequence {v;/} for which

Cvjr — ug .
Now, for m’ > n’, consider the difference
C’Um/ - Cl)n/ = (’Um/ - TUm/) - (’Un/ - T”Un/) = Um!’ — Zm/n'

where /
Zmimt =Vt 4 TV — T € N(T™ 1)

since

T iy = T™ ™ 1T v) + T™ vy — T™ " (T 0,0) = 0.
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Because of TN/ (T™) ¢ N(T™ ') and n’ < m/, this would imply that

(Zmms s Um )1 = 0.
Consequently,
[V — Zm’n’H%( = ||Um’||$-£ + Hzm’n’H%-t > 1.
On the other hand, we would have
[vom: = 2 11 = [|CVmr — Conr [l < [[Cmr — uollre + |Cone — uolln
which implied that for m’ > n/,
|lvm: = 2mme |1 = |Comr — Copr||g — 0 as m/,n’ — oo
Since || Vms — Zmrn|| > 1, we have a contradiction. |
Lemma 5.3.4. The ranges ®; = R(T7) = TIH for j = 0,1,2,... with

Ro = H, form a decreasing sequence of closed subspaces of H, i.e. ®j 11 C R;.
There exists a smallest index r € INg such that

R, =RN; forall j>r and R 1 CR; forall j<r.

Proof: Lemma 5.3.2 guarantees that all R;’s are closed subspaces. The
inclusion ;41 C R; is clear from the definition. The existence of r will be
proved by contradiction.

Assume that for every j the space R4, is a proper subspace of i;. Then
for every j there would exist an element v; € ®; N Ry, with ||vj[3 = 1.
Moreover, there existed a subsequence {v;/} such that

Cvj —ug € H for j' — oo,
since C' is compact. Choose m’ > n’ and consider the difference
(Cvpr — ug) = (Cogyr — Uug) = Uy — Zprmny

where
Zntme 7= U+ T — Ty € Ry
Since with v,y = T™ upy and v, = T™ uy and with TR, C Ry C Ry
for m’ > n’, there would hold
’ 1 /_ /_1 /_ ’
Zpre = T T™ ™™ Y — T™ 7 s+ )
whereas v,y € R, +1- Then, in the same manner as in the previous lemma,
we would have

l|vnr — Zn’m’”?—( = ”UH’H’%{ + Hzn’m'“%( 21
but
lon — 2z [l < |Copr — uol + |Cvmy — uolly — 0 for m’ >n" — oo;

a contradiction. [ ]
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Lemma 5.3.5. Let m and r be the indices in the previous lemmata. Then
we have:
. m=r.
it. H=N(T")®R,, which means that every u € H admits a unique decom-
position
u=ug+u; where ug € N(T") and u; € R, .

Proof: i.) We prove m = r in two steps:

(a) Assume that m < r. Choose any w € R,_1, hence w = T"!v for some
v € ‘H. This yields that

Tw=T"veR, =R,
by definition of r. Then

Tw = T"T'7 for some ¥ € H,

and, hence,
T (v —Tv) =0.
Now, since m < r by assumption, we have
NIy =NT ) = =N(T™)
and, thus,
T v —Tv) =0
implying

Re1w=T"tv=T"7eR,.
Hence, we have the inclusions
§Rr—1 c §Rr Cc §Rr—1 and §Rr—1 = §Rr

which contradicts the definition of 7 as to be the smallest index.
(b) Assume that r < m. Set v € N(T™). Then,

Tmilv € §R’m—l == 3"Er and §Rm = §Rnb—l = §R7‘a
since m > r. Hence,
Tty =T™F for some v € H.

Moreover,
Ty =T™v =0, since v e N(T™).

The latter implies that
v e N(T™ ) = N(T™) by the definition of m .

Hence,
T Wy =T"0=0

which implies v € N (T™1). Consequently, we have the inclusions
N(T™) C N(T™ Y CN(T™) and N(T™ 1) = N(T™)

which contradicts the definition of m.



5.3 The Fredholm—Nikolski Theorems 231

The result m = r, i.e., i.) then follows from (a) and (b).

ii.) For showing H = N (T") ® R, let v € H be given. Then T"u € R, = Ry,
and T7u = T2y form some @ € H. Let u; be defined by u; := T4 € R,,
and let ug := u — uy. For ug, we find

T ug=T"uv—Tu =T*0-T*0=0

and, hence, ug € N'(T"). This establishes the decomposition: u = ug + ;.

For the uniqueness of the decomposition, let v € N(T") N R,.. Then
v = T"w for some w € H, and T"v = T?"w = 0, since v € N(T"). Hence,
w € N(T?") = N(T") which implies that

v=T"w=0 and N(T")NR, ={0}.
This completes the proof. |

Theorem 5.3.6. a) The operator T maps the subspace H' := T"(H) = R,
bijectively onto itself and T : H' — H' is an isomorphism.

b) The space H" := N(T") is finite—dimensional and T maps H" into itself.

¢) For the decomposition

u=uy+ u =: Pyu+ Piu

in Lemma 5.3.5, the projection operators Py : H — H" and Py : H — H'
are both bounded.
d) The compact operator C' admits a decomposition of the form

C=Co+Cy
where
Co:H—H" and Cy: H —H with CoCy = C1Cy =0
and both operators are compact. Moreover, Ty := I — Cy is an isomor-
phism on H.
Proof:

a) The definition of R, gives
T(R,) = Rypr = Ry,
i.e. surjectivity. The injectivity of T' on R, follows from r = m since
Tug =0

for up € R, implies ug € N(T) C N(T") and Lemma 5.3.5 ii.) yields
up = 0, i.e. injectivity.
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To show that 1,, is an isomorphism on H’, it remains to prove that
(T},,,)~" on H' is bounded. In fact, this follows immediately by using
Banach’s closed graph theorem (Schechter [270, p. 65]) since T} , is con-
tinuous and bijective and H’ is a closed subspace of the Hilbert space H
due to Lemma 5.3.5. However, we present an elementary contradiction ar-
gument by taking advantage of the special form T = I — C together with
the compactness of C.

Suppose (T}, )~ is not bounded. Then there exists a sequence of elements
v; € H' with ||v;|l% = 1 such that ||lw;|+ — oo where w; = (T}, ,) " v;.
For the corresponding sequence

wj o= (wy [ wgllr) € H' with [lusll =1
one has

Tu; =u; — Cu; = Tw; = (vj/||wj||H) — 0 for j —o00. (5.3.5)

[[w;ll#

Because of the compactness of the operator C, there exists a subsequence
ujr € H' such that
Cuj —up in H.

This implies from (5.3.5) that
wyr = Cugr + vy [ gl — o,
hence, ug € H' and, moreover,
Tug =ug — Cug =0 with |lug|lx =1.

This contradicts the inectivity of 7] ,.
b) Since
T"=(I-C) =1-C
with a compact operator C, the unit sphere {v € H” | vl <1} is com-
pact and, hence, H” is finite-dimensional due to a well-known property of

normal spaces, see e.g. Schechter [270, p. 86].
¢) For any u € H define

w = Ty "T'u=: Piu€R, =H and

ug = u—u =u— Piu=: Pyu.

Then
T'ug=T"v—T Pilu=Tv—T{T] "T"u =0

and Pyu € H". Clearly, P; and Py are bounded linear operators by defini-
tion. Moreover, the decomposition
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U =ug+u = Pyu+ Piu (5.3.6)
is unique from Lemma 5.3.5 and we have
PyP, =P Py =0.
d) With (5.3.6) we define the compact operators
Ci:=CP; and Cy:=CPF,.

Since
C=1-T

we have with a) that

Cla, = Clay = iy =Ty 1 H = 1.

R
Hence, C1 : H — H'.
Similarly, for every vy € H” we find that wqy := Cvg satisfies
T7'w0 = TTI(OU()) = TT(I — T)’U() = TTUO — TTT'UO = 07
i.e.
C,, H" —H" and Co: H —H".

The equation
C1Cy=CpC1 =0

follows now immediately.
The invertibility of T3 = I — C; follows from
Tyu = Tiuy + Tyug = Thuy + (I — Cr)ug = Thyuy +ug = Pof + Pif
with
u = (Tl‘H,)71P1f +PRf=I-C)"'f

where all the operators on the right—hand side are continuous. Therefore,
I — (' is an isomorphism on H. This completes the proof. |

Proof of Theorem 5.3.1:
i.)
a) If the solution of (5.3.1) is unique then the homogeneous equation

TUO:()

admits only the trivial solution ug = 0. Hence, r = m = 0,H' = H and
T(H) = H in Lemma 5.3.5. The latter implies f € T'(H) which yields the
existence of u € H with (5.3.1), i.e. solvability and that T : H — H is an
isomorphism.
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b) Suppose that (5.3.1) admits a solution u € H for every given
f € H. Then T(H) = H and Lemma 5.3.5 implies m = r = 0 and
N(T) = {0}, i.e. uniqueness. and T : H — H is an isomorphism.

ii.) First let us show dim N(T) = dim N (T*) < oo. Since N (T) C N(T") =

H", it follows from Theorem 5.3.6 that dim N (T) =: k < oo. Since with

C also C* being a compact operator on H, the same arguments imply

dim M (T*) =: k* < oo.

Since a basis wg(1),---,Ugk) is linearly independent, the well known

Hahn-Banach theorem (Schechter [269]) implies that there exist ¢; € H with

(uo(ey, wj) = g5 for £,5=1,... k.

Similarly, there exist 1; € H with

(Y5, v000)) = 6j¢ for j,€=1,... k*.
Now let us suppose k < k*. Consider the new operator

k

Tw :=Tw — Z(w, wo)g .

£=1

If wy € N(T) then

k
0 = (Uo(j)7Tw0) (T Vo g),wo Z wo,w Uo () W) (w07<Pj)
=1
for j=1,...,k.
Hence,

Twy =Twy—0=0 and wy = Z agugey € N(T)
=1

where oy are some constants for £ = 1,..., k. However,

0 = —(wo, ¢;5) Zae Up(e) pj)=—a; for j=1,...k

and we find
woy = 0.
Hence, N'(T) = {0} and T : H — H is an isomorphism due to i.). Then the

equation
k

Tw* =Tw* = > (W, @)t = Y1

(=1
has exactly one solution w* € H for which we find
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M»

0= (Vos1), TwW*) = (Vot1)s w”*, 0¢) (Vo(k+1), Ve)

e:1
= (Vo(kt1)s Yrt+1) =1,

an obvious contradiction. Hence, k* < k.
In the same manner, by using T** = T, we find k < k* which shows

dim M(T) = dim N (T*) =k .
Finally, if Equation (5.3.1) has a solution « then
(vo), f) = (o), Tw) = (T"vo(ey,u) =0 for £=1,... k.

Moreover, if u* is any particular solution of (5.3.1) then ug := u—u* € N(T).

Hence,
k

u=u"+uy=u" —|—Za5u0(5) .
=1

Conversely, if (vo(g), f) = 0 is satisfied for £ = 1,. .., k then solve the equation

k

Tu* = Tu* — Z(u*, o) = f

=1

which admits exactly one solution v* € ‘H due to i. and, furthermore,
lu* Il < NT ™ el fll

since T is an isomorphism. For this solution we see that

k
(Vo) /) =0 = (vogg), Tu" = > (u*,00)0¢) = —(u*, ;)
=1
for every j=1,...,k.
Hence, u* is a particular solution of (5.3.1). Clearly, any

u=u"~+uy with uy € N(T)

solves (5.3.1). This completes the proof of Theorem 5.3.1. |

5.3.2 The Riesz—Schauder and the Nikolski Theorems

Fredholm’s alternative can be generalized to operator equations between dif-
ferent Hilbert and Banach spaces which dates back to Riesz, Schauder and,
more recently, to Nikolski. Here, for simplicity, we confine ourselves to the
Hilbert space setting. Let
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T : Hl — HQ
be a linear bounded operator between the two Hilbert spaces H; and Hs. If
T=Tr—-T¢c (5.3.7)

where T7 is an isomorphism while T is compact from H; into Ho, then for
T and its adjoint T defined by the relation

(Tu,v)p, = (u, T*v)yy, forall u € Hy,v e Hy, (5.3.8)

Fredholm’s alternative remains valid in the following form.

Theorem 5.3.7 (Riesz—Schauder Theorem). For the operator T of the
form in (5.3.7) and its adjoint operator T* defined by (5.3.8) the following
alternative holds:
Either

i. M(T) = {0} and R(T) = Ha
or

ii. 0 < dim N(T') = dim N (T*) < oo.
In this case, the equations

Tu=f and T*v=g

have solutions u € Hy or v € Ha, respectively, iff the corresponding right—
hand side satisfies the finitely many orthogonality conditions

(fivo)n, =0 for all vg € N(T%)
or  (g,uo)n, =0 forall up € N(T),

respectively. If these conditions are fulfilled then the general solution is of
the form
u=u*+1uy or v=v*"+7 (5.3.9)

with a particular solution u* or v* depending continuously on f or g; and
any ug € N(T) or vy € N(T*), respectively.

Proof: In order to apply Theorem 5.3.1 we define the compact operator
C:=T;'Tc in H;.
Since 17 is an isomorphism, i. e. T} I, = ‘Ho, one can show easily
C* = T5(17) !
from the definition of the adjoint operator,

(Cu,w)y, = (u,C*w)y, for all u,w e Hy .
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Then Fredholm’s alternative, Theorem 5.3.1 is valid for the transformed equa-
tions

T;7'Tu=(I-Clu=T;"f in Hy (5.3.10)
and
(I-CHw=yg in Hy
where w = T}v. Moreover, one verifies that the following relations hold:

R(T)=TRUI —-C) and N(T)=N({I-C); (5.3.11)
R(T*) =R(I —C*)  and N(T*) = (T})N(I - C*). (5.3.12)

i. Equations (5.3.11) imply
N(T)={0} =N({I-0C)
and
Hi =R — C) is equivalent to Ho = R(T).
ii. Because of (5.3.3), Equation (5.3.10) admits a solution iff
(T; ! fw0), =0 for all wy € N(I —C*).

The latter is equivalent to

(fﬂ (Tl*)ilwo)?'iz = (fa UO)HQ =0

for all vg = (T7) wg with wy € N(I — C*). Then it follows from (5.3.12)
that vg traces the whole eigenspace N(T*) = (T7) " *N'(I — C*). This proves
the claims for the equation Tu = f. For the adjoint equation

T'v=g

we can proceed in the same manner by making use of both equations in
(5.3.12) and the second relation in (5.3.11). The representation formu-
lae (5.3.9) for the solutions can be derived by using the relations (5.3.11)
and (5.3.12) again together with the corresponding representations in
Theorem 5.3.1. This completes the proof. |

For the Riesz—Schauder Theorem 5.3.7, the assumptions on the operator T'
in (5.3.7) are not only sufficient but also necessary as will be shown in the
following theorem.

Theorem 5.3.8 (Nikolski’s Theorem). Let T : Hy — Ha be a bounded
linear operator for which the Riesz—Schauder theorem 5.3.7 holds. Then T is
of the form

T=T—Tr (5.3.13)
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with some isomorphic operator Tr; H1 — Ho and a finite-dimensional oper-
ator Tk .
The latter means that there exist two finite—dimensional orthogonal sets

{0i}h_) € Hy and {;}F_, € Hy such that

k

Tru =Y (u,9;)1,; - (5.3.14)

j=1

Remark 5.3.1: Note that Tr is a compact operator and, hence, the repre-
sentation (5.3.13) is a special case of the operators in (5.3.7) considered in
the Riesz—Schauder Theorem 5.3.7.

Proof:  Let wugy € Hi and wyy € Hz be orthogonal bases of
the k—dimensional nullspaces N(T) and N(T*) in the Riesz—Schauder
theorem 5.3.7, respectively. Then define corresponding orthogonal systems
w; € Hi,%; € Ha satisfying

(uo(ey, wj)H, = 0gj and (1, vop))H, = 050 for jb=1,... k.

With these elements we introduce the finite-dimensional operator T as in
(5.3.14) and define the bounded linear operator

Tr =T+ Tg.

It remains now to show that 77 : H; — Hs.

i. Injectivity: Suppose u € H; with

T[U, =0.
Then u solves .
Tu=— Z(u7 @j)Hﬂ/}j .
j=1

Hence, the validity of the orthogonality conditions in Theorem 5.3.7 implies

k
Z w, 05) 1, (Y, Voge))Hy = — (U, o)1, =0 for £=1,...,k. (5.3.15)

Hence,
Tu=0

and, therefore,

k
u = Z Oéguo(g)
(=1
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due to the assumed validity of the Riesz—Schauder theorem 5.3.7. However,
equations (5.3.15) imply ay = 0 for £ =1,..., k, hence, u = 0.

ii. Surjectivity: Given any f € Hs. We show that there exists a solution
w € Hq of
T]’w = f

To this end consider

k
==Y (fv00))Ha

j=1
which satisfies
(f/7vo(z))7-[2 =0 for £=1,...,k.

Hence, by the Riesz—Schauder theorem 5.3.7, there exists a family of solutions
w’ € H; of the form

w' = w* + Zozjuo(j) with a; € C
j=1
to
Tw' = f
and

w2, < ellf'llre < Nl s

the last inequality following from the construction of f’. In particular, for the
special choice

Qj 1= (f7 vO(j))HQ - (w*v SDJ)'Hl
this yields

Tiw' = Tw’+TFw’

= f +Zw —‘rZO[gUO y Pj H11/Jj

k
= = (fivo0 Hﬂ/}ﬁ-zz fvo(0)) 1z (Uogey, 5)+: ¥

j=1 j=1e=1

=
which completes the proof of the surjectivity.

iii. Continuity of (T7)7!: Hy — H;:
The definition of the a; implies with the continuous dependence of w* on
f that

laj] < ¢"[| fll, -
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Hence, we also have

1w lr, = 1(T1) " Fllry < (1 f 7

which is the desired continuity. |

As an easy consequence of Theorems 5.3.7 and 5.3.8 and Remark 5.3.1
we find the following result.

Corollary 5.3.9. Let T : Hi — Hy be a bounded linear operator. Then the
following statements are equivalent:

—T=T;—Tc in (5.3.7).

— Fredholm’s alternative in the form of the Riesz—Schauder theorem 5.3.7 is
valid for T _

— T =T7—Tr in (5.3.13) where Tt is an isomorphism (which can be different
from Ty) and T is a finite—dimensional operator.

5.3.3 Fredholm’s Alternative for Sesquilinear Forms

In the context of variational problems one is lead to variational equations of
the form (5.2.1) where the sesquilinear form a(-, -) satisfies a Garding inequa-
lity (5.2.2) and where, in general, the compact operator C' does not van-
ish. Then Theorem 5.3.7 can be used to establish Fredholm’s alternative for
the variational equation (5.2.1) which generalizes the Lax—Milgram theorem
5.2.3. For this purpose, let us also introduce the homogeneous variational
problems for the sesquilinear form a and its adjoint:
Find ug € ‘H such that

a(v,ug) = 0 forall veH (5.3.16)
and vg € ‘H such that
a*(u,vg) = a(vg,u) = 0 forall ue™H. (5.3.17)

The latter is the adjoint problem to (5.3.16).

Theorem 5.3.10. For the variational equation (5.2.1) in the Hilbert space
H where the continuous sesquilinear form a(-,-) satisfies Garding’s inequality
(5.2.2), there holds the alternative:
Either

i. (5.2.1) has ezactly one solution u € H for every given £ € H*
or

ii. The homogeneous problems (5.3.16) and (5.3.17) have finite—dimen-
sional nullspaces of the same dimension k > 0. The nonhomogeneous problem
(5.2.1) and its adjoint: Find v € H such that

a(v,w) = (w) forall we™
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have solutions iff the orthogonality conditions
L(voejy) = 0, respectively, £*(ug;)) =0 for j=1,...,k,

are satisfied where {uo(j)}le spans the eigenspace of (5.3.16) and
{vo(j)}le spans the eigenspace of (5.3.17), respectively.

Proof: First let us rewrite the variational equation (5.2.1) in the form
a(v,u) = (v, jAu)n = (v, f)r = £(v)

where the mappings A : H — H* and jA : H — H are linear and bounded
and where f € H represents ¢ € H* due to the Riesz representation theorem
5.2.2. Then we can identify the variational equation (5.2.1) with the operator
equation

(T] - Tc)u = jAu = f (5318)
where

T ::jA+C, Tc=C

with the compact operator C' in Garding’s inequality (5.2.2). Because of the
Lax—Milgram theorem 5.2.3, the H—elliptic operator T; defines an isomor-
phism from H onto H.

Similarly, the adjoint problem:

Find v € 'H such that

(w, (JA) )x = a(v,w) = £*(w) = (w,g)n forall weH,
can be rewritten as to find the solution v € ‘H of the operator equation
(TF —TEw=(jA)v=g (5.3.19)

with T} = (jA)* + C* and T}, = C*.

The operators T; and T¢ satisfy all of the assumptions in the Riesz—
Schauder theorem 5.3.7 with H; = Hy = H. An application of that theorem
to equations (5.3.18) and (5.3.19) provides all claims in Theorem 5.3.10. W

Remark 5.3.2: In the case that the Garding inequality (5.2.2) is replaced
by the weaker condition

la(v,v) + (Cv,v)x| > aollv]3 (5.3.20)

then Theorem 5.3.10 remains valid with the same proof.

5.3.4 Fredholm Operators

We conclude this section by including the following theorems on Fredholm
operators on Hilbert spaces. (For general Banach spaces see e.g. Mikhlin and
Prossdorf [215] where one may find detailed results and historical remarks
concerning Fredholm operators.)
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Definition 5.3.1. Let Hy and Hy be two Hilbert spaces. The linear bounded
operator A : Hy — Ho is called a Fredholm operator if the following
conditions are satisfied:

i The nullspace N'(A) of A has finite dimension,
ii the range R(A) of A is a closed subspace of Ha,
iii the range R(A) has finite codimension.

The number
index(A) = dim N(A) — codim R(A) (5.3.21)
1s called the Fredholm index of A.

Theorem 5.3.11. The linear bounded operator A : H1 — Ho is a Fredholm
operator if and only if there exist continuous linear operators Q1,Q2 : H1 —
Hs such that

QlA =1- Cl and AQ2 =1- Cg (5322)

with compact linear operators C1 in H1 and Cy in Hs.
If both B : H1 — Hs and A : Ho — Hs3 are Fredholm operators then
Ao B also is a Fredholm operator from Hy to Hs and

index(A o B) = index(A) + index(B) . (5.3.23)

For a Fredholm operator A and a compact operator C, the sum A+ C is
a Fredholm operator and

index(A + C) = index(A4) . (5.3.24)

The set of Fredholm operators is an open subset in the space of bounded linear
operators and the index is a continuous function. The adjoint operator A*of
a Fredholm operator A is also a Fredholm operator and

index(A*) = —index(A). (5.3.25)

The equation
Au=f (5.3.26)

with f € Hy is solvable if and only if
(f,v0)2, =0 for all vo € N(A*) C Ha. (5.3.27)
Moreover,

dim N(A*) = codim R(A) and dim N(A) = codim R(A*).
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5.4 Garding’s Inequality for Boundary Value Problems

In order to apply the abstract existence results for sesquilinear forms in
Section 5.2 to the solution of the boundary value problems defined in Section
5.1, we need to verify the Garding inequality for the sesquilinear form corre-
sponding to the variational formulation of the boundary value problem. This
is by no means a simple task. It depends on the particular underlying Hilbert
space which depends on the boundary conditions together with the partial
differential operators involved. In the most desirable situation, if the partial
differential operators satisfy some strong, restrictive ellipticity conditions, the
Garding inequality can be established on the whole space and every regular
boundary value problem with such a differential operator allows a variational
treatment based on the validity of Garding’s inequality.

We shall present first the simple case of second order scalar equations and
systems and then briefly present the cases of one 2m—th order equation.

5.4.1 Garding’s Inequality for Second Order Strongly Elliptic
Equations in 2

In this subsection we shall consider systems of the form (5.1.1) and begin
with the scalar case p = 1.

The case of one scalar second order equation

For the Garding inequality, let us confine to the case of one real equation,
i.e. the aji(x) are real-valued functions and © = 1 in (3.6.2). Then the
uniform strong ellipticity condition takes the form

a;ji(2)€;&k > aplél? for all € € R™ (5.4.1)

n
j,k=1

with g > 0. Without loss of generality, we may also assume aj, = ay;. In
this case, we can easily show that Garding’s inequality is satisfied on the
whole space H({2).

Lemma 5.4.1. Let P in (5.1.1) be a scalar second order differential oper-
ator with real coefficients satisfying (5.4.1). Then agq(u,v) given by (5.1.3)
is a continuous sesquilinear form on H = H(§2) and satisfies the Gdrding
inequality

Re{ag(v,v) + (Cv,v)g1(0)} > oz0||vH§{1(Q) for all ve HY(2), (5.4.2)
where the compact operator C' is defined by

(Cu, v) i () = — / { ij(x)gz(x) + (e(z) — ao)u(x)}T@(x)dx (5.4.3)

2 =1
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via the Riesz representation theorem in H'(2). Moreover, for the scalar op-
erator P, (5.4.2) remains valid if ag is replaced by ap, cf. (5.1.28) and a

compact operator C' = C + additional lower order terms due to the obvious
modifications in (5.1.28).

Proof: The continuity of ap(u,v) given by (5.1.3), in H'(2) x H(£2)
follows directly from the Cauchy—Schwarz inequality and the boundedness of
the coefficients of P. By definition, let

bo(u,v) = agn(u,v) + (Cu V) H1(0)

/Z jkax ) ﬁdm—l—ozo/ (z) "o(x)dx

0 Hk=1 Q
with C' given by (5.4.3). As can be easily verified, b (u,v) = by (v,u) and,

hence, bg, (v, v) is real. Then, applying (5.4.1) to the first terms on the right
for u = v yields the inequality

Rebg(v,v) = bgo(v,v) > ao{

2
ov dm+/|v|2dx} — aollvlri(0 -
(%}

What remains to be shown, is the compactness of the operator C. Since

(u, C*U)HI(Q) = (C’u, 'U)Hl(ﬂ)
we find from (5.4.3)

|(u, C*v) g1 ()| < Null gy [vllz2(o)

where ¢/ = max, ;-1 {10 (2)],|C(2) — aol} which implies that C* sat-
isfies
1C 0| (@) < ¢[[v]lz2(e) -

Hence, C* maps L?(§2) into H'(£2) continuously. Since strong Lipschitz do-
mains enjoy the uniform cone property, Rellich’s lemma (4.1.32) implies com-
pactness of C* : H'(§2) — H'(£2). Therefore, C' becomes compact, t0o.

The Garding inequality with @y, instead of ag follows from (5.4.2) since
the two principal parts differ only by the skew—symmetric term (5.1.28) due
0 (5.1.26), which cancel each other for v = v, and lower order terms. ]

The case of second order systems

In the scalar case, Lemma 5.4.1 shows that Garding’s inequality is valid
on the whole space. However, for the second order uniformly strongly elliptic
system (5.1.1) with p > 1, Garding’s inequality remains valid only on the
subspace Hg(£2). The latter is the well-known Gérding’s theorem which we
state without proof.
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Theorem 5.4.2. (Garding [92]) (see also Fichera [77, p. 365], Necas [229,
Théoreme 7.3. p. 185], Wloka [322, Theorem 19.2])

For a bounded domain 2 C IR™ and P having continuous coefficients in
£2, the uniform strong ellipticity (3.6.2) with © = I is necessary and sufficient
for the validity of Gdrding’s inequality on HE(£2):

Re{an(v,v) + (Cv,v)ga(a)} = a0||v||%11(9) forall ve HY(D). (5.4.4)
On the whole space H!(£2), however, the validity of Garding’s inequality is
by no means trivial. We now collect some corresponding results.

Definition 5.4.1. The system (5.1.1) of second order is called very strongly
elliptic at the point © € R", if there exists ag(x) > 0 such that

n

Re Z (: ajr () > ap(z )Z|Cg|2 for all ¢, € CP (5.4.5)

J,k=1 =1

(see Necas [229, p. 186] and for real equations Ladyzenskaya [180, p. 296]).

The system (5.1.1) is called uniformly very strongly elliptic in §2 if
ap(x) > ag > 0 for all x € 2 with a constant ayg.

Theorem 5.4.3. If the system (5.1.1) is uniformly very strongly elliptic in
2 then Garding’s inequalities

Re{ag(v,v) + (Cv,v)g1(0)} > 040||UH%[1(Q) (5.4.6)
holds for all v € H'(£2), i.e. on the whole space H'((2).
Re{aq(v,v) + (Cv,v) g1 (o)} > aollv]|F (g (5.4.7)

holds for all v € H'(§2) provided aji, = ay; = afy.

The proof of (5.4.6) can be found in Necas [229, p. 186].

The very strong ellipticity is only a sufficient condition for the validity
of (5.4.6). For instance, the important Lamé system is strongly elliptic but
not very strongly elliptic. Nevertheless, as will be shown, here we still have
Garding’s inequality on the whole space. This will lead to the formally posi-
tive elliptic systems which include the Lamé system as a particular case. To
illustrate the idea, we begin with the general linear system of elasticity in the
form of the equations of equilibrium,

Z a—ajk = fi(z) for j=1,---,n. (5.4.8)
k=1

Here, f;(x) denotes the components of the given body force field and o4 (z)
is the stress tensor, related to the strain tensor
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1/0u; = Ouy
j =35\a.- T35 5.4.9
enl®) = 3 (83% amj) (5.4.9)
via Hooke’s law .
oik(@) = Y Cikom()emm (). (5.4.10)
{m=1

The elasticity tensor cjiem has the symmetry properties

Cjktm = Ckjtm = Cjkmt = Cmljk - (5.4.11)

Therefore, in the case n = 3 or n = 2 there are only 21 or 6 different entries,
respectively, the elasticities which define the symmetric positive definite 3(n—
1) x 3(n — 1) Sommerfeld matrix

C1111  C1122 C€1133 C1123 C1131  Ci112
C2222 €2233 C2223 C2231 (2212

5(:1:): C3§33 23323 C3331 (3312 for n =3,
2323 C2331 C2312
: C3131  C3112
: C1212
and
" Ci111  C1122  C1112

C(z) = : C2222  C2212 for n=2.
: C1212

For the isotropic material, the elasticities are explicitly given by

C1111 = C2222 = (3333 = 2u+A,
C2323 = C€3131 = C1212 = M,

C1122 = (1133 = (2233 = X and
Cikme = 0 for all remaining indices.

Following Leis [184], we introduce the matrix G of differential operators
generalizing the Nabla operator:

d d o\ T
aml g 0 g 3Z3 3(%2
g = 0 Ere 0 Das 0 Ern for n = 3,
0 0 2 9 48 g
Oz Oz Oz

whereas for n = 2, delete the columns containing 8%3 and the last row.
For convenience, we rewrite G in the form

i 0
g:;g’“@



5.4 Garding’s Inequality for Boundary Value Problems 247

where, for each fixed k = .y G = ((Gemk))e=1...30a— 1 is a constant
m—l

3(n — 1) x n matrix of the same form as G. In terms ’of the Sommerfeld

matrix C' and of G, the equations of equilibrium (5.4.8) can be rewritten in
the form

Pu== 3 o () = <67CGn = 3 6T G

7,k= 1
(5.4.12)
Then (5.1.2) reads

/(Pu) vdx = ag(u,v) / Tods
Q r

where the sesquilinear form ay; is given by
n n —
Ju\T ~ ov
ag(u,v) = / (Zgja—xk) C(Z Qka—xk)das (5.4.13)
o) j=1 k=1
and the boundary traction is the corresponding conormal derivative,
TA
Byu = %:1 n,;G; Cgk (anajk) - (5.4.14)
Js

In this sesquilinear form, the elasticities C(z) form a symmetric 3(n — 1) x
3(n — 1) matrix, which is assumed to be uniformly positive definite.
Consequently, we have

ao(u,u) / ‘ng ‘ dx > Oéo/|gu|]Rs(n ndx

0 [0}

with a positive constant ag, and where | - |gsm-1) denotes the 3(n — 1)-
Euclidean norm. A simple computation shows

0 0
|gu‘%R3("*1) Z Z ‘a;j’; Uk

=1

3uj

Ze

Hence,
(u,u) > ao/ Z gjk(z) de, (5.4.15)
7,k=1

and Garding’s inequality in the form (5.4.6) on the whole space H!(§2) fol-
lows from the celebrated Korn’s inequality given in the Lemma below, in
combination with the compactness of the imbedding H*(£2) — L?(£2).
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Lemma 5.4.4. (Korn’s inequality) For a bounded strongly Lipschitz domain
2 there exists a constant ¢ > 0 such that the inequality

| X entordnz clulfpe ~ Il (5410
o dk=1

holds for all uw € H'(£2).

The proof of Korn’s inequality (5.4.16) is by no means trivial. A direct proof
of (5.4.16) is given in Fichera [77], see also Ciarlet and Ciarlet [43], Kondratiev
and Oleinik [166] and Nitsche [241]. However, as we mentioned previously,
the elasticity system belongs to the class of systems called formally positive
elliptic systems. For this class, under additional assumptions, one can estab-
lish Garding’s inequality on the whole space H'(§2) by a different approach
which then also implies Korn’s inequality.

Definition 5.4.2. (Necas [229, Section 3.7.4], Schechter [269], Vishik [312])
The system (5.1.1) is called formally positive elliptic if the coefficients
of the principal part can be written as

¢
ajp(@) =Y by(@)y(x) for jik=1,---,n (5.4.17)

r=1
with t > p complex vector—valued functions L., = (ﬂrkl(x),--- ,Krkp(ac))—r

which satisfy the condition

t n

SO ti@e| £0 forall 046 = (G- &) R (5.418)

r=1 j=1
which is referred to as the collective ellipticity Schechter [269]. Note that

ajk = ay; (5.4.19)

We now state the following theorem.

Theorem 5.4.5. (Necas [229, Théoréme 3.7.7]) Let 2 be a bounded, strong
Lipschitz domain and let the system (5.1.1) be formally positive elliptic with
coefficients £,;(x) in (5.4.17) satisfying the additional rank condition:

rank (En: gTj&j),«:
j=1

1 ..t:P for every &= (&, - 75n)€(cn\{0}‘

)

(5.4.20)

Then the sesquilinear form ag in (5.1.3) as well as ap in (5.1.28) satisfy
Garding’s inequalities (5.4.6) and (5.4.7), respectively, on the whole space
HY(£).
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We note that the rank condition (5.4.20) always implies the collective
ellipticity condition (5.4.18); the converse, however, is not true in general. The
Garding inequality for ay, follows from that for ap, with the same arguments
as before in Theorem 5.4.3. The proof of Theorem 5.4.5 relies on the following
crucial a—priori estimate:

t
Ny + 3 ILuleiey}  (a21)

r=1

IN

||UH12Hl(Q)

where
Lou = g 14 v
T rk 9$ky )

which holds under the assumptions of Theorem 5.4.5 for the collectively el-
liptic system L,.. For its derivation see Necas [229, Théoréme 3.7.6].

For the elasticity system (5.4.12) we now show that it satisfies all the
above assumptions of Theorem 5.4.5. We note that the Sommerfeld matrix
C(z) admits a unique square root which is again a 3(n—1) x 3(n — 1) positive
definite symmetric matrix which will be denoted by

CF (@) = (@2"))3(n-1)x3(n1) -

In particular, for isotropic materials we have explicitly

¢+n ¢+n ¢+n 0 0 O 0

¢=n ¢=n 0 0 0 0

- 1| - : -7 0 0 0 0
c: = -| B si0 o o | 6422

0 3K

for n=3 with ( =+/2u+nXA and n=+/2u,

and where, for n = 2 the rows and columns with 7,¢q = 3,5 and 6 are to be
deleted. In terms of C'z, the system (5.4.12) takes the form

- 0 ou - 0 ~1 ~1 ou
"3 o () = 3 (10" @) =
Then the product of the two matrices can also be written as
3(n—1)
(C2(2)G) (C2(@)Gr) = D rj(@)lik(x) = aji() (5.4.23)
r=1

with the real valued column vector fields ¢,;(x) given by

gj—ra%(m) = (lyj(x),- - l3(n-1),j(x)) for j=1,--- ,n.
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In order to apply Theorem 5.4.5 to the elasticity system it remains to ver-
ify the rank condition (5.4.20) which will be shown by contradiction. Then
(5.4.20) implies condition (5.4.18).

Suppose that the rank is less than p = n. Then there existed some complex
vector & = (&1, ,&n) # 0 and 377, 4,56 = 0 for all r = 1,--- ,3(n — 1).
Then, clearly,

>3 @6 =0
r=1 j k=1

which would imply with (5.4.23) that the n x n matrix equation

Z gjgj gkfk) =0

J,k=1

holds and, hence, the positive definiteness of 5(:5) would imply

= - =\ T
& 0 0 0 & &
n 0 52 9 §3 9 fl for n=3 s
0= Z Grép = 0 0 & & & 0
k=1 3 N T
(%1 59 2 ) for n=2.
2 &1
The latter yields £ = (&1, ,&,) = 0 which contradicts our supposition

¢ # 0. Hence, the rank equals p = n. This completes the verification of all the
assumptions required for the elasticity system to provide Garding’s inequality
on H'(£2) for the associated sesquilinear form (5.4.13).

5.4.2 The Stokes System

The Stokes system (2.3.1) does not belong to the class of second order sys-
tems, elliptic in the sense of Petrovskii but nevertheless, in Section 2.3, Tables
2.3.3 and 2.3.4, we formulated boundary integral equations of various kinds
for the hydrodynamic Dirichlet and traction problems. Here we formulate cor-
responding bilinear variational problems in the domain (2 and appropriate
Garding inequalities based on the first Green’s identity for the Stokes system
(see Dautray and Lions [59], Galdi [91], Kohr and Pop [163], Ladyzenskaya
[179], Temam [303], Varnhorn [310]).
Find (u,p) € H*(£2) x L?(£2) such that

ao(u,v) —b(p,v) +b' (u,q) = [ f-vdr+ | T(u)-vds (5.4.24)
1o

r

is satisfied for (v,q) € H'(§2) x L*({2).
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Here the bilinear forms in (5.4.24) are defined as

ou; 8’Uk

= Vu; - Vu,d =k
mla 2 (5.4.25)

b(p,’l)) = /pv . ’Ud$, bT(u’q) = /(v : ’u’)qua
0 0
and p is the fluid’s dynamic viscosity.

Clearly, ag, is continuous on H'(£2) x H'(£2) and b on L?(2) x H(£2). In
addition to (5.4.24) one has to append boundary conditions on I" such as,
e.g., the Dirichlet or traction conditions, and to specify the trial and test

fields accordingly.
Since the bilinear form ay, can also be written as

(u,v) = 24 Z /gjk w)e i (v)dx (5.4.26)
J,k= 15

with the strain tensor e;; given by (5.4.9), the Korn inequality (5.4.16) yields
the Garding inequality:

ap(v,v) > c||v||§11(m — (Cv,v) (o) forall ve H () (5.4.27)

where (Cv,u) g1 (o) = p(v,u)2(0) and C is compact in H'(£2) due to the
Rellich Lemma (4.1.32). Hence, (5.4.24) is to be treated as a typical saddle
point problem (Brezzi and Fortin [25, IT Theorem11]).

In order to formulate the boundary condition with the weak formulation
(5.4.24) properly we again need an extension of the mapping (2.3.6), (u,p) —
T(u) to an appropriate subspace of H'(§2) x L?(2) as in Lemma 5.1.1, and
therefore define

HY (2, Py) := {(u,p) € H(2) x L*(2) | Vp — pAp € Hy *(2)}  (5.4.28)
equipped with the graph norm
[(w, D)l (2,0 == lullar @) + IPll2(2) + IV — pdull g o) - (5.4.29)

Lemma 5.4.6. For given fized (u,p) € H(§2, Py), the linear mapping

v /v-T(u)ds = aQ(Z'u,u)—bT(Zv,p)—/Zv'(Vp—Au)d:E (5.4.30)

forv e Hz(I') defines a continuous linear functional T(u) € H2 (I") where
Z is a right inverse to the trace operator 7o in (4.2.39). The linear mapping
(w,p) — T(u) from HY (2, Py) into H=2(I") is continuous, and there holds
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/(Vp — Au) - vdx + /T(u) -vds = ap(u,v) — b(p,v)
0 T (5.4.31)

for (u,p) € H(2,Py) and v e H(02).
Hence, T'(u) is an extension of (2.3.6) to H'(§2, Ps;).

The Interior Dirichlet Problem for the Stokes System
Here f € Hy '(2) and @ € H2(I") are given where ¢ satisfies the necessary
compatibility conditions

/Lp-ngdS:O,EZL...,E. (5.4.32)
I,
Then we solve for the desired solenoidal field
we Hy (2):={we H (2)|divw =0 in 02} (5.4.33)

the variational problem: Find u € Hj, (£2) with u|r = ¢ as the solution of

an(u,v) = /f cvdz for all v € Hj4;,(2) :={v € Hg, () |v|r = 0}.
2
(5.4.34)

Since Hj 45, (2)CHG(2)CH'(£2) is a closed subspace of H'(£2) and agq
satisfies the Garding inequality (5.4.27), for (5.4.34) Theorem 5.3.10 can be
applied. Moreover, (5.4.34) is equivalent to the following variational problem
with the Dirichlet bilinear form.

Lemma 5.4.7. The variational problem (5.4.34) is equivalent to
Find u € H}, () with u|r = ¢ of

/LZ / Vu; - Vujde = /f -vdx for all v € Hj 4;,(12). (5.4.35)
Q

=15

The latter with ¢ = 0 only has the trivial solution. Hence, (5.4.35) as well
as (5.4.34) have a unique solution, respectively.

Proof of Lemma 5.4.7: If u € C*(2) N CY(N) with V- u = 0 and
v E H&div(.@) then integration by parts yields
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since v|r = 0. Since the bilinear forms on the left and the right hand side
are continuous on H dliV(Q), by completion we obtain the proposed equality
also for u € H}, (£2). |

With w € H}, (£2) available we obtain T'(u) from (5.4.31), i.e.,

/T(u) -vds = /f -vds + ag(u,v) forall ve HY (02) (5.4.36)
T 2

defines T'(u) € H™2(I'). Then the pressure p can be obtained from (2.3.12).
The corresponding mapping properties of the potentials in (2.3.12) will be

shown later on.
Clearly, for the solution we obtain the a priori estimate

el oy < elllel gy + 101000} (5.4.37)

The Interior Neumann Problem for the Stokes System

i 1
For the Neumann problem f € Hy'(£2) and ¢ = T'(u) € H~2(I") are given
satisfying the necessary compatibility conditions

/f-mkdx—l—/¢~mkds:0, E=1,3(n—-1) (5.4.38)
2 r

where the my, are the rigid motion basis in 2. The desired solenoidal field
u € H}, (£2) will be obtained as the solution of the variational problem:
Find w € H};, (£2) satistying

an(u,v) = /f ~vdx + /1/) -vds for all v € Hy (92). (5.4.39)
Q r

Since R = span {my} is the null-space of agn(u,v) we modify (5.4.38) to
get the stabilized uniquely solvable bilinear equation:
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3(n—1)
an(up,v) + Z (up, my.) p2(2ymy,
k=1 (5.4.40)
:/f~vd1;+/'¢/)-'vds for all v e HY, (02).
Q r

The particular solution u,, of (5.4.40) is uniquely determined whereas the
general solution then has the form

3(n—1)
u=u,+ Z apymy; for n=2 or 3,

k=1

with arbitrary o, € R. For u, we have the a priori estimate
leagllzn () < el - gy + 1 r—s - (5.4.41)

With u and ¥ = T'(u) available, the pressure p also here can be calculated
from (2.3.12).

5.4.3 Garding’s Inequality for Exterior Second Order Problems

Analogously to the interior problems, one may establish all properties for
the sesquilinear form age(u,v) on Hg X Hg for later application of existence
theory.

First we need the following inequalities between the exterior Dirichlet
integrals and the Hg(2¢)—norm for the operator P. Here we require the
conditions

bj(x) =0 forall z e Q2° (5.4.42)

in addition to the assumptions (5.1.36).

Lemma 5.4.8. Let P in (5.1.1) be uniformly strongly elliptic in Q2° with
coefficients satisfying the conditions (5.1.36), (5.4.42). Then the inequality

IVllZ2(0ey < cllvllfig, (5.4.43)

holds for all v € Hpgo(£2°).
In the scalar case, i.e., p =1 then also

Vol 22(00) + INeovll72cry < ellollfig, (5.4.44)

holds for all v € Hg(£2°). For a second order system, i.e., forp > 1, (5.4.44)
holds for all v € Hg(£2°) provided P is very strongly elliptic or formally
positive elliptic.
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Proof: For the proof of (5.4.43) note that the functions in Hg o vanish on
I' = 042¢ and can be extended by zero into {2. The inequality then follows by
Fourier transformation in IR™ with the help of Parseval’s equality and (3.6.2).

To establish inequality (5.4.44), we proceed as in Costabel et al [55] and
introduce an auxiliary boundary I'r : {z € R" with |z| = R} with R suf-
ficiently large so that |y| < R for all y € £2. Let n € C*°(IR"™) be a cut—off
function such that 0 < n < 1, n(z) = 1 for || < R and n(z) = 0 for
|z| > 2R. Define v := nv for v € Hg. Then, according to the correspond-
ing assumptions on P, the application of Lemma 5.4.1 or Theorem 5.4.3 or
Theorem 5.4.5 to the annular domains 25, := {z € 2°||z| < jR},j = 1,2,
imply with the help of Lemma 5.2.5 the following inequalities:

There exist constants ag, age > 0 such that

a0 {1Vl L2qe,) + [17e0vlli2(r)} < ags, (v,0) + 1eovllTzry  (5.4.45)
for all v € Hl(Q;R) and for j = 1 and 2. Clearly, (5.4.45) yields for ¥
a02{[|V0|| 720y + 1700l 22 ()} < 103, - (5.4.46)

Moreover, for 0* = (1 —n)v = (v —0) € H(£2¢) we have V0* € Ly(£2¢), and
the Garding inequality in the exterior is valid on the subspace Hg o, i.e.,

o3| V0" (|72 () < age (0", 07). (5.4.47)
From (5.4.46) and (5.4.47) we obtain

00s IV 0 + ol
- 0 T/, 0 , _
< el + Y [ {(angetm) (5-0m)
J

j7k=190
0 T,0 )
gy (=) (50— n0) da
< ||UH$1E +CH’UH%—11(Q§R\Q%)7 (5.4.48)

where apy = min{apg, @g3} > 0. To complete the proof of the inequality
(5.4.44), we suppose the contrary. This implies the existence of a sequence
v; € HE(.QC) with

||V/Uj||%2(gc) + ||’7C0’Uj||%2(p) =1 and H’Uj”HE —0 (5449)

which converges weakly in HL_(£2¢), i.e. there exists vg € H..(£2¢) and
v; — vy in HE (02¢). With the compact imbedding H=(I") — L2(I'), this
yields

[VeovjllLz(ry — 0 = [|7eovollL2(r)

due to (5.4.49). Then (5.4.45) for j = 2 yields with (5.4.49)
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ao2{lIVv; 725, + 17e0villZzry} < lljll3e, — 0

which implies that ||v;]lz1(0g,\ ) — 0 together with [vj[|3, — 0. Hence,
from (5.4.48) we find

Vi l132(00) + M0vsll72 () — O

which contradicts (5.4.49). Thus, (5.4.44) must hold. |

Remark 5.4.1: From the proof we see that the result remains valid for the
symmetrized sesquilinear form (5.1.62) since P is to be replaced by the self
adjoint operator (P + P*). For the latter, the additional conditions (5.4.42)
are not required.

Lemma 5.4.9. Under the assumptions of Lemma 5.4.8, the sesquilinear
form age(u,v) is continuous on Hg and satisfies Garding’s inequality
Re{ag:(v,v) + (Cv,v)p, } > |03, for all v € Hp(29) (5.4.50)

where C' is defined by

(Cu,v)pyy = /uTEdS— z":/ (bj(x)ggj)Tv(x)dx (5.4.51)

r jzlnc

via the Riesz representation theorem in Hp(£2°) and is therefore a compact
operator.

Proof:
i) Continuity: By definition (5.1.3) where {2 is replaced by £2¢, assumptions
(5.1.36) and (5.4.42) and the Schwarz inequality we have the estimate

lage (u,v)] < CHVUHL2(QC){HV1’HL2(QC) + HU”LQ(Q}%O)}

where 2f = {z € £2¢||z| < Ro}. The application of the following version of
the Poincaré—Friedrichs inequality (4.1.41)

[0llL22g,) < c(2r) vz + [IVVll2(2)}
together with (5.4.44) yields the desired estimate

|age (u, v)] < ellullg [[0]ln -

ii) Garding’s inequality: The inequality (5.4.50) follows from the definition
of C'in (5.4.51) and the definition (5.1.60) of (v, v)3(. It only remains to show
that the mapping C' : Hp — Hpg is compact. To this end we consider the
adjoint mapping C* in the form
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(CU7U)HE = (ua C*U)HE = (u7 CTU)HE + (ua Cgv)HE

where

(ua CTU)HE = /(VCOU)TVCoﬁdS ,
r

(u, C30)np - —f: / (bj(x)(ii)Tv(x)dx.

—1
J QRO

The mapping C} can be written as the composition of the mappings
Hp(2°) 2% 13 (1) 25 L2(0) S5 Hp(02°)

where <% denotes the compact imbedding i, of the trace spaces and 5f is
defined by the Riesz representation theorem from

(1, Cruhs = [ (o) Twds
r
with _
|(u, Crw) | < veoullL2(yllwllLzry < llullag lwllz2cry -
This implies the continuity of the mapping Cf : L2(I") — Hg(2). As a
composition of continuous linear mappings with the compact mapping i,
the mapping C7 is compact, and so is C}.
The mapping C5 can be written as the composition of the mappings

’U‘Qc

, ic C3
Hp(02°) — H'(25,) <> L*(925,) —> He(2°)
where the restriction to 2% C (2¢ is continuous due to the equivalence of
the spaces Hp (2§, ) and H' (2, ) because of the boundedness of the domain

2%, (see Triebel [307, Satz 28.5]). For the same reason, the imbedding & i
compact. The mapping CN'S : L2(Q§O) — Hp(2°) is given by

(u, Cyw)py, = —zn: / (bj(x)aal’l:;)TUJdl‘

jzlﬂ}%o
and satisfies B
|(u, Cow)np | < cllullmpllwllLzog, )

which implies its continuity. Thus, C3 is compact due to the compactness of
i, and so is Cs. |
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Alternatively, one also may use the weighted Sobolev spaces H*'(£2¢;0)
and H}(£20) (see (4.4.1) — (4.4.3)) instead of Hp and Hp,, respec-
tively, by following Giroire [100] and Nedelec [231]; see also Dautray and
Lions [60]. However, the following shows that the formulation (5.1.65) and
Lemmata 5.4.8 and 5.4.9 both remain valid if the function spaces Hg and
Hp o are replaced by H'(£2¢0) and Hg(£2¢;0), respectively.

Lemma 5.4.10. The weighted Sobolev space H (£2¢;0) (and H}(£2¢;0)) with
the scalar product (4.4.2) is equivalent to the energy space Hg (and Hp,o)
assoctated with a;, = 0;;, and also to the energy space Hp (and Hgo) given
with the norm (5.1.60) (and by (5.1.63)) for general aji belonging to a for-
mally positive elliptic system of second order.

Proof: For the equivalence we have to show that there exist two positive
constants ¢; and ¢y such that

cllvll ey < vllre < callvllmoeo) for all v e H'(2%0).  (5.4.52)

Since the coefficients a;j in (5.1.60) are supposed to be uniformly bounded
and also to satisfy the uniform strong ellipticity condition (3.6.2) with © = 1,
it suffices to prove the lemma for a;, = d;.

i) We show the right inequality in (5.4.52).

[, = ollZary + 1Vol7e00
= ||v||2L2(r) + ||VU||L2(Q;0) + ||VU||%2(|x|zRO)
Using (4.1.41) which states that {||v||r2(r) + ||VU||L2(Q§O)}% and ||v||H1(Q§0)

are equivalent in the bounded domain (2% , we find with some positive con-
stant cg,

||U||f2HE < Cm”””%u%o) + ||VU||%2(|m|2RO) :

Since for the weight functions in (4.4.1) we have

o(lz)eo(|z]) < o(Ro)eo(Ro) for all |z < Ry,
we find
03, < croo®(Ro)a§(Ro)llvllir g, 0 + 101 (e0)
which implies the right inequality in (5.4.52)).
ii) For the second inequality we use the Friedrichs—Poincaré inequality
(4.4.12) for weighted Sobolev spaces in exterior domains,

101131 (0 < €1 VOlT2(0e) + c2ro [0l as, ) -

Using (4.1.41) and (4.1.42), again we find
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Hv”%{l(ﬂc;o) < ClHVUH%Z(Qc) + C2{||U||2L2(F) + HVUH%Z(Q%O)}

which gives the left inequality in (5.4.52).

Since H'(£2¢;0) and Hg are complete as Hilbert spaces and both contain
the same dense subset C5°(IR™) @ CP, it follows from inequality (5.4.52) that
both spaces are equivalent. |

5.4.4 Garding’s Inequality for Second Order Transmission
Problems

For the transmission problems 1.1, 1.2 and 2.1-2.4 (i.e., (5.1.79), (5.1.80) and
(5.1.84)—(5.1.87)) the corresponding sesquilinear form is given by

a(u,v) =: an(u,v) + age(u,v) (5.4.53)

onu,v € H'(2) x Hg(£2°). By making use of the Garding inequalities (5.4.6),
(5.4.7) in the bounded domain 2 as well as (5.4.50) for the exterior £2¢, we
obtain Garding’s inequality for these transmission problems.

Corollary 5.4.11. Let P given in (5.1.1) be either scalar strongly elliptic or
very strongly elliptic or positive elliptic satisfying in (2¢ the additional as-
sumptions in Lemma 5.4.8 (i.e., (5.1.36) and (5.4.42)). Then the sesquilinear
form a(u,v) of the transmission problems 1.1,1.2,2.1-2.4 is continuous on
HY(02) x Hp($2°) and satisfies Garding’s inequality

Re {Zi(v,v) + (Crv,v) 1) + ((Cov,0) 1 (0e) + /ijds}
J (5.4.54)

> 0[0{||11H§11(Q) + ||v||§{E(m)}
for all v e HY(2) x Hg(52°).

As for the remaining transmission problems 2.5, 2.6 the Garding inequal-
ities for the interior and exterior problems both are already available from
the previous sections. For 2.5 and 2.6 they are needed for solving the interior
and exterior problems consecutively.

If we replace ¢ by a bounded domain 2% = 2N Br with Bg =
{x € R™||z| < R} and R sufficiently large such that 2 C Bpg then we
may consider the previous transmission problems in (2 and (2% by replacing
the radiation conditions by appropriate boundary conditions on I'r = JBRg,
e.g., homogeneous Dirichlet conditions Byyu = 0 on I'g. Then Garding’s
inequality (5.4.54) remains valid if Hg(£2°) is replaced by H'(£2%).

5.5 Existence of Solutions to Strongly Elliptic Boundary
Value Problems

We are now in the position to summarize some existence results for the bound-
ary value and transmission problems in Section 5.1. These results are based on
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the corresponding variational formulations together with Garding inequalities
which have been established in Section 5.4. The latter implies the validity of
Fredholm’s alternative, Theorem 5.3.10. Hence, uniqueness implies existence
of solutions in appropriate energy spaces. In many cases, uniqueness needs
to be assumed.

In particular, the transmission problems play a fundamental role for estab-
lishing the mapping properties of the boundary integral operators in Section
5.6. These mapping properties will be needed to derive Garding inequalities
for the boundary integral operators which are a consequence of the Garding
inequalities for the sesquilinear forms associated with the transmission prob-
lems.

5.5.1 Interior Boundary Value Problems

We begin with the existence theorem for the general Dirichlet problem
(5.1.19) in variational form.

Theorem 5.5.1. Given f € I}O_l(.Q) and @ € H=(I'), there exists a unique
solution v € H'(§2) with Booyou|,. = ¢ such that

ao(u,v) = (f,0)g forall ve H = Hy(02), (5.5.1)
provided the homogeneous adjoint equation
an(ug,v) =0 for all veH = H () (5.5.2)
has only the trivial solution ug = 0.

Proof: The proof is an obvious consequence of Fredholm’s alternative,
Theorem 5.3.10 together with Garding’s inequality (5.4.6) from Theorem
5.4.3, where u = @ + w with some @ € H'({2) satisfying Booyo® = ¢ on I’
and with w € H; thus

a(v,w) = agp(w,v) and £L(v) = (f,v)0 —an(P,V).
|

In the case of those Dirichlet problems where uniqueness does not hold, as
a consequence of Theorem 5.3.10 (the second part of Fredholm’s alternative)
we have the following existence theorem.

Theorem 5.5.2. Under the same assumptions as for Theorem 5.5.1, there
exists a solution u € H'(£2) of (5.1.19) in the form

k

u=up+ Z Qg5 (5.5.3)
j=1
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where uy, is a particular solution of (5.5.1) and gy € Hy(£2) are linearly
independent eigensolutions of
ag(ug(),v) =0 for all v € H)(£2)
provided the orthogonality conditions
L(vocjy) = (f,vo5)) 2 — aa(P,T;)) =0 (5.5.4)
Jor all eigensolutions vy € Hj(12) of
ag(w,vo;)) =0 for all w € H)(£2), (5.5.5)

are satisfied; j =1,...,k < co.

In order to characterize these eigensolutions, we need the adjoint differ-
ential operator and a generalized second Green’s formula corresponding to
(5.1.1). The standard second Green’s formula in Sobolev spaces reads as

/{u (P*T) — (Pu) v}dx—/{au T—u 3v}dsf/2njbu uds,

(5.5.6)
provided u,v € H?({2). The formal adjoint P* is defined by
P*v:—zn: 8(*k ) Z )+ c*v
. 8% j 8xk al’j
7,k=1
whose conormal derivative is
O, v = Z nja ﬂ’“axk (5.5.7)

k,j=1

The generalized second Green’s formula can be derived in terms of the map-
ping 7 and its adjoint. More precisely, we have the following lemma.

Lemma 5.5.3 (Generalized second Green’s formula). For every pair
u,v € HY($2, P) there holds

/ {u" (P7v) — (Pu) "o}da
J (5.5.8)

= (Tu,%0)r — <’Youaﬁ>r —((n - b)you,¥0)r

where Tv = 51,1) for v € C®; its extension T to H_%(F) 1s defined by com-
pletion in the same manner as for T.
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Proof: The proof follows from Lemma 5.1.1 with the operator P and P*,
subtraction of the corresponding equations (5.1.8), and from additional ap-
plication of the divergence theorem in H'((2). |

Clearly, the functions ug(;) in (5.5.3) are nontrivial solutions of the homoge-
neous Dirichlet problem. It is also easy to see that the eigensolutions vy
of (5.5.5) are distributional solutions of the adjoint homogeneous boundary
value problem

P*ug;y =0 in §2 satisfying Booyovoj) =0 on I'. (5.5.9)
Moreover, the orthogonality conditions (5.5.4) can be rewritten in the form
/f%mdx - /@T((B&)l)*?vo(j))ds —0. (5.5.10)

Q T

For the general interior Neumann problem (5.1.29) we also have the fol-
lowing existence theorem:

Theorem 5.5.4. Let I' € CY' and let the differential operator P belong
to one of the following cases: P is a scalar strongly elliptic operator viz.
(5.4.1) or a very strongly elliptic system of operators viz. (5.4.5) or a for-
mally positive elliptic system of operators viz. (5.4.17), (5.4.18). Then, given
f e ﬁo_l(()) and 1 € H=2(I), there ezists a unique solution u € H*(£2)
satisfying (5.1.29), i.e.

an(u,v) = (f,0)q0 + (¥, Syv)r for all ve H'Y(ND), (5.5.11)

with the bilinear form ag given by (5.1.28) associated with the operator P
and S = B, provided the homogeneous equation

ag(ug,v) =0 forall ve H' ()
admits only the trivial solution ug = 0.

This theorem is again a direct consequence of Fredholm’s alternative,
Theorem 5.3.10, and Garding’s inequality (5.4.2), (5.4.7) on H = H'()
(Lemma 5.4.1 and Theorems 5.4.3 and 5.4.5).

It is worth mentioning that the variational solution u is also in H'(§2, P).
Hence the mappings 7 : HY(£2,P) > u + Tu € H_%(F) as well as N%u :
HY(2,P) 5 u — Nyu € H 2(I') via (5.1.27) are continuous. Therefore
(5.1.23) implies that Ryu = Nvyu € H~2(I') is well defined and (5.5.11)
yields

(Nyu =4, Byv)r =0
for all v € H'(§2). Hence, the variational solution of (5.5.11) satisfies the
general Neumann condition in the form

Nyu=1) in H 2(I). (5.5.12)

In the case of non—uniqueness, we have a theorem, analogous to Theorem 5.5.2.



5.5 Existence of Solutions to Boundary Value Problems 263

Theorem 5.5.5. Under the same assumptions as for Theorem 5.5.4, there
exists a solution u € HY(£2) of (5.5.11) in the form

k
u=up+ Z Qg (j) (5.5.13)

j=1

where uy, is a particular solution of (5.5.11) and ugjy € H(£2) are linearly
independent eigensolutions of

aq(ug(j),v) =0 forall ve H' () (5.5.14)

provided the necessary orthogonality conditions for f and

E(U()(j)) = <Uo(j)7 f)(z + (1% BWUO(J')>F =0 (5-5-15)
with all eigensolutions vy(;) € HY($2) of
ao(w,vo(jy) =0 for all we H'(£2) (5.5.16)

are satisfied; j=1,...,k < oco.

In order to gain more insight into the eigensolutions ug(;), we recall the
variational equation (5.1.29), i.e.

ag(u,v) = (Pu,v)q + (Nyu, Byv)p for all v e H*(£2). (5.5.17)

Hence, ug(;) must be a nontrivial distributional solution of the homogeneous
Neumann problem,

Pugjy =0 in 2, Nyug;y =0 on I'. (5.5.18)

To characterize the eigensolutions vy ;) of the adjoint equation (5.5.16),
we apply the generalized second Green’s formula to (5.5.17) and obtain

ag(w,voj) = (Pw, Vo)) e + (Nyw, Byvog))r
= (w, P*v;)) e + (Nyw, Byvogy)r (5.5.19)

— (Tw,300o(;)) r + (Yow, Tvo)) r + ((b - 1) yow, JoUog))r -

We note that the relation (5.1.23),

(rw, FoTog)r = (Nyw, Byvo))r + (Nvow, ToTog)) r
implies that (5.5.19) takes the form

ao(w,voj)) = (w, P*uyg)) e

+ (N'yow,vov(;)r + (yow, Tvg(jy + (b n)yovogj) r
= (w, P*vy)) e + (row, (N*Wo +7+ (b-m)v0)vog)r -




264 5. Variational Formulations

Hence, it follows from (5.5.16) that the eigensolutions vg(;) are the nontrivial
distributional solutions of the adjoint general Neumann problem

P*ugjy =0 in 2 and
_ -, S (5.5.20)
Tvo(j) + N Yvo(s) + (b-n)yovey =0 on I

The operator N* is derived from R in (5.1.25) via integration by parts
and is of the form

Y ~1
N*~0v0(; Z (Z 80, (" 55, i %Y0() + NooNoy *”ja%”k”ow)‘r-
Jk=1 p,0=1

5.5.2 Exterior Boundary Value Problems

Theorem 5.5.6. Given f € H, L, ,(2°) and o) € wH=(I") and

Yy € (I —7)H"32(I') together with d, € C, ¢ = 1,...,L, there exists a
unique solution u =ug+p+ E' (e O)q with ug +p € ’HE(.QC) q € C? such

that Equation (5.1.72) holds for all v = vy + Z _, Koo € HErp subject to

the side conditions (5.1.73) and the constraint (5.1.74), provided the homoge-
neous equation

ane(ug+p,v) =0 forall ve Hgrp

has only the trivial solution u = 0.
If the homogeneous equation has nontrivial solutions, then the second part
of Fredholm’s alternative holds accordingly.

The proof follows with the same arguments as in the proof of Theorem
5.5.4 based on Garding’s inequality (5.4.50) and Fredholm’s alternative. De-
tails are omitted.

5.5.3 Transmission Problems

From the weak formulation (5.1.81) of the transmission problems and the
corresponding Gérding’s inequality (5.4.53) on all of H(£2) x H%(£2°) it
follows that we have the following existence result:

Theorem 5.5.7. Given f € f[&l(ﬂ) X HCO%HP(QC) and any set of boundary
conditions in Table 5.1.1 with (5.1.78) or in Table 5.1.2 with (5.1.83) then
there exists a unique solution u € H'(£2)xH%(£2°) provided the corresponding
homogeneous problem has only the trivial solution.

If the corresponding homogeneous problem has nontrivial solutions then

the second part of Fredholm’s alternative holds accordingly.
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We may also consider the above transmission problems in a bounded
annular domain where §2¢ is replaced by 2% := 2°N Br with R > 0 large
enough so that the ball By contains {2 in its interior. In this case, no radiation
conditions are needed and on the outer boundary 0Br = {x € R" ||z| = R},
we may describe any of the regular boundary conditions and Theorem 5.5.6
remains valid with f € Hy '(2) x Hy *(2%) and u € H'(2) x H{(02%).

5.6 Solutions of Certain Boundary Integral Equations
and Associated Boundary Value Problems

In this section we consider the weak formulation of the representation formu-
lae for the solutions of boundary value problems, in particular the problems
of Section 5.1. In order to establish existence and uniqueness results for the
boundary integral equations we need to establish coerciveness properties of
the integral operators on the boundary, which follow from the coerciveness of
the corresponding interior, exterior and transmission problems in variational
form as formulated in the previous section.

5.6.1 The Generalized Representation Formula for Second Order
Systems

The representation formula can be derived from the generalized second
Green’s formula (5.1.8) in Sobolev spaces as in the classical approach by
applying the generalized second formula (5.1.9) to the variational solution in

Q. =02\{y|ly—x[<e} and Q25 =02°\{y||ly—a|<e}

with ©(y) replaced by ET (x,%) and then taking the limit ¢ — 0 in connection
with the explicit growth conditions of E(x,y) and its derivatives when y — z.
Since we so far have not yet discussed the growth conditions of FE at y = x,
we therefore do not present this standard procedure here. Instead, we begin
with the representation formula (3.6.9) and formula (3.6.18) for a classical
solution with I' € C11, f € C§°(IR™) and for M (z;u) = 0,

ulz) = / ET(2,9)f(y)dy + / ET(2,) {Byu — (b-n)you} (4)ds,
N I

_ (5.6.1)
—/(8uyE($,y))T70u(y)dsy for €N
r
and
0= [ BTy~ [ E7(.0) (@i = (5o} ds,
- " (5.6.2)

+ / By E(z,9)) eou(y)ds, for z € 2
I
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whereas we have

u(@) = [ ET @) iy~ [ ET(w0) (o~ (- n)cou ds,

£2¢ r

R (5.6.3)
—|—/((’)c,,yE(x,y))T'ycou(y)dsy for z € £2°
r
for z € (2°.
By adding (5.6.1) and (5.6.2), we obtain
ue) = [ ET @)y~ [ BT u)low - b npoulds,
R . r (5.6.4)
Jr/(any(x,y))T[’yOu]dsy for x € (2,
r
where [v] := v, — v denotes the jump of v across I

The same formula also holds for « € §2° hence, (5.6.4) is valid for all
x € R™\ I'. By density and completion arguments, one obtains the corre-
sponding formulation in Sobolev spaces and for Lipschitz domains.

Theorem 5.6.1 (Generalized representation formula). Let {2 be a
bounded Lipschitz domain. Let f € Hy '(2)® HL (£2°) with supp(f) € R"

comp

and let u be a variational solution of Pu= f in R"\ I, i.e., of (5.1.81) with
ulg € HY(2,P) and ulg- € H} (2°, P) satisfying the radiation condition
M(z;u) =0 (cf. (3.6.15)). Then u(x) admits the representation

u(z) = (E(z,-), flrr = ([ru = (b n)youl, E(z,-))r (5.6.5)
+ (D, E(x,-)), [ou]) r for almost every x € R™\ I. o

Remark 5.6.1: In case f = 0, formula (5.6.5) holds for every x € R™ \ I".

Note that for u|g. € H.

comp

(£2¢, P) there holds M (x;u) = 0.

Proof of Theorem 5.6.1: For the proof we shall use the following estimates:

||<E(CL‘, ')7PU>IR"\FHH1(.Q§) < Cz,R {Hu”Hl(Q,P) + HUHHI(Q%JD)} s (5.6.6)
[{[ru = (b-m)youl, E(z, ) r[ + [((0, E(x,-)), [ou]) r|

< car {[ullro,p) + lullmrog,py ) for &I (5.6.7)

In these estimates 2 = 2°N{y € R" | |y| < R} for R sufficiently large such

that supp(f) C £2%. The estimate (5.6.6) is a standard a-priori estimate
for Newton potentials (see e.g. (9.0.19) in Chapter 9). Since E(z,-) for fixed
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x ¢ I' is a smooth function on the boundary I', the estimates (5.6.7) follow
from Lemma 5.1.1 and Theorem 5.5.4.

With these two estimates, the representation (5.6.5) can be established
by the usual completing procedure. More precisely, for smooth I" and if v is
a variational solution with the required properties we can approximate u by
a sequence ug with

uk|o € C(2) and ug|pe € C(02°)
satisfying (5.6.4) so that
lw = wrllm(2,p) + v — urllgy (2cp) — 0 as k— oo.

Then, because of (5.6.7), for any « ¢ I" the two boundary potentials in (5.6.4)

generated by wui will converge to the corresponding boundary potentials

(u— F)(x) where F(z) = [ ET(z,y)Pu(y)dy in (5.6.5). From (5.6.6), how-
]R"n.

ever, we only have
(B(z,y), Pug)re\r — (E(2,), Pu)yge\p = F()

for almost every z € IR™ \ I'.

If (2 is a strong Lipschitz domain with a strong Lipschitz boundary, then
for fixed x ¢ I', the generalized Green formulae can still be applied to the
annular domains 2. for any sufficiently small ¢ > 0. For the domain B.(z) =
{y|ly — 2| < €}, the previous arguments can be used since Be(z) has a
smooth boundary. Note that the sum of the boundary integrals over 0B, will
be canceled. This completes the proof. |

From the representation formula (5.6.5) we may represent the solution of
(5.1.19) or of (5.1.20) for 2 € {2 by setting u,,. = 0 which coincides with our
previous representation formulae in 2. Similarly, if one is interested in the
exterior problem we may set u|, = 0 and obtain a corresponding represen-
tation of solutions in £2°. In fact, the representation formula (5.6.5) can be
applied to the more general transmission problems which will be discussed
below.

Based on the representation formula (5.6.5) we now consider associated
boundary value problems.

5.6.2 Continuity of Some Boundary Integral Operators

Similar to the classical approach, the generalized Green’s formulae lead us
to the boundary integral equations in Sobolev spaces. For this purpose we
need the mapping properties of boundary potentials including jump relations
which can be derived from the theory of pseudo—differential operators as
we shall discuss later on. For a restricted class of boundary value problems,
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however, these properties can be obtained by using solvability and regularity
of associated transmission problems as in Section 5.1.3.

To illustrate the idea, let us consider the generalized representation for-
mula (5.6.5) for the variational solution of the transmission problem (5.1.81)
for second order equations with f = 0 and the radiation condition M = 0;
namely

u(z) = =Viru — (b-n)youl(x) + W[you](z) for x e R"\I',  (5.6.8)

where Vo(x) is the simple layer potential and We(x) is the double layer
potential corresponding to (5.6.5), namely

Vo(z) = (E(z,-),0)r, We(z) = (8,E(z,-), o)r . (5.6.9)

From this formula (5.6.8) we now establish the following mapping properties
provided that Theorem 5.6.1 is valid. Otherwise, the proof presented below
must be modified although the results remain valid (see Chapters 7 and 8).

Theorem 5.6.2. The following operators are continuous:

V:iH™2(I) — H'(,P)x H\ (2°P),
vV and vV : H2(I') — H*(I)
TV and 7.V : H_%(F) - H

W:H*(I') — H'(2,P)x H..(2°,P),
YW and vyeoW : H%([‘) — ,
TW and TCWZH%(F) — %(F).

Proof: For V we consider the transmission problem (5.1.76)—(5.1.78) with
m=1and ¢; =0, Y =0
Findu € H*(£2, P) and u € H%(2¢, P) satisfying the differential equation

Pu=0 in 2 and in 2°,
together with the transmission conditions
[Youlr =0 and [O,u — (b-n)yu|lr =0
with given ¢ € H™2(I") and some radiation condition.

This is a special case of Theorem 5.6.1 which yields the existence of u.
Moreover, u depends on ¢ continuously. The latter implies that the mappings
o — u from H=2(I') to H'(£2, P) and to HY(£2¢, P), respectively, are con-
tinuous. By the representation formula (5.6.8), it follows that the mapping
o — u = Vo is continuous in the corresponding spaces. This together with
the continuity of the trace operators
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v : HY(2,P) — Hz(I) and 7.0 : HL (£2¢, P) — H=(I')
as well as of
T HY(2,P) — H (') and7.:HL (2°P) — H 2(I')

implies the continuity properties of the operators associated with V.

Similarly, the solution of the transmission problem (5.1.76)—(5.1.78) with
m=1Iand ¥ =0, p1 =¢:
Find uw € H* (22, P) and u € H%(£2¢, P) satisfying

Pu=0 in {2 and in §2°
with [You]|. = ¢ € H%(F) and [O,u — (b-n)youlr = 0;
together with the representation formula (5.6.8),

u(z) = We(x) for x ¢ T

provides the desired continuity properties for the mappings associated
with W. ]

As a consequence of the mapping properties, we have the following jump
relations.

Lemma 5.6.3. Given (0,9) € H-2(I') x Hz(I'), then the following jump
relations hold:

Vo], = 0, [Vd],
oWl = ¢, [TWe],

—0;

0.

Proof: We see from the representation formula (5.6.8) that u(z) = —Vo(x)
for v € IR™ \ I' is the solution of the transmission problem (5.1.76)—(5.1.78)
with 7 = I and ¢; =0, ¥; = o with the transmission conditions

[voulr =0 and —o = [r(uw)]r.
Inserting w = —V'o gives the jump relations involving V.
Likewise, u(x) = Wep(z) is the solution of the transmission problem
(5.1.76)—(5.1.78) with m = I and ¢1 = ¢, 11 = 0 satisfying
Moulr = ¢ and [r(u)lr =0
which gives the desired jump relations involving W. |
In accordance with the classical formulation (1.2.3)—(1.2.6), we now in-

troduce the boundary integral operators on I" for given (o,¢) € H ’%(F) X
Hz(I') defined by:
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1
Vo = Vo, Ky = 70W<P+§<P
1 (5.6.10)
Ko := TVO'7§CT, Dy = —1tWep.

Clearly, Theorem 5.6.2 provides us the continuity of these boundary integral
operators.

The corresponding Calderén projectors can now be defined in a weak
sense by

11 K, 1%
C_(g = <2 D 1I+K/> and CQc I:I—C_Q7 (5.6.11)
’ 2

which are continuous mappings on (H%(F) x H™2 ().

5.6.3 Continuity Based on Finite Regions

In deriving the continuity properties of the boundary integral operators we
rely on the properties of the solutions to transmission problems in IR"\ I". As
we have seen, this complicates the analysis because of the solution’s behaviour
at infinity. Consequently, we needed restrictions on the coefficients of the
differential operators. Alternatively, as we shall see, if one is only interested
in the local properties of the solution, a similar analysis can be achieved by
replacing the transmission problem in IR"™ \ I" by one in a bounded domain
Bgr \ I'. To be more precise, for illustration we consider the supplementary
transmission problem:

Find w € H'(2, P) x H' (2%, P) satisfying
Pu=f; in 2 and Pu=fy in 0§ (5.6.12)
together with
Moullr = ¢ and [0,u— (b-n) voullr =0 and youljp=r =0 (5.6.13)

with given f; € Hy'(2), fo € Hy ()N H Y (Bg), ¢ € H:(I'), o €
H=(I).
The corresponding weak formulation then reads:
Find w € H'(2,P) x H' (2§, P) with [youlp = ¢ and youljz=r = 0
such that B B B
a(u,v) = ap(u,v) + aglc?(u, v)

= —/U@ds+/f117dx+/f217dx (5.6.14)
T I7) 0,
for all

veH :={ve H (2,P)x H' (2%, P) with [yov]r = 0 and ~ovl|z=r = 0} .
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Since a(u,v) satisfies the Garding inequality on H, the Fredholm alter-
native is valid for the problem (5.6.14). For convenience let us assume that
the homogeneous problem for (5.6.14) has only the trivial solution. Then the
unique solution u of (5.6.14) satisfies an estimate

”uHHl(Q) + HUHHI(QE) < C{Hfl”ﬁfl(g) + ||f2||ﬁ*1(QC)OH*1(BR)

(5.6.15)
0l -3 oy + 1203

and can be represented in the form

@=/EW%wmw@+/EW%WMMW—/EWWM@%y
Q 25 T

+/(5uyE(ffay))Tcp(y)dsy for x € BR\ I'.

r
(5.6.16)

Now let us reexamine the continuity properties of the simple layer poten-
tial operator V again. Let o € C°°(I") be given. Then consider

u(z) :==Vo(x) = /E(z,y)Ta(y)dsy for x ¢ I'.

r

Also, let n € C§°(IR™) be a cut—off function with
n(z) =1 for |z| <Ry <R and suppn C Bgr (5.6.17)

where Ry > 0 is chosen sufficiently large such that £2 C Bg,. Now we define
= n(x)u(x).

Then u(z) is a solution of the transmission problem (5.6.12), (5.6.13) where
¢=0, f1 =0 and

- on Ve 0On O0Vo
Hence, supp fo € Br \ Bg, and, since the coefficients of P are assumed to
be C*>°(IR"), we have fo € C§°(Bg \ Br,) since dist (I, Bg \ Bgr,) > dp > 0.
(Note that this smoothness may be reduced depending on the smoothness of
the coefficients of P.)
So, the estimate (5.6.15) implies for ©

IVolla o) + InVeolmiag) < elllfella-r@asa,) + 1ol ;-4 -

Since fo € C§°(Br \ Br,) and because of |z —y| > dy > 0 for z €
(Br \ Bg,) and y € I" from (5.6.18) it is clear that
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ol (Ba\Br,) < ellfallia@aiba,) < <lloll - -
Consequently, with Theorem 4.2.1, the trace theorem, we find

||VU||H%(F) < c{llVollur @ + IVollm g} < C2||U||H7%(F) )
the first two continuity properties for V' in Lemma 5.6.3, by the standard
. . . 1 .
completion argument approximating o € H~ 2 (I") by C°°—functions.
Applying Lemma 5.1.1 to u € H(£2,P) and Lemma 5.1.2 to u €
H' (0%, P) we obtain the mapping properties of 7V and 7.V in Theorem
5.6.2.
For the properties of W in Theorem 5.6.2 we may proceed in the same
manner as for Vo where 1 = 0 and @1 = ¢ # 0 in the transmission problem

(5.1.78).

5.6.4 Continuity of Hydrodynamic Potentials

Although the Stokes system (2.3.1) is not a second order Petrovskii elliptic
system, its close relation with the Lamé system can be exploited to show
continuity properties of the hydrodynamic potentials V, W and D in (2.3.15),
(2.3.16), (2.3.31) (see Kohr et al [164]).

Lemma 5.6.4. The mappings given by the hydrodynamic potentials define
the following linear operators:

Iy — HL (92 A)x H}

Vo Hﬁ%( div,loc(QcaA)a
20 — Hi(I),
- H&iv(QvA) X Héiv,loc(QC’A)’

)
§I) o HYD),
)

YV and YoV
w
YW and yeoW
D

1

— H~2(I).
Here we denote
HL (2,A) ={veH'(2,4) |dive =0 in 2},

H! (2¢,4) ={veH} (2,4) |divve =0 in 2°}.

div,loc

Proof: From (2.3.38) we see that for V = V;, we have
2c
Vo = (14 ){Ver = SVl |
]
which yields with Theorem 5.6.2 for V,,with any ¢ > 0 and for V4 the desired

properties of Vg, since the Stokes simple layer potential is solenoidal in {2 and
in £2¢.
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Similarly, from (2.3.42) and (2.3.43) we obtain
Wst = (1 + C)Weg — C(WA + Ll)

and

1
Ll = {(1 + Cl)WeZ,cl - (1 + C2)Wef,cz} - WA
C1 — C2
with any 0 < ¢o < ¢1. Hence, the desired mapping properties again follow
with Theorem 5.6.2 from those of Wer ¢, , Wee,c, and Wa.
For Dg; we use (2.3.48) and (2.3.49),

c
Dyt = Deg — L
st LT T 20
where Lg o does not depend on c. Hence,
14+c)1+c
L2,0 = M{Deé,cl - DeZ,CQ} .

C1 — C2

Theorem 5.6.2 for Deg ¢, and for Deg ., where 0 < ¢y < ¢; yields that Ly :

Hz(I') — H~2(I') is continuous which then implies the desired continuity
for Dg; as well. |

For the same reasons, the jump relations for the hydrodynamic potentials
follow also from those of the Lamé system and the Laplacian.
Lemma 5.6.5. Given (1,9) € H-2(I') x H2(I'), then the hydrodynamic
potentials satisfy the following jump relations:
hoVrllr = 0, (T°(Vr)-=T(VT))lr = -7
hoWellr = ¢, (T°(We) =T(We))|lr = 0.
Proof: The relation [V 7]|r = 0 follows from (2.3.38) and Lemma 5.6.3

applied to Vo and V.
For smooth ¢ and T with (2.3.26) and (2.3.27) we obtain

20 =@+ oWellr —Vrllr on I,
hence,
¢ =[Wellr—0.

With the continuity properties of vgW and ~.,W, the proposition follows by
completion arguments.
From Lemma 2.3.1 we obtain with (2.3.30):

(T°(We) = T(W)) |, = = lim[Derepllr = = lim_[Derg]|r =0,

For T (V1) we invoke the second row of the Calderén projections (2.3.27)
and (2.3.28) to obtain
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27 = (Dl + 7+ (T(Vr) = T(VT)lr

which is, because of [De]|r = 0, the desired relation; first for smooth ¢ and
7 but then with Lemma 5.6.4 by completion in Hz (I). |

For the final computation of the pressure p via (2.3.12) we need the map-
ping properties of the pressure operators @ (2.3.15), II (2.3.16) and of

[ Q) f(y)dy.
(9]

Lemma 5.6.6. The pressure operators define the continuous mappings

1

¢ H™:(I') — LX),
o :HY D) —ILX%), (5.6.19)
JQ@ iy Hy'(9) — L*(Q).
Proof: With Q(z,y) given in (2.3.10) and 7, in (2.2.3) as well as the simple
layer potential V4 of the Laplacian in (1.2.1) we have
&1 = —divVaT.

Since Theorem 5.6.2 ensures the continuity V : H~z(I") — H'(£2) differ-
entiation yields the first of the assertions. Similarly,

I = —2udiviWap

with W, for the Laplacian given in (1.2.2). Theorem 5.6.2 shows continuity
of Wa : hz(I') — H'(£2) and we get (5.6.19) for II.
For the volume potential we have

/ Q. y) F (y(dy = —div / Ea(z,y) f(y)dy
2

i)

where the Newton potential of the Laplacian is a pseudodifferential operator
of order —2 in IR" of the type in (6.2.21). Since f € H; ' (£2) can also be seen
as f € H Y(IR") if extended by zero we get

[ Bttty = [ EaC)fdy e #(2).
Q R"
So, differentiation implies the last continuous mapping in (5.6.19). |

5.6.5 The Equivalence Between Boundary Value Problems
and Integral Equations

For the boundary value problems given in Section 5.5, from the correspond-
ing representation formulae, together with the continuity properties of the
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boundary potentials given in Theorem 5.6.2 and the jump relations in Lemma
5.6.3, we arrive at boundary integral equations of the form

AN=Bp on I (5.6.20)

where 1 is given and \ is unknown. The boundary integral operators A and B
depend on the boundary value problem to be solved. In contrast to boundary
integral equations in classical function spaces on I', here (5.6.20) should be
understood as an operator equation in the corresponding Sobolev spaces
on I'; here H=2(I') or Hz(I'). For the boundary value problems (5.1.19),
(5.1.52), (5.1.29) and (5.1.70), the specific forms of A, B and the meaning of
A and p together with the Sobolev spaces on I' are listed in Table 5.6.3.

Theorem 5.6.7. For given u in the appropriate function space on I', the
boundary wvalue problems and the associated boundary integral equations
(5.6.20) on I' as listed in Table 5.6.3 are equivalent in the following sense:

i. Every variational solution u € H'(£2,P) (or u € HL _(£2¢, P), respec-
tively) of the boundary value problem defines the boundary data p and A
where X is a solution of the associated boundary integral equations (5.6.20)
with A and B given in Table 5.6.3.

1. Conversely, every pair u,\ where \ is a solution of the boundary
integral equations (5.6.20) defines, via the representation formula, a
variational solution of the corresponding boundary value problem. Every
variational solution of the boundary value problem can be obtained in this
manner.

Remark 5.6.2: Theorem 5.6.7 assures that every solution of the bound-
ary integral equations (5.6.20) indeed generates solutions of the correspond-
ing boundary value problem and that every solution of the boundary value
problem can be obtained in this way. However, the theorem does not imply
that the number of solutions of both problems coincides. It is possible that
nontrivial solutions of the homogeneous boundary integral equations via the
representation formula are mapped onto u = 0.

Proof: Since the arguments of the proof are the same in each of the listed
cases, we here consider only the first case to illustrate the main ideas:

i.) Let u € H'(£2, P) be the variational solution of the interior Dirichlet
boundary value problem (5.1.19) with given = ¢ = you|p = Ryu € Hz (I')
and f = 0. Then 7u|p € H2(I') is well defined. Hence, A := Syu = Tu|p —
b - ny is also well defined and A € H=2(I"). As was shown in Section 5.6.1,
the solution of (5.1.19) can be represented by

u(z) =VA(x) —Wu(z) for z € 2.
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Taking the trace vo|r on both sides we obtain with Lemma 5.6.3 and with the
operators A =V and B = 31 + K, as given in (5.6.10), the desired equation
(5.6.20) between p and A on I.

ii.) Now suppose that y € H2(I') and A € H~2(I') satisfy the boundary
integral equation (5.6.20) in the form

V)\:(%I-i-K)/J on I'.

Then the function

satisfies the differential equation
Pu=P(VAN)—PWu) =0 in 2

since VA and Wy are boundary potentials defined by the fundamental so-
lution E(z,y) of P. Moreover, both potentials are in H!(£2, P) because of
Theorem 5.6.2. Therefore, u admits the trace you|r. Taking the trace on both
sides of the representation formula we have with (5.6.10)

1
You =YVA—rWp=VA-Kup+ SH on I.

Now replacing VA by using the boundary integral equation (5.6.20), one
obtains

1 1
You=Kp+op—Kpt+op=p=¢ onl.

Clearly, the remaining cases can be treated in the same manner. We omit
the details. ]

5.6.6 Variational Formulation of Direct Boundary Integral
Equations

Because of the equivalence Theorem 5.6.7, solutions of the boundary value
problems can now be constructed from the solutions of the boundary integral
equations (5.6.20). It will be seen that the existence of their solutions can be
established by applying Fredholm’s alternative Theorem 5.3.10 to (5.6.20) in
corresponding Sobolev spaces. Similar to the elliptic partial differential equa-
tions, we consider the weak, bilinear formulation of (5.6.20). For simplicity,
let us consider the case that A4 is a boundary integral operator of the first
kind with the mapping property

A:HYTI') — H %(I') continuously. (5.6.21)
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In the examples of Table 5.6.3, we have A = V where the Sobolev order is
a=-2orA=D+{+lI —K'}o(b-n)" where a = %. As for partial
differential operators, the number 2« is called the order of A.

The variational formulation for the boundary integral equations of

the first kind (5.6.20) now reads:
Find A € H*(I") such that

aF(Xa)‘) = <X7ﬂ>F = <Xa?>F for all X € HQ(F)a (5622)
where f = Bu € H-*(I') is given.

Now we shall show that the sesquilinear form ar(x, \) in (5.6.22) is con-
tinuous on H*(I"), the energy space for A, and also satisfies Garding’s in-
equality (5.4.1) under suitable assumptions on the corresponding boundary
value problems.

Theorem 5.6.8. To the integral operators A of the first kind in Table 5.6.3
there exist compact operators C4 : H*(I') — H~*(I") and positive constants
YA such that

Ref{ar(A\A) + (06CaNr} = vallMFaqry for all A€ HY(I).  (5.6.23)

Proof:
i) Let A =V, choose A € H2(I') and define

u(z) == =VA(z) for v € R".

Then v € H'(£2,P) and u € HL _(02¢ P), respectively. Moreover, Lemma
5.6.3 yields
=A.

By adding the generalized first Green formulae (5.1.7) and (5.1.13) we obtain

[You]|, =0 and [Tu]

[r

Re{ [ AZVXds + [ (PnV )T (nV \)dz
{ [wuss [ Tava

= Re{ - ![Tu}fy@uds +Q[(Pnu)T77udz} = Re{apn(u,u) + ape(nu,nu)}

where 1 € Cg°(IR"™) with n_ = 1 and dist({z|n(z) # 1},2) =: dp > 0 is any
fixed chosen cut—off function since the first Green’s formula for 2¢ is valid
for v = nu having compact support.

On the other hand, from Theorem 5.6.2, Lemma 5.6.3 and Lemma 5.1.1,
the mappings 7 : H'(2,P) — H~2(I') and 7. : H}. (92¢,P) — H~=(I") are
continuous providing the inequality

AL = [llrull? < 2rul? Y
H H™2(I)

H™3 (D) H 3 + 27eull

1
“2(D)

e{Iulys ) + s oy + 1Pl }

IN
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where 2 := £2° N suppn. Then Garding’s inequality (5.4.2) for agp in the
domain (2 and for ag/ in 2’ implies

o { Il () + Inulss ) §
< Re {ag(u,u) + ag: (nu, nu) + (Cu,w) g1(o) + (C'nu, mu) g (o }

with a positive constant oy and compact operators C and C’ depending also
on §2 and §2'. Collecting the inequalities, we get

/ 2
1 <
! ||)\||H7§(F) < Re{ar(\ )
+Cl||P77u||2L2(Q/) + CQ(CU,U)Hl(Q) + Cg(Clnu,nu)H1(Q/) + (Pnu,nu)Lz(Q/)} .

Accordingly, we define the operator C4 : H=2(I') — Hz(I') by the sesquilin-
ear form

XGCAN T = c(x, A) == ca(VX, CV N ) (o) + es(nVx, OV A) 1 oy
+c1 (P’I]VX, P??V/\)Lz(g/) + (P’I]VX, V/\)L’z(gr) .
We note that the operator C4 is well defined since each term on the
right—hand side is a bounded sesquilinear form on x, A € H -3 (I'). Hence, by

the Riesz representation theorem 5.2.2 there exists a linear mapping jC4 :
1 1
H~z — H 2(I') such that

c(x;A) = (X’jC'A)\)H_%(F) .

Since j~': H™=(I") — (H*%(F))* = Hz(I'), this representation can be
written in the desired form

<X»m>r =c(x,A) forall x,\e H—%([’)

where C4 = j~1jC4. It remains to show that C4 is compact.
Let us begin with the first sesquilinear form on the right-hand side,

(X.Ci\)r == c2(VX,CV ) 1) where C: H'(£2) — H'(12)

is compact. Since V : H=2(I") — H(£2) is continuous, CV : H~2(I') —
H'(£2) is compact. Moreover, we have the inequality

ICLAl sup |0 CL A r| < e|CV gy - V]|

Hi oy S H™%(I),H'(2)"

Hence, any bounded sequence {\;} in H —2 (I") provides a convergent subse-
quence {CV\;/} in H'(£2), and the corresponding subsequence {C1\;/} con-
verges in Hz (I") due to the above inequality. This shows that C; : H—2 (I") —
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H? (I') is a compact linear operator. By the same arguments with {2 replaced
by (2, the operator Cs corresponding to

(X, C2N)p = es(MVx, C'nV N) i

is also compact.
In the last two terms we observe that

0 .= supp(Pnu) N C 7 and dist (27,I") =:dy > 0.
Now consider the mapping
PUVA(I) = <PI77(:C)E(xv ')v )‘>F

and observe that the support of this function is in {2”. Hence, this function
1
is in C*°(£2") for A € H~z(I"). This implies that

PyV : H™3(I') — H'(2")
is continuous and because of the compact imbedding H!(§2") — L?(£2"),
PnV : H™3(I') — L*(£2") is compact.
As a consequence, the operator C3 defined by
(X, C3A)p = c1(PnV X, PV ) L2(ory = c1(PnV X, PRV ) 120
is compact since

[C3 Al < ci|PyV A2y - [PV

HZ(I) H™3(D),L2(27)

The last term can be written in the form
<X7m>F = <CZX7X>F = (PnXX7 V)‘)LQ(Q”)
and C} is compact which follows from the estimate

€33y < 1PV 2@ IV 3 1y g

and the compactness of PnV as previously shown. This completes the proof
for A=V.

ii) Now we consider
A=D+ {1~ K'}o(b-n)=: D+ D,
where v = 1. For any A € Hz(I') define

u(z) :==Vo(b-n)A(z)+WA(z) for xt e R"\ I (5.6.24)
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according to (5.6.5) and u(x) := n(z)u(x) for z € 2° with n given as in

case i.). Then Theorem 5.6.2 implies that «w € H!(§2,P) for z € 2 and

u € HY (£, P) for x € 2. Moreover, Lemma 5.6.3 yields the jump relations
[oulr = A, [ru]r = —(b-n)A

and the one sided jump relations from §2,

1
TYou = Vo(b~n))\—|—(—§l—|—K)/\ and

TU (%I—FK’)o(b-n))\—D/\ on I'.

As before, adding the generalized first Green’s formulae (5.1.8) and (5.1.13),
we obtain

(AMDXNr = ag(u,u) + age(nu, nu)
- /(nu)Tpinudxf (b-n)\,Vo(b-n)\r.
o

Hence,

Rear(\A) 2 ao {Jullfa) + el o )

—Re{(u, Cu) g1 (o) + (CUU,C/UU)Hl(Q') + /(UU)TPUUCZQT
Q//
(b AV o BN — (A DN}

From the definition of A we see that

IXI?

_ , )
iy = Dol < c{||uHH1(Q) + ||77u||H1(Q,)}

2
”H%(r)

following from the trace theorem in the form (4.2.38). This implies (5.6.23)

with oo = % and

(X, CaXyr = (v, Cu) i) + (v, C'nu) g (1)
+ /(nv)TPnudx + (X, (b-n)V o (b-m)A)

o
— (A3l =K'} o (b m)N)r

L2(I)

where

v(iz) = Vo(b-n)x(z)+Wx(xz) and
u(x) = Vo(b-n)A(x)+WA(z) for x e R"\ T

—~
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The first three sesquilinear forms are defined by compact operators which
can be analyzed as in case i.). For the last two terms we have the compact
imbeddings i¢y : H2(I') < L*(I') and i¢ : L2(I') < H~2(I"). Then, with
the continuity properties of V : H=2(I') — Hz2(I') and (b-n) : L2(I") —
L?(I') (note that b-mn € L*(I")), the following composition of mappings

H () L) Yy SE )% HN D

Sy P rdr)y S HED
gives the compact mapping
ic20(b-n)oic oV oigo(b-mn)ois: H:(I') — H ().
Similarly, we see that the mapping
(3T =K'} oigo(b-n)oi : H(I') — H ()

is compact. Collecting these results completes the proof. |

Integral equations of the second kind
Next, let us consider the cases that A is one of the boundary integral
operators of the second kind in Table 5.6.3 with the mapping properties

A:HYI') — H*(I') continuously (5.6.25)

where a = % or —%, respectively. The order of A now is equal to zero.
Therefore, the variational formulation of (5.6.20) here requires the use of the

H%(I')-scalar product instead of the L?-duality:
Find A € H*(I") such that

ar(x,A) = 0 AN ey = (X, f)mer) for all x € H*(I') (5.6.26)
where f = Bp € H*(I") is given.

From Theorem 5.6.8 we have Garding’s inequalities available for the
operators V and D on H=2(I") and Hz (I'), respectively. Moreover, we have
the mapping properties V : H=2(I") — Hz(I') and D : Hz(I') — H~=(I).
This allows us to modify the variational formulation (5.6.26) by replacing the
H%(I")-scalar products in the following way:

Variational formulation of the boundary integral equations
of the second kind
i.) For o = —3 and A = (31 & K') in the IDP and EDP:

Find A € H™2(I") such that

ar(x, ) == (Vx, (LI £ K'}N)p = (Vx, f)r forall x e H 3(I'). (5.6.27)
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ii.) Fora=1% and A={3I+ K+ Vo (b-n)} in the INP and ENP:
Find A\ € H2(I") such that

ar(e V) = (Dx. (ST K £ Vo (b-n)}Nr = (Dx.Por  (5.6.28)

for all x € H2(T").

In the following, let us first consider Garding’s inequalities for the bound-
ary sesquilinear forms (5.6.26) and (5.6.27), (5.6.28). As will be seen, the
boundary integral equations of the second kind are also intimately related
to the domain variational formulations. Whereas for the first kind boundary
integral equations, the transmission problems played the decisive role, here,
the boundary integral operators of the second kind associated with interior
boundary value problems are related to the variational formulation of the
differential equation in the exterior domain and, likewise, the boundary inte-
gral operator of the second kind associated with the exterior boundary value
problems are related to the interior variational problems.

Theorem 5.6.9. To the boundary sesquilinear forms (5.6.27) and (5.6.28)
there exist compact operators C4 : H*(I') — H~*(I") and positive constants
YA such that

Re{ar(AA) +ep(AMA)} > 7A||)‘||§{a(1“) for all x € H*(I'), (5.6.29)

where cr(-,+) is a compact sesquilinear form with cr(x, A) = {X,Ca\)r.

Proof:
i.) We begin with the IDP (5.1.19), and the equation in Table 5.6.3 where
(5.6.20) reads

A= G3I-K)W2\=f={D—-(b-n)ol}lu=DBu

for A€ H=(I") and given u € H2(I') and f € H=(I"). Define

u(z) ==V in R" and take @ = ¢u in 2°
as in the proof of Theorem 5.6.8. Then we obtain

Yoo = VA and 7.0 =—(31 — K')A onlI.
Hence, with the generalized Green’s formula (5.1.13) we find

Re(VA, A\ r = —Re{vyou, 7u)r = Reagqe(u,0) — Re/(Pﬂ)Tﬁd:r.
o

Since age satisfies Garding’s inequality (5.4.50) for u having compact support
in (2] we obtain
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Re(VA, AN r > col[ll3s o) — Re(C' D)y — Re / (Pyu) TTde
Q/

and with the trace theorem, Theorem 4.2.1, (4.2.29),

Re(VA, AN)p > CO”V)\HZ%(F — Re{(C"nu, nu) g () + /(Pnu)Tanx}.

0

)
(5.6.30)

For V' we already have established Garding’s inequality in Theorem 5.6.8,
hence B B
Re(VA, N r + Re(Cy A\, \)p > c0||A||§r%(F)
with ¢g > 0 ' and Cy : H™2(I') — Hz(I') compactly. This inequality to-
gether with (4.2.22) yields the estimate

-1y < VA oy + 10 ALy 3

H™2(I) H (I

and, consequently,

I3y < (VAVA) g1 )+ CUACYA)

H3 (T 5y

Inserting this inequality into (5.6.30) we obtain

Re{(VAAN) r +er(A N} 2 G2y,

where

cr(x,A) = (Vx, C'nV ) gy + /(an)T(PnV/\)dx +CvXCvA) g

0

As in the proof of Theorem 5.6.8, all three bilinear forms defining cp (-, -) are
compact; and ¢ can be represented in the proposed form.

ii.) For the EDP with the corresponding equation in Table 5.6.3 we have
AN= (31 + K )\ = f:=—{D+(b-n)ol}p=DBu
and define now
u:=VX in R" with you=VX\ and 7u= (31 +K')X on I.
With the generalized first Green’s formula (5.1.8) we now have
Re(VA, AN)r = Re{you,7u)r = Reagq(u,u).

Here and in the sequel, ¢p > 0 denotes a generic constant whose value may
change from step to step.
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The remaining arguments of the proof are the same as in i.) but with the
interior domain {2 instead of the exterior domain, £/ C {2°.

iii) For the INP with the corresponding equations in Table 5.6.3 the
operators in (5.6.20) now read

AN={LI+K+Vo(b-n)\=f:=Vyu=DBu for \e H2(I)
with given € H=2(I') and f € H2(I"). Now we define
w:=WX in R"\I" and w:=nu in £2°.
Similarly, we obtain
Re(DX\, AN)r = —Re(7.4, yeotl)  + Re(DX, V o (b-n)\)r

= Re ag<(u,u) — Re /(Pnu)TvTudx + Re(DA\,Vo(b-n)\r.
QI

Garding’s inequality (5.4.50) implies that

Re(DX\, AN r > co[il1 gy — Re(C' ) s ey — Re / (Pyu) Tdz:
‘(2//

Now we need the continuity of the generalized conormal derivative 7.u from
Lemma 5.1.2 which yields

Ireull?, -y = IDNIE, ) < el o) + (P P12

providing

Re(DX, AX)r > COHDAIIZ,%(F — Re{(C'nu, mu) () + /(PW)TnTcdw

( "
+ec /(Pnu)TPnudx — (DN, Vo(b-n)\)r}.
Q//

)

Garding’s inequality for D as shown in Theorem 5.6.8 gives the estimate

||D>\||fH COHAHE%(F) —¢(CpA,CpA)

-5 2 H™2(I)

where Cp : H2(I') — H~2(I') is compact. Collecting the above estimates
finally yields

Re{<m,m>p n cF(/\,)\)} > alMPy

where
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cr (X7 >‘) = C(CDX7 CD)‘)Hfé + C(UWX» C/UWA)HI(Q/)

()
+c / (nWx) " PnWAdz + ¢ / (PnWx) " (PnWX)dx — (Dx,V o (b-n)\)r.
n// QN
The compactness of all the sesquilinear forms on the right—hand side except
the last one has already been shown in the proof of Theorem 5.6.8. The
compactness of the last one follows again from the compact composition of
the mappings
DoVoigo(b-n)oix: HI(I') — H 3(I).
iv) For the ENP (5.1.70), the operator A in Table 5.6.3 is of the form
AN={I-K-Vo(b-n)}\=f:=-Vu=DBu for \e H(I')
with given u € H=2(I') and f € H?(I'). As in case iii) take
u=WX in 2 with you=—(3/ — K)\ and 7u=—DX on I.
Then

Re(DX\, AN)r = Re(tu,you)r — Re(D\,V o (b-n)\)r
= agn(u,u) — Re(D\,Vo(b-n)\r.

The rest of the proof follows in the same manner as in case iii) with ¢
replaced by the interior domain (2. This completes the proof of Theorem
5.6.9. m

Remark 5.6.3: For the bilinear form (5.6.26), Garding’s inequality
Re{(\ AN szery + erOu A} = 14l M a1 (5.631)

with the operators A of the second kind in Table 5.6.3 follows immedi-
ately provided K : H%(F) — H%(F) and, consequently, the dual operator
K H*%(F) — H*%(F), are compact. Here, the corresponding compact
bilinear forms are defined by cp(x,A) = £(x, {K +V o (b- n)})\)H%(F) and

:l:(X,K’)\)H,%(F)7 respectively. However, the compactness of K or K’ can
only be established for a rather limited class of boundary value problems
excluding the important problems in elasticity where K and K’ are Cauchy
singular integral operators, but including the classical double layer potential
operators of the Laplacian, of the Helmholtz equation, of the Stokes problem
and the like, provided I is at least O with o > 0 excluding C'%!-Lipschitz
boundaries which are considered here. (See also Remark 1.2.1 and Chapter 7.)

Theorem 5.6.9 is valid without these limitations since it is based only on
continuity, the trace theorems on Lipschitz domains and Garding’s inequality
for the domain sesquilinear forms.
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5.6.7 Positivity and Contraction of Boundary Integral Operators

Here we follow the presentation in Steinbach et al [292]. In [51], Costabel
showed that these relations are rather general and have a long history.

As in Carl Neumann'’s classical method for the solution of the Dirichlet or
Neumann problem in potential theory, we now show that for a certain class
of boundary integral equations of the second kind Carl Neumann’s method
for solving these equations with the Neumann series can still be carried out
in the corresponding Sobolev spaces.

For this purpose we consider the special class of boundary value problems
leading to the boundary integral operators of the first kind with V and D
which are positive in the sense that they satisfy Garding inequalities and in
addition

1
(VX)) > cYH)\HZ_%(F) forall \e H™z(I") (5.6.32)
1
(Dusp) z el llullyy ) forall pe HY(I) (5.6.33)
where
H%(F) = {peH(D)|{up,m)=0 forall meR} (5.6.34)
and
R = {uo€ H:(I')| Duo = 0}, (5.6.35)

with constants 0 < c}/ < % ,0< ch < %

Since D satisfies a Garding inequality the dimension of R is finite. More-
over, these inequalities are satisfied if in the previous sections the correspond-
ing energy forms of the underlying partial differential operators are finite
(Costabel [51]).

With the Calderén projectors (5.6.11) we have also the relations (1.2.24)—
(1.2.28) in the Sobolev spaces Hz(I') and H~z(I'), respectively, as in
Theorem 5.6.2 for the four basic boundary integral operators V, K, K', D
in (5.6.10).

In order to show the contraction properties of the operators %I + K and
%I 4+ K’, we now introduce the norms

Ml == (VA N2 and [lufly— = (V" o) (5.6.36)

which are equivalent to ||| respectively. More pre-

e il
cisely, the following estimates are valid.

Lemma 5.6.10. With the constants ¢ and cP in (5.6.32) and (5.6.33) we

have

1
L Nuls < Il for all pe HE(D), (5.6.37)

< (Spp)  forall pe HE(I) (5.6.38)

Pl g <
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and ) )
V=2l = lally— = (V") (5.6.39)
Here
S=D+GI+K )W '3+ K)=V '(iI+K) (5.6.40)
denotes the Steklov—Poincaré operator associated with 2.

As we can see, for the solution u of the homogeneous equation (5.1.1)
with f = 0 and given Dirichlet data u € H %(F ) on I', the Steklov—Poincaré
operator in (5.6.40) maps p into the Neumann data d,u = \ € H_%(F) on
I'. Therefore S is often also called the Dirichlet to Neumann map.

Proof: By definition,
VAT VAN

179 VI
H ”H2(F) OyéTGSIl{lI;)%(F) ||THH7%(F) — ||H7%(F) | HH’f(F

due to (5.6.32). On the other hand, with (4.1.30) and p = VA we have

_ (V= s X))
IV 1N||H—%(p) = Sup W
ozxert )y Xlgdr)
(1, M) 1
bl <
A o 1t
0£VAEH 2 (I)

H2(F

in view of the previous estimate. So, again with (4.1.30),

which establishes (5.6.37). The second inequality follows from the symmetric
form of the Steklov—Poincaré operator, i.e.,

(Sp, 1) = (D + (51 + K"V (51 + K))p, )

= (D, ) + 131 + Kplly o = ePllull?y - for pe Hg (D)

()
which is the desired inequality (5.6.38).

The relation(5.6.39) is a simple consequence of the positivity and selfad-
jointness of V which defines an isomorphic mapping H *%(F) — H %(F),
hence V=1 : H-2(I') — Hz(I') is also positive and the square root
V=2 : H2(I') — L2(I") is well defined (Rudin [263, Theorem 12.33]).
|

We are now in the position to formulate the contraction properties of the
operators (3 + K) and (31 + K').
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Theorem 5.6.11. The operators %I + K and %I + K' are contractions on
the corresponding energy spaces and

H:(I"

137 % K)pllly— < exllally—s for al ue{ P (e
w (L)
H-:(I

11+ KOy < exclA v fomzue{ Er; (5.6.42)
R

where

ch7+\/ffclcl <1

and where the respective upper cases correspond to the + signs and the lower
cases to the — signs. Here

Hy?(I) = {\€ H 5(I) | (m,\) =0 for all m € R}.
Moreover, we have
1
(1= el < 1A1+ Kl forall pe HAT) — (5.6.43)

and
131 — K)pollv— = llpollv—+ for po € R. (5.6.44)

Proof: We begin with the operator (31 + K) and (5.6.41). Here,
(G + E)plly - = (VTG + K, (51 + K)p)
= (31 + KWV NG+ K)p, ) = (Sp, 1) = (D, p) -
Hence, with (5.6.39) we have

(Sp,p) = (V72VSu, V- 3p)
V=2V Spl| 2|V =2 |2

IN

HVSMHV*”MHV*
151 + E)plly - llplly -

and with (5.6.33) and (5.6.37),
(D, ) = et lpll? e [l -
This implies
IGL+ K)pllf-2 < I(GT + E)pllv-sllullv-1 = ePei ullf-s -

or
a? < ab—cPelp?

with 0 < a = [[(31 + K)plly-1 and 0 < b= ||ufy-1.
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An elementary manipulation shows that

1_ /1 _ a 1 1_ V.D
2 1 cfe §b§2+ 144

which leads to a < beg, i.e., the desired estimate (5.6.41) with the + sign
and to the estimate (5.6.43)

1
(1= ex) il < NAT+ Ky for all e HA(T).
‘We also obtain

lullv—2 = GT = K)pe+ (51 + K)plly
< NI = K)pllv-1 + exllullv—

and
1
(1—cx)llpllv—+ <G = K)pully— forall pe HZ(I),

i.e., (5.6.43) with the — sign.
In order to show (5.6.41) for the case of the — sign we proceed as follows.
1GGT = K)plfy—n = (7 = (5T + K)) 3
= ully - + 1+ E)plly—n = 2(VTHGT + K)p, )
=l + IGT + K)ully— — 2(Sp, )
= lully - = 1T+ K)ullf - — 2(Dps, pr)
< ||H||%/71{1 — (1 —cx)® =27 } = cicllully
for p € Hg which is (5.6.41).

Finally, the relation (5.6.44) follows from the fact that  is also the kernel
of (31 + K), hence

(31 — K)po = po  for all pg € R
which implies (5.6.44).

The estimates (5.6.42) are a direct consequence of the norm definitions in
(5.6.36):
11 £ KOAIY = <(% KA VA)
= (V7 (31 £ K)p)
II(% + K)pll3-
cillulli— = i (VTIVAVA) = [ Allv=

/\

where =V A. ]

The Theorem 5.6.11 implies that the boundary integral equations of
the second kind can be solved with appropriate Neumann’s series in Carl
Neumann’s classical iterative scheme. In particular, the equations



5.6 Solution of Integral Equations via Boundary Value Problems 291

i+ Kp = on I' with fed Hp) , 5.6.45
shEKp f f H (D) ( )
and
_1
INE KA = I with Hy 2 (I) 5.6.46
5 g on with g € H’%(F ( )
can be solved by the convergent iterations
1
D o (KO + f i i) 5.6.47
p GIF K+ f HA(r) ( )
and
A (7= KO g i 4 el (D) 5.6.48
GLFRNO 4w ¢ e 0 (5.6.45)
for £ =0,1,..., in the respective Sobolev spaces.

5.6.8 The Solvability of Direct Boundary Integral Equations

With Garding’s inequality for the sesquilinear forms of direct boundary in-
tegral equations available, their solvability follows from the basic existence
theorems for variational problems in Section 5.2. For the direct boundary
integral equations these results of the previous chapters are summarized in
the following theorem whose proof is clear from the previous presentation.

Theorem 5.6.12. The variational boundary integral equations (5.6.22) of
the first kind and (5.6.26), (5.6.27) and (5.6.28) of the second kind satisfy all
the assumptions of Theorem 5.3.10. In particular, if one of these equations
has the property that the corresponding homogeneous problem

ar(x, o) =0 forall x € H*(I) (5.6.49)

has only the trivial solution A\g = 0, then this equation is uniquely solvable and
the solution X\ together with the given data p generates via the corresponding
representation formula the unique variational solution of the corresponding
boundary value problem.

On the other hand, if the homogeneous boundary variational form (5.6.49)
has nontrivial solutions then there are two cases:

i. If the corresponding boundary value problem with the given data p has a
solution then the right—hand side of the boundary variational form defined
by [ = Bu will always satisfy the required orthogonality conditions.

1. The given data f = Bu satisfy the orthogonality conditions.
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In both cases, the orthogonality conditions read as

(X6, Buwyr = 0 for (5.6.22) or
(Vxg,Bu)r = 0 for (5.6.27) or
(Dxg. Buyr = 0 for (5.6.28)

where x§ are all the eigensolutions of the adjoint homogeneous boundary
sesquilinear form

ar(x5,v) =0 forall ve HY(I').

The latter form a finite—dimensional subspace and the inhomogeneous bound-
ary variational form has a solution but is not unique. Moreover, every pair
(A, 1) again generates via the corresponding representation formula a varia-
tional solution of the corresponding boundary value problem.

5.6.9 Positivity of the Boundary Integral Operators of the Stokes
System

Based on the continuity of the hydraulic potential operators on the boundary
Sobolev spaces and Garding inequalities (5.4.27) for ap(u,v) and age(u,v),
respectively, the variational solutions in H}, (£2) and H&div(ﬁ) of the trac-
tion or the Dirichlet problem, the jump relations in Lemma 5.6.5 and the
generalized Green theorem, Lemma 5.4.6, one finally obtains the following
Garding inequalities for the hydrodynamic potentials given in Section 2.3.2,
Table 2.3.4.

Theorem 5.6.13. Given (7,¢) € H™2(I") x H2(I'). Then the hydrody-
namic boundary integral operators satisfy the following Garding inequalities:

L
(Vr,m)r + ézzl T, Ny) ['[ > ’YOHH’i(F) (5.6.50)
L 3(n—1)
2
(Do, o)r+> (o, mupe)T, > W0||<P||H;(F) , (5.6.51)
=1 k=1
L
2
(Vr, A1+ K)r p+; 007, = ll7l?, by (0652)
L 3(n—1)
(De, (31— K)p)r + ; 2 (e.mee)t, = llel? . (5.6.53)

Proof: Since the proof follows the same scheme as for the second order
systems we sketch the proof here only for the operator V and (5.6.52). Here,
the special field
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(u,p) = (V19,P79) where (19,m4) =0 for £=1,L

satisfies the homogeneous Stokes system where f = 0 € fNIO_ Lin 2 as well
as in 2¢ and, in addition, u is solenoidal. Moreover, for V13 = u we have
the jump relations in Lemma 5.6.5. Hence, (u,p) € H'(£2, Py;) and (u,p) €
H'($2¢, Py;) and the field decays at infinity. So, (u,p) is a solution of the
transmission problem and satisfies

(V1o,70) = ag(u,u) + age(u,u)

with the bilinear forms ag and agpe given in (5.4.26). On solenoidal fields
they satisfy Garding inequalities (5.4.27) which here yield the form

ag(u,u) + age(u,u) > c(|[ulfn o) + l|lulf o) -
Then Lemma 5.4.6 for {2 and 2¢ implies finally

(V1o,10) > c(||u||§11(9) + ||u||?{1(m))
< (||IT(u)|? + 1T (w)|? )

H™3 (D) H™3(I)
1 c 2 _ 2
> "|(T(w) - T (U))HH%(F) = 70||7'0||H7%(F) :
For general 7 € H™2(I") write
L
T=1+ Z<T,’I’Lg>ne
=1
and with Vn, = 0 for £ = 1, L, the inequality (5.6.50) follows. |

With Theorem 5.6.13 available, Theorem 5.6.6 can be carried through for
the operators %I + K and %I + K’ of the Stokes system.

We refer to further works on the Stokes system in Dautray and Lions
[60], Fabes et al [71, 72], Fischer et al [79], Galdi [91], Kohr et al [163, 164],
Ladyzenskaya [179], Temam [303] and [317].

5.7 Partial Differential Equations of Higher Order

In the previous sections we presented a general procedure for treating sec-
ond order equations and systems based on the generalized Green’s formula
by employing the direct approach for corresponding boundary integral equa-
tions. There the approach hinged on the intimate relations between Garding
inequalities for the boundary value problems of the underlying partial differ-
ential operators and corresponding integral operators.

In this section we demonstrate that the same approach can also be applied
to higher order elliptic partial differential equations. To illustrate the idea
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we now consider boundary value problems for the fourth order biharmonic
equation (2.4.1) as a simple model case. Here, the first Green’s formula in
H*(£2), in the interior domain is given by (2.4.2). For the boundary, we need
at least I' € C1'1. Moreover, we shall need the subspace of the dual space to
H?(£2), which does not contain distributions in IR™ having singular support

on I'. To this end, let ﬁ_2(Q) = (HQ(Q))/ and
Hp?(2) = {f € H(@)|(£,9)r22) =0 for all ¢ € C3(2)}.
Now let H~2(£2) be decomposed as
H™2(2) = Hp*(2) @ Hy *(2)

where PNI(;Q(Q) and ﬁ;z(()) are orthogonal in the Hilbert space H~2(£2).
For the generalized first Green’s formula below, we introduce the space

H?(02,A%) := {w e H*(2)| A*w € H; %},
and throughout the section we need the boundary to be at least I' € Cb!.
Lemma 5.7.1. For fived u € H?(£2, A?), the mapping
ovy\ T 9
yu = (v, 3771) — (Tu,yv)r = ap(u, Zyv) — | A*uZ~yvdx (5.7.1)
0

defines a continuous linear functional Tu on yv € H2(I') x Hz(I') that for
u € H(92) is given by Tu = (Nu, Mu)". The mapping

T H*(02,4?) —>H7%(F) xHﬁé(F) with u — Tu

1is continuous. Here Z is a right inverse to the trace operator ~y.

Correspondingly, the generalized first Green’s formula (5.7.1) remains valid
in the space H?(02%, A?).

Similar to the transmission problem (5.1.76), we formulate in the domain
Bpr the transmission problem:

Find u € H?(2, A%) x H?(02%, A?) satisfying
A*u=f in 2 and A’u=f, in 2% (5.7.2)
together with the transmission conditions

ullr =, [rullr =4 on I' (5.7.3)

and the boundary condition
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Yuljz)=r =0 on OBg = {z||z| = R}

with given fi € Hy?, fo € Hi 2, NH 2(Bg), ¢ € H¥(I') x H3(I'), ¢ €
H=3(I') x H 2 (I).
The corresponding weak formulation of the transmission problem then

reads:
Find

u € H*(02,A%) x H*(025,,A*) with [yu]lr =¢ and vyulj,—p =0
(5.7.4)

such that
a(u,v) := agn(u,v) + age, (u,v)

/f1vdx+/f2vdx—/ %)d,ds (5.7.5)

for all v € H = {v € H2(Q,A2) x H?*(02%,A?) with [yv]|r = 0 and
’YU'I:L’\:R = 0}

The bilinear forms ap and agpe are given by (2.4.3). As S. Agmon has
shown in [2], the sesquilinear form agn(u,v) in (2.4.3) satisfies a Garding
inequality.

Lemma 5.7.2. (See [2]). The bilinear form ag(-,-) is coercive over H?*(§2)
iff =3 < v < 1. Here the coerciveness means that ag(-,-) satisfies a Garding
inequality in the form:

ap(v,v) + /\O/vdaj > ao||v||§{2(m for all ve H*(0), (5.7.6)
2
where ag > 0 and A\g > 0 are constants.

Since H?(£2) — L*(£2) is compactly imbedded (see (4.1.32)),

/v2d33 =: (Cv,v) g2(0)
o)

where C is a compact linear operator in H?(§2). Clearly, this lemma is also
valid for age (u,v) and 2% with fixed R > 0 sufficiently large.

Since a in (5.7.5) satisfies a Garding inequality as (5.7.6) on H, the
Fredholm alternative for sesquilinear forms, Theorem 5.3.10 is valid. The
homogeneous problem for (5.7.5) where fi =0, fo =0, ¢ =0, ¥» =0
has only a trivial solution. Therefore (5.7.5) always has a unique solution w.
Moreover, it satisfies the a priori estimate

||U||H2(Q) =+ ”u”Hl(Qg) < C{||f1Hﬁ—2(Q) + ||f2||fj—2(gc)mH—2(BR) (5.7.7)

+ ”‘p”H%(r)xH%(r) + Hq/’”H*%(ﬁ)xH*%(r)}’
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and can be represented in the form

u() = Wep(x) - Vp(z) + / E(e,y)fi (y)dy + / E(z,y) faly)dy. (5.78)
2 2,

For proving the continuity properties of the boundary integral operators
in the Calderdén projector (2.4.23) we again exploit the fact that V' in (2.4.26)
as well as D in (2.4.30) define potentials which are solutions of the trans-
mission problem (5.7.4) with ¢ = 0 for f; = 0 and fo = 0 together with the
transmission conditions ¢ = 0 for V and % = 0 for D, respectively.

Theorem 5.7.3. The following operators are continuous:

Vi H3(I') x H2(I') — H?(2, A?) x H2,(2°, A?),

<3§5)v = (%)V— 14 H*%(F)xH*%(F)_Jﬁ(r)xHa(p%
(Aj\{)v and %)V H 3Dy x H3(I) — H-3(I') x H-3(I),

9 i 1 1 &
8"c>W and (?y")W: H*(I')x H2(I') — H*(I') x H*(I'),
0

(MC)W _ (%)W::D CHY(I)x H*(I') —» H™*(I') x H™3(I')..

In the theorem, the corresponding operators are given by:
du
Vo Mu —u, W: (9] —>u
Nu U

Voz Vo D3y D3y
V = D = 5.7.9
<V13 V14> ’ <D42 D41> ( )

defined in (2.4.26), (2.4.30), respectively.

and

Proof: In fact, the proof can be carried out in the same manner as for
Theorem 5.6.2 for second order systems. Therefore, here we only present the
main ideas.

First we consider the continuity properties of V. To this end, we consider
the related variational transmission problem (5.7.2), (5.7.3) with ¢ = 0 which
has a unique solution u in H2(£2, A?) x H?(£2%, A?) satisfying (5.7.7) which
can be represented in the form (5.7.8) with ¢ = 0. In particular, we may
consider f; = 0, fo = 0 which leads to the first three continuity properties
in Theorem 5.7.3 by making use of the trace theorem 4.2.1.
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Next, for the mapping properties of W, we again consider the transmission
problem (5.7.2), (5.7.3) but now with ¢ =0 and @ € H3(I'")x Hz(I'), f, =
0, f2 = 0. With representation formula (5.7.8) of the corresponding solution
w in H%(2,A%) x H*(02%, A?), ie., with u = W¢ and the trace theorem
together with the definition of the operators M and N, i.e., of 7 based on
the generalized Green’s formula in Lemma 5.7.1, we obtain the last three
continuity properties in Theorem 5.7.3. |

As a consequence of the mapping properties in Theorem 5.7.3 we find the
jump relations as in Lemma 5.6.3.

Lemma 5.7.4. Given ¢ € H2(I') x H2(I') and ¢ € H™2(I') x H=3(I),
the following jump relations hold:

[V¢]|F :Oa [(MvN)TV’er’”F:_dJ? [(5%770)TW§0:||F:§07 [DSOHF =0
(5.7.10)

We omit the proof since the arguments are the same as for Lemma 5.6.3.

In order to consider the boundary integral equations collected in Table
2.4.5 and Table 2.4.6 in the above Sobolev spaces and in variational form we
now present the Garding inequalities for the matrix operators V and D in
(5.7.9).

Theorem 5.7.5. With the real Sobolev spaces, the boundary integral matrix
operators V' and D satisfy Garding’s inequalities as

W V) + WCv) 2 195y s

D 2
(Do, o)+ (Cpp,p) 2 c ||‘P|\Héng(F) (5.7.12)

(5.7.11)

where ¢V and c¢P are positive constants and the linear operators Cy and
1 3 1 3

Cp are compact operators on H™2(I') x H™2(I") and H=2(I") x H=(I'),

respectively.

Proof: Since, again, the proof can be carried out in the same manner as
for Theorem 5.6.8, we just outline the main ideas in this case without the
details.

For (5.7.11) consider the function

u(z) = —n(z)Vap(z) for x € R2\ T

with any ¥ € H™2(I') x H™%(I') given , where € Cg°(IR?) is a cut—off
function as in (5.6.17). Then w is a solution of the transmission problem
(5.7.2), (5.7.3) with ¢ = 0 and fo = A?(nVp) € CF°(£2%). As in Section
5.6.6, the generalized first Green’s formula yields with the Garding inequality
(5.7.6):
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(¥, V) =/(2—;;w1 + ugho ) ds
T
= ag(u,u) + age (u,u) — / uA%(nVap)dy
Ri<|y|<R
2 'VO{HUHIZLIQ + HU||H2(Q )y~ cllle%{*l(l‘)xH*%F)}

Next, use Lemma 5.7.1 which yields

2 2 2
12 5 -3y < 2oy + Tulgogy + 1470 )

So,
0 2
(. Vep) > 2 ]2,

Yryxm-3 T C3||¢||?{—1(F)><H—2(F)

since HAQUH% < c||Yl|g-1(ryxz-2(r)- Then with the compact imbed-

() =
ding H=2(I')xH~2 (I') < H~Y(I')x H~2(I") the Garding inequality (5.7.11)
follows.

For (5.7.12) we use the function

u(x) :=n(x)We(z) for x € R*\ I,
Then
(D, p) = /(solMu+<p2NU)ds
r
—an(uu) +aoglnn) -~ [ ulaWe)dy.
Ri<|y|<R2

Garding inequalities (5.7.6) and the trace theorem lead to the desired estimate
(5.7.12). |

Remark 5.7.1: For the integral operator equations of the second kind as in
Tables 2.4.5 and 2.4.6, corresponding boundary bilinear forms are related to
the domain bilinear forms (2.4.3) and are given by

age(We, W) }

_ = (A1 £ K11)p1 F Viapa, Da1p1 + Di2do)
ag(We, W) ;

+(FDarp1 + (31 F Ka2)p2 . D31$1 + D32 do)
(5.7.13)

and

= ((31 £ Ks3)¢1 F Vaatha, Visthy + Viats)

+{(FD34th1 + (31 F Kua)p2 Vot + Vaatho)
(5.7.14)

ane(Vap, V) }
CLQ(V’l/), V';L)
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Therefore, these bilinear forms also satisfy Garding inequalities in the same
manner as in Theorem 5.6.9 for second order partial differential equations.
As we can see, the test functions are images under the operators of the first
kind which serve as preconditioners.

With Garding inequalities available, Fredholm’s alternative, Theorem
5.3.10 can be applied to all the integral equations in Tables 2.4.5 and 2.4.6
in the corresponding Sobolev spaces. In fact, as formulations in Table 2.4.6
imply uniqueness, for these versions the existence of solutions in the Sobolev
spaces is ensured.

Remark 5.7.2: As was pointed out by Costabel in [51] the positivity of the
boundary integral operators V' and D on appropriate Sobolev spaces as in
Section 5.6.7 for the second order equations, the convergence of corresponding
successive approximation for integral equations of the second kind, can be
established. The details will not be pursued here.

Some further works on the biharmonic equation and boundary integral
equations can be found in Costabel et al [53, 56], Giroire [100], Hartmann
and Zotemantel [122], [144] and Knépke [160].

5.8 Remarks

5.8.1 Assumptions on I"

In this chapter we have for the most part, not been very specific concerning
the assumptions on I" which should at least be a strong Liptschitz boundary.
For strongly elliptic second order elliptic equations and systems including
the equations of linearized elasticity and also for the Stokes system, a strong
Lipschitz boundary is sufficient as long as Dirichlet or Neumann conditions or
boundary and transmission conditions of the form (5.1.21) with Byg = I and
Noo = 0 are considered (see Costabel [50], Fabes et al [71, 72], Necas [229]).
For the general Neumann—Robin conditions (5.1.21), however, one needs at
least a C™! boundary.

For higher order equations of order 2m/, one needs as least I" € C** with
{4k =m' as C%! for the biharmonic equation.

D. Mitrea, M. Mitrea and M. Taylor develop in Mitrea et al [218]
the boundary integral equations for Lipschitz boundaries and for scalar
strongly elliptic second order equations, in particular the Hodge Laplacian
on Riemannian manifolds.

5.8.2 Higher Regularity of Solutions

Let us collect some facts regarding higher regularity of solutions without
proofs. Higher regularity is often needed in applications and for the numerical
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approximation and corresponding error analysis (see e.g. [141], Sauter and
Schwab [266], Steinbach [289]).

Without higher requirement for I', Theorem 5.6.2, Lemma 5.6.4 and
Lemma 5.1.1 can be extended as follows due to the results by Fabes, Kenig,
Verchota in [71, 72] and Costabel [50].

Theorem 5.8.1. For |o| < %, the operators in Theorem 5.6.2 and in Lemma
5.6.4 can be extended to the following continuous mappings:

Vo o H 2t
WV and vV : H zto(I) — Hato(I
(

loc

() — HYWo(02) x HH(2°),
)
W and 7.V : H 2to(I) — H-2to(I),

W H3TO(D)  — HYo(0Q) x HLE7(029),

) loc
%W and yoW : H3*0(I)  — Hto(I),
)

W and W Hz2to(D — H-2to(I).

For 0 < 0 < %, the generalized conormal derivative satisfies Tu €
H=2+(I) foru € H™7(12).

(For the Stokes system see Kohr et al [164].)
Moreover, the variational solutions in H!(§2) gain slightly more regularity
and satisfy corresponding a priori estimates of the form

ey < (lyyem iy + 1 r-seo ) (5.8.1)
for the Dirichlet problem if (¢, f) € H2Ho(I') x H () or
[ull o) < AN - g0 + 17100 0)} (5.8.2)

for the Neumann problem if (¢, f) € H=2+7(I") x I?O_H"(Q) and0 <o <1
Correspondingly, if for IDP and EDP in Table 5.1.2, u € H%“’(F) is
given, then A € H~2+7(I"). If for INP and ENP € H~2%7(I) is given
then A\ € Hz1o(I).
If I' is much smoother then one may obtain even higher regularity as will
be seen in Chapters 7-10.

5.8.3 Mixed Boundary Conditions and Crack Problem

We return to the example of the mixed boundary value problem (2.5.1) for
the Lamé system; but now with given f € Hal(ﬂ), p € H%(FD) and
Y € H 2(I'y). Again, we write with ¢ € H2 (I") and ¢ € H~2(I") according
0 (2.5.2),
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You=¢+@, Tu=1+1 where &Eﬁ%(FN) and 17:6]?_%(15)
(5.8.3)

are the yet unknown Cauchy data. The boundary integral equations (2.5.6)
can now be written in variational form:
Find (¢, p) € H™2(I) satisfying

ar((%,8), (7,X)) == (V$,7) — (K@, 7)r + (K'9h, X) + (D@, X)r
=07, %) forall (7,X)€ H 2(I')x H>(I') (5.8.4)

where the linear functional ¢ is given as

L N - (5.8.5)
(G =K, x) = (D, x) = (TN f, X) -
Since ar is continuous and satisfies the Garding inequality
ar(($,@), (%,@)) = (V) + (D@, ) (5.8.6)
~2 — 0.
> 0 {I0I2,y oy + 1701

for all (1, @) € H-2(I'p) x H2(I'v) C H=2(I") x H2(I') as in (5.6.32) and
(5.6.33), ap is H=2(I'p) x H2 (I'y)-elliptic and (5.8.4) is uniquely solvable.
In fact, this formulation underlies the efficient and fast boundary element
methods in Of et al [242, 243], Steinbach [289]. For the Stokes system, mixed
boundary value problems are treated in [164] and for the biharmonic equation
in Cakoni et al [33].

For the classical insertion problem (2.5.14), now ¢ € Hz(I') and p* €
Hz(I.) with [¢]|;, € H2(I.) are given, and the variational form of (2.5.16)
for the desired Cauchy data ¢ € H~=(I") and [¢]|, € H™ 2 (I,) reads:
Find (4, [¥]|r,) € H™2(I') x H2(I.) satisfying

ar((,[@llr.) . (1.7)) := (5.8.7)
Ve, m)r — (Vrl@llr, T)r = Ve, T + (Vi eI, T)r.
=U(r,7) forall (r,7)e H (') x H 2 (I})

where the linear functional is given via (2.5.16). The bilinear form ap is
continuous and satisfies a Garding inequality

ar((%,7), #,7)) = 2wl b (5.8.8)

(111 (ry + 1T}

=112
3y TITI,

Since, in addition, the homogeneous problem with ¢ =0, @ = 0 admits
only the trivial solution, (5.8.7) is uniquely solvable.
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For the classical crack problem, & € H~2(I,) with [¢]|p, € H™2(I})
and, in our example, ¢ € H%(F) in (2.5.17) are given. Then the variational
form of (2.5.18) reads:

Find (¥,[@]|r.) € H™2(I") x H2(I}) satisfying

ar (¥, [llr.), (7.X)) == Ve, 7)r + (Kr.[@llr., T)r (5.8.9)
+(Dr.[ellr., X)r. — (Kr, X)r.
=(r,7) forall (r,7)e H (') x H2(I,),

where the linear functional is given via (2.5.18). Here ar satisfies the Garding
inequality

ar((¥.X), (,%)) = {ll¥|’ HIXNZ g o~ oy XL (D)} -
ri(y,x), (¥, X)) =% o ) X ) H-1(n)TIXIL

-3(r H2 (T
(5.8.10)

Also here the homogeneous problem (5.8.9) with ¢*| = 0 and | = 0, i.e.,
¢ =0, admits only the trivial solution, hence (5.8.9) has a unique solution.

For more detailed analysis of these problems we refer to Costabel and
Dauge [52], Duduchava et al [65], [145, 146], Natroshvili et al [227, 64],
Stephan [294].



6. Introduction to Pseudodifferential
Operators

The pseudodifferential operators provide a unified treatment of differential
and integral operators. They are based on the intensive use of the Fourier
transformation F (3.1.12) and its inverse F~! = F* (3.1.14). The linear
pseudodifferential operators can be characterized by generalized Fourier mul-
tipliers, called symbols. The class of pseudodifferential operators form an
algebra, and the operations of composition, transposition and adjoining of
operators can be analyzed by algebraic calculations of the corresponding
symbols.

Moreover, this class of pseudodifferential operators is invariant under dif-
feomorphic coordinate transformations. As linear mappings between distribu-
tions, the pseudodifferential operators can also be represented as Hadamard’s
finite part integral operators, whose Schwartz kernels can be computed
explicitly from their symbols or as integro—differential operators and vice
versa. For elliptic pseudodifferential operators, we construct parametrices.
For elliptic differential operators, in addition, we construct Levi functions
and also fundamental solutions if they exist. Since the latter provide the
most convenient basis for boundary integral equation formulations, we also
present a short survey on fundamental solutions.

6.1 Basic Theory of Pseudodifferential Operators

In this introductory section for pseudodifferential operators we collect various
basic results of pseudodifferential operators without giving all of the proofs.
The primary sources for most of the assertions are due to Hérmander’s pio-
neering work in [128, 127, 129, 131].

We begin with the definition of the classical symbols for operators on
functions and distributions defined in some domain {2 C IR" (see [129)]).

Definition 6.1.1. For m € IR, we define the symbol class S™(2 x R"™) of
order m to consist of the set of functions a € C*(£2 x R"™) with the property
that, for any compact set K € {2 and multi-indices «, 8 there exist positive
constants ¢(K, «, 3) such that!

LFor our readers, we here purposely do not use the notation D® since in pseudo-
differential analysis D® is reserved for (—i%)a.
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b B o\
‘(ax) (ag) a(@, )| < (K, a, B)(&)™ 1 (6.1.1)

for allz € K and & € R", where
() = (1+ |e*)=. (6.1.2)

Remark 6.1.1: In Hormander [131], the classical symbols need to satisfy
(6.1.1) for all z € IR™, £ € IR". This approach eliminates some of the diffi-
culties with operators defined only on (2. Since we are dealing with problems
where {2 is not necessarily IR™ we prefer to present the local version as in
[129].

A simple example is the polynomial

a(z,&) = Y aq(x)”. (6.1.3)

lo|<m

A function a2, € C*°(£2 x (R™\ {0})) is said to be positively homogeneous
of degree m (with respect to £) if it satisfies

al (x,t&) = t"™al (x,€) forevery t >0 andall £ € R™\ {0}. (6.1.4)

If a°

-, is positively homogeneous of degree m then

am(2,6) = X(§)ap(2,€) € 8™ (2 x R") (6.1.5)

will be a symbol provided y is a C*°—cut—off function with x(n) = 0 in the
vicinity of n = 0 and x(n) =1 for |n| > 1.

In connection with the symbols a € S™ (2 xIR"™), we define the associated
standard pseudodifferential operator A of order m.

Definition 6.1.2.

A(x,—iD)u := (2%)_"/2/ e Sa(z, E)U(€)de  for ue CF(R2) and x € 2.

i
(6.1.6)

Here 4(¢) = Fpeu(z) denotes the Fourier transform of u (see (3.1.12)). The

operator in (6.1.6) can also be written in the form

A(z,—iD)u = fgii(a(m,f)fyng(y)) (6.1.7)
or as an iterated integral,
Alz,—iD)u = (27)™" / / @z, E)uly)dyds . (6.1.8)
R"
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The set of all standard pseudodifferential operators A(x, —iD) of order
m will be denoted by OPS™(2 x R") and forms a linear vector space to-
gether with the usual linear operations. Note that the differential operator of
order m,

) AN
A(z,—iD) = Z aq () (_Zax> , (6.1.9)
la|<m
with C*°—coefficients on {2 belongs to OPS™(f2 x R") with the symbol
(6.1.3).
For a standard pseudodifferential operator one has the following mapping
properties.

Theorem 6.1.1. (Hormander [131, Theorem 18.1.6], Egorov and Shubin [68,
p. 7 and Theorem 1.4, p.18], Petersen [247, p.169 Theorem 2.4])
The operator A € OPS™ (2 xIR") defined by (6.1.6) is a continuous operator

A C(02) — C(0). (6.1.10)

The operator A can be extended to a continuous linear mapping from Hs (K)
into H ™ (£2) for any compact subset K € {2. Furthermore, in the framework

of distributions, A can also be extended to a continuous linear operator
A:E(N)—-D(N).

The proof is available in textbooks as e.g. in Egorov and Shubin [68],
Petersen [247]. The main tool for the proof is the well known Paley—Wiener—
Schwartz theorem, Theorem 3.1.3.

For any linear continuous operator A : C§° — C°°({2) there exists a
distribution K4 € D’'(§2 x §2) such that

Au(x) = /KA(x,y)u(y)dy for u e C§°(02)
2]

where the integration is understood in the distributional sense. Due to the
Schwartz kernel theorem, the Schwartz kernel K 4 is uniquely determined by
the operator A (see Hormander [131], Schwartz [276] or Taira [301, Theorem
4.5.1]).

For an operator A € OPS™(£2 x IR"), the Schwartz kernel K 4(x,y) has
the following smoothness property.

Theorem 6.1.2. (Egorov and Shubin [68, p. 7]) The Schwartz kernel K4 of
A(x,D) € OPS™(2 x R"™) is in C°(2 x 2\ {(z,z) |z € R"}).
Moreover, by use of the identity
et = 2| 72N (=A)Ne*t  with N €N, (6.1.11)

K 4 has the representation in terms of the symbol,
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Kala,) = koo —y) =y = a2V n) " [ (-4 Valw,&) o0 g
s

for z#vy (6.1.12)

where N > [mTJr"] +1 form+n>0and N =0 form+n <O0. In the latter
case, K 4 is continuous in 2 x 2 and for u € C§°(§2) and x € {2 we have the
representation

Au(z) = /k(x,x —y)u(y)dy . (6.1.13)
I7;

Ifn+m >0 let v € C§°(82) be a cut—off function with ¥(x) = 1 for all
x € suppu. Then

Au(z) = Z co(z)D%u(x) (6.1.14)
lo|<2N
+/k(w7w—y){u(y) - > é(y—w)"‘D%(w)}w(y)dy
o) la|<2N
where
calw) = @) " [ [ St — ) e Sdyale, €)dg
R 2
Alternatively,
Au(z) = (Ayu)(z) + (Azu)(z);
here
(Aju)(z) = /kl(m,x—y)u(y)dy (6.1.15)
Q
with

ky(x,z—y)=(2m)™" / (1- X(g))a(x,,g)ei(x—y)‘sdg’
n

and the integro—differential operator

(Agu)(z /kg z,x —y)(—A,) N u(y)dy (6.1.16)

where

ko(z,x —y (2m)~ /\§| Ny e i(ﬂﬂ*y)fdg

and x(§) is the cut—off function with x(§) = 0 for |{] < e and x(§) =1 for
€l = R.
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Remark 6.1.2: The representation (6.1.14) will be also expressed in terms
of Hadamard’s finite part integrals later on.

Remark 6.1.3: In the theorem we use the identity (6.1.11) to ensure that
the integral (6.1.12) decays at infinity with sufficiently high order, whereas
for £ = 0, we employ the regularization given by the Hadamard’s finite part
integrals. In fact, the trick (6.1.11) used in (6.1.12) leads to the definition of
the oscillatory integrals which allows to define pseudodifferential operators
of order m > —n (see e.g. Hadamard [117], Hérmander [131, I p. 238], Wloka
et al [323]).

Proof:
i) n+m < 0 : In this case, the integral has a weakly singular kernel, hence,

Aua) = 21" [ aty) [ ale, e <dedy
R R"
and
k(x,z —y)=(2m)™" / a(z, €)et@=vEge
Er

For the regularity, we begin with the identity (6.1.11) setting z = = — y.
Since (—A¢)Na(z,€) € ™2V (2 x R™) integration by parts yields

b =) = o = o2V @m) " [ {(-80Vala, )} e,
.

This representation can be differentiated 2N times with respect to z and
y for © # y. Since N € N is arbitrary, k is C* for z # y and continuous
for x = y.

ii) n + m > 0 : Here, with

(6.1.14) has the form
Au(z) = Z co(z)D%u(x)

lal<2N

+(@2m) / / o(y)(y)e = Edya(z, €)dt
R 2

Note that the latter integral exists since the inner integral defines a C'*°
function which decays faster than any power of £ due to the Palay—Wiener—
Schwartz theorem 3.1.3. With (6.1.11) we obtain



6. Introduction to Pseudodifferential Operators

308
I = (20" / / o () () @V Edy a(z, €)de
™ supp(tp
= (2m)” Yy — x| *{(=A¢)e )e = y)g}diya (z,€)d€
] m/

and with integration by parts
(U(?JW(Z/)W — x|*2)ei(1*y)<§dy
|€|<R supp(¥)

((—Ae)a(x,f))dg

y)e' TV Edy - Era(x, €)dSe

7= Jim [2m

e [ [ ey - ol it -
|€|=R supp(v)
+(2m)™"
|€|=R supp(¢)
= ngnoo[jl(R) + I(R) + I3(R)]

() (y)ly — 2| 7*)e" " dy(Vea(x, €)) - |£|d55}

Now we examine each of the Integrals I for j = 1,2, 3 separately.

Behaviour of I; (R) : The inner integral of I; reads

By (2,€) = / (0w @)ly — 2| 2)eiev Edy

supp () CIR™

and is a C*™—function of ¢ which decays faster than any power of |¢]
particular of an order higher than n+m —2, as can be shown with integration
by parts and employing (6.1.11) with z and £ exchanged. Hence, the limit

lim I,(R) = (2r) " / / o)y — 2|2y (— A)a(x, £)) de

R—o0
R™ 2

exists.

Behaviour of I>(R) : Similarly, the inner integral of I,

2a(0,6) = [ (o(0)0)ly — 2l ) — )= <y,

i)

is a C>°—function of ¢ which decays faster than any power of |£| = R; in
particular of an order higher than m + n — 2. Therefore,

I(R) =O(R™™ 17"y -0 for R—o0 if v>m+n—1.
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Behaviour of I3(R) : The inner integral of I is @1 (z,§). Now, choose
v>m+n —2, then B}im I3(R) = 0.

To complete the proof, we repeat the process by applying this technique
N times. Finally, we obtain

A(vy) = (277)_n/ / (vW)v)ly - a?|_2N)ei(’”_y)'5dy X
R™ supp ()

x((—A¢)Na(x,€))dE .

Replacing v(y) by its definition, we find (6.1.14) after interchanging the order
of integration.
In the same manner as for m + n < 0 one finds that

/(—Ag)Na(x,f)ei(mfy)'Eda

Rn
is in C*° for x # y. The alternative formulae (6.1.15) and (6.1.16) are direct
consequences of the Fourier transform of ((—A¢)Na(z,£)). |

For the symbol calculus in S™(f2 x IR™) generated by the algebra of
pseudodifferential operators it is desirable to introduce the notion of asymp-
totic expansions of symbols and use families of symbol classes.

We note that the symbol classes S ({2 x IR™) have the following proper-
ties:

a) For m < m’ we have the inclusions S~°(2 x R") Cc §™(2 x R") C
8™ (2 x IR™) where §~°(2 x R") := [ 8™(2 x R").
melR

¢
¢) Fora € 8™(2xR") and b € 8™ (2 xR") we have ab € 8™+ (2 x R™).

b) If a € §™(2 x R") then (2)” (@)“ a € 81l (Q x R™).

Definition 6.1.3. Given a € §™°(£2x1IR"™) and a sequence of symbols a,,, €
8™ (2 xIR™) with m; € R and m; > m;11 — —oo. We call the formal sum
o0

Y am; an asymptotic expansion of a if for every k > 0 there holds

§=0

k—1 oo
a— Zamj € S™E(2 x R™) and we write a ~ Zam]. .
Jj=0 j=0

The leading term am,, € 8™ (£2 x R") is called the principal symbol.

In fact, if a sequence a,; is given, the following theorem holds.

Theorem 6.1.3. Let a,,, € 8™ (2 x R™) with mj > mj;1 — —oo for j —
oo. Then there exists a symbol a € 8™ (2 x R"™), unique modulo S~°(§2 x
IR"™), such that for all k > 0 we have
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k—1
a—> am, €8™(2xR"). (6.1.17)

§=0
For the proof of this theorem one may set

oo

a(z,&) =Y x ( )amj z,€) (6.1.18)

j=0

by using a C*° cut—off function x(n) with x(n) =1 for |n| > 1 and x(n) =0
for |n| < % and by using a sequence of real scaling factors with ¢; — oo for
j — oo sufficiently fast. For the details of the proof see Hérmander [129,
1.1.9], Taylor [302, Chap. II, Theorem 3.1].

With the help of the asymptotic expansions it is useful to identify in
S (2xIR") the subclass ST (£2xIR"™) called classical (also polyhomogeneous)
symbols.

A symbol a € S™(£2 x R™) is called a classical symbol if there exist
functions a,—;(z,£) with a,—; € S™77(22 x R"), j € Ny such that a ~
Z;‘io @pm—j; where each a,,_; is of the form (6.1.5) with (6.1.4) and is of
homogeneous degree m; = m — j; i.e., satisfying

am—j(2,t8) =t" Jay,_;j(z,&) fort > 1 and [£]|>1. (6.1.19)

The set of all classical symbols of order m will be denoted by S7;({2 x R™).

We remark that for a € S7;(2 x IR"), the homogeneous functions
am—;(x,€) for |€] > 1 are uniquely determined. Moreover, note that the as-
ymptotic expansion means that for all |al,|8| > 0 and every compact K € (2
there exist constants ¢(K, a, ) such that

‘ (%)B (a%)a (“(xv &) - éam_j(x, é)) ‘ < (K, a, B) (€)™ N-lel=1

(6.1.20)
holds for every N € INy.

For a given symbol or for a given asymptotic expansion, the associated
operator A is given via the definition (6.1.8) or with Theorem 6.1.3, in ad-
dition. On the other hand, if the operator A is given, an equally important
question is how to find the corresponding symbol since by examining the
symbol one may deduce further properties of A. In order to reduce A to the
form A(x, D) in (6.1.6), we need the concept of properly supported operators
with respect to their Schwartz kernels K 4.

Definition 6.1.4. A distribution K4 € D'(2 x §2) is called properly
supported if supp Ka N (K x 2) and supp K4 N (2 x K) are both com-
pact in 2 x §2 for every compact subset K € 2 (Treves [306, Vol. I p. 25]).

We recall that the support of K 4 is defined by the relation z € supp K4 C
IR*" if and only if for every neighbourhood U(z) there exists ¢ € Cg°(U(z))
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such that (K4, ) # 0. In accordance with Definition 6.1.4, any continuous
linear operator A : C§° — C*(42) is called properly supported if and only
if its Schwartz kernel K4 € D’({2 x §2) is a properly supported distribution.

In order to characterize properly supported operators we recall the fol-
lowing lemma.

Lemma 6.1.4. (see Folland [82, Proposition 8.12]) A linear continuous op-
erator A : C§°(§2) — C°(12) is properly supported if and only if the following
two conditions hold:

i) For any compact subset K, € (2 there exists a compact K € 2 such that
suppv C K, implies supp(Av) C K.

ii) For any compact subset K, € {2 there exists a compact K, € {2 such that
suppv N Ky = 0 implies supp(Av) N K, = 0.

Proof:
We first show the necessity of i) and ) for any given properly supported
operator A. To show ), let K, be any fixed compact subset of (2. Then define

Ky :={x € 2| thereexists y € K, with (z,y) € supp K4 N (2 x K,)}

where K4 is the Schwartz kernel of A. Clearly, K, is a compact subset of
{2 since supp K4 N (2 x K,)) is compact because K 4 is properly supported.
In order to show i), i.e. supp(Av) C K,, we consider any v € C§°(§2) with
suppv C K, and ¢ € C§°(£2\ K ). Then

(Av,g)) = //KAxy y)dyi () dz

_ K/ ! K a(a,y)()o(y)dedy = 0

since for x € suppy C 2\K, and all y € suppv we have (z,y) ¢
supp K4 N (£2 x K). Hence, (Av,v¢) = 0 for all ¢ € C§°(2\ K,) and we find
supp(Av) C K.

For i), let K, be any compact fixed subset of 2. Then define

={y € 2| thereexists v € K, with (z,y) € supp Ka N (K, x 2)},

which is a compact subset of 2. For v € C§°(£2\ K,) and ¢ € C§°(supp(Av)N
K,) we have

(Av, ¢y = //KAxy Y(z)dydz =0

since for every y € suppv we have y ¢ K, and (z,y) & supp K4 N (K, x £2)
for all = € supp . Hence, (Av,v) = 0 for all p € C§°(supp(Av) N K, ) which
implies supp(Av) N K, = 0.
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Next, we show the sufficiency of i) and ). Let K, be any compact subset
of 2 and K, the corresponding subset in 4) such that supp vN K, = ) implies
supp(Av) N K, = (. We want to show that supp K4 N (K, x £2) is compact.
To this end, we consider ¢ € C§°(§2) with suppt C K. Then

(Av,y) = //KA z,y)v(y)(z)dydz

/ / Ka(z,y)v(y)dy(@)de = 0

2 O\K,

for every v € C§°(£2) with suppvN K, = () due to ). This implies supp K 4N
(Ko x (2\ Ky)) = 0; so,

supp K4 N (K, x 2) =supp Ka N (K, x Ky) C K; x K.

Hence, supp K 4 N (K, x £2) is compact because K, x K, is compact. To show
that for any chosen compact K, € (2, the set supp K4 N (§2 x K,)) is compact
we invoke i) and take K, to be the corresponding compact set in (2. Then
for any v € C§°(§2) with suppv C K, we have supp(Av) C K,. Hence, for
every 1 € Cg=(2\ K,),

//KA:ry y)dyy(z)dz = (Av, ) = 0.

As a consequence, we find supp K4 N (2 x K,) = supp K4 N (K, x Ky)
C K, x Ky; so, supp K4 N (2 x K,) is compact. Thus, K4 is properly
supported. |

Lemma 6.1.4 implies the following corollary.

Corollary 6.1.5. The operator A : C3°(£2) — C is properly supported if
and only if the following two conditions hold:
i) For any compact subset K, € (2 there exists a compact K, € {2
such that
A Cf°(Ky) — C§°(K,) is continuous. (6.1.21)
it) For any compact subset K, € {2 there exists a compact K, € {2
such that

T C(K,) — C§°(K,y) s continuous. (6.1.22)

Proof: Since A : C§°(£2) — C*(2) is continuous, i) in Lemma 6.1.4 is
equivalent to (6.1.21).

Now, if A is properly supported then K} (z,y) = Kat(y,x) is the
Schwartz kernel of AT and, hence, also properly supported. Therefore i)
in Lemma 6.1.4 is valid for K47 (x,y) = K (y,z) which, for this case, is
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equivalent to (6.1.22). Consequently, (6.1.21) and (6.1.22) are satisfied if A
is properly supported.

Conversely, if (6.1.21) and (6.1.22) hold, then ) in Lemma 6.1.4 is already
satisfied. In order to show i) let us choose any compact subset K, of 2 and
let K, be the corresponding compact subset in (6.1.22). Let v € C§°(2\ Ky).
Then Av € C§°(£2) due to (6.1.21). Now, let 0 € C§°(£2) be any function
with supp v C K. Then supp A "¢ C K,, because of (6.1.22). Hence,

(Av,v) = (v,AT¢) =0

for any such 1. Therefore, supp(Av)N K, = () which is the second proposition
ii) of Lemma 6.1.4. |

As an obvious consequence of Corollary 6.1.5, the following proposition
is valid.

Proposition 6.1.6. If A and B : C5°(£2) — C°°(£2) are properly supported,
then the composition A o B is properly supported, too.

Theorem 6.1.7. If A € OPS™({2 x R") is properly supported then
a(x, &) = e T E(Ae'®) () (6.1.23)
is the symbol (see Taylor [302, Chap. II, Theorem 3.8]).
To express the transposed operator AT of A € OPS™(§2 x IR™) with the
given symbol a(z,§), a € S™(£2 x IR™) we use the distributional relation
(Au,v) = (u, ATv) = /Au(m)v(x)dx = /u(a:)ATv(x)dx for u,v € C§°(£2).
Q 7]

Then from the definition (6.1.8) of A, we find

ATw(z) = (2m)™" / /ei(m_y)'ga(y, —&v(y)dydE . (6.1.24)
R {2

From this representation it is not transparent that A" is a standard
pseudodifferential operator since it does not have the standard form (6.1.8).
In fact, the following theorem is valid.

Theorem 6.1.8. (Taylor [302, Chap. II, Theorem 4.2]) If A € OPS™ ({2 x
IR™) is properly supported, then AT € OPS™(£2 x R").

If, however, A € OPS™(§2 x IR") is not properly supported, then AT
belongs to a slightly larger class of operators. Note that if we let

Ta(x,yag) = a(ya 75)
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then we may rewrite AT v in the form
ATv(z) = (2m)™" / /Ta(ac,y,g)ei(I_y)'fv(y)dydé“. (6.1.25)

Therefore, Hérmander in [129] introduced the more general class of Fourier
integral operators of the form

Au(z) = 27)™" / /ei(””*y)'ga(z,y,f)u(y)dydf (6.1.26)
R 2

with the amplitude function a € S™(§2 x 2 xIR™) and with the special phase
function ¢(z,y,&) = (x —y) - £&. The integral in (6.1.26) is understood in the
sense of oscillatory integrals by employing the same procedure as in (6.1.11),
(6.1.12). (See e.g. Hérmander [129], Treves [306, Vol. II p. 315]). This class
of operators will be denoted by £™(£2).

Theorem 6.1.9. (Hérmander [129, Theorem 2.1.1], Taira [301, Theorem
6.5.2]) Every operator A € L™(£2) can be written as

A= A()(.’E, —ZD) + R

where Ag(x,—iD) € OPS™ (2 x R"™) is properly supported and R € L~°°(12)
where
= [) £™(2) =0PS™(2 x 2 xR").

meIR

Proof: A simple proof by using a proper mapping is available in [301]
which is not constructive. Here we present a constructive proof based on the
presentation in Petersen [247] and Hérmander [131, Prop. 18.1.22]. It is based
on a partition of the unity over {2 with corresponding functions {¢.}, ¢ €
Ce(02), >, 0e(x) = 1. For every x¢ € 2 and balls B.(z¢) C 2 with fixed
e > 0, the number of ¢y with supp ¢, N B(xo) # 0 is finite. Let us denote by
Zy = {(4, 0) | supp ¢; Nsupp ¢¢ # 0} and by Zy = {(j, ) | supp ¢; Nsupp ¢¢ =
(0} the corresponding index sets. Then

Au(z) Z% (Adeu) ()

Z (bj A¢Zu + Z ¢j A(Wu

For every (j,¢) € I we see that the corresponding Schwartz kernel is given by

bj(x)k(z, 2 —y)e(y)

which is C§°(£2 x §2). Moreover, for any pair (zg,yo) € 2 X {2, the sum
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> 6@z, x —y)gu(y) for (x,y) € Bx(wo) x Be(yo)
I>

for € > 0 chosen appropriately small, has only finitely many nontrivial terms.
Hence,
R:=Y 6¢;A¢, € OPS™(2 x R").

I

The operator @ := ZL ¢ Ay, however, is properly supported since it has
the Schwartz kernel » ;- ¢;(2)k(z, —y)de(y). Each term has compact sup-
port for fixed x with respect to y and with fixed y with respect to x.

Now, if z € K € 2 then, due to the compactness of K, we have supp ¢; N
K # () only for finitely many indices j whose collection we call J(K). For
every j € J(K), there are only finitely many ¢ with supp ¢; N supp ¢¢ # 0;
we denote the collection of these ¢ by J(K,j). Hence, if x traces K, then
¢j(x)k(x, x —y)de(y) # 0 only for finitely many indices (7, ¢) with j € J(K)
and ¢ € J(K,j); and we see that

supp > (¢ (@)K (2,2 — y)e(y)) N (K x 2)

JET(K)
LET (K,j)

is compact since there are only finitely many terms in the sum. If y € K € (2,
we find with the same arguments that

(Kn2)nsupp > (¢(@)k(z, 2 — y)de(y))

LeT(K)
JET (K, L)

is compact. Hence, @) is properly supported. |

We emphasize that £™(2) # OPS™(2 x R") C L™(2). The operators
R € L7 are called smoothing operators. (In the book by Taira [301] the
smoothing operators are called regularizers.)

Definition 6.1.5. A continuous linear operator A : C§°(2) — D'(N2) is
called a smoothing operator if it extends to a continuous linear operator
from E'($2) into C>(12).

The following theorem characterizes the smoothing operators in terms of
our operator classes.

Theorem 6.1.10. (Taira [301, Theorem 6.5.1, Theorem 4.5.2])
The following four conditions are equivalent:

(i) A is a smoothing operator,
(i) AeL™™(2)= ()] L™%),
melR
(iii) A is of the form (6.1.26) with some a € S™°(2 x 2 x R"),
(iv) A has a C>(£2 x 2) Schwartz kernel.
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Theorem 6.1.11. (Hoérmander [129, p. 103], Taylor [302, Chap. II, Theorem
3.8]) Let A € L™(2) be properly supported. Then
a(z, ) = e A ) (x) (6.1.27)

with a € S™(2 xIR") and A = A(z,—iD) € OPS™(£2 x R"™). Furthermore,
if A has an amplitude a(z,y,§) with a € S™ (2 x 2 x IR") then a(z,§) has
the asymptotic expansion

alz, €) N;‘;;’ ((i)a(i%)aa(z,y,f)>y_w . (6.1.28)

Here we omit the proof.
Theorems 6.1.9 and 6.1.11 imply that if A € £™(£2) then A can always
be decomposed in the form
A=A+ R

with Ag € OPS™ (2 xIR™) having a properly supported Schwartz kernel and
a smoothing operator R. Clearly, Ag is not unique. Hence, to any A and Ay
we can associate with A a symbol

a(z,€) := e TS Ag (e 0 () (6.1.29)
and the corresponding asymptotic expansion (6.1.28). Now we define
o4 = the equivalence class of all the symbols associated (6.1.30)
with A defined by (6.1.29) in 8™ (2 x IR")/S™°(£2 x R").

This equivalence class is called the complete symbol class of A € L™((2).
Clearly, the mapping

LM(2)3 Aoy € 8M(12 X IR")/S“’O(.Q x IR™)
induces an isomorphism
L™(02)/ L7 — 8™(2 x IR")/S*OO(.Q x R").
The equivalence class defined by

OmaA = the equivalence class of all the symbols associated
with A defined by (6.1.29) in S™(£2 x R™)/S™ (22 x R")
(6.1.31)

is called the principal symbol class of A which induces an isomorphism
L)/ — 8™ xR™) /S (2 x R").

As for equivalence classes in general, one often uses just one representative
(such as the asymptotic expansion (6.1.28)) of the class o4 or 0,4, respec-
tively, to identify the whole class in §™(£2 x R™).

In view of Theorem 6.1.10, we now collect the mapping properties of
the pseudodifferential operators in £"({2) in the following theorem without
proof.
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Theorem 6.1.12. If A € L™(2) then the following mappings are continu-
ous (see Treves [306, Chap. I, Corollary 2.1 and Theorem 2.1], Taira [301,
Theorem 6.5.9]):

A CFEQ) - 0%(Q),

A &) ~ DI(D), (6.1.32)
A Hgomp(‘()) - Hlsozm(ﬂ) .

If in addition, A € L™(82) is properly supported, then the mappings can be
extended to continuous mappings as follows [306, Chap. I, Proposition 3.2],
[301, Theorem 6.5.9]:

A () — CO5e(2),

A C>(12) — C‘X’(Q),

A () — &),

A D/(Q) N 'D/(Q), (6.1.33)
A ¢ Hinp(2) —  Hign(92),

A Hy () — HyM(9).

Based on Theorem 6.1.9 and the concept of the principal symbol, one may
consider the algebraic properties of pseudodifferential operators in L™ (£2).
The class L™ (2) is closed under the operations of taking the transposed and
the adjoint of these operators.

Theorem 6.1.13. If A € L™(R2) then its transposed AT € L™(£2) and its
adjoint A* € L™(2). The corresponding complete symbol classes have the
asymptotic expansions

oA~ Z% <§§>a (—z';x)a (O’A(JJ, —g))T (6.1.34)

a>0
and

Tar ~ Z% (ai)“ <—i;x>a (aA(x,§)>* (6.1.35)

a>0
where o4 denotes one of the representatives of the complete symbol class.

For the detailed proof we refer to [306, Chap. I, Theroem 3.1].

With respect to the composition of operators, the class of all L™({2) is
not closed. However, the properly supported pseudodifferential operators in
L™(§2) form an algebra. More precisely, we have the following theorem [131,
18.1], [302, Chap. II, Theorem 4.4.].

Theorem 6.1.14. Let A € L™ (£2), B € L™2(f2) and one of them be prop-
erly supported. Then the composition

Ao B e L™MT™2(02) (6.1.36)
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and we have the asymptotic expansion for the complete symbol class:

Taos ~ Z;. ((3) oae0) ((~i) ontwe)) . (67

Here, o4(x,€) and op(z,£) denote one of the respective representatives in
the corresponding equivalence classes of the complete symbol classes.

For the proof, we remark that with Theorem 6.1.9 we have either
A:A0+RandB:Bo OI‘A:AO andB:B0+Q. Then

AoB = AyoBy+ RoBy
or
AoB = ApoBy+AgoQ.

Since Ag and By are properly supported, R o By or Ag o (Q are continuous
mappings from &'(£2) to C°°(£2) and, hence, are smoothing operators. (Note
that for A and B both not properly supported, the composition generates
the term R o ), the composition of two regularizers, which is not defined in
general.)

For the remaining products Ay o By, we can use that without loss of
generality, Ag = Ao(z,D) € OPS™ ({2) and By = By(xz,D) € OPS™(12).
Hence, one obtains for C' := Ay o By a representation in the form (6.1.26)
with the amplitude function

oz, 2,m) = / / a(w, €)e" ™ b(y, n)e' v dyde
R" 2
for which one needs to show ¢ € S™ 2 (2 x 2 x IR") and, with the Leibniz
rule, to evaluate the asymptotic expansion (6.1.28) for ¢. For details see e.g.
[306, Chap. I, Theorem 3.2].

As an immediate consequence of Theorem 6.1.14, the following corollary
holds.

Corollary 6.1.15. Let A € L™ (2), B € L™(f2) and one of them be
properly supported. Then the commutator satisfies

[A,B]:=AoB—-BoAg LMTm271(()). (6.1.38)

Proof: For Ao B and B o A we have Theorem 6.1.14 and the commutator’s
symbol has the asymptotic expansion

s~ X 2 ((5) o 0) ((i5) on.9)

la|>1

~((5¢)"os9) (- 13;) 7ate))}-

Hence, the order of [A, B] equals m; — 1 + mao. [ ]
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To conclude this section, we now return to a subclass, the class of classi-
cal pseudodifferential operators, which is very important in connection with
elliptic boundary value problems and boundary integral equations.

Definition 6.1.6. A pseudodifferential operator A € L™(§2) is said to
be classical if its complete symbol o4 has a representative in the class
ST(02 x R™), ¢f. (6.1.19). We denote by L7;(£2 x R"™) the set of all clas-
sical pseudodifferential operators of order m.

We remark that for £7;(2 x IR™), the mapping
H(2)2 A 04 €S2 xR")/S™(2 xR™)

induces the isomorphism

Z(Q)/E’OO(Q) — ST (82 x ]R”)/S’OO(Q x R™). (6.1.39)
Moreover, we have
LR = [ Lu9). (6.1.40)
meR

In this case, for A € L7(£2), the principal symbol o, 4 has a representative

a‘?n(xvf) = |£‘mam <1'7 é|> (6141)

which belongs to C*°(£2x (IR™\{0})) and is positively homogeneous of degree
m with respect to £. The function a2, (z,&) in (6.1.41) is called the homo-
geneous principal symbol of A € L7(£2). Note, in contrast to the principal
symbol of A defined in (6.1.31), the homogeneous principal symbol is only
a single function which represents the whole equivalence class in (6.1.31).
Correspondingly, if we denote by

ap,j(2,6) = [€]" T apm—; <x é|> (6.1.42)

the homogeneous parts of the asymptotic expansion of the classical symbol
0ma, which have the properties

a?n_j(x,f) = apm—;(x,8) for |¢] > 1 and
ag,_;(z,t6) = tmIa) (x,8) forall t > 0 and £#0,

o0
then o,,, 4 may be represented asymptotically by the formal sum Z agH j (z,8).
j=0
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Coordinate Changes

Let @ : 2 — (2 be a C*°—diffeomorphism between the two open subsets
2 and ' in R", i.e. 2’ = &(x). The diffeomorphism is bijective and x =
o 1(a").

If v € D(£2') then

u(z) == (vod)(x) =: (P*v)(x) (6.1.43)

defines u € D(2) and the linear mapping &* : D(2') — D(£2) is called the
pullback of v by &.

Correspondingly, the pushforward of u by @ is defined by the linear map-
ping @, : D(£2) — D(§2') given by

v(@') = uod () = (Pou)(a'). (6.1.44)

Now we consider the behaviour of a pseudodifferential operator A € L™(12)
under changes of coordinates given by a C'*°—diffeomorphism .

Theorem 6.1.16. (Hérmander [131, Th. 18.1.17]) Let A € L™({2) then
Ag = P, AD* € L™(£2"). Moreover, if A= Ag+ R with Ay properly supported
and R a smoothing operator then in the decomposition

Ap = B, Ag®* + B, RP*

@, AgP* is properly supported and @, RP* is a smoothing operator on §2'. The
complete symbol class of Ag has the following asymptotic expansion

w@.&) ~ Y 2((5) (<igg) wl o) L)
0<lal v
where
anle' €)= (det Tw)  (der 2T @) w(2Y)

a(m, (ET(x’,y'))ilgl) (6.1.46)

with x = &~ 1(2'), y = @~ 1(y') and where the smooth matriz—valued function
Z(2',y") is defined by

E@,y )@ —y) =27 () -7y (6.1.47)
which implies

E(,2") = (gf>_l . (6.1.48)

The constant € > 0 is chosen such that (= (2, y’))71 exists for |’ —y'| < 2e.
(6.1.45) yields for the principal symbols the relation
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A
D(0) £(9)
> b,

D AD*
D) —— &)

Figure 6.1.1: The commutative diagram of a pseudodifferential operator under
change of coordinates

_ oD\ T
Oarn(@',€) = oam (V@) (5-) €)- (6.1.49)
Here, ¥(z) is a C§° cut—off function with (z) = 1 for all |2z| < § and
¥(z) =0 for all |z| > 1.

Remark 6.1.4: The relation between Ag and A can be seen in Figure 6.1.1

Proof: 1) If Ay is properly supported, so is @, AyP* due to the following.
With Lemma 6.1.4, we have that to any compact subset K,» € 2’ the subset
»-Y(K,) = K, C 2 is compact. Then to K, € {2 there exists the compact
subset K, € {2 such that for every u € D({2) with suppu C K, there holds
supp Aou C K. Consequently, for any v € D(§2") with suppv C K,/ we have
supp &*v € ¢~V (K,/) = K, and supp Ag®*v C K. This implies

supp @. AgP"v = supp Agapv = P(supp AgP*v) C P(K,) =: K, .

On the other hand, if K, € 2 is a given compact subset then K, :=
&=V (K,/) is a compact subset in {2 to which there exists a compact subset
K, € 2 with the property that for every u € D({2) with suppun K, = 0
there holds supp Agu N K, = (. Now let K, := &(K,) which is a compact
subset of £2'. Thus, if v € D(£2’) with suppv N K,y = 0 then

supp @*v N K, = (Y suppv) N K, = Y (suppv N K,/) = 0

and, since Ag is properly supported, supp 4q®*v N K, = (). Hence,
&V (d(supp AgP*v) N D(K,)) = () which yields

supp P AP v N K, = 0.

According to Lemma 6.1.4, this implies that &, Ao®P* is properly supported.
Clearly, for v € D(£2') we have

(2. RP"0)(@) = Q/ k(@D ('), @D (y)o(y) (det (%j))*dy,
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with the Schwartz kernel kr € C°(£2 x {2) of R. The transformed operator
@, RO* has the Schwartz kernel
B\ —1
o (0D ('), @(’1)(y’))(det (%)) € 0% x Q).
Y
Hence, @, R®* is a smoothing operator.

ii) It remains to show that the properly supported part @,AqdP* €
OPS™(£2" x R™). For any v € D(£2') we have the representation

(0. A" v)(2') = (Agd™v) (21 (2)))
ry [ [ et ae, 6w o ) ) dude
R™ 2

(2m)" / / ei(x—y)-(ET(ﬂcCy’)E)a(x,g)v(y/) v

R™ Q' Na'—y'|<2e

/ / -1
X (m —Y ) (det a¢>> dy'dé + Ru
€ oy

where

(B = x| [ ta o) (1 v (") )+

x (det %‘5) iy de

and y = ¢V (y), x = -V (2).
With the affine transformation of coordinates,

ETy)E=¢,
the first integral reduces to
(Agov)(2") = (2m)™" / /ei(“:/*y/)'glv(y’)aqs(x’,y’,g’)dy’dg’
Rn Q/
with ag(2’,y’, &) given by (6.1.46). Since a(x,&) belongs to S™(2x,IR"),

with the chain rule one obtains the estimates

N N O R ER

for all (z/,y') € K x K, & € R" and any compact subset K € {2’. Hence,
ag € S™(2' x 2 x R").
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Since the Schwartz kernel of Ag o satisfies

K, (;E/ x/—y/)ZquAqs*(I/ x/_y,)d}(x’fy/)
20\, « Ao ) -

and @, A¢P* is properly supported, so is Ag 9. Now Theorem 6.1.11 can be
applied to Ag .
’ ’ _1
Since the function v(y’) (1 - 1/1(%)) (det %‘5) vanishes in the vicin-
ity of 2’ = ¢ identically, we can proceed in the same manner as in the proof
of Theorem 6.1.2 and obtain

/ /

Ro(z") = (277)7”//ei(mfy)'gv(y’)(lfd/(x ;y )) X

R™ 2/

X <det @) 1((—A5)Na(x,§))dy’d§.
Ay

Here, for N > m + n + 1 we may interchange the order of integration and

find that R is a smoothing integral operator with C'*°~kernel. Therefore,

D, AgP* € OPS™(£2 x R") and the asymptotic formula (6.1.45) is a conse-

quence of Theorem 6.1.11. This completes the proof. |

The transformed symbol in (6.1.45) is not very practical from the compu-
tational point of view since one needs the explicit form of the matrix = (2, y")
in (6.1.47) and its inverse. Alternatively, one may use the following asymp-
totic expansion of the symbol.

Lemma 6.1.17. Under the same conditions as in Theorem 6.1.16, the com-
plete symbol class of Ag also has the asymptotic expansion

ag(a',&) ~ > i((a%)aa(x,g)) (( - i%)aeif'*) (6.1.50)
<«

|5:@75/ |z:m
where ¢’ = $(x) and

BES

r=&(z) — d(z) — —(x)(z — 7). (6.1.51)
Moreover,

CONY e B 0 . forlal =1,
((71@) €§ )|z:x* {(i)lal ((%) Q)(I)) .é'/ fOT‘ |Ol| 22
(6.1.52)

Proof: In view of Theorem 6.1.16 it suffices to consider properly supported
operators Ag and Ag . Therefore the symbol class to Ag ¢ can be found by
using formula (6.1.29), i.e.,
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O-A@,o (J},, £I> —_ e—z’x £ Aqs,oei{ '.(1}/)

eI Lo’ PO (1) for x = (a)

after coordinate transform. With the substitution

&(z) = b(x) + g—i(x)(z —x)+r(z,2)

we obtain
UA¢,0($/7£,) _ e—im-(g—f‘rél)@ﬂ.)fn / /G*i(ffz)fa(x’g) x
R™ 2
Xeiz-(g%Tg’)eir(z,z)f'dzdé-
e—im-CAo Beio-g

where A = a(x, D) and B is the multiplication operator defined by the symbol

op(z,€) = er@) €

with = and ¢’ fixed as constant parameters. With formula (6.1.29) we then
find

! ! / a@T !
OTapo(2, &) ~oaop(w,{) where 2’ = &(z) and (= o &

The symbol of A o B is given by (6.1.37), which now implies

T (7€) ~ az: % ((i)aa(x,g)) - <( — ii)%”(w)-&’)

>0

|2==

with constant ¢ = g—f—rf', which is the desired formula (6.1.50).
To show (6.1.52) we employ induction for « with |a| > 1. In particular
we see that

O i) _ [ (02 0P S
e = <{ie 7 (2) oz, ()] -¢ =0

82’]‘ IZ:*

|e==

and

0 0 igrwn [ (0P 0P /
aZk aZj elz:"’ o {Z € 82]- (Z) 8xj (-77) f x

(o) (@) €

o 0P
i€ r(z,2) el
+ie 7823-82;@ (2) - ¢ }

o
82
(z) -

= 9 z
8£Cj8117k
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which is (6.1.52) for 1 < |a| < 2. For |a| > 2, we observe that every

differentiation yields terms which contain at least one factor of the form
oP od

(—(z) - —(x)) - & which vanishes for z = x, except the last term which
aZe 8:@

is of the form 5
(0 o
i(5) 2@
which proves (6.1.52). |

We comment that in this proof we did not use the explicit representation of
Ag o in the form

(Apov)(z) = (2m)~" / /CL(x, $T€/>eih+i(m'y/).5/x

R"
-1
xv(y) (det g—(j) (det g—i)dy'dgl
where
W €)= {00 )€ with @ = 07! and y = 07().

Now it follows from Theorem 6.1.11 that

wi€) ~ 2 2 () (Fim) wle )
|| >0

ly/—ar

where

ag(z',y' &) = a(x, ZfTS)e" (det g—q;>_1(det g—i) )

: oo 00"
Since (det %)a x, %
tion yields the formula

&)~ 3 2i(ae 57) (5g) fal (57) )

@
0<] |

y ( 3 i%)“(eih(z’,y’é') (det g%(y/))_l) }\y/ﬂ/ '

Needless to say that both formulae (6.1.50) and (6.1.53) are equivalent, how-

By —1
ever, in (6.1.53) one needs to differentiate the Jacobian (det g—) which
Y

5’) is independent of 1/, interchanging differentia-

(6.1.53)

makes (6.1.53) less desirable than (6.1.50) from the practical point of view.
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6.2 Elliptic Pseudodifferential Operators on 2 C IR"

Elliptic pseudodifferential operators form a special class of £™({2) which are
essentially invertible. This section we devote to some basic properties of this
class of operators on §2. In particular, we will discuss the connections between
the parametrix and the Green’s operator for elliptic boundary value prob-
lems. The development here will also be useful for the treatment of boundary
integral operators later on.

Definition 6.2.1. A symbol a(x, &) in S™(2xR"™) is elliptic of orderm
if there exists a symbol b(x, &) in S™™ (2 x IR™) such that

ab—1€ 8 12 xR"). (6.2.1)

This definition leads at once to the following criterion.

Lemma 6.2.1. A symbol a € S™ ({2 x IR") is elliptic if and only if for any
compact set K € {2 there are constants ¢(K) > 0 and R(K) > 0 such that

la(x,&)| > ¢(K)(&)™ forall x € K and || > R(K). (6.2.2)

We leave the proof to the reader.

For a pseudodifferential operator A € L™(§2) we say that A is elliptic of
order m, if one of the representatives of the complete symbol o4 is elliptic
of order m.

For classical pseudodifferential operators A € L7;({2), the ellipticity of
order m can easily be characterized by the homogeneous principal symbol
aY, and the ellipticity condition

ad (x,6) #0 forall € 2 and ¢ =1. (6.2.3)

As an example we consider the second order linear differential operator P as
in (5.1.1) for the scalar case p = 1 which has the complete symbol

= > an(2)g¢ k_'LZ(bk

7,k=1 j=1

n

“(0))k + e(x) . (6.24)

In particular, Condition (6.2.3) is fulfilled for a strongly elliptic P satisfying
(5.4.1); then

n

ad(x,§) == Z a;p(x)€;& #0 for || #0 and z € (2, (6.2.5)

jk=1

and P is elliptic of order m = 2.
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Definition 6.2.2. A parametriz Qo for the operator A € L™(12) is a prop-
erly supported operator which is a two-sided inverse for A modulo L~°°(£2):

AoQo—1 = CLeL™(N)

and (6.2.6)
Qoo A—1T Cy € L7(02)

Theorem 6.2.2. (Hormander[129], Taylor [302, Chap. III, Theorem 1.3])

A € L™(02) is elliptic of order m if and only if there exists a parametriz
Qo € L7™(02) satisfying (6.2.6).

Proof: (i) Let A be a given operator in £™({2) which is elliptic of order
m. Then to the complete symbol class of A there is a representative a(z, §)
satisfying (6.2.2). If @ would be known then (6.1.37) with (6.2.6) would imply

700a =1~ Y ey ale. )+ 3 o (50) (3 el ) ¢
0</

0<j 1<]al
X (—z‘a%)aa(x,g). (6.2.7)

So, to a we choose a function x € C*° (2 xIR"™) with x(z,£) = 1forallx € 12
and |{| > C > 1 where C is chosen appropriately large, and x = 0 in some
neighbourhood of the zeros of a. Then define

G-m(,€) 1= X(@,E)a(z, ) (62.8)
and, in view of (6.2.7), recursively for j = 1,2,...,
Ty (@,) = (6.2.9
- Y () e @0) (- ign) a0 9)am( ).

1<]al<j

From this construction one can easily show that g_,,—; € S7™ 77 (2 x R").
The sequence {g—m—;} can be used to define an operator Q € OPS~™ ({2 x

R") with Z ¢—m—; as the asymptotic expansion of og, see Theorem 6.1.3.

With @ avallable we use the decomposition of @ = Qg + R, Theorem 6.1.9,
where Qg € OPS™™ ({2 x IR"™) is properly supported and still has the same
symbol as Q. Then we have with Theorem 6.1.14 that Qoo A € £°(£2) and by
construction in view of (6.1.37) 09,04 ~ 1. Hence, Qoo A—I = Ry € L™°(£2).

In the next step it remains to show that Ao Qo — I € L7°°({2), too.

The choice of ¢q_,, also shows that )y is an elliptic operator of order
—m. Therefore, to ()¢ there exists an operator Qé_l) € OPS™ which is also
properly supported and satisfies Q((fl) 0Qo—I =Ry € LT°°(2), where Ry
is properly supported, due to Proposition 6.1.6. Then
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Qi oQuoAoQo—1 = QU Vo(I+Ry)oQu—1
= Q871)0Q0—1+Q871)OR20Q0
= R1+Q871)OR20Q0~

Since both, ¢y and Q(()fl) are properly supported, Q(()fl) o Ry 0 Qo again is a
smoothing operator due to Theorem 6.1.14. Hence, Qéﬁl) 0QpoAoQy—1I =:
S, € Eioo(.Q)

On the other hand,

AoQo—1 = Qéﬁl)oQovoQO—F(I—Qéil)oQO)voQO—I
= Sl — R] ) A [e] QO
and R; o Ao Qg is a smoothing operator since Qg and Ry are both properly

supported and Ry € L£7°°(§2). This shows with the previous steps that
AoQo—1 € L7°(f2). Hence, Q satisfies (6.2.6) and is a parametrix.

(ii) If Q is a parametrix satisfying (6.2.6), then with (6.1.37) we find

s —aa~ Y 2 ((5) oale.0) (- i5) "a(w.0).

la|=1

Hence, 0400 —agq € STH(2xIR"), i.e. (6.2.1) with b = g. Moreover, 0400 —1 €
S7°(2 x IR™) because of (6.2.6). [ |

6.2.1 Systems of Pseudodifferential Operators

The previous approach for a scalar elliptic operator can be extended to gen-
eral elliptic systems. Let us consider the p x p system of pseudodifferential

operators
A= (Ajr)pxp

with symbols a/*(z;¢) € §%+t (2 x IR™) where we assume that there exist
two p-tuples of numbers s;, t, € IR; 5,k =1,...,p. As a special example we
consider the Agmon-Douglis—Nirenberg elliptic system of partial differential
equations

sjt+tk

p
Z a z)DPuy(z) = fi(x) for j=1,...,p. (6.2.10)
k=1 |3/=0

Without loss of generality, assume s; < 0. The symbol matrix associated

with (6.2.10) is given by

sjtty
> ap (@)ilfle? = o (a;¢) (6.2.11)

|B8|=0
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and its principal part is now defined by

Al @)=Y alf(2)il?le? (6.2.12)

‘ﬁ|:5j +tr

where angk (7;€) is set equal to zero if the order of a/*(z;¢) is less than
5j 4+ tx. Then

. . . é‘
e (w:6) = I el () (6.2.13)

is a representative of the corresponding homogeneous principal symbol.

For the more general system of operators A, € L£5F(£2) we can asso-
ciate in the same manner as for the differential operators in (6.2.10) represen-
tatives (6.2.11) by first using the principal symbol class (6.1.31) of Ajx and
then taking the homogeneous representatives (6.2.13) and neglecting those
aifﬂk from (6.1.31) of order less than s; + tj.

Definition 6.2.3. Let the characteristic determinant H(x,&) for the system
(Ajx)) be defined by

H(z,£) = det ((al'l,, (2;9))) (6.2.14)

pXxp’

Then the system is elliptic in the sense of Agmon-Douglis—Nirenberg? if

H(z,6) #0 forall x €2 and £ R"\ {0}. (6.2.15)

With this definition of ellipticity, Definition 6.2.2 of a parametrix Qo = (@)
for the operator A = (Ajk))pxp with A, € L3557 (£2) as well as Theorem
6.2.2 with Q € L5 (§2) remain valid.

The Stokes system (2.3.1) is a simple example of an elliptic system in
the sense of Agmon-Douglis-Nirenberg. If we identify the pressure in (2.3.1)
with uy,41 for n = 2 or 3 then the Stokes system takes the form (6.2.10) with
p=n+1,forn=3:

—pnA 0 0 2\ [u

4 Sj'i‘tj o)
DD i BNl I Kl

Omy Jx2 Ox3

where s; =0for j=1,n, sp41 =—landty =2fork=1,n, t,41 = 1. The
coefficients are given by ajﬁk = —ud’* for || =2 and j, k = 1,n;

14 _ .24 _ 34 41 42 __ .43 _ _ .
(1,0,0) = %0,1,0) = %0,0,1) = 4(1,0,0) = 401,00 = Yo0,1) = L forn=3;

13 _ .23 _ 31 _ .32 _ _
aGio) = %01 = %0 =%y =1 for n =2

2Qriginally called Douglis—Nirenberg elliptic.



330 6. Introduction to Pseudodifferential Operators

and all other coefficients are zero. Then the symbol matrix (6.2.12) for (2.3.1)

reads
nlél? 02 0 —i&
_ 0 plél 0 —i&
W= 0 0 P i
-1 —i&2 —i§3 0

For n = 2, the third column and third row are to be discarded. The charac-
teristic determinant becames

H(z,¢) =det a(z, &) = p?|€]*™ for n=2,3.
Hence, the Stokes system is elliptic in the sense of Agmon—Douglis—Nirenberg,.

Theorem 6.2.3. (see also Chazarain and Piriou [39, Chap.4, Theorem 7.7])
A = (Ajx)pxp is elliptic in the sense of Agmon-Douglis—Nirenberg if and
only if there exists a properly supported parametriz Qo = (Qjr)pxp With
Qi € LTH75:(12).

Proof: Assume that A is elliptic. By the definition of ellipticity, the homo-
geneous principal symbol is then of the form

a0 (2:6) = (1817 8;0) (@l 4o, (:0) D (I&]"614)
where O = % and Einstein’s rule of summation is used, and where

H(z;0) = det ((agfﬂk (2;0))) forevery z €2 and O cR", |0 =1.

This implies that for every fixed € (2 there exists R(x) > 0 such that
det((a™(a;€)) # 0 for all [¢] > R(x). By setting a(x:€) = (a7*(:€) Dy
and using an appropriate cut—off function x € C*°(§2 x R"™) with x(z,&) =1
for all z € £2 and |£| > 2R(z) and with x(z,£) = 0 in some neighbourhood
of the zeros of det a(x, &), we define q_,(z,£) by (6.2.8) as a matrix—valued
function. Recursively, then ¢_,,—;(x, &) can be obtained by (6.2.9) providing
us with asymptotic symbol expansions of all the matrix elements of the op-
erator ) which we can find due to Theorem 6.1.3. The properly supported
parts of @ define the desired Qo satisfying the second equation in (6.2.6),
i.e., Qo is a left parametrix. To show that )y is also a right parametrix, i.e.
to satisfy the first equation in (6.2.6), the arguments are the same as in the
scalar case in the proof of Theorem 6.2.2.

Conversely, if @ is a given parametrix for A with Qi € £7% % (§2) being
properly supported then its homogeneous principal symbol has the form

(@ @) = (™, (2:6))
= (€179 8;0)a70 oy (@3 0) (€]~ 61)
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This implies with (6.2.6)

a1, (1) = € (o, (00) D

where qt_]igk denotes the inverse of ((¢’" kt(;_gk)) The latter exists since

det (¢)_,, (2:0))det (aj(2;0)) =1.

7tj75k

Hence, A is elliptic in the sense of Agmon—Douglis—Nirenberg. Because of
(6.2.6) we also have Aj; € L5F%(§2). [ |

In Fulling and Kennedy [86] one finds the construction of the parametrix
of elliptic differential operators on manifolds.

6.2.2 Parametrix and Fundamental Solution

To illustrate the idea of the parametrix we consider again the linear second
order scalar elliptic differential equation (5.1.1) for p = 1, whose differential
operator can be seen as a classical elliptic pseudodifferential operator of order
m = 2.

Let us first assume that P has constant coefficients and, moreover, that
the symbol satisfies

n

a(€) = Y age —iY g +c£0 forall EER".  (6.2.16)

jik=1 k=1
Then the solution of (5.1.1) for f € C§°(§2) can be written as

u(z) = Nf(z) = Fg ', (Cl(lg)fwff) (z). (6.2.17)

The operator N € £L72(£2) defines the volume potential for the operator P,
the generalized Newton potential or free space Green’s operator. When f(y)
is replaced by d(y — x) then we obtain the fundamental solution E(x,y) for
P explicitly:
1 .
E(z,y) = (2m)™" / — @Y ge 6.2.18
@) =0 [ (6:2.15)

R"™

If condition (6.2.16) is replaced by

a(€) #0 for £#0

(as for ¢ = 0 in (6.2.16)) then, as in (6.2.8), we take
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where the cut—off function x € C*°(IR") satisfies

MO =1 for [¢(>1 and y(6) =0 for |¢] g%. (6.2.19)

We define the parametrix by

Qf = Fel o (a-2() Fyef)
with @ € L72(IR™); and we have

u(z) = Qf(x) + Rf(z)

with the remainder

Rf@) = 7, (1= x06) 7 71©)) (6:2.20)

Since f € C§°(§2) we have f € C* from the Paley~Wiener—Schwartz theorem
3.1.3 (iii). Hence, with (1 — x(£)) = 0 for [¢| > 1 and ﬁ having a singu-
larity only at £ = 0 and having quadratic growth, due to Lemma 3.2.1,
(1 — X({))ﬁf(f) defines a distribution in £’. Hence, Rf € C* and R €
L7°°(£2) by applying Theorem 3.1.3 (ii). (Note that R ¢ OPS~>°(£2 x IR™)).

Thus, Q + R € £72(2) defining again N := Q + R, the Newton potential
operator, which can now still be written as

Ni) = o, (lfﬁf@)) (@). (6.2.21)

a(§)

As in the previous case, we still can define the fundamental solution

E(z,y) = No(z —y) (6.2.22)
where d(x — y) is the Dirac functional with singularity at y. Note that ¢ €
E'R")and N : &'(R") — D'(IR") is well defined. E(x,y) will satisfy (3.6.4).

We now return to the more general scalar elliptic equation (5.1.1) with
C>—coefficients (but p = 1). Here, the symbol a(z, ) in (6.2.4) depends on
both, z and €. The construction of the symbols (6.2.8) and (6.2.9) leads to
an asymptotic expansion and via (6.1.18), i.e., by

o,€) = i (])qm(m

we define the symbol ¢ where = € C'* is a cut—off function satisfying = (y)=0
for |y| < 3 and Z(y) =1 for |y| > 1. Then ¢ € S72(£2 x R") and
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1

| [eemaworwa G229
R™ 2

is a (perhaps not properly supported) parametrix Q € £=2(£2).
With Q = Qo + R, the equations (6.2.6) yield

PoQ = Po(Q+R) = I+Ci+PoR = I+Ry,

QoP = (Qo+R)oP [+Cyt RoP = I+R, (0224

Since P is properly supported, Po R and Ro P are still smoothing operators;
so are Ry and Ry. The equations (6.2.24) read for the differential equation:

Po(Qf)x) = fa)+ / () fdy (6225

Q
and

Q(x,—iD) o Pu(x) u(zx) + /rg(:c,y)u(y)dy (6.2.26)

2

where r1(z,y) and ro(z, y) are the C°°(IR™)-Schwartz kernels of the smooth-
ing operators Ry and Rs, respectively. We note that both smoothing operators
R; and Rs can be constructed since in (6.2.24) the left-hand sides are known.

Theorem 6.2.4. If Ry extends to a continuous operator C®(£2) — C*°(£2)
and ker(Q o P) = {0} in C°(§2) then the Newton potential operator N is
given by

u(z) = (Nf):= (I + Ro) ' oQ(z,—iD)f(x). (6.2.27)

where [ € C§°(§2). Moreover, in this case, the fundamental solution exists
and is given by

Blr.y) = (N8,)(@) = (T + Ra) Vo Qe ~iD)3,) (0)  (6.2.28)
where 0y(+) == 0(- — y).

Our procedure for constructing the fundamental solution, in principle, can be
extended to general elliptic systems. Similar to the second order case we will
arrive at an expression as (6.2.28). The difficulty is to show the invertibility
as well as the continuous extendibility of I + Ro. We comment that this is, in
general, not necessarily possible. Hence, for general elliptic linear differential
operators with variable coefficients it may not always be possible to find a
fundamental solution. We shall provide a list of references concerning the
construction of fundamental solutions at the end of the section. In any case,
even if the fundamental solution does not exist, for elliptic operators one can
always construct a parametrix.

From the practical point of view, however, it is more desirable to construct
only a finite number of terms in (6.2.9) rather than the complete symbol. This
leads us to the idea of Levi functions.
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6.2.3 Levi Functions for Scalar Elliptic Equations

From the homogeneous constant coefficient case we have an explicit formula
to construct the fundamental solution via the Fourier transformation. How-
ever, in the case of variable coefficients, fundamental solutions can not be
constructed explicitly, in general. This leads us to the idea of freezing coeffi-
cients in the principal part of the differential operator and, by following the
idea of the parametrix construction, one constructs the Levi functions which
dates back to the work of E.E. Levi [187] and Hilbert [125]. These can be
used as approximations of the fundamental solution for the variable coeffi-
cient equations. In general, one can show that Levi functions always exist
even if there is no fundamental solution.

Pomp in [250] developed an iterative scheme for constructing Levi func-
tions of arbitrary order for general elliptic systems, from the distributional
point of view. Here we combine his approach with the concept of pseudodif-
ferential operators.

To illustrate the idea, we use the scalar elliptic equation of the form (3.6.1)
with p =1 and the order 2x (instead of 2m). For fixed y € 2, we define

Py(y)o(x) = Y aaly)D3v(x) (6.2.29)

la|=2K

and write the original equation in the form

Pu(z) = Po(y)u(z) — T(y)u(z) = f(z), (6.2.30)
where
Tyu) = (Poly) - P)u(a) (6.2.31)
= Y ()~ aa@)D5u@) — Y aa(@)Dgul).
|a|=2K |a] <2k

Note that Py(y) is the principal part of P with coefficients frozen at y.
Its fundamental solution exists and has the form

ei(a:—z)~§

Ey(z,z;y) = (2m)™" / d¢ (6.2.32)

a3, (y, €)
IRn
with a parameter y, where

a3, (y,) = (-1 Y aa(y)&® (6.2.33)

|a|=2K

is the (principal) symbol of Py(y). If one identifies z = y, then Lo(z,y) =
Ey(z,y;y) is called the Levi function of order 0 for P in (6.2.30) and has the
singular behaviour of the form
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Lo(z,y) = |z — y|** ™loo(x, |z — y|, ©) +log |z — y|[lo1 (z, |z — y|, O) (6.2.34)

with © = (z — y)/|x —y| where the functions foy and €1 are C*°(£2 x IRy x

{6 € R"||O| = 1}). The integral operator defined by the kernel Lo(z, )
will be denoted by N o

et(@— y)&
(N, v)(x) 1=/Lo(x,y)v(y Y=g // y)dyde . (6.2.35)

a21<; y7
2

This is a pseudodifferential operator of the form (6.1.26) with the amplitude
function

a(x7 y7 6) = ag,‘ﬁ](y’ 5)71 )
and Lo(z,y) is the Schwartz kernel of JXO.

We remark that the only singularity of a3, (y,&)~! at € = 0 can be
handled, by introducing the cut—off function x(§), in the same manner
as in Remark 3.2.2. Hence, x(§)ay.(y,&)™' € S72%(2 x 2 x R") and
N € L72%(92).

To derive higher order Levi functions, we return to (6.2.30). Define the
pencil of pseudodifferential operators by

(Ao(.if, _iD;y)f) (33) = ]:g_;—l»a; (agn(y7€))_lfz'—>§f(z)

= /Eo(x,z;y)f(z)dz. (6.2.36)

Then Ag(z, D;y) € L72¢(02) for every y € £2. Moreover,
Py(y)Ao(z, —iD;y) =1 and Ao(x, —iD;y)Po(y) = 1. (6.2.37)

In accordance with the Neumann series, we introduce the recursive se-
quence of operators

J
Aj(x,—iD;y) Z (Ao(z iD;y)T(y))er(a;7 —iD;y) (6.2.38)
=
= A :c,sz y) +Aj_1(x,—iD;y)T (y)Ao(z, —iD;y),

7 =1,2,.... We note that

J

PAj(z,—iD;y) = (P )Y (Ao, —iD;y)T(y)) Ao (x, —iD; y)
£=0
— I —(T(y)Ao(-,—iD;y))""" (6.2.39)

for every y € {2 and every j € INp.
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We are now in the position to define Levi functions of various orders
recursively as follows.

Lo(z,y) = Ao(z,—iD;y)é(-—y),
Lj(‘ray) = L (.’E y) +A0(£L’, _ZDy)T( )Ljfl(‘ray)'
= Ao(x,—iD;y) Y (T L —iD;y)) 8(- —y),
£=0
= Aj(z,—iD;y)o(- —y). (6.2.40)

Lj(x,y) is the Levi function of order j for the operator P.
By applying P to L;(z,y) we obtain

PLj(z,y) = (Po(y) — T(y)) L;(z,y)

(T(y)Ao(-,—iD;y)) 8(- — y)

I~

= (Py(y) — T(y)) Ao(x, —iD;y)

£=0
{z]: »—iDiy)) Ji L =iD;y))" }o( — )
£=0 {=1

= 6z —y) — (T() Ao, ~iD:)) 6 — ).
By introducing Ny(z,y) := Lo(z,y) and
N1 () = Aoz, —iD; y)T(y)N; () (6.2.41)

we can write

PL; =6(x —y) = T(y)Nj41(z,y).- (6.2.42)

In the following, we want to show that every N;(x,y) is a Schwartz kernel of
a pseudodifferential operator N € L£7772%(§), j = 0,1,... and, hence, the
~J

kernel N;(z,y) has the form
N;(@,y) = =gl 72 (5 (2, lo—y], 0) + (log [o—]) g5z, [ ~]. ©))
fig; €C¥(R2 xR x{BeR"||O]=1}). (6.2.43)

(The latter will be shown in Theorem 7.1.8).
We further consider the kernels

Tj(z,y) == T(y)N;(z,y) (6.2.44)

and will show that T)(z,y) is also a Schwartz kernel of a pseudodifferential
operator T' € L7971(12). Hence, Tj(z,y) also has the form (6.2.43) with

J
j + 2k replaced by j + 1.
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Before we proceed to prove these assertions, we remark that N;(z,y)
can be computed explicitly by using the fundamental solution Ey(x, z;y) in
(6.2.32); namely by the recursion procedure

No(z,y) = Eo(z,y39) = Lo(z,y),
Ny(z,y) /EO (x, z;9)To(y)Ne—1(z,y)dz (6.2.45)

for £=1,2,...,5+1.

We remark that the kernels in (6.2.45) are all of weakly singular type as
n (6.2.43) (with j > —1). The composite integrals of this kind can also be
analyzed according to estimates obtained by Sobolev [285] and Mikhlin [212]
(see Mikhlin and ProBdorf [215, p. 214]).

So, the Levi function L;(x,y) of order j has the form

Li(z,y) =Y Ni(z,y). (6.2.46)
£=0

With the Levi function available, we may seek a solution of the partial dif-
ferential equation (6.2.30) in the form

u(z) = /Lj(x,y)é(y)dy. (6.2.47)
I7;

By applying the distributions in (6.2.42) to u(x), we obtain the equation

f(2) = B(z) - / T(y) N1 5(y)dy (6.2.48)
(9]

This is a Fredholm integral equation of the second kind for the unknown
density ®(x). The integral operator T’ - in (6.2.48) has the kernel
~j

Tiv1(z,y) = T(y)Njs1(z,y)

belonging to CVT1="(2 x 2) for j + 1 —n > 0. If the kernel Tj 1 (x,y) is
properly supported, then the integral operator defines a continuous mapping
C>®(2) — C*°(£2) and for (6.2.48), the classical Fredholm theory is available.

We now return to the proof of the above made assertions for N;(z,y) and
Tj (‘T7 y) .

Lemma 6.2.5. Let Nj(z,y) be the Schwartz kernel of o pseudodifferential
operator N € L7772¢  j € INg. Then
~J

T(y)Nj(z,y) = Tj(z,y) (6.2.49)
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is the Schwartz kernel of a pseudodifferential operator T € L7771 and
~J
T =ToN
where T € L2351 s generated by the operation T(y)N;(x,y) on the Schwartz
kernel N; of N .
~J

Note that the operator 7' is defined here implicitly and does not coincide
with the differential operator T'(y).

Proof: From the definition of N;(x,y) with N we have
~j

N 60 —y) = Ny y) = —

~J W / O-Jr\v[j (x’ g)ei(z_y)'fdg + Njoo(l‘, y)

R™

where Nj(z,y) is the C*°—kernel of a smoothing operator. Here, the symbol
on € STI72%(£2 x R™) is a representative of the complete symbol of N .
. ~J

Applying T'(y) to the kernel, we first consider the new kernel

0
8kaj(x7y)
do
1 N . 0
— ~i _ i(x—y)-§ )
(271—)n /{ oxs, (-’15,5) kaUNj(m>£)}e d£+ 6kajoo(xay)'
m'fb

Hence, the differentiated kernel defines a new operator with the new symbol

do

{ G (@6 — G0y (2,6)} € 7722 x ™). (6.2.50)

Repeating this argument, we find that the Schwartz kernels

S aal®)DINy(a,y) and DINj(r,y) for |o] = 2
la|<2k

define pseudodifferential operators in §~7=2%+ll(2 x R™) for |a| < 2k and
S77(2 x R"), respectively. Therefore,

[ D2y edy = [ hosta)edy tor o] =2
(9] (9]

defines a Schwartz kernel kq;(z,y) for a pseudodifferential operator in
L73(92). If ky(z,y) is the properly supported part of the Schwartz kernel
koj(z,y) due to Theorems 6.1.9 and 6.1.11 then its symbol can be com-
puted by
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7€) = [ Kyla,p)e e, (6.251)
(9}

The factors (aq(y) — aq(x)) in (6.2.31) induce new kernels of the form

(aa(y) - aa(a?))DgNj(m,y) = (aa(y) - aa(w))kaj(m,y)

and can be written as asymptotic sums

> cajp(@) (@ —y) kaj(x,y)

|B]>1
by using the Taylor expansion for a,. The new Schwartz kernels
(x —9)%kp(z,y) + (z — y) koo (2,y)
generate properly supported pseudodifferential operators with symbols
o(x,€) = /(l’ — ) kyp(,y)e! V" Cdy .
Q

The latter can be rewritten as

B
o8 = (igg) [ By
(9]

B
(455) ox(z,€) € S22 x R™) with |5 >1.

Consequently, T'(y)N;(x,y) = Tj(x,y) defines the Schwartz kernel of a
pseudodifferential operator ij € L7771() and, also, defines the operator

T with T € £21(0). ]

We now justify the assumption for N made in Lemma 6.2.5. For N given
~J ~J

by the Schwartz kernel N; in (6.2.43), we have already shown JXO € L72%(0).
For j € IN, the following lemma justifies the desired property of IV ; € Li—2m,

Lemma 6.2.6. Let T;(x,y) be the Schwartz kernel of a pseudodifferential
operator T € L7771 with j € INg. Then
~J

Ao(x, D;y)T;(- y) = Njza(z,y) (6.2.52)

defines the Schwartz kernel of a pseudodifferential operator
N c L*(j+2n+1)(9).
1

~ it
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Note that the special choice of T in (6.2.44) and N; in (6.2.41) leads to the
assumption in Lemma 6.2.6.

Proof: From the definition (6.2.52) of the kernel function N;;; one has the
representation

Nila) = G //? e e
2&

R™

Hence, this kernel defines the operator

N, 00 = o //]@:;“ D ()dzdyde

Since T € L7771, we also have T_T € L7771 due to Theorem 6.1.8 and,
~J ~J
for the properly supported part Tj, we may use (6.1.27) which yields

/ei(yfz)-Eij(Z’ y)dZ = O'Tj"; (y, *5) :
(9

Hence, performing the integration with respect to z yields
N — dyd
N, D6 = G //Q%yg (4~ (y)dyde

27r / / / a: yZ); joo (2,9) [ (y)dzdydg .

The first term on the right—hand side defines an operator of the form (6.1.26)
with the amplitude function

(6.2.53)

a(z,y,&) = o7 (y, —§)agx((§)£) € S7UTHT(Q x 2 xR").  (6.2.54)

Here, x(&) is again the cut-off function with x(§) =1 for [£| > 1 and x(§) =0
for [£] < 3. The remaining (1 — x(£))a(z, y,§) is a distribution with compact

support, and, hence, defines a smoothing operator.
The second term in (6.2.53) has the Schwartz kernel

1(m z)
K(z.y) ‘// (e 0) e
G‘ZN y’

which is C*(£2 x 2). Hence, it defines a smoothing operator. This implies

N € L£-0+2641)((2), completing the proof. [ |
~J



6.2 Elliptic Pseudodifferential Operators on 2 C IR" 341

6.2.4 Levi Functions for Elliptic Systems

In view of the construction of Levi functions for scalar elliptic differential
operators of order 2x we now are able to extend the approach to systems
(6.2.10), i.e

sj+tk

> > ap(@)Du(a) = fi(x), j=1,....p

where s; < 0 and ¢, > 0, which are elliptic in the sense of Agmon-Douglis—
Nirenberg, i.e.

Hy(x,€) := det (( Z aékimgﬁ)) y #0

|Bl=s;+tx

for £ € R™ \ {0} where aljék is set to be zero for terms with order less than
sj+tr. We note that the determinant itself defines a scalar elliptic differential

operator
Hj,.(z; D) := det (( Z aék(x)Dﬁ»
|Bl=s;+tk

of order 2K = ( 18T e tk) whose homogeneous symbol is Hoy(7;€).
Let B(z,€) denote the cofactor matrix of ag(z,£¢) = ((a’ 9]+fk (x;8) )pxp de-

fined by

a0(2,)B(, ) = Bz, )ao(w, ) = Hou(w, O)(5) Vpxp.  (6.2.55)

It is not difficult to see that the cofactor matrix (Bye(z, ) ))pxp given implic-
itly by (6.2.55) defines a system of differential operators Bye(x, D) of orders
2k — t, — Sp. Then we can define

ao_l(y;D) := B(y,iD)H_ %(y,zD)

where

1(37 z

(HZ3,.(y,iD)f)(z) = @ //H%yg 2)dzd€ . (6.2.56)

The integral in (6.2.56) is defined in the sense of Hadamard’s finite part

integral. Hence, the integral operator H (:2,13 (y;1D) is a pseudodifferential op-

erator of order —2x having the homogeneous symbol 1/Hs,(y,&) with y as
-1 . . .

a frozen parameter. Consequently, the operator a; ' is a right inverse to

ao(y; D), the principal part of the differential equations with constant coeffi-

cients frozen at y. The differential operator a(z; D) can be decomposed by

a(x; D) = ao(y; D) — T'(y; D)
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where T'(y; D) denotes the difference of the differential operators, i.e.,
T(y; D) = ao(y, D) — a(z, D).

Now, the inverse of a(z, D) can formally be written in the form of Neumann’s
series

“2,D) =" (a§ " (y; D)T(y; D)) al " (y; D).

£>0

This leads us to the following successively defined sequence of kernel functions

NO@y) = a5y D)6 — v)0k)pxp (6.2.57)
N (@y) = af V(y; D)T(y; D)ND (z,y) for £=0,1,....

The Levi function of order p to the system of differential equations (6.2.10)
assumes the form

LW (z,y) ZN“) x,y) (6.2.58)

In the same way as for the scalar case we may seek the solution u(x) =
(ur(z), ..., up(m))T to the system (6.2.10) in the form

P
Z/LEJZ) z,y)¢e(y)dy for z € 2 (6.2.59)
=17,

where ¢(z) = (¢1(z), ..., ¢p(as))—r denotes an unknown vector—valued den-

sity. By applying the differential operator A to (6.2.59) we obtain a system
of domain integral equations of the second kind,

1@ Z/ (0, YN (2, )i (y)dy (6.2.60)

k=17,
by using the relation
ALW (2, y) = 6(x — y) — T(z, D)NHH (2, y). (6.2.61)
The integral operator in (6.2.60) has the kernel
T(y, D)N"+V (z,y)
which belongs to the class C* (2 x 2) with A = p+1—n—maxp_1, » |sk|. For

¢ sufficiently large and compact {2, the integral equation (6.2.60) is a classical
Fredholm integral equation of the second kind with continuous kernel in 2.



6.2 Elliptic Pseudodifferential Operators on 2 C IR" 343

6.2.5 Strong Ellipticity and Garding’s Inequality

One of the advantages of considering integral operators as pseudodifferential
operators is that the mapping properties of the boundary integral operators
can be deduced by examining the symbols of the pseudodifferential operators.
On the other hand, Garding’s inequality for the integral operators plays a
fundamental role in the variational formulation of the integral equations. The
latter follows from the definition of uniform strong ellipticity of pseudodiffer-
ential operators.

Definition 6.2.4. (see Stephan et al [296]) We call a system of pseudodif-
ferential operators

A, € Ez’;_tk(f}) uniformly strongly elliptic if to the principal part
matric ‘

a®(z;€) = ((aif?rtk (x;g)))w there exist a C*°—matriz valued function

O(x) = ((@jk(x)))pxp and a constant vy > 0 such that

Re (" O(2)a’(z,€)¢ > 0l¢|” (6.2.62)

forallz € 2, (€ CP and £ € R™ with |§| = 1.

Remark 6.2.1: In order to show Garding’s inequality let A* be the Bessel
potential of order o € IR which is the pseudodifferential operator (—A4-1)*/2
with the symbol (|£|? 4 1)®/? defining isomorphisms H?(IR") — H?~*(IR")
for every o € R.

Theorem 6.2.7. Let 2 C IR"™ be a bounded domain and let A be a strongly
elliptic system of pseudodifferential operators and let K € {2 be a compact
subregion. Then there exist constants y1 > 0 and vy3 > 0 such that Garding’s
inequality holds in the form

Re (w,A"@A*"Aw) p (tp—sg)/2
) iy prite= ) (6.2.63)
2 71||’WHH§=1 Hte(2) — 72||w||1-[§=1 HY=1(Q)

for w e [I)_y Hip(2) with supp w C K where A7 = ((Asféjg))pxp (see

(4.1.45)) and where v1 > 0 and v > 0 depend on O, A, (2, the compact
K € (2 and on the indices t; and sy,.

The last term in (6.2.63) defines a linear compact operator
C 11—, Hggmp(ﬂ) -1, HZ st (02) which is given by

(v, Cw)HLl H(te=50)/2(0Q) = Y2(v, w)Hf_}=1 Hte=1(0) -
With this operator C, the Garding inequality (6.2.63) becomes

Re (w, (A7OA™7A + C)w)m,:1 Hte—s0/2() 2 'yl||w\|21—[§:1 me(n) - (6.2.64)
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Proof: 3 For the proof let us consider the operator
A= OATTAATT

where 7 = (t1,...,tp) and o = (s1, ..., sp), which is now a pseudodifferential
operator of order zero and let us prove (6.2.63) for A; first. The strong
ellipticity of A implies that the operator

Red; = L(4, + A7)

has a positive definite hermitian principal symbol matrix a’%, A, (z,§) whose

1
positive definite hermitian square root (a%, 4, (%,€))* € 8°(2 x R") de-
fines via

Bu(z) = (2r)"/* / ¢ (a%e 1, (2,€)) *W(E)dE = Bou(w) + Rufx)
Rn
a strongly elliptic pseudodifferential operator of order zero, where By denotes
its properly supported part and R € £L7°°(§2) due to Theorem 6.1.9. Hence,
B admits a properly supported parametrix Qg due to Theorem 6.2.3. For

u € L2*(2) with supp u C K extended by zero to u € L?*(IR"), formula
(6.2.6) yields

u = QoBu+ Cou = QoBou + (Q()R + Cg)ﬂ, (6265)

where Cy € L7°°, and QoR € L~ because of Theorem 6.1.14. Since u has
compact support and Q¢ By is properly supported due to Proposition 6.1.6,
there exists a compact set Ky € {2 and supp QoBou C K. Hence,

supp (QoR + C2) C KU K; € 2. Now, (6.2.65) yields

lullz2mny = llullz2(xy < e1l|Botllpe(rny + calldll -1 mn

with some ¢; > 0 since Bou has compact support in 2. Hence, there exists
Yo > 0 such that

(Bg Bot, @) 2wy = yollall7 2 mey — all@llF-1 momys -
Since ReA; = B*B+ C = BBy + BiR + R*By + R*R + C with some
C € L£,'(£2) due to Theorem 6.1.14, we get
Re (Aju,u) = Re (A1, u)
(Boti, Bo) + (Ru, Bot) + (Bou, Ru) + (Ru, Ru) + (Cu, @)

3The authors are grateful to one of the reviewers who suggested the following
proof.
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and

Re (Aru,u)r2(0) = YollullZz (o) — esll@lF- qmny — call@l 2o l@l g1 qmny

70 ~
2 5““”%2(9) —csll@llF-1 (e (6.2.66)

with an appropriate constant cs. This, in fact, is already the proposed
Garding inequality for the special case o, = 0.
Now, for the general case, we employ the isometries A% from H*(IR") to

H*=*(IR") and replace u by nA™w, where n € C§°(K32) and Ky € {2 with
KeKy, nlg =1and 0 <n < 1. Forw € H™(2) with suppw C K € 2
now apply (6.2.66) and obtain
Re (nA™w, @A™ AA™ ™A™ w) 2 (jn)

> ollnATwllEs () — lnATwl| G -1 (o)

2 76||/17w||%2(9) - chwH?{T*l(Q) — 4l AT]“’||2L2(Q)

> 6 lwllr- (o) = collwlFrrr (o) (6.2.67)
with ¢ > 0 since [, A7) € LI, due to Corollary 6.1.15. The left-hand side
can be reformulated as

(nA™w, AinA"w) = Re (w, ATOA™7 Aw) 2
+ ([nv AT}w’AlnATw) + (ATwa Al[na AT]w) .

So, with Corollary 6.1.15,

Re (w, A°OA™7 Aw) B a2 = Re (w, A"TOA™7 Aw) 12 (o)
j=1

> WA w2 o) — callwlfyr—i () — erllATwllz2(a) 147wl L2

2 76/||w||?17(n) - CSHw”%—IT—l(Q)

as proposed. [ |

Remark 6.2.2: In the special case when a3, = 2« is constant, where 2« is
the same order for all Aj;, we may choose o = s; = tj, and if the system
is strongly elliptic then Garding’s inequality (6.2.64) reduces to the familiar
form

Re (OA+C)w,w)r2(0) > 'yl||w||%1a(m with 73 >0, for all we HE ().

comp

(For differential operators A;j, see Miranda [217, p. 252]).
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6.3 Review on Fundamental Solutions

As is well known, the fundamental solution plays a decisive role in the method
of boundary integral equations. It would be desirable to have a general con-
structive method to find an explicit calculation of fundamental solutions.
However, in general it is not easy to obtain the fundamental solution explic-
itly whereas Levi functions can always be constructed. The latter will allow
us to construct at least local fundamental solutions.
The existence of a fundamental solution is closely related to the existence
of solutions of
Pu=f in 0. (6.3.1)

More precisely, we have the following theorem (Komech [165], Miranda [217]).

Theorem 6.3.1. A necessary and sufficient condition for the existence of a
fundamental solution for P is that the equation (6.3.1) admits at least one
solution u € £ for every f € &'.

Consequently, in all the cases when variational solutions exist, we also have
a fundamental solution.

To our knowledge it seems that the most comprehensive survey on fun-
damental solutions of elliptic equations is due to Miranda in [217]. Here we
quote his useful remarks:

“The first research on fundamental matrices looks at particular systems
and is due to C. Somigliana [288], E.E. Levi [186], G. Giraud [98, 99]. For
elliptic systems in the sense of Lopatinskii this study then was taken up
in general by this author [193], first for equations with constant coeflicients
and then, with Levi’s method in a sufficiently restricted domain, for equa-
tions with variable coefficients. For elliptic systems in the sense of Petrowskii
the case of constant coefficients was treated by F. John [151] as a particular
case of systems with analytic coefficients and by C.B. Morrey [219, 220] in the
case r = 1. Y.B. Lopatinskii [192] proved, with Levi’s method, the existence
in the small of fundamental matrices for systems with variable coefficients,
while the existence in certain cases of principal fundamental matrices was es-
tablished by A. Avantaggiati [10]. For elliptic systems in the sense of Douglis
and Nirenberg the construction of the fundamental matrix, in the case of
constant coefficients, was done by these authors [62] with a procedure due to
F. Bureau [30]. Also for these systems, V.V. Grusin [112] and A. Avantaggiati
[10] proved the existence of principal fundamental matrices in certain cases.
For the case of variable coefficients, some indication relating to the existence
in the small is given in §10.6 of the volume [130] by Hoérmander. Finally, for
certain systems of particular type see D. Greco [106] and L.L. Parasjuk [246].

As for the case of a single equation, the problem of existence of a fun-
damental matrix can be related on one hand with that of the existence for
arbitrary f of at least one solution of the equation Mu = f and on the
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other hand with that of the validity of the unique continuation property*.
Each one of these questions has separately been an object for study, but the
relationship between the results obtained had to be deepened later.

Regarding the first question we note that from theorems of existence in the
small of a fundamental matrix it follows that in every sufficiently restricted
domain an elliptic system always admits at least one solution.”

In the recent publication [250], Pomp also discusses currently available
existence results for fundamental solutions.

6.3.1 Local Fundamental Solutions

In this section we present Levi’s method for constructing local fundamental
solutions.

Let us assume that a fundamental solution F(z,y) exists. Then with the
Levi function Ly (z,y) constructed in (6.2.40) for a scalar operator P or
LWN)(z,y) = Ly(z,y) by (6.2.58) for an Agmon-Douglis-Nirenberg system
we consider

W(z,y) := E(z,y) — Ly(x,y) for x,y,€ (2. (6.3.2)
Then for fixed y € 2,
PeW(z,y) = 0(x —y) = (0(z —y) = T(y) Ny 41(2,y)) (6.3.3)

due to (6.2.42) or (6.2.61). The function Tn41(z,y) is the Schwartz ker-
nel of a pseudodifferential operator in £=V~2(2) and, moreover, Tyy1 €
CNHL=n () x Q). For N > n—1, Tyy1 is at least continuous. Now, W (z,y)
can be represented in the form (6.2.47) or (6.2.59), namely

W(z,y) = /LN(x,z)¢(27y)dz (6.3.4)
Q

with @(z,y) the solution of the integral equation

Tair(z,y) = Dla,y) — / T s1 (2, 2)B (2, y)d (6.3.5)
(9]

If the existence of E(x,y) is assumed then (6.3.5) has a solution &(z,y)
and E(z,y) is given by

E(z,y) = Ly (z,y) + /LN(x,z)QS(z,y)dz. (6.3.6)
Q

Conversely, if (6.3.5) has a solution &(z,y) which is at least continuous
for (z,y) € £2x 2 then E(x,y) in (6.3.6) is the desired fundamental solution.

“ Mu = Pu in our notation as in (6.3.1).
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Note that Fredholm’s alternative for the integral equation (6.3.5) can be
applied if the integral operator in (6.3.5) defines a compact mapping on the
solution space for @(x, y), e.g., on the space of continuous functions. In view of
the properties of Ty 41, this can be guaranteed if {2 is replaced by a compact
region 2’ € 2 with a sufficiently smooth boundary 9¢2’. In this case, the
whole construction procedure of the Levi function should be carried out on
£2'. If then for (6.3.5) uniqueness of the solution holds then the corresponding
uniquely determined function @(z,y) generates a local fundamental solution
by (6.3.6) associated with (2.

If |£2'] is sufficiently small then the integral operator’s norm in (6.3.5) is
less than 1 and Banach’s fixed point theorem in the form of Neumann’s series
will provide the local existence of @(x,y) and, hence, that of E(x,y).

If (6.3.5) has eigensolutions, the representation of FE(z,y) in (6.3.6) and
the integral equation are to be appropriately modified. We refer to the details
in Miranda [217] and in Ljubi¢ [191]. For bounded regions in IR? and elliptic
systems in the sense of Petrovski, Fichera also gave a complete constructive
existence proof in [74].

For real analytic coefficients in Agmon-Douglis—Nirenberg elliptic sys-
tems, John presents the construction of a local fundamental solution in [151].
In [311] Vekua constructs, for second order systems with the Laplacian A
as principal part and analytic coefficients and also for higher order scalar
equations in IR?, the fundamental solution. For a scalar elliptic differential
operator having C'*°—coefficients, Theorem 13.3.3 by Hérmander [131, Vol II]
provides a local fundamental solution.

6.3.2 Fundamental Solutions in IR™ for Operators with Constant
Coefficients

In the previous chapters we have introduced fundamental solutions for par-
ticular elliptic partial differential equations which are defined in the whole
space IR". Fundamental solutions in the whole space IR" are often referred
to as principal fundamental solutions. In particular, we have principal fun-
damental solutions for the Laplacian (1.1.2), the Helmholtz equation (2.1.4),
the Lamé system (2.3.10) and the biharmonic equation (2.4.7).

Notice that all these partial differential equations have constant coeffi-
cients.

Scalar equations with constant coefficients

For scalar differential equations with constant coefficients, in particular
the elliptic ones, the principal fundamental solution always exists due to
Malgrange and Ehrenpreis (see also Folland [81], Wagner [315]).

Theorem 6.3.2. (Ehrenpreis [69], Malgrange [196]) For the scalar partial
differential operator P with symbol > il*le &2, the fundamental solution

|| <m
exists and is given by the complex contour integral
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_ (27.(-)_"/2 m i (z—y) —1 a(77 + Ag) dA
AECA|A|=1 ( )
6.3.7

where am (§) = > i"Mca€” is the principal symbol and & € C is fized such
la|=m

that a., (&) # 0 (see Wagner [315]).

A different formula by Konig for this case can also be found in [161]. Treves
constructs in [304] fundamental solutions for several differential polynomials.

Wagner in [314] illustrates how to apply the method of Hérmander’s
stairs to construct fundamental solutions in this case. In [244, 245], Ortner
presents a collection of some fundamental solutions for constant coefficient
operators. For second order systems in IR? with constant coefficients see also
Clements [45].

John in [151, (3.53)] obtains more explicit expressions for fundamental
solutions depending on n odd or even.

For n odd he obtains the general representation formula
67»‘(95_3/)'5

(Ay)(n—l)/Z / sign[¢ - (z — y)] j{ Wd)\dwg

1

E@y) = 1Gmm

|€1=1 [A|l=M
(6.3.8)

where M is chosen large enough such that all zeros of a(A) are contained in
the circle |A| = M. He also simplifies this formula for subcases of odd n.
For n even and n < m, he obtains the explicit expression [151, (3.64)]
E ! 1 VY
(%y)—W / ogl(z —y)- ¢ j{ a0 We -
lgl=1,¢cR"

(6.3.9)
For even n > m, he presents E(x,y) only for the case of the homogeneous
equation with a(§) = a,,(£):

o
m!(2mi)»

n/2 2e)-€)™ Tog (2 —1) €| e .
N B e e

‘€|:1,£€IR"
(6.3.10)

In special cases, these integrations can be carried out explicitly. For in-
stance, if P is the iterated Laplacian in IR",

Pu =A% with ¢ N (6.3.11)

E(l‘,y) =

then a fundamental solution is given in [151, (3.5)],

(D5 —9)

E(a:,y) = 22qﬂ-n/2[’(q)

|z —y[**™" for n odd and for even n > 2q;

(6.3.12)
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and for even n < 2¢, one has [151, (3.6)],

_ _(_1)% 2g—n
E(z,y) = P T2 (g = 1)ig — 2! |z —y[* " log |z — y] . (6.3.13)

For the Helmholtz operator in IR",

Pu = Au+ ku
one has
1 ]f 71;2
E = — Hn 2 (klz — 6.3.14
@) =3 (5m =)~ ezl =) (6.3.14)

where H,, is the Bessel function of the second kind.

Petrovski elliptic systems with constant coefficients

Fichera in [77] has carried out Fritz John’s construction of the fundamen-
tal solution for even order, m = 2m’, homogeneous elliptic systems in the
sense of Petrovski which have the form

Pu= Z oD Py in R™ (6.3.15)
|a|=|B|=m’
where u = (uy,...,u,)" and a5 = aj - The symbol matrix P is then
given by )
Tap(€) = (—1)™ aqpe™ (6.3.16)

and ellipticity in the sense of Petrovski means:
Q&) :=det ((—1)m'aagga+5) #0 forall £€R™ with £€£A0. (6.3.17)

Let E(g) be defined by the inverse of the symbol matrix times Q), i.e.,

L(€) = Q) (1) agget?) ™ (6.3.18)

which consists of the cofactors to the symbols o,3(§) and, hence, of homo-
geneous polynomials. Due to Fichera [77], the fundamental solution then is
given explicitly by

E(z,y) = L(z,D)S(z,y) (6.3.19)
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where for n odd,

$60:9) = Jm gy 0 Kxc_z(ys)) A e (@30
[§]=1
and for n even
S(@,y) = W)lnm!my)% / @ =y) "5'7;1(‘3 @@= g (6321)
[§]=1

Agmon—Douglis—Nirenberg elliptic systems with constant coeffi-
cients

In [151] Fritz John represents explicitly the fundamental solution for the
principal part of an elliptic system (6.2.10), i.e.,

P
Pu=Y" > D% for j=1,...,p, (6.3.22)
k=1"|8|=s;+t
having the symbol matrix (6.2.13), i.e.,

oip(€) =altl, (©) = Y alilleh, (6.3.23)
[Bl=s;+tx

Let my, := max;—1,... p(s; +tr) > 0 and let P (¢) denote the components
of the inverse matrix to ((ajk(g))). Then the fundamental solution is given
by the matrix components for n odd:

1
4(2m0) " (mg — 1)1

Ef(z,y) = (6.3.24)

x(4y) 7 / (& —y)-n)™ " sign ((z — y) - ) PP (~in)dw,

In|=1,n€R™
and for n even,
El(z,y) = % X (6.3.25)
mg!(2m1)
x(4,)% ((@ =) n)"" log|(z —y) - n| P (~in)dw, .

[n|=1,neR™
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6.3.3 Existing Fundamental Solutions in Applications

For various existing problems in applications, explicit fundamental solutions
are available. Here we collect a list of a few relevant references which may be
useful but is by no means complete.

For harmonic elastodynamics, fundamental solutions were given in [132].
For the Yukawa equation, for A™ —sA™~! and the Oseen equation one finds
fundamental solutions in [136]. In the book by Natroshvili [224] one finds
the construction of the fundamental solution of anisotropic elasticity in IR®
(see also Natroshvili et al [225, 226]). The book by Kythe [178] contains
several examples ranging from classical potential theory, elastostatics, elas-
todynamics, Stokes flows, piezoelectricity to some nonlinear equations such
as the p—Laplacian and the Einstein—Yang—Mills equations. The proceedings
by Benitez (ed.) [14] contain the topics: methodology for obtaining funda-
mental solutions, numerical evaluation of fundamental solutions and some
applications for not—well-known fundamental solutions.

In the engineering community one may find many further interesting ex-
amples of fundamental solutions. To name a few, we list some of these pub-
lications: Balas et al [11], Bonnet [18], Brebbia et al [24], Gaul et al [94],
Hartmann [121], Kohr and Pop [163], Kupradze et al [177] and Pozrikidis
[252] — without claiming completeness.



7. Pseudodifferential Operators as Integral
Operators

All of the integral operators with nonintegrable kernels are given in terms of
computable Hadamard’s partie finie, i.e. finite part integrals [117], which can
be applied to problems in applications (Guiggiani [114], Schwab et al [274]).

In this chapter, we discuss the interpretation of pseudodifferential op-
erators as integral operators. In particular, we show that every classical
pseudodifferential operator is an integral operator with integrable or non-
integrable kernel plus a differential operator of the same order as that of the
pseudodifferential operator in case of a nonnegative integer order. In addi-
tion, we also give necessary and sufficient conditions for integral operators to
be classical pseudodifferential operators in the domain. Symbols and admis-
sible kernels are closely related based on the asymptotic expansions of the
symbols and corresponding pseudohomogeneous expansions of the kernels as
examined by Seeley [279]. The main theorems in this context are Theorems
7.1.1, 7.1.6 and 7.1.7 below.

7.1 Pseudohomogeneous Kernels

In order to introduce appropriate kernel functions for integral operators we
need the concept of pseudohomogeneous functions as defined in Definition
3.2.1, (3.2.1). In this context, we first recapture the definition of pseudoho-
mogeneous functions.

Definition 7.1.1. A function ky(z, z) is a C*° (2 x IR" \ {0}) pseudohomo-
geneous function (w.r. to z) of degree ¢ € R:

ke(z,tz) = tlky(z,z) forevery t>0 and z#0 ifq¢& Ny;
ko(z,z) = fq(z,2) +1log|z|pg(x, 2) ifq € Ny,
(7.1.1)

where pq(x,z) is a homogeneous polynomial in z of degree g having C*>-
coefficients and where the function fy(x,z) satisfies

folz, tz) =tfy(z,2) for every t >0 and z#0.

In short, we denote the class of pseudohomogeneous functions of degree
q € R by Yhf,. Note that for g & INy, in this case k, is positively homoge-
neous of degree q with respect to z as well as fq in the case g € INg.
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A kernel function k(z,z — y) with (z,y) € 2 x 2, x # y, is said to have
a pseudohomogeneous expansion of degree ¢ if there exist ky4; € Whf,y; for
j € INg such that

J
k(x,z —y) —qu+j(a:,x—y) € CT=0(2 x ) (7.1.2)
j=0

for some § with 0 < 6 < 1. In what follows, for simplicity, we call this class
of kernel functions pseudohomogeneous kernels of degree q.

The class of all kernel functions with pseudohomogeneous expansions of
degree ¢ € IR will be denoted by Whk,(2).

As examples, the fundamental solutions of the Helmholtz equation are of
this form: Ey(x,y) € ¥hky in (2.1.18) for n = 2 and Ex(x,y) € ¥hk_; for
n =3 in (2.1.19).

We note that for ¢ > —n, the integral operator

/kq(x, z = y)u(y)dy (7.1.3)
2

for u € C§°(12) is well defined as an improper integral. For ¢ < —n, however,
kq(x,z — y) is non integrable except that u(y) and its derivatives up to the
order k := [-n — ¢ vanish at y = z. For fixed = € {2, hence, (7.1.3) defines a
homogeneous distribution on C§°(£2\{x}). In order to extend this distribution
to all of C§°(£2), we use the Hadamard finite part concept which is the most
natural one for integral operators.

Definition 7.1.2. Let 2y with 29 € 2 be a convex domain with © € (2

and R(é) the radial distance from x to y € 02y depending on the angular
=) —y
-yl
The Hadamard finite part integral operator is defined by

coordinate @ = ‘i on the unit sphere.

p.f. /kq(aﬁ,x —yul(y)dy := (7.1.4)

2
[tz =nfut) = ¥ S-0r D@+ 3 dafw)Duo)
2

lol<w ol <r
where k:=[-n—q] and 0:= —n—q—kKk. For0 < p <1,
do () L 1 / R=—2(8)6°k, (v, —O)d
o(z) = -7 x,—0)dw
(j+o) ol !
16]=1
1 «
T kq(@, 2 —y)(y — x)%dy (7.1.5)
2\ 2

for all multi-indices o with |o| =Kk —j and j =0,..., k.
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If 0 =0, then

1 AN 5 1
do(z) = = / log R(©)0%k,(z, —O)dw + ] / ky(z,2 —y)(y — 2)%dy
|6]=1 02\
(7.1.6)

for |a| = kK, i.e. j = 0; and the do(x) for j = 1,...,K are given by (7.1.5)
where o = 0. R

Note that in the one—dimensional case n = 1, integrals over |©| = 1 will
always be understood as

/ 0 (, 0)dw = W(2,1) + Uz, —1) (7.1.7)

|8l=1
according to Definition 3.2.2.

Here, 2y with z € (2 and 2y C 2 is any star-shaped domain with
respect to x, and © = (y — ) /|y — |, where dw(O) is the surface element on
the unit sphere and R(é) describes the boundary of 2, in polar coordinates.
Note that this definition resembles the Definition 3.2.2 of Hadamard’s finite
part integral.

In the following we are going to show that every classical pseudodifferen-
tial operator can be written as an integral operator in the form of Hadamard’s
finite part integral operators with pseudohomogeneous kernels together with
a differential operator and vice versa. Our presentation follows closely the
article by Seeley [279] (see also [278]), the book by Pomp [250] and Schwab
et al [274]. In view of the definition of £7}({2) and Theorem 6.1.2, this means
that for A € L7(£2) we have the general representation

(Au)(z) = Z co(z)D%u(x) + p.t. /k(x,x—y)u(y)dy (7.1.8)
2

lal<2N

where

colw) = (2m) " / / )l eD € dya(z, €)de
/ (z,z—y —x)o‘w(y)dy} (7.1.9)
I7;

with k(x,z — y) given by (6.1.12).

Note that for n +m ¢ INg and m +n > 0, the coefficients a,(z) must
vanish since the finite part integral is a classical pseudodifferential operator
of order m whereas the orders of a,(x)D*(z) are |a| € INy.
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7.1.1 Integral Operators as Pseudodifferential Operators
of Negative Order

We begin with the case A € L7}((2) for m < 0 since, in this case, the corre-
sponding integral operators do not involve finite part integrals.

Theorem 7.1.1. (Seeley [279, p. 209]) Let m < 0. Then A € L7}(12) if and
only if

/k; z,x —y)u(y)dy for all u e C°(12) (7.1.10)

with the Schwartz kernel k satisfying k € Whk_,_,(§2).

Remark 7.1.1: Note that for the elliptic differential equations, the para-
metrix Qo (6.2.6) as well as the free space Green’s operator (6.2.11) are of
the form (7.1.10) with m < 0.

The proof needs some detailed relations concerning the properties of
pseudohomogeneous kernels. We, therefore, first present these details and
return to the proof of Theorem 7.1.1 later on.

Lemma 7.1.2. Letk_,, € Uhf_,, i.e. k_p(x,2) be a homogeneous function
of degree —n and let Y(r) be a C®—cut—off function, 0 < ¥(r) < 1 with
Y(r) =0 forr>2 and Y(r) =1 for 0 <r <1. Then

bw(%f) = p'f'/k*”<xvz)w<‘z|)6_iz'£dz
IR"n,

= @2m)" 2 Fase(kon(=, 2)0(|2)
has the following properties:
by (,€) = ay(z, &) + c(x){ao + a1 log €]} (7.1.11)

with ay € 8°(2 x R") and ¢(z) :== = [ k,n(x,(:)\)dw, for n > 2 where,

forn > 2, a9 = 27'77"/?)c g = (2_17T_”/2)c(f1) with the constants
cé”) , " ) given in Gelfand and Shllov [97, p.364], i.e

‘n—1

n) 7 1 1 , T
M = 2Re{( )(1+ +- +—n_1+r(1)+12)},
1
c(,nl) = 2Re(<n_)1>! cos(nfl)g.
Moreover,

tl;r&cw( ‘§|) (x &) with & = ; (7.1.12)
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and

a?p(m,ﬁo) = / (k,n(ﬂc,é) - c(x)){l

18|=1

os 1 in 8-&
|© - &l 2 10 &

}dw (7.1.13)

In the case n =1, one has c(z) = L (k_y(z,1) + k_1(z, 1)),

1 [e%s)
ap = 2aq, a1 = —2 where ag = [(cost — 1)% + [ cost%; and
0 1
a’(z,&) = =3 (k—1(2,1) — k_y(z,—1))imsign & . (7.1.14)

Proof: From the definition of b, it follows with the Paley—Wiener Theorem
3.1.3 that by, € C°(£2 x R™). Hence, we only need to consider the behaviour
of by (x,§) for |€] > ¢. There, with the Fourier transform of distributions, we
write
bw(%@ = (Qﬁ)n/sz'—’ﬁk—n(xaz)
—(2m)" 2 F e {kon(z, 2) (1 =¥ (I2])}
= hL(z,§) - L(z,¢).

We first consider I(z, &) for |£] > 1 and the multiindex v with |y| > 1:

O Ly(e,€) = / e i%)”{k_n(x, 2)(1 = w(|2])) }dz

|z[>1
Since 9\
(=i5;) ol 2 (1= w(120)}| < e (@1,
we have
€7 (x,€)| < cy(x) for x € 2 and any v with |y|>1.
Hence,

I, e S™(2 xR") and ‘12 (xté)’ <t e (x) for t>1. (7.1.15)

Now we consider the case n > 2. For I1(x, £) we first modify the homoge-
neous kernel function as

kon(@,2) = k_n(x, 2) — c(2)|2| ", (7.1.16)
which satisfies the Tricomi condition

/ R (2,0)dw(®) = 0. (7.1.17)

161=1
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Then

L(2,6) = @m)"2Fose bon(z,2) + c(@)(2m)" > Foel2|
a%(,€) + e(w){ao + a1 log [¢[}

where, after introducing polar coordinates, we arrive at

agb(x,f) = pf. / /l(f)_n(x,é)efiéf”rfldrdw(é)
1j=1 0
1
= / ];)_n(x7é\){/(€7i9<§0r71)7,71d7,
0

+ / efié'gorrfldr}dw(é)
1

with (7.1.17). From the Calderén-Zygmund formula (see also Mikhlin and
Prossdorf[215, p. 249])

{

With some constant ¢ given explicitly in [215] we find

_iD-tor dr —iBgordr i @
s ot s 5

(7.1.18)

o G
A=~ [ kw6106 al+ T E L+ aofao.

|6]=1
For a glven vector £ = |£]&y € R", the integrand is weakly singular along
the circle © - & = 0 on the unit sphere |©| = 1. Hence, aw(az &) is uniformly
bounded for every z € K € 2 and all £ € R" \ {0} and is homogeneous of
degree zero.

For n = 1, the proof follows in the same manner, except the Tricomi
condition (7.1.17) now is replaced by

K (2,1) + k% (z,—1) = 0. (7.1.19)

Here, instead of the Calderén—Zygmund formula (7.1.18) we use its one—
dimensional version, i.e.,

oo

—i ZdZ T
p.f./e ¢ Z——log|£—2|§|+ao. (7.1.20)

0
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Collecting the above results, we find by using (7.1.17),

b’lﬁ(wvf) = a%(l’,f) - 12(1'75) + C(x){ao +ax IOg |£|} .

Since
. 0 R _ 0
Jm ap(w,t§0) = ay (2, o) Jm Iy (,t&0) = ay(w,&o)
from (7.1.15) we obtain the desired property (7.1.12). |

The next lemma, due to Seeley [279], is concerned with the differentiation
and primitives of pseudohomogeneous functions.

Lemma 7.1.3. Letm e R, k€ INg and m — k > —n.

(1) If f(z) € Uhf,, then (—i%)af(z) E Whfm_y for all |o| = k. If m € N
and if fm, the homogeneous part of f, satisfies the compatibility condi-
tions

/ fm(©)8%dw =0 for all |o|=m for n>2 (7.1.21)

|z|=1
where © = é, and

fO)+(-1)"fm(=1)=0 for n=1,

then %Lz’]’f will satisfy

/ afm@ﬁd =0 foral |Bl=m—1 if n>2 (7.1.22)

and
FLQ)+ (=)™ (~1) =0 for n=1.

(ii) Let n > 2 and h(®(2) € Whf,, i for all o with |a| = k with the addi-
tional property that there exists some function F € C*°(IR"™\ {0}) and

R (z) = (—zi) F(z) forall o with |a|=Fk.

Then there exists a function f € Whf,, with the property that

F(z) = f(2) = pr-1(2)

s a polynomial of degree less than k.
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If m # 0 then f € Whf,, is uniquely determined.
In the one—dimensional case n = 1, the space R\ {0} is not connected.
Therefore we obtain only the weaker result

with two polynomials for z > 0 and z < 0, respectively, which in general
maght be different, provided m ¢ INg or m € Ng and m — k > 0. In the
case m € Ny and m — k < 0, the function h™*)(z) must also satisfy the
additional assumption

B (1) — (=1)FR)(—1) = 0.

Proof:
(1) The function f € Whf,, is of the form f = f,,(z) with fp,(tz) = t"™ fin(2)

for ¢ > 0 and z # 0, provided m ¢ INy. Then differentiation with |a| =1
yields for hfg‘ll(z) = %(z) the relation

8afm afm ()
9z ( ) ta (LLZ)—'H?,”L 1( )

R (2) =t

Hence, hffle € Yhf,,—1 and also m — 1 ¢ IN.
For m € INy, the function f is of the form

f(2) = fm(2) + pm(2) log ||

where f,,(z) is a positively homogeneous function and p,,(2) is a homo-
geneous polynomial of degree m. Then

0 0
2) = () 5pm(2) - g +log 215 (2).

o’ = o
The first two terms now are positively homogeneous of degree m — 1
whereas %pm(z) is a homogeneous polynomial of degree m — 1. By
repeating the same argument k times, the assertion follows.
If, in addition, (7.1.21) is fulfilled then we distinguish the cases n > 2
and n = 1. We begin with the case n > 2 and consider the integral

0= [ (F2+)

where ( is an arbitrarily chosen multiindex with |3] = m — 1 and dw
denotes the surface element of the unit sphere. Integrating r?I(r) =
(>-y_1 22) I(r) from r = 0 to o, we obtain with the divergence theorem:

dw = r?™m=2 / Ofm (6)0°dw
||=r 0z
16]=1
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0 V(e)

/fm ;(&Z,z@)dv—i— / fm(z ( )zjn%iw
V(o) =t
/fm (522«@) dv + o*™H" / fm(©)6°6;dw .
V(o) |6]=1

V(o) denotes the volume of the ball with radius p. The last integrals on
the right—hand side vanish due to assumption (7.1.21). Then taking di
on both sides at p = 1, we find

/ fn(O) { ( (@)) 62 + éﬁé]}dw
|6|=1

Each of the polynomials %(é)éﬁ and 676, is homogeneous of order
|8l + 1 = m. Again, with (7.1.21) for each of these terms, we obtain

/ ﬁéﬁdw =0 forany |B]=m—
8zj
|&|=1

Now we consider the case n = 1. Then

Fr )+ [ (D=1 = /{f’(l) + (= D(=1)" dr
0

P 1
:/fv/n(r)rfmﬂdr+/ffn(*r)r*m+1(—1)mfldr,
0 0

since f] (r) is positively homogeneous of degree (m — 1).
Integration by parts gives with (7.1.21):

1

Fon(1) + (=) (~ 1™t = — / fn(r)(1 = m)r—mdr

as proposed.



362 7. Pseudodifferential Operators as Integral Operators

(ii) For this part of the theorem we confine ourselves only to the case k = 1.
Then the general case can be treated by standard induction.
We will consider the three different subcases m < 0, m > 0 and m =0,
separately. For m < 0, let

or

0z, =ihl) |(2) €Whfp_y for j=1,....n

Since we assume that F'(z) is a given primitive of the h(j ) _; the indefinite
line integral

/Zh(ﬂ ¢)d¢; +co for z € R™\ {0},

s 1=1

for n > 2 is independent of the path of integration avoiding the origin.
All that remains to show is the positive homogeneity of

) = / SO RGO

0o J=1
which is well defined because of

lim hY)(¢) = hY)(6) Jim j¢[mt =0

(—o0

uniformly and m — 1 < —1. A simple change of variables (; = tgj with
any t > 0 shows with the homogeneity of hgflll for z # 0 that

n
§:7n1

which is obviously homogeneous of degree m. This is Euler’s formula for
positively homogeneous functions of degree m.

For n = 1, the integration paths are from (sign z)oo to z and are different
for z > 0 and z < 0. Hence, in general one obtains two different constants

c(? accordingly.

For m > 0 and m ¢ IN, we proceed in the same manner as before by
defining

z
n

= [ YL G = 2 ).
0

Jj=1 Jj=1

This representation also shows that f is uniquely determined.
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Again, in the case n = 1, one may obtain different contants c(jf corre-
sponding to z > 0 or z < 0, respectively.

Now, let us consider the case m € IN and n > 2. Here,
, , F
WO () = KL (2) + 1L () og 2] = —i o (2)
Zj

is pseudohomogeneous of degree m — 1. Hence,

oF

oo (t2) = it ) (2) it ) (2) {log | + log )
<j

for every t > 0 and z # 0. For F(z), we find the path-independent line
integral

[ OF
=3 [ Qg
jlo/azj(o e

where c¢ is any constant. By changing the variable of integration { = 7z
and integrating along the straight lines where 7 € [0, 1], we find

n

1
F(z) = iZ/Tmfl (hgll(z)+pgll(z)log|z|> z;dr

N 1
+’LZ/Tm llogTdTp(J) 1(2)z; + ¢,
0

i.e., the explicit representation
i ; 1
F) == 30 (W) + 92 log o] - 22 1(2)) 5+
j=1
with any constant c¢. Therefore,

I > (R NE)

j=1
i~

pml) = — > o (o)
j=1

Both functions, f,,(z) and the polynomial p,,(z) are homogeneous of
degree m and F' = f,, + pm log|z| + c.

Finally, for n > 2, let us consider the case m = 0. Here the desired form
of fis
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f(2) = co+ go(2) + polog |2|

where go and pg both are to be found. The yet unknown function go(z)
is positively homogeneous of degree zero, hence, the desired function

0
Z ago )z; is positively homogeneous
Zj

of degree zero again, due to the first part of our theorem. Now we require
that the condition
0]
/ § 799, dw (7.1.23)
0z
jZl=1 7=

is satisfied. This implies with

oOF 8g0
el 1) S = pU) (g 7.1.24
that py must be chosen as to satisfy
Po / Z ‘Z—Jz@jdw = Z / h9)(2)6;dw . (7.1.25)
|zj=1 7=1 7= =1

With the constant pg, we now define the function

Z/ago = é(j (h(”(é) —pogz) d¢;  (7.1.26)

where O is a point on the unit sphere which fulfills
Z (h(])(é) — po@j) @j =0.
j=1

This is always possible because of (7.1.24). Since h() = 2£ and e IQ =

mgii_lzl, the value of the line integral in (7.1.26) is independent of the path

as long as R™ \ {0} is simply connected. It will be independent of the
path in every case if for a closed curve C on the unit sphere, C : z = O(1)
for 7 € [0, T] with ©(0) = ©(T) = 0, the integral

(19 @) - wem) T
C

vanishes. Since h)(z) = % with F € C*°(IR™\ {0}) and

J

n

1
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d = o = 00;
j=1 Jj=1
for any curve on |©(7)| = 1, we find, indeed,

Z%agod@—o

To show that gg is positively homogeneous of degree zero, we first show
with (7.1.24) and (7.1.25)

te

"L dgo N —= 7O V=
/Za— Ve, = /{hU)(T@)—pOT—;}@de
2] e

J: j:l

for every t > 0. Then, with Z] = ¢/l

|z|©
" 0
golz) = Z/ godCJJrz/ﬂgj
s T e
n el
9o
- = d
0+3 @/ oo (A0l
n el
z
- > [ Pod-w(2)
=15

where we have used the homogeneity of % due to (7.1.24).

We note that we may add to gy an arbitrarily chosen constant which
defines a homogeneous function of degree zero. Hence, gy is not unique.

In the remaining case n = 1 and m = 0, for k = 1 we have for h') € Whf_,
the explicit representation

1
AV (2) = Y (sign ) - R
z

Hence,
F(2) = (sign =) - AV (sign 2) log 2] + ci
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and only with
AV (1) — (=1)rM(=1) =0

we find
f(z) =M 1) log|z| + & € Whiy

as proposed. |

In the following lemma we show how one can derive the homogeneous
symbol from the integral operator with a kernel given as a pseudohomoge-
neous function.

Lemma 7.1.4. Let k,(x,z) € Uhf, with & > —n. Then the integral operator
K, defined by

/k x,x —y)u(y)dy for x € 2, ue C5°(N) (7.1.27)

belongs to L7;(§2) where m = —k — n.
In addition, if ¢ (z) is a C™ cut—off function with ¥ (z) =1 for
|z| <e,e>0, and 3p(z) =0 for |z| > R then

ay(x,€) = e ¢ / ki (z, 2 — y)ib(z — y)e® Sdy (7.1.28)

9]

is a symbol in ST} (2 x R™) and the limit

am(z,€) == lim t™ May(z,t§) (7.1.29)

t——+oo

exists for x € 2 and £ # 0 and defines the positively homogeneous represen-
tative of degree m of the complete symbol class g, ~ am(z,§).

Proof: With ¢(z), first write
(Kt)(&) = [ hulasz-p)ia)uts)dyt [ bulo, o) (1-v(-)ulwdy.
2 2

Since the kernel {k(z,z —y)(1 — ¢ (x —y))} of the second integral operator
is a C®°(§2 x {2) function, the latter defines a smoothing operator due to
Theorem 6.1.10 (iv). Hence, it suffices to consider only the first operator

(Kyu)(z /k z,x —y)v(x — y)u(y)dy .

Note that k. (x, z)1(z) is weakly singular and has compact support with
respect to z, hence, the symbol ay(x,€) given by (7.1.28) is just its Fourier
transformation and, therefore, due to the Paley—Wiener—Schwartz theorem
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(Theorem 3.1.3) ay € C*°(§2 x IR™). It remains to show that a, € STy (2 x
IR™), that a,,(z, &) is well defined by (7.1.29) and, finally, that a, ~ a,, (for

€l = 1).
We first show the existence of the limit a,,. To do so, choose a multi-index
v with |y| > —m and consider

g’y (Qw(l’, 6) - timaw (l’, tf))

_ gy/e—iszﬁ(g;’z) {v) -0 (3)} e

R

+¢& / e =, (x, 2)1) (;) dzlogt

R"™

N ARS ai)AY(kﬁ(xvz){l/J(Z)—w(g)})dz

e<|z|

ey [ e () )

0<B<y
X cm( — i%)ﬁy_ﬂd)(;)dz logt

R IBI<s e<|z|[<R
provided t > R, by using the Leibniz rule. Then we obtain

g’y(aw(zvg) -t (IE tf Z IZ)\’y Z ISﬂ’y
0< A<y 0<B<y
B1<n
where
—iz- z
0w = [ e =D @ {ue v (3)}a
|2|>e
ith k(" (z,2) = (—iﬁ)’yk (z,2);
w W*"‘/‘ ) T 82 K ) ’
—iz- — z
Iy(t) = con / Ek(A IM(x z) {wv—k(z) — WM va—)\ (;)}dz
e<lzl
A
with ,_\(2) := (—i%)7 P(z)#0 for e < |z| < R;
; z
I3py(t) = cpy / e =P (2, 2) g (;) dzt~"=logt.
|2|<tR

We note from Lemma 7.1.3 part (i) that the kernels kf@’yw belong to Whf,_|x-

Since |y| > —m, for fixed x € 2, the integral I(t) converges uniformly
as t — oo for all |z]| > e:
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Jim 1(t) = / D (,2) {(z) — 1} .

|z[>e

A simple manipulation shows that the second term in I5y~(¢) can be estimated
by

_ z
Cry / k’i)‘_)l)\‘(x,z)tw Mwy_)\ (;) dz

e<|zI<tR
tR
< c(z,\7y,e,R) / pe A =Ien =1 4 Jlog r|)dr = O(t  logt)
r=¢&

— 0 as t— oo since |y|>k+n.
For the third term we find similarly
[I35,(t)] = O(t 'logt) = 0 as t — 0.

Hence, the limit exists; and for £ # 0 we find

am(x, &) = tlirgotfma¢(x,t§) (7.1.30)
— oy g) € / e ERD (2,2) {(2) — 1} dz
|2i>e

& Z Chy / e_izfkiy‘/\l(x,z)wv_,\(z)dz.

0SA<Y  <z1<R

Clearly, (7.1.30) implies with the Paley—Wiener—Schwartz theorem 3.1.3
that am(z,£) € C*(£2 x (R™\ {0})). From the definition (7.1.29) it is also
clear, that a,,(z,§) is positively homogeneous of degree m:

am(z,78) = 7 lim 77"t "ag(x, TLE)
t——+o0

= 7"ap(x,§) for 7>0 and £#0.

Finally, we show that ay(z,&) — x(§)am(z,&) € S™°(2 x R™) for any
C>°—cut—off function x with x(§) = 0 for [¢| < § and x(£) = 1 for all [¢] > 1.

Let 2 € 2 be any compact subset; consider any multiindices «, (3, .
Then, for |£| > 1 from (7.1.30),
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(5) € (g) " (esle) —om(e.0)
()" [ () ) o e
|2|>e
£ 3 en(ge) [ () K ) e
0<A<y e<|z|[<R

= [ e (—iz)“i(%)ﬁkg’jw(z, 2)){(z) — 1}dz

n ox, / e—iz‘f(_iz)a((%)ﬁkﬁ)fl)\‘(x7z))zﬂw,)\(z)dz.

0SA<Y e<jz1<R

IN
>

For any « and § and for every v with |y| > k + n + |«|, the first integral
on the right-hand side is uniformly bounded for z € 2 and all ¢ € R™
The remaining integrals on the right-hand side are the Fourier transforms
of C*°—functions with compact support in ¢ < |z| < R and are infinitely
differentiable for z € (2. Consequently, with Theorem 3.1.3, we have for any
a, B and for every v with |y| > k + n + || the estimates

o (5 (5) et o]l < @ e,

Hence, (aw(z,f)—x(f)am(z,f)) € ST(2xIR™) and ay(z,§) € SZ;(QxIR":

Remark 7.1.2: For k € INg, consider the whole class of integral operators
with the kernels of the form

ko(z,2) = fu(x, 2) + pe(z, 2)log |2| + gx(z, 2) (7.1.31)

where g (z,2) = 32|, ¢y(2)27 is a homogeneous polynomial of degree .
Then all k,; of the form (7.1.31) belong to ¥hf,. For given f, and p,, and for
any choice of g, (z,z) in (7.1.31), k. has the same positively homogeneous
principal symbol

a?n(zag) = am <33a é) ‘§|m

since the integral operator defined by the kernel function ¢, is a smoothing
operator.

For fixed = and x & INp, the symbol of k. (x, z) = f.(x,2) is a positively
homogeneous function given by the Fourier transform of f,; which also defines
a homogeneous distribution of degree m = —x —n with a singularity at £ =0
for m < 0.
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Let us recall that a distribution « is said to be homogeneous of degree
AeCif

M, p(at)) = (u, @) for all ¢ € C(IR™) and t>0. (7.1.32)

For the case k € INg, and pseudohomogeneous kernels of the form (7.1.31),
we again consider the Fourier transform of the kernel. The latter defines the
density of a distribution whose Fourier transform can be written as

o —

E;(xaf) = (pn(mf) IOg‘ : |)(.%‘,f) +‘7:2'—>€ffi(xaz) :

We first consider

faw© = @02 [ feouee s (7.1.33)
|2[<R
e Hem 2 [ e Al (fulo )0 - v )z

|z|>e

which exists for £ # 0 since both integrals exist, provided that for the second
one 2k > k + n. Similar to the previous analysis, one can easily show that
fu(z, &) = O(J&™) as |€] — 0. Moreover, with the identity

—
[ ]

® (E)(z) =t"p(tz) for t>0

/ e, ($) de

R" R"
v [ e = o [ e
R” R"

we obtain

t" / fr(z,2)p(t2)dz
(7.1.34)

for all p € CP(IR"\{0}) and t > 0, m = —k —n. According to the definition
of homogeneity of generalized functions in Hormander [131, Vol.I, Definition

3.2.2], Equation (7.1.34) implies that ﬁ(m,f) is a positively homogeneous
function of degree m for & # 0. To extend f.(x,£) as a distribution on
C§°(IR™), we use the canonical extension through the finite part integral
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p.f. /ﬁ(%&)@(@d& (7.1.35)
IR"n,

| Rwofeo - X Segm o)

le[<R lof <

B / R+l 90 F (2, 0)du(0) 22 (0)

Kk —|al al g

lal<w 16]=1
+ Z / log R 6° f,. (x, 0)dw(6) + / Fel@,©)p(€)de

lal=r " gj=1 &[> R

[e3

for p € C§°(IR™) and any R > 0.

If the logarithmic term is present, the canonical extension is not homoge-
neous anymore, but only pseudohomogeneous.

For the term p,(x,z)log|z|, the Fourier transform can be obtained ex-
plicitly (see Schwartz [276, VII. 7.16]),

pu(e, Yog] | = PEE (i%) {crgm +cronte}

where p.(2,2) = 32, ¢y(2)27, where do() is the Dirac functional and

-
where C,, and C/, are universal constants. Here, the first terms (ia%) AR

are homogeneous functions and, again, we use the canonical extension

/pn(x7z)log|z|@(z)dz (7.1.36)
e
~ ot [ Z & (@ (( )Wznﬂ(s)d&wc; ﬂX_j o, (@) 55 0)

where the finite part integral takes a form corresponding to (7.1.35).
Summing (7.1.35) and (7.1.36) yields the representation of the Fourier
transform of the kernel k,;(x, z) in the sense of distributions, i. e., ay,(z,§) =

ki (2, €).
To test the homogeneity of the distribution given by E,Q(ac, £), we choose

R =tin (7.1.35) and (7.1.36) to compute p.f. [ k(2,8 (%) d¢. Then, by
RW,

setting ¢ = 1 in the latter we get p.f. [ Eﬁ(a:,f)go(é“)dg. Hence, we obtain
]R"n.
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(Fula)) = vt [l 0l +°C; 3 o (a) g0 (0) (1037
R [v|=k
= tfm’”{p.f. /%K(x,f)ga(%)df
RTL
+ire, Y e@)((55) 9((5))lewo)
Ivl—N

~logt ). ~ / 9 (ﬁ(a:,e)

[v|=r |9‘ 1

oA ((55¢) g leo) 0 30

From Equation (7.1.37) we see, that the Fourier transform k. (z, £) defines
a pseudohomogeneous distribution which becomes homogeneous only if the
following compatibility condition is fulfilled:

/ 0° (P 0)+ 3 e (@) (i 8)V§|n)|g 0)dw(6) =0 (7.1.38)

|o|=1 lv|=r

On the other hand, as we shall see, if we have k, € hf,, the correspond-
ing Fourier transformed k,(z,£) = a(x,§) always defines the homogeneous
symbol of order m. We will return to this remark later on in Theorem 7.1.6.

Lemma 7.1.5. Let a,,(z,£) € C> (2 x (R™\ {0})) be a positively homoge-
neous function of degree m < —n; i.e.,

am (2, t8) = t"am (2, &) forall x € 2,t>0, £#£0.

Then
kom—n(z,2) = (2m)7" p.f. /eiz'gam(m,f)dg (7.1.39)
e
exists and defines a positively pseudohomogeneous kernel function of degree
—m —n.

Proof: Let x(§) be a C* cut—off function with x(§) = 1 for |{| > 1 and
x(§) =0 for [¢] < 4. Then each of the following integrals,

Maz) = @0 [ e, o e
+ (27)7" p.f. / i eiz'g(l — X(f))am(x,f)df,
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exists since the first has integrable integrand because of m < —n and the
second one is defined by the Fourier transform of a distribution with compact
support, therefore it is a C*°(£2 x IR™)-function according to the Paley—
Wiener—Schwartz theorem, Theorem 3.1.3. Hence, for z fixed, k(z,z) is a
Fourier transformed positively homogeneous distribution.

We now show that k& € C(£2 x R" \ {0}). For z # 0 one finds with
(6.1.11)

(mige) bwz) = @0l [ A (o Ox(©)de
R"N{[¢[>3}
+(2w)*"(f¢%)a / 7 (1= X(€) ) (, €)dE . (7.1.40)

RrO{¢[<1}

The first integral on the right-hand side is continuous if |a| < —n — m + 2k
for any chosen k € INg whereas the second integral is C°°(£2 x IR") for any
a > 0. Hence, k(x,z) € C(£2 x R™\ {0}).

Since, in general, the Fourier transform of a positively homogeneous distri-
bution is not necessarily positively homogeneous, we consider first the deriv-
atives

0

k) (2, 2) = (— z‘&yxk(m, 2)

given by (7.1.40) with || > —m — n and k chosen with 2k > |a| +n +
m. For these o one will see that k(®) is positively homogeneous of degree
—m —n — |a|. For this purpose we use (6.1.11) and begin with the limit

lim ¢ FFlel (@) (4 1z2)
t—0+ ’

= (2m) " Jim e [ A (¢ (w x(©)de
R™N{|¢]>5}

b e a©)un (e )
R*N{[¢|<1}
= (m) ™" Jim, {]¢17 / e (D) (€" am (2, €)x (i) “
=2

o [ e (1ox(§)) antongra').

1€71<t

where the transformation £ = t£ and the positive homogeneity of a,,(z, &)
have been employed. Since |«| > —m —n, the integrand of the second integral
on the right-hand side is continuous, uniformly bounded and tends to zero
as t — 0+4. The first term on the right—hand side can be rewritten as follows:
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lim ¢mntlelple)(

Jm x,t2)

= (2m) e / &= (A (€ am(s €)x(€))de’

3<l¢/]
+(2m)7" lim |2~ / = (Ae) (6 am(,€) (x(5) ) (&) )
3t<|e<1
= en [ e A" (ale (e
3<lél
Hem) ™ [ eetam 1 - x(©)dg
1€1<1

= k9, 2),

since the second term has a continuous, uniformly bounded integrand which
tends to the corresponding integrand in (7.1.40). Thus,

Jim At (@) (1 t2) = K@) (z, 2). (7.1.41)

Equation (7.1.41) implies that k(®)(z,z2) € Whf._|al is positively homoge-
neous with kK = —m — n. Hence, for n > 2 it follows from Lemma 7.1.3 part
(ii) that k(z, 2) —pjaj-1(2) € Yhf_pm_n wWhere pjq|—1(z, 2) is some polynomial
of degree less than |«|.
In what follows, for n > 2 we shall now present the explicit form of the
kernel
k(z,2) = fom—n(x,2) + p—m—n(z, 2)log|z|

which shows that pj,—1 = 0. From Definition 7.1.2 applied to (7.1.39) we
find with £2p = {{ e R"||{| < R} for k = —m —n > 0,

k(x,z) = (2#)_"{ / am(x,g){e’f'z - Z é(iz)aﬁo‘}dg (7.1.42)

l€I<R || <k
1 1
_ Z mg / R_"Ha'eaam(ax,G)dw(e)(iz)a
la| <k '|0|:1
1 .
+|,Z ol / (log R) 6% (x, 8)duw () (62)" + / ¢ % (i, )dE
= EI>R

Here R > 0 can be chosen arbitrarily. The dilatation of the kernel with ¢ > 0
reads after proper change of variables,
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ko, tz) = (2m) e / an(e, e = i(iz)afa}df

l¢l<tR o<
1 1
— — p—rtlal 4lal &’ N\
> / 0% 4 (2, 0)du(0) (i)
|| <k 16]=1
1 K o - (0%
+ Z at log R / 0%am (z,0)dw(0)(iz)
la|=r |oj=1
+t" / e 2y, (x,€)dE 3 . (7.1.43)
[§1=tR

Comparing (7.1.43) with (7.1.42) suggests the choice of R = 1 which yields
k(z,tz) =t "k(z,2) + " "logtp.(x, 2) (7.1.44)

where

pela,z) == 3 ED" / 0% (2, 0)deo(0) (i2)° | (7.1.45)

lo|=r loj=1
Then we obtain
k(z,2) = t™ "k(x,t2) —logt p.(z, 2)
for any ¢ > 0. Hence, the choice t = 1/|z| gives

k(z,2) = |z|"™ "k (w Z) +logl|z| - pom—n(x,2). (7.1.46)

"zl

This is a pseudohomogeneous function with the positively homogeneous part

fom—n(z,2) = 2|77 (2m) ™" (7.1.47)
{ [ entwpfeos= 3 aorefae
le]<1 la|<k
-> K_lwi / V¥ (2,9)dw(9)(i0)™ + / eii'@am(x,g)dg}
o< |9]=1 lef>1

where @ = ﬁ, and the homogeneous polynomial is given by (7.1.45) with
z

K=—-m—n.
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If n = 1, then Lemma 7.1.3 part (ii) implies that k(x, z) — pil_l(z) €
Uhf,n_1. On the other hand,

E(x,z) = (2m)~* /eizfa%(m7§)d§

o
= (2m) 719 [ €%ad (x, 1)EmdE + | e *¢ad, (v, —1)mdE
Yy {O/e a X 0/6 a xr }

and the one-dimensional Fourier transform of £* in the book by Gelfand and
Shilov [97, p. 360] provides us with the explicit formula

k(z,z) = |z|"™ D (m + 1){e™2af, (z,sign z) — e~ "™2af, (x, —sign z)} .

Hence, the polynomials p|ia|71($’z) = 0 as in the cases for n > 2. This
completes the proof of Lemma 7.1.5. |

Now we are in the position to prove Theorem 7.1.1.

Proof of Theorem 7.1.1: (i) We begin with A € L7}({2) given, provided
m < —n. Then there exists a properly supported operator A,, of order m
such that A — A,, has a Schwartz kernel in C*°(£2 x IR™); and the symbol
a(z,§) of A,, is given by

a(x, &) = e A, e € ST x IR™).

With this symbol, we define

k(z,z):= (2m)"" p.f. / e ta(x, &)d¢. (7.1.48)

R"

In order to find the pseudohomogeneous expansion of k, we use the asymptotic
expansion of the symbol

a(x,f) ~ Za7n—j(xa€)
j=0

where each a,,—; € C>(£2 x IR" \ {0}) is a positively homogeneous function
of degree m — j < —n. To each a,,—;, we define the kernel

k_pm—ntj(z,2) = (2m)7" pt. /eig‘zam_j(x,g)dg (7.1.49)
e

which is positively homogeneous of degree —m — n + j due to Lemma 7.1.5.
Now we show that the remainder
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kj(x,2):=k(z,z) Zk,m nii(m,2) € CH2 x R™) (7.1.50)
i<J

for £ < J —m — n. By definition, we then have

bife,2) = @n) "t [ € (alw€) = 3 an(o.6))de
Ln j<J

= et [ e (1-x09) (00,9 - X anss(0.0)de

j<J
lgl<1 J

+ 0t [ (a6 = Y a6 x(€)de

j<J
le|>1 /

where x(§) is a C*° cut-off-function with 0 < x(§) < 1, x(¢§) = 0 for
¢ < % and x(€) = 1 for [¢| > 1. The first integral on the right-hand
side is a distribution with compact support defining a function k;i(x,2) €
C*(2 x R") due to Theorem 3.1.3. The second integral kjo(z,z) has an
integrable integrand since it decays as |£|™ ™. Moreover, we may differentiate
and obtain

(7i%>akj2(l',z) = (2m)~" / e’ Zf“( Zam —j(@, & ) (&)dg,

j<J
lel>3 J

which implies (=i 2)" kja(z,2) € CO(2 x R™) for m — J + |a] < —n, i. e.
(7.1.50). This shows that k(z, z) € ¥hk, with kK = —m — n.
It remains to show that

/k:xx— (y)dy for uwe C§°(N2) and z € 2

with the kernel k(x, z) defined by (7.1.48). Collecting the terms in the above
expansion, from (7.1.50) and Lemma 7.1.5 we have

(Apu)(z) = (2m) / / @€ oz, €)u(y)dyde

= (2m)" //”W (z,) — Zamjxg) y)dyde

R" i<J
+> / wti (@, — y)uly)dy
]<J_Q
= / (ko2 =) + 3 kers(ea — ) July)dy
j<J

= /k‘xw— (y)dy,
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i.e., the proposed representation:

(Au)(z) = / k(e — y)uly)dy + / (2, y)u(y)dy

2 2

where k € Whk, and r € C*°(£2 x (2).

(i) For —n < m < 0 we choose £ € IN with 2/ > m + n and define k(z, 2)
for the modified symbol a(z, £)|¢|72 =: b(x,&). Then one has

By, 2) = (2m) " / e a(r, €)|¢| 2 de
J

with ky € Whk_,,_nyoe from the previous case m — 2¢ < —n. With the
distributional derivatives, this implies

k(x,2) = (—A) ky(z, 2) = (2m) 7" / e *a(x, £)de (7.1.51)
]R"n.
with k € Whk_,,_, as proposed. The rest of the proof follows as in case
(i). Hence, we have shown, if A € L™(§2), then A admits the representation
(7.1.10).
Conversely, let k € ¥hk,(2) with Kk = —m —n and m < 0 be given.

Then k admits an asymptotic expansion into pseudohomogeneous functions
ko_; € Ukf, for j € INg, see (7.1.2). We define

ay(z,8) = / ek (x, 2)Y(2)dz
|z|[<R
where the cut—off function ¢ is defined as in Lemma 7.1.4; here we choose

R=1ande= % Now apply Lemma 7.1.4 to each k..4; € Whf.t;. Then the
operators K, ; defined by

(K ju)(z) = / s (0, — y)u(y)dy
(94

belong to Eglf_j (£2) and each of them has the positively homogeneous symbol
am—;(x,€) defined by (7.1.29). Correspondingly, the operators defined by

(Ropu)(z) = / s (2,2 — )0z — y)u(y)dy
0

= (Busu)@)+ [ b= 9) (6o~ v) ~ 1)dy
2
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also belong to E;’tf—j (£2) with the same positively homogeneous representa-
tive am,—;(x,€) of the complete symbol class @,,—;, since the second integral
operator on the right-hand side has a C*(§2 x (2) kernel. Now,

Ra(,6) —@(ai)ﬁ(@a(aw (5.6 = e 9)

. 0%k o, i,
J

|z|<1

= / e i€ (_@'ai)AY {(—zz) (,f—; <k,.;+](a:,z) + Reru+1(x, z))w(z)}dz

zi<1

where k4 is the next pseudohomogeneous function and R, 41 the cor-
responding remainder in the asymptotic kernel expansion in (7.1.2). Due
to the Paley—Wiener—Schwartz theorem 3.1.3, the function R,(z,€) is in
C*(2 x R™). Since |y — a| = J —m, we have

Ra(z,€) = (2m)" 2 For k%P7 (2, )+/6_”'50(\4_"“)612+ca(x,£)
lzi<1

where

B\? /7 9\
(o, 8,7) —_ (A e 9 v a
KB (@, 2) = (—i)P <8xﬁ> <8z> iy (2, 2)

is a homogeneous function of degree —n and, hence, of the form (7.1.1). The
term ¢, (x,€) can be estimated in the same manner as in the proof of Lemma
7.1.2, namely

1€ (x,6)| < cs forany |6 >1 for z€ K €

with any compact K. The second term in R, is uniformly bounded since it
has a weakly singular kernel. Lemma 7.1.2 implies the estimates

|Ro(2,8)| < 1k + carclog |€]  for |€]>1 and z € K

with any compact set K € {2. Consequently, we obtain estimates

() () (9~ S nste)
s\(aiY(i)“am—w

< (c1(a, B, K) + ea(a, B, K) log [¢]) (€)™ 7714171 + ea(a, 8, K) (€)™ 71
< eqla, B, K) (™77l forall €] >1, ze K.
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Hence,
ay(2,6) ~ D Am—j(@,6) ~ Y am—j(,€)
as claimed. This completes the proof of Theorem 7.1.1. |

7.1.2 Non—Negative Order Pseudodifferential Operators
as Hadamard Finite Part Integral Operators

We now consider the case m > 0. We begin with 0 < m ¢ IN and consider a
positively homogeneous kernel f,(z, z) of degree Kk = —m — n.

Theorem 7.1.6. Letm >0, m & IN and k = —m—n. Then every positively
homogeneous function f.(x,z) of degree k, i.e. f, € Whf, defines via

(Apu) = p.t. /f,g(a:,x—y)u(y)dy for ue C3°(£2) (7.1.52)
o)

a classical pseudodifferential operator A,, € L7(§2). The complete symbol
class o4, is given by the positively homogeneous representative an,(x,&) of
order m defined by

am(z,&) = pf. /fﬂ(a:,z)e_”fdz. (7.1.53)
e

Proof: The function a,,(x,&) defined by (7.1.53) is well defined for all £ €
IR"™ due to (7.1.4) with u(z) = e~**¢. The positive homogeneity of a, (z,t£) =
t" (2, €) for t > 0 and € # 0 follows immediately also from (7.1.4):

am(z,t€) = {/f,{(x,z){e_iz‘tg— Z éz“(—itﬁ)“}dz

|z|<R laj<m
1 1
—m+|a| go _ e\
+ Y e [ R o 0)do(o) i)
\Oc|<m |19|:1
+ / e_iz'téfﬁ(gc,z)dz} (7.1.54)
|z|>R

where new coordinates 2z’ = zt and the choice of R = ¢t~ provides us with
the desired identity.
Now, write

(Amu)(z) = pit. / Ful = y)(z — y)uly)dy

9]

+ / Fulx — ) (1 — bz — ) u(y)dy.

9]
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Since the kernel of the second integral operator is in C°({2 x 2), it defines
a smoothing operator due to Theorem 6.1.10 (iv). The kernel of the first
operator fy(z,2)Y(z), for fixed x € 2, has compact support. Therefore, the
symbol

aw,€) = pt. [ w20
mn
is in C°(2 x IR™) due to the Paley-Wiener—Schwartz theorem 3.1.3. More-
over, for || > 1 we find

(2 (2 0.9 - amis )

23

17| [ e At (= inl) i (51) Ul ) () - 1))
el

< (e, 5,7) (7.1.55)

for every v and «, 8 with the choice of k such that 2k > |a| — |y| and the
choice e =1, R =2 for ¢ (Lemma 7.1.4).

For |£| > 1, this estimate implies a ~ a,, and the complete symbol class
of A,, is given just by the homogeneous symbol (7.1.53). |

Similarly, for m € INg and kK = —m — n we have the following relation
between f, and A,,.

Theorem 7.1.7. Let m € Ny and k = —m — n. A pseudohomogeneous
function f.(x,z) € hf, defines the Schwartz kernel of a pseudodifferential
operator in L7;(12) if and only if the Tricomi compatibility conditions

O fu(x,0)dw(©) =0 for dall |a|=m (7.1.56)
|0]=1
are satisfied.

Proof: As in the case of m ¢ INg, we write with a C°° cut—off function v
as in Lemma 7.1.4,

(Anu)(z) = pit. / Fola, @ — gyl — y)u(y)dy
(93
+ / fe(zz—y) (1 — oz —y))u(y)dy.
0

The second term defines again a smoothing operator due to Theo-
rem 6.1.10 (iv).
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The case m = 0 now follows from Lemma 7.1.2 where ¢(z) = 0 is just the
Tricomi condition for m = 0. For m € IN, as in the case m ¢ INy, we define

Fu(@, &) == (2m) "2 p.t. /e_iz'gf,i(%z)dz.

R

Similarly, for the properly supported operator

Ao = pif. / Fula, — y)o(x — y)uly)dy
(]

operating on u € C§°({2), we define the symbol

a(x,€) := pd. /e_iz‘éf,i(x,z)w(z)dz, (7.1.57)
Tir

which is a well-defined C*°(£2 x IR™) function due to the Paley—Wiener—
Schwartz theorem 3.1.3. Hence,

Apmou(z) := (21)""/? p.f. / e Ca(x, )uf)de .

R

Moreover, for every «, 3, we find the estimate

(2 (D) (aw. ) - n)"2Fule, )| < clon 5.)
8:10 1913

for |¢] > 1 in the same manner as in (7.1.55) in the case m ¢ INy. Hence,
fi(z, &) represents the complete asymptotic expansion of a(z, §). However, in

order to have positive homogeneity for f., we use the same procedure as in
(7.1.42), (7.1.43) and obtain for m > 1 finally

Fulwn6) = [, <x é) (7.1.58)

~em)loglel Y 5 [ € (e @)du()(-it)"

|a\:m |@|:1

This relation shows that the Tricomi condition is necessary for f;(x, £) to
define a homogeneous symbol. Consequently, a(z,£) € S™(£2 x R"™) only if
the Tricomi condition (7.1.56) is fulfilled. |

Theorem 7.1.8. i) Let 0 < m ¢ IN and K = —m — n. Then A € LT(12) if
and only if

(Au)(z) = p.f. /k x,x —y)u(y)dy for all u e C3°(12) (7.1.59)
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with the Schwartz kernel satisfying k € Whk,(£2). The kernel function k
admits the pseudohomogeneous asymptotic expansion

k(z,z —y Zk"‘ﬂ

7>0

with keq; € Whi.y; for j € Ng.

ii) If m € INy then A € L7}(£2) if and only if it has the representation

lal<m

(Au)(z) = Z aq(x)D%(x) + p.f. /k(m,x—y)u(y)dy (7.1.60)
2

for all uw € C§°(12), the Schwartz kernel satisfies k € Whk.(£2); and, in
addition, the Tricomi conditions

/ éaknﬂ(:c,é)dw(é) =0 forall o with |a]=m—j (7.1.61)

and all j € g with j < m are fulfilled. The coefficients an(x) are given by
aa(w) = & (A((o —2)° <|-—x\>|
b, / (.2~ y)(y — ) (ly — al)dy)

where Y € CS° is a cut—off function with ¥(z) =1 for
|z2| <e,e >0 and ¥(z) =0 for |z| > 2.

(7.1.62)

Proof: i) Let A € L7}(2) be given where m > 0. Then to A there exists a
properly supported operator A,, of order m such that A— A,, has a C* (2 x
IR™) Schwartz kernel. A,, € OPS™(§2 x R™) has the symbol

a(x,€) = e (A6 %) (x) € ST(2 x R™).

Then a(x, &) admits a complete symbol class with positively homogeneous
representatives a, ;(x,£) € C®(£2 x R"™ \ {0}) and

2,6) ~ Y ah,_ (@)
Jj=20
The kernel k(x,z — y) of the operator A,, then satisfies
Moz) = @0 [ e a1 - x(©)de
]R‘Tl,

2|2 (2m) / €62 (— Ag)*{a(x, €)X (€) e

R™
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provided 2k > m +n, where x (&) with 0 < x(§) < 1is a C* cut—off function
with x(€) = 0 for [£] < % and (&) = 1 for |¢| > 1. Corresponding to the
asymptotic expansion of the symbol a(z, ), we define

kv, 2) = 2m) P F L ap,_j(@,6) = Y dauei(@)(=D)*6(2).

|a <2k
(7.1.63)
In the case j < m + n, the kernel in (7.1.63) is given by
b 2) = 207" [ €%, €) (1= () de
" (7.1.64)
Hal 2 m ™ [ 5 A al (= X))

R"

for 2k > m + n — j, where both integrals exist.
For the homogeneity of k,,—;(z, z) we see that with & = t&, we have

k/‘i"l‘j (.13, tZ)

= (2m)™" / eigl'za(,)n_j(:c,g’)tferj (1 —X<%/>)t7”d£'

R"

!
+Izt|‘2’“(27r)_n/e’f"z(—Ag')kt%_mﬂ_n{a?fﬂ(x’gl)x(%) je
Rn
= tﬁ_‘—jkm-i,-j (l‘, Z)

since the cut-off function x is arbitrary. Hence, k.y; € Whf.i; for k +
Jj <0, ie. kqyj is even positively homogeneous of degree x + j. In the case
m € INg, the homogeneous functions k4 ,(x,x — y) are the kernels of the
pseudodifferential operators ap), ;(x,—iD) € OPS™ /(£ x R") which are
of nonnegative orders if m — j > 0. Hence, for j = 0,...,m, Theorem 7.1.7
implies that k. ;(z, z) must satisfy the Tricomi conditions (7.1.61).

For j > m + n, we distinguish the subcases m ¢ INg and m € INy. We

begin with m ¢ INg. Then j > m 4+ n and (7.1.63) reads as

kit j(x,2) = (27) " p.f. /eif'zao (,€)dE (7.1.65)

m-=j

R™

which clearly exists. In particular, with the homogeneity of a% i(@,€), we
find
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besi(ot2) = @) { [ b e - 3D et e

€I<R ol <kt

1 1 —k—j+|a| na 0 ; [e%
> 77 Jalal R 6%al,_;(x,0)dw(O)(itz)
la|<r+j '\@\:1
b [ et g

[§I=R

Now set ¢ = 1 and R = 1, which gives the form of k.4 (z,z). Next, set
R =t~ and change the coordinates ¢’ = t£ which yields the identity

kn-‘rj (Ia tz) = tn+jkn+j (:E, Z) :

Again, k;,i_;,_j S '(/)hf,i_k]
For m € INy, let us consider first the case x + j = 0. Then (7.1.63) reads

ko(w,2) = (2m) "2F a2 (2,6) = Y aao(@)(=D)*8(2)
|| <2k

where a® , (z, &) = [¢|7"a%,,(, é) In this case Lemma 7.1.2 implies

ko(z, z) = c(x){ao + a1 log |z|} (7.1.66)

-n a® (z,0) - c(x o# Z—Wézo w(6
+en) " [ (a(@.6) <)>{1g|é.20|+2|é120|}d<9>

|&|=1

where zop = z/|z| and c¢(z) = wl Ik a®, (x,0)dw(6). The constants ag
|6]=1
and a; are explicitly given by Lemma 7.1.2. This shows that ko(z,2) €
Yhfo(2 x R™) and for  # y, the function ko(x,z — y) is the Schwartz
kernel of a° ,,(x, —iD).
For the remaining case k + 7 € IN, i.e. j > m + n, we have again the
representation (7.1.65) for the Schwartz kernel of a,,—_;(z, —iD). For the ho-

mogeneity of k.4, we see that

oo t2) = 2m) [ ab @ ofet - 3 Lenia) e

[€I<R lal<k+j
1 1 —k—j+|a| Ha 0 2 A\ (g
> R IHe©¥0 (2, 0)dw(O)(itz)
K+ — oo J
‘Oé|<l'i+] ‘@‘:1
1 O o) D)/ 3 o 1€tz
+ > = / (log R)6al,_;(x, 0)dw(O)(itz) +/ 6t a?n_j(g:,g)dg}
[al=rt el R

(7.1.67)
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By choosing first R = 1 one finds representations of k.4,(x,tz) and of
kwyj(x,z) where t = 1. Transforming ¢ = t{ and afterwards choosing
R =t"', we finally obtain

Krt2) = 059 b (0, 2)logt Y0 / 6°af, (. 0)du(B)(i2)" }.
la|= HJFJ ‘@‘ 1

Hence, kqyj € Phf.y;(2 x R™) can be written explicitly as

bei(e2) = P Em " [ @m0 €)d = g |2z 2)
RTL
with
1 . ~
peslen) = 3 o [ 0% @ O)duB)i

la|=r+j |el=1
It remains to establish that

k(z,2) = Y kpyy isin CY(RxIR") for 0<L<k+J.
0<j<J

From the definitions of k and k. ; we obtain

(L) (;)6 (o2) = Y bss(o.2)

0<j<J

ryn [ e (8‘1)5 (a(@.6) = - an—y(,6)) d

R" i<J

— ()" / (1= x(&)) e =e (;U)ﬂ (a -3 am_j)dg
i<J

l€1<1

ren [ xoee (2) (o S mes)ee

1
1€1>5

where |a| < ¢ < k + J. The first of the integrals on the right-hand side is
in C>* (2 xIR"™) due to the Paley-Wiener—Schwartz theorem 3.1.3. The inte-
grand of the second integral can be estimated by c(a, 3, m, J)|¢[lel+m=7
where |a|+m—J < k+J+m—J = —n. Therefore, this integral is continuous
for all these o and any f3.

(ii) Now let k € yhk, with kK = —m — n for m > 0 be given. Then k admits

the pseudohomogeneous expansion Z kit; with
720
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k(x,z) — Z korj(2,2) € CHO2 xR™) for 0<l<r+J (7.1.68)
0<j<J

where k;4; € Yhfii;. If m € INg then, for 0 < 7 < m we require k4, to
satisfy the Tricomi conditions (7.1.56) with s + j instead of k.

Note that condition (7.1.68) implies k € C*°(£2xIR™\{0}). With a cut-off
function v¥(z), the integral operator

Au(z) .= pt. [ k(z,z — y)u(y)dy
/

operating on u € C§°(§2) can be written as

Au=Anu+Ru = pif. /k(x, r—y)P(z —y)u(y)dy

where R is a smoothing operator since it has a C*°—kernel. For A,, we have
the representation

Apu(z) = Fit,(alx,8)a(9))

where
a(x,&) = 2m)"2F. e (k(x, 2)Y(2)) (7.1.69)

is in C*°(£2 x R™) due to the Paley—~Wiener-Schwartz theorem 3.1.3.
For the pseudohomogeneous functions k. ; we know from Theorem 7.1.7,
that the operators

Apgu(e) = [ eyl = pul)dy for we CF()
(9]

are pseudodifferential operators A,,_; € E;’Z_j (£2) where for 0 < j < m with
m € INgy the Tricomi conditions are assumed to be satisfied. Moreover, their
homogeneous symbols are given by

a, (937 5) = (277)”/2-7:2'—>£kn+j (CE, Z) .

m—j
So, in order to show A,, € L7(£2) it suffices to show
a(z,&) =Y ah_(x,&)x() € 8™ H(2 x R™) (7.1.70)
j<L

where x(€)is the cut—off function with x(£) = 0 for [£| < § and x(£) =1 for
|€] > 1. We note that (7.1.70) is equivalent to the estimate
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| (;) ((,fx)ﬁ (02,03 @by (@.)| < ela, BT (7.0.71)

j<J

for [£] > 1 and any multiindices o and (. For showing (7.1.71), let L € IN
and the multiindex « be chosen arbitrarily and consider the estimate

‘57 (a%)a(a%)ﬁ(“(x’f) - j;a%—j(x,ﬁ)) (7.1.72)
< ‘I/ e—izf(%)7{(_2,2)&(85];(;;,2) _Eaﬁkngiﬁ(%Z))?ﬁ(Z)}dZ‘
e[ (i) {2 v o
I<E a2

where (7.1.69) is employed. From (7.1.68) we conclude that the integrand of
the first integral on the right-hand side in (7.1.72) is in C?(£2 x R™) with
qg=rk+L—1+ |a| —|y|- Hence, this integral is bounded for ¢ = 0 which
corresponds to the choice of v so that |y| = L — 1+ |a] — m — n. For the
remaining terms we notice that, for any integer k£ we have the estimates

| [ e (w2) i e - e o

z[>3
_Zgzy{...}dz’

I
@
|
o
S
—
DN
n
™~
N

(VAN
o

|z|f2k7\v\+n+j+laldz < 00

provided —2k — |y|+ K+ j+|a| < —n. So, we choose 2k > —m — |y|+ L+ |«|.
Then (7.1.72) implies the estimates

() (2) (eo- St o)

< cla, B,m, L)[¢|N (7.1.73)
< cla, Bym, L)|g|mlel=EEnt L for () > 1.

To obtain the desired estimates (7 .71) we now choose L = J +n +1

and exploit the homogeneity of ( ) (z,€) of degree m — j. Then it
follows with (7.1.73) and the triangle mequahty that
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(2)(2) (et~ S atse0)

j<L
N>/ )\’
2 ’<a§> <8x> @by (2. 6)| + cla, Bom, T+ + 1)gm e
J<j<J+n
ci(a, B,m, J)[E[m1=T for (¢ > 1,

which are the desired estimates (7.1.71).
Consequently, A, € L7(£2) and A € L7}(§2) as proposed. |

IN

7.1.3 Parity Conditions

Definition 7.1.3. (Hérmander [131, Vol.I, Section 3.2])
The pseudohomogeneous function kg € Whf, for q € Z is of parity o if it
satisfies the condition

ko(x,—2z) = (—1)7 ky(z,2) for z#0. (7.1.74)

We now state the following crucial result concerning the transformation of
the finite part integral operators.

Lemma 7.1.9. The parity condition (7.1.74) for ky € Whf, with ¢ € Z,
1s satisfied if and only if the corresponding homogeneous symbol a(lnfq(w,f)
satisfies the parity condition

0%, (2, —€) = (=1)7a%,_,(x,€) for £#0. (7.1.75)

Proof: i) Let k, € Whf, satisfy the parity condition (7.1.74). Then with
Lemma 7.1.4, the symbol

0u(,8) 1= [ fare = )t - ey
:[R/’Vl,
associated with a suitable cut—off function ¢ € C§° with ¢(z) = 1 for |z| <
e, € >0, and ¥(z) = 0 for |z| > 2¢ and ¥ (—z) = ¥(z) satisfies the parity
condition, i.e.

aulw -6 = [ k2ol
Tin
= /eiiszjq(x,—z)z/)(z)dz
R»
= /efiz'g(fl)"kq(x,z)i/)(z)dz
»
= (07 [ hyfoz - e Euta - y)dy

R"

= (=D)%ay(z,6).
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Hence, by taking the limit 0 < t — oo, we have
aofnfq(x7 _6) = tliglo tn+qaw (.’IJ, _t€>
= (=1)° lim t"_qaw(x,tg)
= (=1)% (ln 4(7,8)

ii) Conversely, the kernel kq(x,z — y) can be expressed in the form (6.1.12),
ie.

kg(z,z —y) = ly — x| 2N (2r) " /( AE) 0 (@, E)e ie=v)€ge

B
Then

kg(z,x —y) = (=1)7kq(z, 2 — y)
follows immediately from a%,_ (z,—¢) = (=1)7a",,_ (z,£). [ ]

As a consequence of Lemma 7.1.9, the parity conditions will provide us
with a criterion when the local differential operator in the representation
(7.1.60) will vanish.

Theorem 7.1.10. Let A € L7;(£2), m € Ny and suppose the parity condi-
tions
al, (x,—&) = (=1)"ITq0  (x,€) for 0<j<m (7.1.76)

m—j m]

for the homogeneous terms in the symbol expansion of A. Then

(Au)(z) = p.f. /k(x,x —y)u(y)dy . (7.1.77)
2
Proof: From the representation (7.1.60) we observe that

A((e —2)%p(| @ —z])) ], = 0+ /(k(x,JJ —y)(y — =) Y(ly — z)dy

2
for any |3| > m and A € L7(£2). This implies

Y am—j(z, D)((o = 2) (| @ =) + Ar((o — ) v(| & —2])) ()

=0

= 3 { X a@Dy ()" vlly - al)ly-

7=0 Jaj]=m—j

40t [ bl =)y - o) (ly - o)y
2

+/%mLx—m@—xWMW—ﬂMy (7.1.78)
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for any |3| > 0. Now, choose || = m. Then, with the previous remark we
have

Blag(z) = am(z,D)((e —2) (| & —2|))
—pf/%dax—w@—xfww—ﬂwy
(9]

- @wrw2/ /@—wWa@ﬂ”%ﬂy—ﬂmm@@mwm
R™ R™
—pf/%dnx—w@fxwwwfﬂwy
R’!L

We want to show ag(z) = 0 under assumption (7.1.76). First we note that
Lemma 7.1.9 implies the parity conditions

kij(@, e —y) = (1) k(2,2 — y) (7.1.79)

for the homogeneous term of the asymptotic kernel expansion. A straightfor-
ward computation shows for j = 0 by substituting z = y — « and replacing &
by —&, that

M@=;ﬂ%ﬁ“//%W%@%WMW%
R™ R"

—pf. /k,i(x, —z)zﬁw(\zbdz)
r

Now, use the parity conditions for a,, as well as for k, after transforming z
to —z and obtain

ag(z) = —ag(z), ie. ag(r)=0 forall |B|=m.
Substituting this into (7.1.78) and choosing |8| = m — 1, we obtain
Blag(x) = ai(z,D)((e —2) (] e —a)
bt [ bl =)y - 2)6(| s ~al)dy

(9]
= 0 [ [ ey e et dyie

R" R
—pf/@wﬂ%wfw@fxﬁwhfﬂwy
N

with the application of our theorem to the particular operator ag(x, D). Ap-
plying again the parity conditions (7.1.76) and (7.1.79), we find in the same
manner as for |3| = m, now
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ag(x) =0 forall |Bl=m—1.

Repeating this process we finally obtain ag(z) = 0 for all |3] < m which
assures the representation (7.1.77) of our theorem. |

7.1.4 A Summary of the Relations between Kernels and Symbols

As we have seen in this section, a pseudodifferential operator A € L7}(12)
can be expressed in terms of either a given Schwartz kernel or in terms
of its symbol. The relations between these two representations have been
given explicitly so far. However, for ease of reading, we now summarize these
relations in the following.

Kernel to symbol

Let the operator A € L}({2) be given in the form (7.1.8) or, more pre-
cisely, in the form (7.1.60) where the Schwartz kernel of the finite part integral
operator in (7.1.60) is a given function in the class Whk, (§2) with Kk = —m—n
for fixed m € R (see Definition 7.1.1). Then this kernel has an asymptotic
expansion in the form (7.1.2), i.e.,

k(x,z —y) ~ Z kutj(x,x —y) where kyi; € Phfii;.
§=0

In the case that m — j € INg, we assume that the corresponding terms in the
asymptotic expansion satisfy the Tricomi conditions (7.1.56), i.e.,

O%tj(2,0)dw(©) =0 forall |a|=m—7j,

o]=1

(see Theorem 7.1.7). For n = 1, again this formula is interpreted as in (3.2.14).
With a properly supported part Ay of A, the symbol corresponding to Ag
can be computed according to the formula (6.1.23), i.e.,

a(x, &) == e TS Ag(e*)(z) .

The symbol a(x,&) admits for A € L7}(12) a classical asymptotic expansion

a(x, &) ~ Za?nfj(m,g) (7.1.80)

j=0

(see (6.1.42)). Each term in the expansion (7.1.80) can be calculated from the
corresponding pseudohomogeneous terms of the kernel expansion explicitly
depending on m — j.

For m — 3 < 0 we have:
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al,_(x,&) = lim knyj(z,2)0(2)e " %dz for z € 2 (7.1.81)

m—j t—-4o0
IRn

where the cut-off function (z) = 1 for |2| < 1 and (z) = 0 for |2 > 1 (see
Lemma 7.1.4, equations (7.1.28) and (7.1.29)).

For m € INg and m — j > 0 we have

m—j

al, (x,&) = pf. / ket j(z,2)e % %dz (7.1.82)
R7L
(see Theorem 7.1.6, formula (7.1.53)).

For m € INg and m — 7 > 0 and if the Tricomi conditions (7.1.56) are
satisfied, then we have

al, (2,8 = > calx)(i&)” + pf. / kwyi(z,2)e”®%dz  (7.1.83)

|a]=m—j JIELD
(see Theorem 7.1.7, formula (7.1.57)).

Symbol to kernel

For the operator A € L7(12), let the classical symbol a(z,&) be given
by its homogeneous classical asymptotic symbol expansion (7.1.80). Then
the corresponding pseudohomogeneous kernel expansion can be calculated
explicitly as follows.

For m — 7 < 0 we have

kptj(z,z) = (2m)~" p.f. /eiz'éagnfj(w,f)% for x € 2 and z€R"
mn

(7.1.84)
(see in the proof of Theorem 7.1.1, formulae (7.1.48), (7.1.51)).
For m — 57 > 0 we have
knrj(2,2) = (2m) 7" / e Fapy, i (x, )w(€)de
" (7.1.85)
Hel 2m [ €95 (A {al €)1 - w(©) b

IRn
where ¢ € IN satisfying 2¢ > m +n — j (see in the proof of Theorem 7.1.8 i),
formula (7.1.64)). This formula is valid for arbitrary m € IR.

If m € INg then the Schwartz kernel is given by (7.1.85) for j = 0,...,m
whereas the operator aj), ;(x,—iD) contains a differential operator of the
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form Y co(x)D®. Then the coefficients ¢, (z) can be recovered by for-
la|=m—j

mula (7.1.9), i.e

cal) = / / — ) ()T Edyal,_ (z, €)de

(7.1.86)
—pf. /k,q,_,_j(z,x —y)(y — x)a¢(y)dy} for |a|=m—j.
0
If the decomposition
apj(2.6) = D cal@)(@) +ap) (x.€)
la|=m—j
is known then in formula (7.1.86) one can simply replace a2, ; by a%_ i

7.2 Coordinate Changes and Pseudohomogeneous
Kernels

As we have seen in Theorems 7.1.1 and 7.1.8, all the pseudodifferential op-
erators A € L7(f2) have the general form (7.1.8) with a kernel function
k € Whk.(£2). In particular, for m < 0 the integral operator is weakly sin-
gular and the change of coordinates ' = ¢(z) with @ a diffeomorphism and
x =@V (2') = ¥(a') results in the traditional transformation formula

[k =gty = [ K@), v - w6)u@@) I 7210
2 2

ov
with the Jacobian J(y') = (det a—) The new kernel k(z/,2’ — /) is still
y'

weakly singular in (2.

In the case m > 0, however, k is strongly singular and the traditional
transformation rule (7.2.1) needs to be modified.

In what follows, we first examine the properties of the pseudohomogeneous
kernel under the change of coordinates.

Lemma 7.2.1. Let

k(,x—y) ~ Y keyj(x (7.2.2)

7>0

(see (7.1.2)) be the pseudohomogeneous asymptotic expansion of k € Whk,.
Then the transformed kernel

k(a2 —y) = k(P('), (@) = W(Y)) ~ D kegpla’,a’ —y)  (7.2.3)
p=>0

is in Whk,, too
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Proof: Since with @, also ¥(y') is a smooth diffeomorphism, the Taylor
expansion of z = x — y about z’ can be written as the asymptotic expansion

z—y=v(")-v({y)~ Z mo(z' 2" —y'). (7.2.4)

lal>1

The homogeneous polynomials m, are given explicitly as

—1) ™ gew
(2,2’ —y) = (047!) W(az’)(m' -y, (7.2.5)
ro
By using the homogeneity of 7, and setting @' = |y,7/|, the relation
y —x
(7.2.4) yields
p—yl =10’ =y| | 3 o =y -] (7.26)
la|>1
Hence,
_y-—r Z\a|:1 Ta(z', —6') + Z\a|22 |2 =yl g (2, —©)
ly ==l lajet Ta(@, =0) + 30 4150 27 — /|11 17 (27, —€))|

holds for every |z’ — y'| > 0. This implies with |2’ — y'| — 0,

_ Z\a|:1 7Ta(33/7 _@/)
> jaf=1 Ta(2’, —6")

0=0)= (7.2.7)

The denominator does not vanish since gg’, is invertible. In fact, ©(0’) defines
a diffeomorphic mapping of the unit sphere onto itself.
Now we consider first the positively homogeneous terms of the asymptotic

expansion of k(z,z — y), namely

f@w—y)~> forjle,z—y). (7.2.8)

320

In terms of the transformation and homogeneity of fy4;, this reads

D ferilwa—y) =Y le =y oy (0(2'), 6(6))

j=0 7>0
. K+J
_ Z |£E/ _ yl|f€+] Z |{E/ o y/|‘0¢|—1,n_oé(:r/7 _9/)‘ fn+j (g/(l'/%@(@/)) )
j=0 la|>1

The second factor can be rewritten in the form
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K47
‘ 3 mal@,—0)+ Y o~y g (2!, —©)
la|=1 la[>2
/ / +J / 14 / /
= | 3wt -0)| {14 Y = v (e’ €1
laj=1 £>1

where the functions g .+;(z’,©’) defined on ({2’ x {|©'| = 1}) are obtained
by using a power series representation. Collecting terms, we obtain

> ferilm ~ Y =y [P f (2, 0) (7.2.9)

720 p>0
where
K+j
Fern(@ €)= 32 | 30 mala!s =0 qrnrs (@, ) s (U(0), 006)
itt=pJal=1
If kK € Z then
k(@x—y) ~ Y ferj@z—y)+ Y loglz — ylpes;(z,z —y)
j=>0 =0

Kk+3=0

where p.+;(z, z) are homogeneous polynomials of degree k + j. According to
our previous analysis it suffices to consider only the terms

Qz,x—y)i= > logle —ylpurj(@, 2 —y).
3%

In view of (7.2.6) we may rewrite

Q,z—y) ~ Y logla/ —y'|pxsj(x,z —y)

>0
KEF>0
+10g‘ > wal@, =) |pryj(@. 7 — y) (7.2.10)
la|=1
+ log ( 1+ Z l" — o/ |“qea (2, 9’)’)pn+j(x7 T —y).
>1

For the polynomials p,; we use (7.2.4) to obtain

pn+j($7x - y) ~  Pr+j (g/(x/) > Z 7'{'@(17/,:6/ - y/))

la|=1

~ D Prepeglal el =) (7.2.11)
L>j+kK

with the homogeneous polynomials p,4, of degrees k + /.
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By substituting (7.2.11) into (7.2.10) we see that the first sum has the
form

Stogla'—y'l{ D0 Beres(@a'—y) p = D logla’ ' (@2 1)

>1 —r<j<e, £>0
2 0<; =

(7.2.12)
The other two terms have an asymptotic expansion of the same form as
(7.2.4), namely
Z |z’ — y'|”+pf;+p(x’, o) (7.2.13)
p=0
which follows in the same manner as for the homogeneous expansion. Col-
lecting (7.2.11) and (7.2.13) yields

k’(l‘,l’ - Z ‘JC "H_p f +p(w @ ) + ff-c+p(x @ )>
p>0
+ Z log 2" — /[Py, (2 2" — ).
>0,
£+Kr>0
as proposed. |

7.2.1 The Transformation of General Hadamard Finite Part
Integral Operators under Change of Coordinates

Now we return to the transformation properties of the operator
A € L7(2) in the form (7.1.8),

(Au)(z) = Z ao(z)D%(x) + p.if. /k(x,xfy)u(y)dy. (7.2.14)
lal<m )

If m ¢ INp then a,(z) = 0. For m < 0, the integral operator is weakly singular
and its transformation was already discussed. For m > 0, we regularize the
finite part integral in (7.2.14) and write

(Au)(z) = Z (aa(z) + do(x)) D%u(z) (7.2.15)

|| <m
+ [raa = {uw) - 3 -2 D)y
2 la|<m
where .
do(x) = o pf. /k(x,z —y)(ly —z)%dy (7.2.16)

0

(see also (7.1.5) and (7.1.6)). For the transformation of the derivatives due
to x = ¥(a'), we need the identity (3.4.1), i.e.
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9 ~ O . o~
B, = 2 g (@9 @) 5 = D (7.2.17)
m =1 m

where the Riemanian metric is given by the tensor (3.4.2), i.e.

i = (8&17 8@)

—
ij O0x),

and the g™‘(2’) are given by its inverse, see (3.4.4).
Both, the differential operators and the regularized integral in (7.2.15)
can now be transformed in the usual way. With @(z’) := u(¥(z')), we obtain

(Au)(@) = (AD)() = Y (aa(P() +da(P(2')) ) Di(a’)

la]<m
+ [Faa =) {aw) - Y S0 - v) D) fy
rol |a]<m

(7.2.18)

From Lemma 7.2.1 we know that the transformed kernel k € Yhk, with
k = —n — m. Therefore, we may write (7.2.18) in terms of a finite part
integral and obtain

An)@) = Y {aa(@@) +da (@)

+ pf. [ k(@2 —y)J(y)aly)dy'
/
= (Au)(Z(a")). (7.2.19)

We summarize these results in the following theorem.

Theorem 7.2.2. Let m € IR. The operator A € L7} (12) in the form (7.2.14)

under change of coordinates v = W(x') becomes A € L7(2') and has the
form

(Au)(#(2) = (AW)(2') = > aa(#(@))DU) + Y bala’)D*U(2')

la|<m |a|]<m
+ p.f. / k(' 2 —y)J()a(y)dy  (7.2.20)
Q/

where
k(a2 —y') = k(W(2),¥(a") —¥(y)) (7.2.21)
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ba(x/) = 03 { p- f. /k’(l’,l‘ - y)(y - aj)ady'x:lp(z/)
o, / R o o)) () — o) dy' ) (7.222)
J

For m < 0, the differential operator terms with the coefficients an and b, do
not appear and

)= [Ray = o)ty (7.2.23)

In comparison with A in (7.2.14), we note that for m > 0 the coefficients
of the differential operator part contain the extra terms b, (z'), which for
m € INg, in general, do not vanish. In the special case when m = 0, see
Mikhlin and Préssdorf [215, Formulae (8) p.223 and (11) p.226]. This is a
very important difference from the coordinate transformation for operators
with weakly singular or regular kernel functions as in (7.2.23). Fore more
general m see also Sellier [281].

In the case 0 < m ¢ INy we shall show that the b, (z’) in (7.2.22) will
vanish. For this purpose we first need the following lemma concerning the
coordinate transformation V.

Lemma 7.2.3. Let o-.(w) denote the distance between x = W(z') and y =
U(y') where |y —x'| = >0 and y = v+ 0. (w)w is the image of the sphere in
terms of polar coordinates (0., w) about x. Then, for sufficiently small e > 0
and ¥ a C*°—diffeomorphism, one admits the asymptotic representation

ch ek + 0Nt (7.2.24)

for any N € IN. The coefficients ci(w) satisfy the parity conditions
cr(—w) = (=)l (w) . (7.2.25)
Proof: With the C*—diffeomorphism @(z) = a’, &(y) = v/, inverse to ¥,
the Taylor expansion about z’ reads
1
A  Pna a o
Yy x—za!D@(x)wQ .
la|>1

Hence,

E=ly 2= Y (DP(x)w”) - (DPB(z)w”) ol (7.2.26)

la|=21,]8]21



400 7. Pseudodifferential Operators as Integral Operators

which implies, if we define

Fleow)i=—c+0 | Y (DG(z)w) e (DAD(z)w?)glel=181-2
21,181

for |o| < 0o and |e| < g¢, |w| =1, that the equation
F(e,0,w) =0
admits a unique C'*°—solution
0= f(e,w), ie. F(e,f(s,w),w) =0

since

%‘Q:O = Z (D“@(x)wa) . (Dﬁg[)(g;)wﬁ) >0
=1

|Bl=1

for all w on the unit sphere, because @ is diffeomorphic. Moreover, f(e,w) is
also defined for ¢ < 0 where f(e,w) < 0. In particular, we see that

—f(—e,—w) = f(e,w) (7.2.27)

since
F(—e,—g,w) = _F(E7 Qaw) =0.

Since F' is C*°, so is f the asymptotic expansion (7.2.24) for any N € IN.
Hence, the parity condition (7.2.25) then is an immediate consequence of
(7.2.27). ]

Lemma 7.2.4. For 0 < m & INg, the coefficients b, (z') = 0 in (7.2.20).

Proof: Since A € LT7(12), it follows from Theorem 7.1.8 that the kernel k
belongs to Whk,(£2) with kK = —n — m. Hence,

k(z,z —y an—i,-] y) + kr(z,z —y)

where kg € C*FE=9(2 x 2) with some 6 € (0,1) and k.4 ; € Whf,.,;. For L
sufficiently large,

p.f. /kR(a:, = y)(y — )" dYlo=w (2

= /kR(xa r—y)(y — w)ady|x:W(z’)
2
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since the integrand is continuous. To show that b, (z’) = 0 it therefore suffices
to prove that

p.f. / koo, 7 — 1)y — 2)°x(ly — 2) I )dy’
J
s / koo — gy —2)°x(ly —ady  (7.2.28)
(94

forq=rxk+j ¢ Ngand j =0,...,L, in view of the asymptotic expansion
of k. In the integral on the left—hand side set x = ¥(2’) and y = ¥(y’). The
C cut—off function x(p) has the properties x(g) = 1 for 0 < o < g and
x(0) = 0 for 2y < p with some fixed gy > 0. For ¢ > 0, the integral on the
right—hand side is given by

p.f. /Q ky(z, 2 —y)(y — 2)*x(ly — z[)dy

200
= pf. / / ratloal =1y (1Y drk, (z, —w)w®dw
—0
T ==
gtlal+n 200 a+lal+n
= pf. {907 + /r‘”‘o‘l*”_lx(r)dr - 57} X
c—o Lg+lal+n q+lel+n

Qo
X / kq(z, —w)w*dw

|w|=1

= ¢y kq(z, —w)wdw

|w|=1

where

20
Qq+|<¥\+n y

cy = —— + rQ-HaH—n—l »dr
X7 gtlof+n / x(r)
Qo
is a constant.
In the same manner, for the integral on the left—hand side in (7.2.28), and

by employing the transformation, we obtain



402 7. Pseudodifferential Operators as Integral Operators

I'(e) = kg (#(2"), @ (2) = W (y")(@(y) — ¥(a")™ x

2\ {ly'—a'|<e}
xx(|(y") —w("))J(y')dy'

— kq(z,x —y)(y — 2)*x(ly — z|)dy

2\{ly—z|<ee(w)}
200

= / / oIl () doky (2, —w)w®dw

|w|=1 o=p< (w)
200

q+|al+n
= / - +/rq+|a|+"_1x(r)dr—
q+lal+n q+lal+n
lw|=1 20

X kq(z, —w)w*dw .

Hence, with the expansion of g.(w) in Lemma 7.2.3,

Qa(w)q+\o¢|+n

p.f.I'(¢e)
e—0
1
=c ky(z, —w)wda — p.f. ————P(e,w)ky(z, —w)wdw
o [ hfemwwtda = pt. [ Pl wly (o)
lw|=1 |w|=1
with

{ch w)ek + O( N+1)}Q+|a|+n.

By using the geometric series, P(e,w) can be written in the form

P(e,w) = _€q+n+|a\( e ))Hnﬂal{l + Z Zk g1y O(EN)}
k=11

gt+n+t|a

_ _€q+n+|a\( (w))lﬁ‘"‘f“od

ST (3 Bk o)

k=2

:7Z€q+n+|a\+€~ w) + O(gatntlal+N)
£>0

where ¢ +n + |a] + £ # 0 for all £ € INg. Hence,

14

= —ZE‘H"HQHZ / cr(w)kg(z, —w)wdw

£>0 Wizt

+ / ex(w)kq(w, *w)wadw+0(5q+”+\al+N).

jwi=1
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Consequently, for N sufficiently large, we have

f_fo I'(e) :| /1 ey (W)kq(z, —w)wdw . (7.2.29)

Hence,
1
p.f. / Ple,w)————kq(z, —w)w* =0

e—0
|w]=1

and, consequently,

pf.I'(e) = ¢y / kq(z, —w)w®dw
—0
: |w|=1
which proves (7.2.28).
Note that ¢, (w) is independent of the coordinate transformation, therefore
this integral is independent of the special choice of ¥, and, hence, is invariant
with respect to the change of coordinates. |

In general, for m € INg, the extra differential operator Z b (z')DU(x")
lor|<m
is unpleasant for m > 2 in view of (7.2.17). However, if the transformation
is a linear diffeomorphism Wy, (2’) then this extra differential operator can be
represented in a more simplified manner (see Kieser [156, Theorem 2.2.9]).

Theorem 7.2.5. If k € Whk,, with Kk = —n —m, m € Ny, and ¥r(z') is
a bijective linear transformation then the coefficients by (') can be written
explictly in the form
1
ba(2') = — / k_n_ja|(z, —w)w*log R(w)dw for |o| <m, x=¥r(z").
a!
Jw|=1

(7.2.30)
Here, k = Z;}:O it j + kr where kp € C*H1=0(02 x 2) with some & € (0,1)

and ky1j € Whf..j(£2). Moreover, R(w) := |L™'w|™! where L is the matriz
representation for the linear transformation ¥y, : y—x = L(y' — o).

Proof: From (7.2.22) it is clear, that the difference defining b, (z') is deter-
mined by the singular behavior of the integrals near to y = x only. In view
of (3.2.18) for the finite part integrals, we now consider

Ej (@' 2" — ) (P (y') — p ()"
2'\{lz'—y’|<e}

dy

= / keyj(m,2 —y)(y —x)%dy.
O\{Jo—yl<eR(w)}
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Hence,
! 1 [e%
bo(2) = o p.f.{ krtj(z, 2 —y)(y —x)*dy
O\ {|lz—yl<e}
- / Frts(@, 2z —y)(y — m)“dy} -
2\ {|lz—yl<eR(w)}
Since K +j = —m —n + j € INp, the kernel function k,4; is positively

homogeneous without log—terms. Then, in terms of polar coordinates y —x =
ow, we have

eR(w)
1 .
ba(a') = — pf { / kyyj(z, —w)w® / r“_m+|a|+]_1drdw} :
o!
|w|=1 r=e
Since kK = —m — n, we have to distinguish two cases:
o] £ m — ji
1 , 1
bo(z)) = = pfgll—mt__ —___«
al 2o m— |a| +j

X / (R(w)'o“*mﬂ' — 1) kpyj(z, —w)wdw =0

since |a] —m + j # 0.

la| =m — j:

al
lw|=1

bo(2') = = / kit j(z, —w)w log R(w)dw .

This gives with j = m — |a| and k = —n —m the desired formula (7.2.30).

7.2.2 The Class of Invariant Hadamard Finite Part Integral
Operators under Change of Coordinates

For m € INg, we shall see that the extra terms b, in Theorem 7.2.2 also
vanish for a large class of operators whose kernel functions satisfy the parity
conditions.

We now state the following crucial result concerning the transformation
of finite part integral operators.
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Theorem 7.2.6. (Kieser [156, Theorem 2.2.12])
For A € L7(£2) with m € INg let the Schwartz kernel of A be k(x,x—y) ~

> ketj(x,z—y) and let ke, satisfy the parity conditions (7.1.74) with
Jj=0

oj=j—m+1 for 0<j<m. (7.2.31)

Then the finite part integral is invariant under change of coordinates; namely

p.f. /k(x,a? —y)u(y)dy = p.f. /E(m’,x’ —yuly)J(y)dy  (7.2.32)
9 2

where k is given by (7.2.21).

Remark 7.2.1: This class of operators includes all of the boundary inte-
gral operators generated by the reduction to the boundary of regular elliptic
boundary value problems based on Green’s formula. The proof of this the-
orem is delicate and will be presented after we establish some preliminary
results.

Let P denote the class of all polynomials in ¢ of the form

p(w,e) = Zaj(w)sj with a;(—w) = (—1)7a;(w)
>0

where w € IR" with |w| = 1.

Lemma 7.2.7. If p1,02 € P then g1 + g2 € P and p1p2 € P.

Proof: Let p; = > aj(w)e/ and g = Y by(w)e”. Then
§>0 k>0

P1 + P2 = Z Cg(u.))&z with cp =ap + by .
£>0

Clearly,
co(~w) = ap(~w) + be(—w) = (—1)*(ar(w) — be(w)) = (—1)*co(w) .

Similarly, by the use of the Cauchy product,

P12 = ch(w)sé where ¢p(w) = Z a;(w)br(w) -

£>0 J+k=t

Hence,

c(-w)= Y aj(-wb(-w) = (=1 Y aj(@)bp(w) = (~1) cr(w).

j+k=¢ J+k=t
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Lemma 7.2.8. Let k, € Whf,(12). In the case when ¢ < —n is an integer
then we require in addition that k, satisfies the parity condition

kg(z,y —2) = (=1)" T "y (v,2 —y) for y#a. (7.2.33)

Then the following invariance properties hold:

bt [yl =)y = 0 x(ly - o))y
J

- / by, — )y —2)°x(ly —ady.  (7.2.34)
N

In the integral on the left-hand side it is understood that x = ¥(z') and
y = P(y"). The C* cut—off function x(0) has the properties x(0) = 1 for
0<0<00, x(0) =0 for 200 < o for some fixed oo > 0. In formula (7.2.34)
we assume that Bay, C 2 and W(B.(2')) C By, (z) for all sufficiently small
e>0.

Proof: With the polar coordinates y—x = rw, the right—hand side of (7.2.34)
is given by

I, = pf. / /kq(x, —w)wx (r)ratlel =gy, |

|w|=11=¢

For the left-hand side of (7.2.34), since for € > 0 the integrand is regular, we
have similarly

200

I, = pf. / / kq(z, —w)wx ()l =gy, |
—0
: |lw|=1r=¢(w)

Now we first consider the case ¢ +n + |a| = 0. Then,

200

I, = p.f.{10g90+/r_lx(r)dr—logs} / kq(z, —w)w*dw

e—0
Qo0 |w|=1
= ¢,(0) / kq(z, —w)w*dw
|w|=1
200
with the constant ¢, (0) :=log oo+ [ r~'x(r)dr.

Qo
For the left-hand side of (7.2.34) we have
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200

I, = pf. { log 00 + / r~ix(r)dr — log Q€<w)} / kg(z, —w)wdw .
e—0
Qo Jw|=1

In terms of the expansion (7.2.24) of g.(w) in Lemma 7.2.3, we have

—log 0. (w :—log{ch w)ek + O( N+1)}

N
= —loge — log ¢y (w) log(l—l—z ]::j (5N))
=2

from which we obtain

p.f. (= log 0. (w))

e—0
0o 1 N cn .
= g. ¢ —logey(w) —loge + - —ebL LoV
5p_>o{ ge1(w) & ;ﬁ(;cl ( )>
= —logci(w).
Hence,

Iy = ¢ (0) / kqg(z, —w)wdw — / (log 1 (w)) kg(z, w)w*dw .

lw|=1 |w|=1

Since the integration is taken over the unit sphere, we have

— / log (c1(w)) kq(z, —w)w® dw

Jw]=1

= - / log c1(—w)ky(z, +w)(—w)“d(—w)
|w|=1

= — / log c1 (w)(—1) "9l g, (2, —w)w™dw
|w|=1

N /IOgcl(w)kq(%—w)wadw
|w|=1

which implies

/ log ¢1 (w)kq(x, —w)wdw = 0.

lw]=1

Consequently,
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I, = ¢, (0) / kg(z, —w)w%dw = I,
Jw]=1

which implies the proposed result (7.2.34) in this case.
Next, we consider the case —p := ¢+ n + |a] < 0. Then the right-hand
side in (7.2.34) takes the form

pr 200 op
I, = pf. —L—i—/r_p_lx(r)dr—i—— /kq(x,—w)wo‘dw
e—0 p p
Qo lw]=1

= o) [ ke wwtds

|w]=1

where

Similarly,

1
Iy = cy(p) / kg(z, —w)w*dw + , p.f. / P(e,w)kq(z, —w)wdw
—0
|w|=1 : |w|=1
with B
P(e,w) = (0-(w))"".

By inserting the expansion (7.2.24) of g.(w), we obtain

-Pp

Ple,w) = (ch e +0( N+1))

= (w
o) N Ck((x)) y p
— P-—P -1 4 k—1 9] N
e1(w) P {H< ) (,;2 S oEM)
N
We note that by setting p1 :== > Z’;E:g k=1 that p; € P since (7.2.25) holds.
k=2

Now, apply £ - p times Lemma 7.2.7; then it follows that
P(e,w) = c1(w) P ?(p+ O(N))

with p € P. If N = p+ 1, then
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p.f. P(e,w) = pf.ci(w)Pe Pp(e,w).
e—0 e—0

p+1 . )
Therefore, employing p(e,w) = > a;(w)e? with a;(—w) = (—=1)7a,(w), we

=0
find

fpf /Paw (z, —w)wda

P e—0
lw|=1
p+1

:ff/ a; sjpkm—w “dw

pap—>0 ZO )
lw|=1 7

1 «

= ’ ap(w)kq(z, —w)wdw .
|w|=1

The latter integral as an integral over the unit sphere satisfies

1 a
Pw/l ap(w)k;lq(a:, —w)wdw
B 10|w/1 ap(—w)ky(z,w)(—w)*d(—w)
= %(—l)p_q_"_”lo“ / ap(w)kq(z, —w)w*dw
jwi=1
= —]% / ap(w)kq(z, —w)w*dw
jwi=1

and, hence, vanishes. This implies again
Iy = cy(p) / ap(w)kq(z, —w)wdw = I,
Jw|=1
This completes the proof of Lemma 7.2.8. |
We are now able to prove Theorem 7.2.6.

Proof of Theorem 7.2.6: With the asymptotic pseudohomogeneous ex-
pansion of the Schwartz kernel of A,

$J3— ka"r] y)—i—k;R(x,x—y),
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to prove (7.2.32), it suffices to consider the coordinate transformation for a
typical term in the expansion since kg is not singular any more. To this end
consider kq = k4, in Lemma 7.2.8 and we have the parity condition

(1) Ky (2, y — @)

kq(z, 2 —y) = knyj(z, 2 —y)

with o; = 7 —m + 1. Hence,

ko(z, o —y) = (177" hy(a,y — o)
= (DT ky(z,y — )
= (D)7 hg(x,y — @)

as assumed in (7.2.33) and k, € Whf,. Therefore, with L sufficiently large,

pt. [ Koo - ghuidy = vt 3 [ stz = gyutwdy
2

JOQ

+ /kR(M —y)u(y)dy

(9]
S [ R’ =ty
J= OQ/

+ / T2 — )W) I () dy
= pf/ = yhuy)J(y)dy',

which completes the proof of Theorem 7.2.6. |

In fact, the parity conditions required in Theorem 7.2.6 are in-
variant under the change of coordinates since that is a special case of
the following theorem.

Theorem 7.2.9. Let A € L7(2) with m € Z having the pseudohomogeneous
kernel expansion of the Schwartz kernel

ka(z,x —y Zk,ﬁ_] —y).

7>0
Suppose that the parity conditions
kot j(z,x —y) = (1) 7tk (v,0—y) for 0<j<L (7.2.35)

with a fixred o9 € INg are satisfied. Let @ be a diffeomorphism defining by
' = ®(x), a change of coordinates, and let
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kag (@ 2! =)~ Y k(@' 2’ — )
J=0

be the pseudohomogeneous kernel expansion of the transformed Schwartz ker-
nel to Ag in terms of the new coordinates. Then the parity conditions in
(7.2.35) are invariant under the change of coordinates, i.e.

Eﬁﬂ(x’,z’ —y) = (—l)mfjJrUOflg,{H(x',x’ —y') for 0<j<L. (7.2.36)

Proof: For the proof we employ Lemma 7.1.9. Then (7.2.35) is equivalent
to

ag%j(am—f) = (=1)mk=o0g0 _j(@,§) for £#0 and 0<;j <L,

(7.2.37)
where a¥, ; are the homogeneous symbols of the complete symbol expansion
of A. Since the symbol ag(2’,£’) is given by (6.1.45) with (6.1.46), by rear-
ranging terms, the corresponding asymptotic homogeneous expansion of the
symbol reads

Z a’g,m—j (xl

§>0

TS T A (1 2 (= e ()

j>20  £=0|a|=¢
(el ()

We observe that (7.2.37) implies

(%)aagz—j+2 (x, - (ET(fl, il//) _1€/>
(Y () )

Then it follows from the above representation that
a%,m—j (.I‘/, _5/) = (_1)m_j+aoa’%,m—j (J?/, _6/)

which implies (7.2.37) by the application of Lemma 7.1.9 again. [ |

To conclude this section, we observe for the Tricomi conditions, that as a
consequence of Theorem 6.1.13 and A € L7(12), we also have A € LI}(£2').

Hence, one may apply Theorem 7.1.7 to the kernels k.i; and k.y; of A

and g, respectively. This yields the following lemma which shows that the
Tricomi conditions are invariant under the change of coordinates.
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Lemma 7.2.10. Let A € L7(2) and m € INg,

klz,z—y) ~ > kptj(z,x—y) and k(z', 2’ —y') ~ > %H+j(x’,x’—y’). Then
720 ;>0
the Tricomi conditions

/ Ok s (2,0)d(O) = 0 = / Oy (2, O)dw(©)  (7.2.38)
|e|=1 |e|=1
are satisfied for all |a] =m —j and 0 < j < m.

We remark that for 0 < j < m, one has Kk + j = —n — (m — ) < 0. Hence,
from Definition 7.1.1, we conclude that k.. ; and k.; are both positively
homogeneous of degree k + j.



8. Pseudodifferential and Boundary Integral
Operators

This chapter concerns the relation between the boundary integral operators
and classical pseudodifferential operators. A large class of boundary integral
operators including those presented in the previous chapters belong to the
special class of classical pseudodifferential operators on compact manifolds.
We are particularly interested in strongly elliptic systems of pseudodifferen-
tial operators providing Garding’s inequality, see Theorem 8.1.4. The partic-
ular class of operators in the domain having symbols of rational type enjoys
many special properties such as their relation to Newton potentials, which
define genuine pseudodifferential operators in IR"™ and which satisfy in par-
ticular the transmission conditions covered in the work of Boutet de Monvel
for a more general class of pseudodifferential operators. The traces of their
composition with tensor product distributions involving dgﬂk) (i-e. the trace
of Poisson operators by Boutet de Monvel [19, 20, 21] and Grubb [110]),
generate, in a natural way, boundary integral operators as pseudodifferential
operators on the boundary manifold.

In fact, it should be mentioned that Boutet de Monvel found a complete
calculus of Green operators (see Chapter 9) where all compositions of these
operators belong to the same class. For the special class of pseudodifferential
operators with symbols of rational type, corresponding results are presented
in the Theorems 8.5.5 and 8.5.8.

To obtain these results, we present a detailed analysis of the boundary
potentials (or Poisson operators) in the vicinity of the boundary which is
based on properties of the pseudohomogeneous expansions of the Schwartz
kernel (see the extension properties Theorems 8.3.2 and 8.3.8). It should
be noted that in contrast to the requirements of C*°—extensions as for the
transmission conditions, here we only need finitely many conditions and cor-
responding finite regularity of I'. Our conditions can be obtained directly
from the Schwartz kernels which is costumarily employed in practical appli-
cations. Once the resulting boundary operator given by the original Schwartz
kernel reduced to I” satisfies the Tricomi conditions it automatically becomes
a pseudodifferential operator on the boundary.

The relations between various conditions such as the extension condi-
tions, Tricomi conditions, parity conditions as well as transmission condi-
tions are summarized in Table 8.3.1. Moreover, the invariance properties and
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transmission conditions under change of local coordinates of I" lead to the re-
sult of Theorem 8.4.6 which implies that all these boundary integral operators
are invariant under the change of coordinates. In particular, the Hadamard
finite part integral operators in this class transform into Hadamard’s finite
part integral operators without producing local differential operator contri-
butions.

We also collect in this chapter the relevant mapping properties and jump
relations for the boundary potentials (or Poisson operators) as well as for
the volume potentials, which are covered by Boutet de Monvel’s work for
even more general pseudodifferential operators satisfying the transmission
conditions including those of operators with symbols of rational type.

The last section is devoted to the concept of strong ellipticity and Fred-
holm properties of boundary pseudodifferential operators.

The presentation of this chapter is partially based on the book by
Chazarain and Piriou [39], the PHD dissertation by Kieser [156] and
Hoérmander’s book [131, Vol. III] and covers only a small part of Boutet
de Monvel’s analysis (see [19, 20, 21], Grubb [110] and Schulze [273]).

8.1 Pseudodifferential Operators on Boundary
Manifolds

In Section 3.3 we introduced the parametric representation of the boundary
I = 992 (cf.(3.3.6),(A.0.1)). This defines I" as an (n — 1)-dimensional pa-
rameterized surface. We may also consider I' as a manifold immersed into
IR"™ in the sense of differential geometry and associate I" with an atlas 2
which is a family of local charts {(O,, Uy, x.)|r € I}. Each of the local
charts is a triplet with U, ¢ IR"™! an open subset of the parametric space
IR"™!: and where the representation = = T,(o') = X&‘l)(g’) for o' € U,
defines a parameterized patch O, := T.,.(U,.) of the surface I', or, reversely,
U, = x+(0,). The mappings T, and Y, are both bijective and bicontinuous,
hence, T, = xg_l) is a homeomorphism, see Fig. 8.1.1. For an atlas we require
I = TLEJI O,.. Moreover, if O,; := O, N Oy # B then the mapping

Dy i=xr0T, =)0 Xg_l) : Xr(Ort) - Xt(Ort) (8~1~1)

is supposed to be a sufficiently smooth diffeomorphism. (For details see also
Section 3.3.) Note that any union of two atlases is again an atlas on I'.

Definition 8.1.1. Let A : D(I') — E(I') be a continuous linear operator.
Then A is said to be in the class L™(I") of pseudodifferential operators if for
every chart (O, U, x,) the associated local operator

Ay, = xrAXS : DU,) — E(U,) (8.1.2)
belongs to L™(U,.). Here,
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Xr:¥U = wol. mapsv given on O, to vo Xq(fl) ,
a function on U, ;
f " (8.1.3)
Xiu = woyx, mapsu given on U, to wox,,
a function on O, C I,
are defining the pushforward xr. and pullback x}, respectively.

A function v on I' is said to be in the class C*(I') if for every chart the
pushforward has the property v o T, = x,«v € C*(U,.). Hence,

Xre + C%(0y)
Xy o C*(Uy)

— C=(U,),
~ =0 (8.1.4)

and
Xre  C3°(0r) —  C5e(U),

xp o Co(Ur) — C5°(0y).
In addition, we require the following smoothing property to be satisfied: If
@, ¥ € C§(I) with supp pNsupp ¥ = () then the composition pAie extends

to a smoothing operator on I, i.e., for every u € C™(I") one has pAju €
Cc=(I).

An immediate consequence of these definitions is the following theorem.
Theorem 8.1.1. Let A € L™(I") and let A = {(O,, Uy, x»)|r € I} be an
atlas on I'. Then for every pair of charts (O, U, xr), (O, U, xt) and the

induced mapping @, in (8.1.1), the induced local pseudodifferential operators
satisfy the compatibility relations

(8.1.5)

Xi Ay Xt = X0 Ay, Xrs = A on D(Oyy) (8.1.6)
and

AXt = Xt*X:AxTXMX;&k = @Tt*AXr@:t = (Axr)qf'rt on D(Xt(OTt)) 5
(8.1.7)

(see Remark 6.1.4).

=

Fig. 8.1.1. The local surface representation.
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For the principal symbols of the local operators A, one has

Tay, m(Xe(®),8) = 0a, m(xe(2),€) (8.1.8)

where x = T,(0') = Ty(7') € Oy C I' and the variables & and £ in R™ 1\ {0}
are related by the equations

n—1
aTt -
1.
2 Z a& (8.1.9)

Conversely, if a family of local pseudodifferential operators A,, € L™(U,)
is given satisfying (8.1.7) for the whole atlas 2 and satisfying the smooth-
ing property in Definition 8.1.1, then (8.1.6) defines a pseudodifferential
operatorA € L™(I).

Proof: The equations (8.1.6) and (8.1.7) are immediate consequences of the
previous definitions.

For the transformation proposed in (8.1.8) we employ the coordinate

transformation @, = x o X&‘” given in (8.1.1), apply (6.1.49) to (8.1.7)

and obtain

UAXt,m(Tlagl) =0Ay,. m (5255;1)(7—/% (352/15)T§,> .

The argument in the right-hand side can be expressed component—wise as

o= ((52) ¢), zaﬁ Lzzg;}gze A=l n—1.

Oxy Oxy

Inserting (3.4.27) with g7 = 0 and the inverse 7" to 7\ = . 5 o7 on
=
I (cf. (3.4.2), (3.4.4)) we find with (3.4.24), (3.4.28):

n—ln—1 n

Oxy Ox
5*—2223T£5gé WA for A=1,...n—1. (8.1.10)

=1 p=1+¢=1

On the other hand, if (8.1.9) is satisfied, the scalar multiplication of both
sides of (8.1.9) by 5 ‘9Tt glves

n—1 n—1 n 851/'( 896@
; ’Yt,ubgL Z Z 6QL

=1 ¢=1

Multiplication by v/ yields

n—1n—1

6/\_2 Zgg;f@:w w\“

n
p=1.:=1 £=1
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which coincides with (8.1.10). Hence, (8.1.9) is equivalent to (8.1.10) and
(8.1.8) together with (8.1.9) is justified. |

This theorem suggests to us how to define the principal symbol of A €
L™(I'). To this end we introduce the tangent and the cotangent bundles at
x € I'. For any fixed x € I', we denote by the tangent space T,(I") the
(n — 1)—dimensional vector space of all tangent vectors to I" at z. If z € O,.

for some chart (O,., U, x,) then the vectors gg’, = aTé‘g(,Ql) ,e=1,...,(n—1),

form a basis of 7,(I"). By 7,*(I"), the cotangéht space, we denote the space
of all linear functionals ¢ operating on the tangent space 7. For the above

chart, the values
ox
C = = 8.1.11
¢ (392) ( )

define the contravariant coordinates of { with respect to the basis gg, of 7.

The collection of all the tangent spaces for = tracing I is called the tan-
gent bundle of T (I') and, correspondingly, the collection of all the cotangent
spaces is called the cotangent bundle T*(I") of I.

In terms of this terminology the identity (8.1.9) is just the transformation
between the contravariant coordinates £ and £’ for the same linear functional

¢ € 77 where
(9%
EL_C(aTL/ 9

under the change of variables (8.1.1). Now we are in the position to define
the principal symbol o 4y (z,() of A € L™(I") for x € I" and ¢ € 7,7 (I") \ {0}
as follows: For x € I' we choose a chart (O,,U,, x,) with z € O,. Then A,
is well defined and to any chosen ¢ € 7.*(I") \ {0} there belongs a vector
¢ € R"! given by (8.1.11). To A,, € L™(U,) and & € R"! then we find
the complete symbol class (6.1.30) and also via (6.1.31) the corresponding
principal symbol

oAy, m(0€) = oam(z,() (8.1.12)

in the class 8™ (U, x R"™1)/8™= (U, x R" ).

Theorem 8.1.1 now implies that for fixed z € I' and fixed { € 7 the
value of the principal symbol is invariant with respect to changing charts.
Consequently, o4 m (z, () is well defined on the manifold I" and the cotangent
bundle 7*(I") and we write

Tam €S™(I x T*(I)).

In order to extend the domain of the definition of A € £™(I") from local
functions to functions u € C*°(I") we need the concept of the partition of
unity subordinate to the open covering {O,},cr of an atlas 2. Since we al-
ways assume that I" is a compact boundary manifold, Heine-Borel’s theorem
implies that we may consider only finite atlases, i.e. I is a finite index set.
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Then there exists a C'*°—partition of unity subordinate to the finite covering
{O;}rer. This means that there are nonnegative functions ¢, € C§°(0,.), i.e.
Xrxor € C§°(U,), such that

Z@T(aj) =1 forall zeI. (8.1.13)
rel

For its construction we refer to Schechter [271, Section 9-4]. In addition, to the
partition of unity let {1, },cr be another system of functions ¢, € C§°(0,),
ie. Xrtr € C§°(U,), with the property

Y.(x) =1 for all x € supp e, .

Then A can be written as

A =) A +Ry with Ay =@ Ay,
rel

A =) A+ Ry with A= Ap,,
rel

(8.1.14)

and R; and Ry both are smoothing operators mapping C'*°(I") into C*°(I")
due to the smoothing property required in Definition 8.1.1.
In terms of the local operators A, defined in (8.1.2), A can be written as

A= Z SOTX:AXTXT*'I/JT + R = Z er::AXTXT*SQT + Ry (8115)
rel rel

As a consequence of the mapping properties of pseudodifferential operators in
the parametric domains formulated in Theorem 6.1.12, we have the following
mapping properties for pseudodifferential operators on I.

Theorem 8.1.2. If A € L™(I") then the following mappings are continuous:
A . C®(T) — C>~(),
A &g - &), (8.1.16)
A . HY(D) — HY™T).

Here H*(I") and H*~™(I") are the standard trace spaces with norm and
topology defined in (4.2.27) for every s € IR.

8.1.1 Ellipticity on Boundary Manifolds

Since the pseudodifferential operators on the manifold I" are characterized
by their representations with respect to an atlas of I' and its local charts
A = {(Oy, Uy, x) | € I}, the concept of ellipticity in the domain given in
Definition 6.2.1 carries over to the pseudodifferential operators on I
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Definition 8.1.2. Let A € L7(I') and let A = {(Oy,Up, xr) |7 € I} be an
atlas on I' and let o4, (xr(2),&) be the corresponding family of principal
symbols. Then A is called elliptic on I if there exists an operator B € L™™(I")
such that

UAx,.,m(Xr(x)7é-)UBx,.,fm(Xr(m)vf) —-1le S_I(UT X IR”) (8117)

Clearly, Lemma 6.2.1 remains valid for an elliptic pseudodifferential operator
on I If A = ((Ajk))pxp is given as a system of pseudodifferential operators
on I" then also Definition 6.2.3 of ellipticity in the sense of Agmon—Douglis—
Nirenberg can be carried over in the same manner to (A;x))pxp on I

Since for every elliptic operator A € L7;(I") there exists a parametrix
Qo € L,"(I'), as a consequence we have the following theorem.

Theorem 8.1.3. Every elliptic operator A € LT}(I") is a Fredholm operator,
A Hy = H""™(I') — Hy := H*(I'). The parametriz Qo € L™ is also
elliptic and a Fredholm operator Qo : Ho — Hy. Moreover,

index(A4) = —index(Qy) .

Proof: Since I" is compact, the operators C; and Cs in (6.2.6) now are com-
pact linear operators in H¥t™(I") and H*(I"), respectively, and the results
follow from Theorem 6.2.4 with Q1 = Q2 = Qo. |

Remark 8.1.1: As a consequence, the equation
Au=f on I (8.1.18)

with A € L7(I) is solvable if and only if f € H*(I") satisfies the compatibility
conditions (5.3.27) with the adjoint pseudodifferential operator A*. In accor-
dance with Stephan et al. [296] we call the system ((A,))pxp on I'strongly
elliptic if to the principal symbol matrices a®(z, &) = ((a@fitk (xr(z), f)))pxp
on the charts (O,,U,, x,) of the atlas 2 there exists a C°° matrix—valued
function O(z) = (Oj¢))pxp on I', and a constant By > 0 such that for all
zel, all ¢ €CPandall ¢ € R" ! with |¢/| =1

Re ("0 (x)a’(x,¢')¢ > Bol¢|? (8.1.19)

is satisfied. In terms of the Bessel potential on I" defined by

A% = (—=Ap +1)%/2 where Ap is the Laplace Beltrami operator (3.4.64) for
the Laplacian on I', Theorem 6.2.7 implies the following Garding inequality
on the whole of I since I" here is a compact manifold.

Theorem 8.1.4. If A = (Aji))pxp s a strongly elliptic system of pseudodif-
ferential operators on I' then there exist constants By > 0 and B1 > 0 such
that Garding’s inequality holds in the form
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Re (w, A}@A;”Aw)np H(te==0/2(T)

£=1

> Bollwldy ey — Bulwl gy (8:1.20)

for all w € [I)_, H'*(I'"), where A} = (AF8j0)pxp- The last lower order
term in (8.1.20) defines a linear compact operator C : [[j_, H*(I') —
D_ H%¢(I') which is given by

('U, Cw)l—w:l H(te=50/2(T) = 51(1),71))1—[5:1 Hte=1(T) -

With this compact operator C, the Garding inequality (8.1.20) takes the
form

Re (w, (AFOATT A+ C)w) 1o riep—epszipy 2 Bollwllfy | every - (8.1.21)

=1

Remark 8.1.2: As a consequence, any strongly elliptic pseudodifferential
operator or any strongly elliptic system of pseudodifferential operators defines
a Fredholm operator of index zero since for the corresponding bilinear form

a(v,w) := (U,A?@A;"Aw)m;l Hte=s0/2()

one may apply Theorem 5.3.10 which means that the classical Fredholm
alternative holds implying dim A (A) = dim AN (A*), hence, index (A) = 0.

8.1.2 Schwartz Kernels on Boundary Manifolds

For the representation of A € £™(I") in terms of the Schwartz kernel we
consider the local operator A,, € £™(U,) which has the representation

(A xr0)(@) = D al (@) Dy xrav)(d)

la]<m
+pf. /k(”(g’, o —7)(xp0)(T)d7’
U,

(8.1.22)

with the Schwartz kernel k(") given in Theorems 6.1.2, 7.1.1 and 7.1.8.
For two charts (O, Uy, xr), (O U, xt) with Oy = O, N Oy # 0 let

By = x1 0 X&‘“ be the associated diffeomorphism from x,(O,;) to x:(Op¢).
Then the representation (8.1.22) is transformed into

(Axe0)(™) = Y al) (7)) (DY xaev) ()

lo|<m

+ p.f. /ki(t)(T/,T/ — A (xex0) (N)dN

Ut
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where the kernel k) (7/,7/ — X) = k0 (7/,7/ — X)J(X) and the coeffi-
cients a((;)(g’) and ag)(r’) transform according to formulae (7.2.3), (7.2.12),
(7.2.19).

As a consequence of (8.1.22), the operator A € L™(I") now has the rep-
resentations (8.1.15) by substituting (8.1.22) into (8.1.15). The smoothing

operators R; and Ro, respectively, have the representation

Rjv(z) = Z/KR]. (2, T0(0")) (Xrspr) (Xrav)ds, for j=1,2 (8.1.23)
reIUT

where ds, denotes the surface element of O, C I' in terms of the parametric
representation in U, under 7.

8.2 Boundary Operators Generated by Domain
Pseudodifferential Operators

We are interested in boundary operators on functions given on I', in some n—
dimensional domain that contains I" in its interior. This amounts to studying
the trace of a pseudodifferential operator A given on some tubular neighbour-
hood of I'.

In Chapter 3 we introduced the local coordinates (3.3.2) which can be
used to define a special atlas 2 of some spatial tubular neighbourhood of I"

in R". Let (O,,U,,x,) be any local chart of a finite atlas for I" with the
parametrization T, = Xi‘” . Then for every point z € O, C IR" where O,. is

an open set containing O,., we define the mapping
z=W:(0) =T (0') + onn(e), 0= (¢, 0n) (8.2.1)

for o € U, ¢ R" ! and o, € (—¢,¢) with &€ > 0. Then, as in (3.3.7), O, =
v, (UT X (—5,6)) C IR"™. Note that for a smooth surface I and appropriate

€ > 0, the inverse mapping &, = %(71) exists,

0=,.(zx) for z€0,, (8.2.2)

which maps 2N O, onto (¢, 0n) € Uy x (—¢,0). The boundary patch O, is
mapped to U, x {0}, i.e. o, = 0 (see Figure 8.2.1).
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Pn

O, .
7// o / v
777777 r : /
Q ano, -

Figure 8.2.1: The tubular neighbourhood of O,

In addition, we call 2 := |J O, € IR™ a tubular neighbourhood of I
rel
In Chapter 3, for such special mappings, we already discussed the following

relations:

ov ov
9ik = Gkj = aigj.aigkvjak:lw“;nv
guu = (1 - Q?LK)’VVH - 2Qn(1 - QnH)LVu ) (823)
Jun = Oun for v,u=1,...,n—1,

see (3.4.2), (3.4.21) and (3.4.22). Moreover, we have

ds(o') = /de’, (8.2.4)

see (3.4.16). From (3.4.31), with integration by parts, one obtains

() o= ) mn -5 () o

for ¢ € C‘X’(ér) and any k € INg.
For the special distribution of the form u ® §p we also have (see (3.7.1))

D (u @) = () () @6(0n) - (8.2.5)

If {¢r }rer is the partition of unity (8.1.13) subordinate to the finite atlas
2 then it is obvious how to construct a partition of unity {¢.}rer subordinate
to the atlas (O, U, X (—¢,€), Dy )rer for 2N{|on| < 3} with ¢, € C§° (O,) and

~ 1
er)r(x):l for all z € 2 with |gn|§§.
rel

Correspondingly, ¥, € C§° (5,«) are functions with ¥, |supp ¢, = 1. Then for
A € L7(£2) we have

= "¢ (2)B; Ag, 0Pri($rw) + Row (8.2.6)

rel
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and for w =u ® dp we get

Alu®or) = Zwr )P Ag, 0((XT’*‘PTU)®5(”TL))

rel

+ 3 [ Ko = T000) (o) (s

TEIUT

Z (P: (ér*wr)A'@r,O ((Xr* QDT’LL) & 5(7771))

rel

+ 3 [ Kaloa = T,00) (o) (o) ds()

relg,.

(8.2.7)

where the symbol of Ag o is a(g;(¢,&,)) with € = (¢,&,) and & €
IR™ . Hence, we need to characterize the composition of Ag_o € OPS™
(U x (—¢,€),IR") with distributions of the form v(0") ® 6(0).

In order to discuss surface potentials supported by I" we begin with the
special case when I' = IR™ ! in the parametric domain. The surface potential

operators are also called Poisson operators in Boutet de Monvel’s theory
(19, 20, 21] and Grubb [110].

8.3 Surface Potentials on the Plane IR™ !

According to the representation (8.2.7), a typical term of the pseudodiffer-
ential operator in the half space in terms of local coordinates in the domain
O, belonging to the chart (O, U, x,) where U, ¢ R™ 'corresponds to I', is
given by

(Ag,.00®08(0))(0) = D aw(e)D”v(c)+ /k(gvgf(n’,()))v(n/)dn’
la/|<m Ro—1

for o= (¢',0n) with g, #0. (8.3.1)

Here oo = (o, 0) € INg are the multi-indices corresponding to the tangential
derivatives, v = Xroru € C5°(Ur), and k € Why, (U,) is the Schwartz kernel
of the pseudodifferential operator Ag, o € E’”( +) where U, = U, x (—¢,¢) =
@,(0,). In (8.3.1), the operator defined by

Gu(o) = / k(o0 — (.0)) (' )dn (8.3.2)

R"—1

gives a surface potential supported by the plane g,, = 0 which is also called
Poisson operator due to Boutet de Monvel [21].

As a consequence of Theorems 7.1.1 and 7.1.8, the Schwartz kernel of
Ag, o admits an asymptotic expansion
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k(o0 =n) ~ Y knijile,0— 1),
i=0

and hence, due to (7.1.2),

Quie) = Y /kn+j(9,9—(n’70))v(77’)d77’
0<i< I
(8.3.3)

T / kr(o.0 — (1, 0))o()di .
Rn—l

where kg € C*HT7=3(U, x U,). Clearly, Qu € C> (U, \ {on = 0}). However,
for 0, — 0, the limit of év(g’ , 0n) might not exist, in general. In fact, if the
limit exists and even defines a C* function on U, x [0,¢) and on U, x (—¢, 0]
then Ag, o is said to satisfy the transmission condition (see Boutet de Monvel
[19, 20, 21] and Hoérmander [131, Definition 18.2.13]). In the following we
now shall investigate these limits in terms of the pseudohomogeneous kernel
expansion since these are explicitly given by the boundary integral operators
in applications.
We first consider the limits of the typical terms in (8.3.3), i.e.,

/ krti (0,0 — (1',0))v(d)dn',

Rr—1

since the remaining integral in (8.3.3) with a continuous kernel kpr has al-
ways a limit and is continuous across ¢, = 0. The kernels k. ; satisfy the
inequalities
k < ¢
| n+j(979—77)| > m
and
|D§}D?k(g, 2| < caplz T for k45 <0 and for k+j ¢ INg
and

C
~(1+ [log |z —yll),

|km+j(97 o, < m

IDEDSk(0,2)] < caplel "IN 4 log |z —yl|) if K+ € No.

Therefore, we shall distinguish two cases: m —j+1<0and m—j5+12>0.

We begin with the simple case where m — j + 1 < 0. Here, the kernels
satisfy

c

(02 + o — o |?)(mtn=0)/2
and depend on its first argument continuously. Therefore, for o, = 0, we
obtain surface integrals whose kernels are at most weakly singular. Conse-
quently, in this case we have continuous limits across g, = 0 and

krtj (0,0 — (1,0))] <
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im [ ke (000 — (1, 0)) ol )dn/= / ket ((2.0), (¢ —1,0))o(n' ).

on—0
Rl Rn—1
(8.3.4)
Therefore, we can choose J = [m + 1] in (8.3.3).
For the remaining case m — j + 1 > 0, the limits will generally not exist.
We begin with the investigation by using a regularization procedure on U,.,
namely

/ km+] 0,0~ (1, 0 / Kt (1 = )vdn’

R"— 1 R"— 1
[m—j+1]
+/kn+j(Q7 —(n',0)) { - Y LDou()(n - ) }w(ln’—g’l)dn
Rr-1 |a|=0
[m—j+1]
b Apee) (vt [ b (@05 @~ 0) 0 - &) )
|a|=0 Rn-1
[m— J+1]
+ Z I(o,k + j,a)Dgv(0).
|a|=0
Here, a = (a1,...,ap_1) € lNg_1 is a multi-index and the coefficients are
defined by

I(Qv K +j7 a) = p.f. / (km+j<97 0 — (77/7 0)) - knJrj((Q/vO) ’ (Q/ - 77/70))) X
R—1

x(n' =) (In' = d|)dn’,

where we tacitly have used the C§° cut—off function #(t) to guarantee the
compact support of the integrand. Here v has the properties ¢(t) = 1 for
0<t<c¢y, ¥(t)=0"1or 2¢o <tand 0 < <1 forallt>0.

To investigate the limits of I, we use polar coordinates ' — o' = t@’ €
IR" " and 0 <t € R with |©'| = 1. Then

260
I(o,k+j,a) = / / {kﬁ+j(gnn+ o' onn —tO")
éo |07]=1
— Fts ((2/,0)5 (—t0',0)) }O" dw(O" )t =2(t)dt
+ (0,5 +j, ), (8.3.5)

where I is defined by
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I((0,k+j,a) == / / kwyj(onmn + o' onn — t@’)@’adw(@/)tlawnﬂdt
t=0 |©’|=1
co
- pk / / it ((¢50)3 (—0',0))0" duw (€)= 24t
t20 |67|=1
where the homogeneity property of k.4 ; has been employed in the second
integral.

In the limit g, — 0 we see that the first integral in the right—hand side
of (8.3.5) vanishes and

Jm () = i [ k(@05 (&~ 7. 0)elo )y
, .
[m+1] [m—j+1]

+ hrn Z Z a' Qaﬂ+ja )D (Ql)

7j=0  |a|=0

Hence, this limit exists for every v € D(U,) if and only if the limits

[m+1]
1im0 Z I(g,k+j,a) forevery a € Np~™! with 0< |a| < [m +1]
Qn*)
3=0
(8.3.6)
exist.

Lemma 8.3.1. i) For0<m —j+1¢& IN the limits in (8.3.6) exist if and
only if for every multi-index o € ING ™ with 0 < |a| < [m+1] the following
extension conditions are satisfied:

For each v=0,...,[m+1] :
[m+1]—\a|—u (_1)[
> Tdi(gxn +j,a,0)=0, (83.7)
Jj=0 ’

where { = [m + 1] — |a| — v — j > 0. If the conditions (8.3.7) are satisfied
then

[m+1]
lim ZIQ,FH—], =0.

on—0x

ii) For m — j 4+ 1 € Ny, the lzmzts in (8.3.6) exist if and only if for every
a with 0 < |a|] < m — j + 1 the extension conditions (8.3.7) for each
v=1,...,m+1 are satisfied together with the Tricomi conditions

kitj((0/,0); (=60,0))0*dw(®) =0 for |a|=m—j+1. (8.3.8)
07 |=1
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If the conditions (8.3.7) and (8.3.8) are fulfilled then

[m+1] m+1—|a| ( )E
. T . o - 4/ 7 .
gnlgr(l)i ZO I(Qﬂ‘{"_]va)* ZO Td (Q,FE'F],OZ,E), (839)
= j=

where L =m+1— |a| — j.
Here, in i) and ii), for all |a] <m—j+1] and 0 <L <[m —j+ 1] —|a],
the coefficients d* are defined by

d= (0 Kk +j,o,0) == (8.3.10)
1
al+n— / +n — 76’ o ’
/m Flol4n=2 / B (0,00 == )6dw(@))
0 |e’|=1
m—j—al @ ((7 . ET=0 e o
+r / kw((g 0); W>@ dw(@)}dT

l'|=1

where

50 ¢

wij(0,2) = (n(e') - V) krj(032).

Remarks 8.3.1: The + signs indicate the one-sided limits from o, > 0 and
on < 0 corresponding to the limits from §2¢ and (2, respectively. In general,
the limits from both sides may not necessarily exist simultaneously. Note that
for m +1 € Ny and || = m — j + 1, the second integral in (8.3.10) exists
if and only if the Tricomi condition (8.3.8) holds whereas the coefficients d*
are well defined otherwise.

Proof: From the definition of I in (8.3.4), Taylor expansion of k,; about
0n = 0 in the first argument and the definition of finite part integrals, we see
that

]A:(Qa K+ j, Ol) =
[m—j+1]—|a| co
%Qﬁ’ / / kl(f-‘t)-j ((917 0) ; OnMt — tQ/)@,adw(@’)t‘aH—n—th
£=0 0 |21

Cco

+ mon / / (0 ons 0nn —16)0dw (@)t 24t

0 |o|=1
7Pf(9/7ﬁ+j7m7j+1aa)7

where k( )

«+; denotes the remainder term, R = [m — j + 2] — |a| and



428 8. Pseudodifferential and Boundary Integral Operators

Pi(o,k+jm—j+1,a)= / k,ﬁj((g',()); (—9’,0))@""dw(@’)x
|o’|=1

1 |a|4+7—m—1 .
x{(la-i-j—m—l)co form—j+1—|oz|7é0,

In ¢y for |a] =m—j+1.
Now, by using the homogeneity of kff}_ ; and the new variable lg’—" =t we
obtain

gt _
R
£=0

co

~

lon|
1 . § o
XE{ / kf(iJ)rj((QlaO); £n —1'0')0"*dw(6)t1*1+ th’}

t/

0 |o’|=1
+ (_1)R+1‘Qn|[m+1]7m ~

co/lonl

- (R) (1 . _ Johola Nyl +n—2 g0

“Ry 1) kot (@' on;En —1'0")0"dw(O")t dt
t'=0 |O’|=1

_Pf(gla'%—i_jam_j—i_l?a)'

Next, for |o,| < co, we split the interval of integration into 0 < ¢’ < 1 and

1<t =: 1 < 2. This leads to
_ [m—j+l—lal '
I= ) (=1)fon| I mHlel=tx (8.3.11)
£=0
1 / + o' )
- (Z).< , . L) 35 e N laltn—2
Xe!{/ /kw (¢,0); — == Vitr2 e dw(e)r dr
7=0]0'|=1
1 N 6/
_ i ‘
] w0 S i sy
T
lenl |©/]=1

—Pr(¢ k4 jom —j+1,a) + |on| Mm@

where
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1
R !

(R) _ _ (-1) / / (R) (1 dn-—-710
C (R+1)'{ k/{—&-](@a@'ﬂv /71+T2 )X

=0 |0'|=1

K+7
x V1472 0 dw(@)rln2dr

tmn — 6’ o mei—la
/ k,(ﬁ)j Q On N1 )\/1—1—7’2 @’ dw(©")r™I | |dT}

with R=[m —j + 2] — |a].
Let us first complete the proof for the special case i) where 0 < m—j+1 ¢

IN. From (8.3.11) we see that

7 = ‘Qn|*(m*j+1*\a|){di(g",.ngj’oé’()) (8.3.12)

- / / kit ((0',0)5 £mn — @’)Q'O‘dw(@’)Tm*j*‘o‘ldT}
0

|e’|=1
cloaH—j_m_l / ! I{e% !
el —m o1 / ks ((2,0); (~6,0))0"dw(6))
o'=1
[m—j+1]—|af
+ > D leal D L (o 4 o, 6)
1<¢

N+J

/ kS (2 imf@’)@’adw(@’)Tm*J‘*‘aldT}

O(IQn\[m“]*m) :

since in the remainder integrals n > 2 and |a| < m + 1 — j, hence C¥) is

bounded.
In the first integral on the right—hand side we apply the Taylor formula

to kut;((¢/,0); £7n — ©') with respect to 7 about 0 which yields
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len|

- / / Fosi ((/,0); £ — )0 dw(©" )7~ 1"~ dr
0 |67|=1
lon |

€0

- / / ket ((¢,0); (=6,0))0dw(€)r 10+ dr

0 je=1

+O(|gn | H2710)

clelti-m-1 1
“Taltiomo1 / bints ((2/,0); (=0,0))0"du ()] | " /171

le'l=1
+O(|gp[mmIr2 el

Moreover, for the last integrals on the right—hand side of (8.3.12) we obtain

len|

/ / ) ((Q/,O); :I:Tn—@’)@’O‘dw(@’)rflaprm*jdr = O(|Qn|m7j7‘°‘|+1).

K+J
0]0’|=1
So,
_ [m—jt1—lal . .
F= Y g e tmmititlabgE (g kot G a,0) +O(on| ).
£=0
(8.3.13)
Hence,
[m+1]
Z I(Qu‘i"‘ja CY)
§=0
[mA+1] [m—j+1]—|a be .
= Y Y GEe a4 a0
j=0 £=0
+ O(Jgn [+
[m+1]—|a] [m+1]—|a|—-v e
_ Z ‘Qn|—u+[m+l]*(m+1) Z (2!) di(glaﬁ+jvo‘7£)
v=0 =0

+O(lon |+ 7™)

where £ = [m+1] — |a| — v — 3.

For any given o € INj ™! with 0 < |a| < [m + 1], the limit of
Zgﬁgl] I(0, k+j, ) exists as |0, | — 0 if and only if for each v = 0, . . ., [m+1],
the coefficient of |g,| =¥~ (m+D+m+1 vanishes.
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In the case ii) where m — j + 1 € INg, we can treat all the terms of Iin
(8.3.11) in the same manner as in the case i) except for £ =m — j — |a| + 1.
If || < m — j, we again find

m—j—|al ¢
_ _ 1 it :
(o, k+j0)= ) %Ign\“ R S I RN
£=0
(—1)m—i+i=lel
(m—j+1—|a)!

+ O(lon Infon]]) . (8.3.14)

di(9,7’{+jaaam_j+1_|a|)

If |o] = m — j + 1 then (8.3.11) reduces to one term in the sum, i.e.,

(o, + j,)
1
o ) / . in_Te/ 2'€+j e N || +n—2
_ / /k,{ﬂ((g,O),im)\/l—kT 0" dw(@')r dr
=0 |0/ |=1
/ Y
™ — 5 o 1
+/ / ks (€0 7m)\/1+7 10" du(@)r\dr
Lenl |©7]=1

+O(lgnInfonll) = Pr(d', i+ 4 lal, ) .

Now we use a one term Taylor expansion of k. ; ((g', 0); :I:Tn—Q’) about
7 = 0 and obtain

I(0,k + j,q)

:l: _ /
/ ot (Q 0); 7177-6>\/1—1—7'2 @’adw(@) lal+n=2 4,

1472

I
O\H

|©
#m |@n) / ki ((2,0); (~6,0))0"dw(©)
|e’|=1

1
0
—|—/ / {ﬁk,ﬁj((g’,O); +tn — 9’)}|t:g78’adw(@’)d7

0 |er|=1
—Ps(¢' 5+, |l a) + O(len Infenll)

where 0 < 9 < 1.

Clearly, the limit hrn 1 (g, K+ j,a) exists if and only if the Tricomi con-
On—

dition
[ hess((@.0): (0. 0)0" dule) =0

o'=1
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is satisfied. If this is the case then P;(¢',k+7, |a|, ) = 0 for |a| =m—j+1.
Moreover, then the integrals defining d* (o', x +j, a, 0) given by (8.3.10) exist
in this case and

I(0,k +j,0) = d¥(d kK + j,,0) + O(|on 1n | 0n]) -
||

As a consequence of Lemma 8.3.1, we have the following main result for
the surface potentials on the plane.

Theorem 8.3.2. Let Agr € El’;(ﬁr) and @ be the associated integral oper-

ator defined by (8.3.2). Then, for m < —1, the operator @ has a continuous

extension to o, < 0. Form > —1 and m+ 1 & INg, @v(g) has a continuous

extension to o, < 0 if and only if for all j € Ng with 0 < j < m+ 1 and

every multi-index o € NG~ with 0 < |a| < m + 1, the extension conditions
[mA+1]—|a|—j—v

¢
_4,1) d=(o,k+j,a,0) =0 for each v=0,...,[m+1]

L~

j=0
(8.3.15)

(cf. (8.3.7)) hold, where £ =[m + 1] — |a| — j — v. If the limit exists, then

lim  Qu(o) = Qu(¢') = p.t. / k((¢',0); (¢ —n',0))v(n)dn" (8.3.16)

0>0,—0
IRn—l

and it defines on U, C R"™' a pseudodifferential operator Q € E;}H(Ur)
with the Schwartz kernel of Agr o,

k((€/,0); (¢ =1,0)) € Whkpia

having the pseudohomogeneous expansion

k((2,0);5 (0 =1,0)) ~ > ki ((¢,0); (¢ =7, 0)). (8.3.17)

J=0

Moreover, the finite part operator in (8.3.16) is invariant under the change
of coordinates in U,. _

If m > —1 and m + 1 € Ny, then Qu(p) has a continuous extension to
on <0 if and only if in addition to the extension conditions (8.3.15) for each
v=1,...,m—+1 also the Tricomi conditions

/ kit ((¢,0); (=60',0))0*dw(©) =0 for all a with |a| =m —j+1
|o’|=1
(8.3.18)

are satisfied where ©' € R"™'. In the latter case, the limit is given by
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Qu(d') = pt. / k‘((gl,O) (0 =1, O))v(n’)dn' —Tv(d), (8.3.19)
]R,”71

where T is the tangential differential operator

mA1—a| (—1)m—ilal

ORI VI M T s i

0<|a|<m+1 j=0
xd (o',k+j,a,m+1—j—la])5D5v(0) (8.3.20)

and, again, QQ € EQH(UT).

Proof: It only remains to show that for m+1 & INg, the finite part integral
operator (Q is invariant under the change of coordinates on U, C R™ L. This
fact follows from an application of Theorem 7.2.2 together with Lemma 7.2.4
to this operator. In view of Lemma 8.3.1 we then only need to show that the
limit @ € EZL?H(UT). The latter is a consequence of the pseudohomogeneous
expansion (8.3.17), where

k—n—m-‘rj ((9/7 0) ; (Q, - 77/; 0)) = k—(n—l)—(m-‘rl)-‘r]’ ((Q/a O) ; (Ql - 77/3 O)) .

For m+1 € INg, the Tricomi conditions (8.3.18) are satisfied due to Theorem
7.1.8 (with (7.1.61) and n replaced by (n — 1)), and again the fact that the
Schwartz kernel has the pseudohomogeneous asymptotic expansion (8.3.17).
Consequently, Q) € Emﬂ( ) also in this case. |

We remark that Theorem 8.3.2 holds for g, > 0 correspondingly if d— is
replaced by d* in (8.3.15) and (8.3.20) whereas (8.3.19) changes slightly. In
this case, we denote by Q. the corresponding pseudodifferential operator;

Qev(¢) = Jim  Qu(o) = pf. / k((¢'0)5 (¢ =7, 0)v(n)dn'+Tev (),

Rn—l
(8.3.21)
where 7. is the tangential operator
PO i
Too(o) = x
0<|a|<m+1  j=1 (m —j = laf+ 1)t
xdt (o', K+ j, e, m+1—J—|a\) Dgv(d).

We comment that for m + 1 € Ny, the finite part integral operator in
(8.3.19) and in (8.3.21) are in general not invariant under the change of
coordinates in U,. _

Note that we claim in Theorem 8.3.2 only the continuous extension of Q)
up to 0, = 0 whereas it is not yet clear when this extension is in C'°*° up to
0, = 0 as is required for the transmission condition.
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For the derivatives with respect to o', however, we shall only need more
extension conditions.

Corollary 8.3.3. Let Qv possess a continuous limit for g, — 0—. Then also
the limits

on—0—

lim (agj Qv)( )=Dy 0Qu(d) for j=1,...n—1  (83.22)

exist and equal the pseudodifferential operators D, o Q € CZFLZ(F) on the
plane o, = 0. They have the representations

Dy, 0 Qu(e) = pif. / {a(z B((€,0)5 (o = 1),0) fol)dn' = Dy, To(d),
e (8.3.23)

where for m + 1 ¢ INg we set T = 0.
Clearly, this Corollary holds also for g, — 04 and @, correspondingly.

Proof: Let g, < 0. Then, for k = 1,...,n — 1 one has with integration by
parts

Z — / kryj (0 (@ =1 0n))v(n)dn’

/—kR 0; (o' —n's0n))v(n)dn

m+1

- Z / akﬂﬂ (' Qn))}|Z’=g’—n/U(77/)d77/

IR” 1

n / ikR(Q;(Z/,Qn))|z,:g,_n/v( "Ny +Q(a )(9)

0ok ong
mn—l

The limit of the second term exists and becomes the operator @ o D,, €
L2(U,) since %Z € C§°. The limit of the first term,

m—+1

8k:,.;
nmz/ S (0, 00) 5 (2 00)) Hermgr o ()l

on—0
IR" 1

exists since, for ¢’ € U,,

[m-+1]—|a|—v

9 -, _
Z (éil)d (Qali+]7a7€)}zo
=0

dor
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by differentiation of (8.3.15). For m + 1 € Ny, the corresponding Tricomi
conditions are also satisfied by differentiation of (8.3.18) with respect to ),
if 0 < k < n. Hence, for the limit we obtain by again using integration by
parts,

i (50-Q0@) = vt [ {50b((@0); (.0) Homgo ol

on—0— R
4+ bt / k((2,0); (¢ —1,0)

R7—1
m+1—|a| ( m j—lal

- T Y o

0<|a|<m+1  j=0

/d/
ank(n)n

8 — . . « / a /
(500 (&mtdasm+ 1= —la]) ) Do) = T 5 v(¢)
_ 9 r ’ /_i
= vt [ {Gk (@05 @ = .0) botul i = 5 To(d)
IRn—l
which shows (8.3.20). [ ]

Now let us consider the derivative with respect to g,. In this case for
on < 0, we have

[m+1]+1

(5-00)@ - > / ke (00— (0. 0))o(o/ )
+ / EkR(g;Q—(nCO))v(n’)dn’
[m+1]+1
= Z / +Vokint(0,2)) | s=o— 0y 0 (0 )dnf
[m+1] +7;
+ Z / (n(Ql)'vzkn—i—j(@Z))Izzgf(n’,o)v(n/)dn/
j=0 Rn—1
+ / %ka(g;@*(n'ﬁ))v(n')dn'
R7l—1
=: élv(g)—l—@gv(g)—l—@gv(g). (8.3.24)

The operator @ with the Schwartz kernel z[m+1]+1 n(o’) - Voki+j(0;2) is
a sum of pseudodifferential operators in L, (ﬁr), while the operator @2
is a sum of pseudodifferential operators in Em IT1(U,) and has the kernel
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Z[mH]H (¢)-V.kiy;(0; z). For the limit as g, — 0™, we perform the same
calculatlons as in the proof of Lemma 8.3.1 and obtain

. (@Qvﬁ )
[m+1]+1

= et X / E (2 0): (& = ol 0ol

[m+1]+1
+ p.f. / ko ntj—1((2',0)5 (¢ =1, 0))v(n)dn’
Jj= 0 Rn—
m+1 +1 m j+1
+ lim Z [ Z —Do‘,v ) x

—0-
On la|=0

[m7]+1]7‘a| (_l)g

X {|gn|_(m_j+1_‘a|) > 7 d= (¢, K+ j,o, 0+ 1)}

=0
m=i+2l 4
+ Z —D(",v ) X
=0
| ms2llel (e

% {|Qn|—(m—y+2—\a|) 3 Td@)_(gl’ Kt j—1, a’g)H

=0

for all v € C5°(Uy). Here we have denoted by d® the coefficients as in (8.3.10)
for the operator Qg

From this calculation, we see that as g, — 0 the limit of 3 Qv exists
for every v if and only if the limits of both operators Q1 and Q2 exist in-
dependently, since the coefficients of Dgv(¢') are of different orders, namely
|Qn|—(m—j+1—\a|) and |Qn|—(m—j+2—|a\).

Corollary 8.3.4. Under the assumptions of Theorem 8.3.2, form > —1 and
m+ 1 ¢ Ny, the limit

lim (52-Qu)(0) = lim (@w)(e) + lim (@2v)(0)

on—0" n On— on—

+ > (a%nkﬂ:)((@',()); (¢ —n',0)v(n")dn’
]R‘nfl

exists if and only if the first two limits on the right-hand side exist separately,
where Q1 and Q2 are defined in (8.3.24). Moreover, the extension conditions
for Q1 now read:
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For each v=0,...,[m+1] :

m1)=lal=v )y
Z il d_(Qlﬂi—i—j,Oé,e—f— 1) - O, (8325)
Jj=0 ’

where { = [m +1] — |a| —j — v for all « € Ny~" with 0 < |a| <m + 1.
For Q2 which has the pseudohomogeneous asymptotic expansion

D kaerial(e:2) =Y n(e) - Vakai(2),

Jj=20 Jj=20

the extension conditions are:

For each v=0,...,[m+2] :

[m+2]—|a|—v (_1)€

> o (¢ mt i =100 =0, (83.26)
=0 '

where { = [m +2] —|a| —j — v, for all « € Ng~' with 0 < |a| <m —j +2,
where the coefficients dy are given by (8.3.10), correspondingly.

Proof: From the previous discussion, we now consider @1 and @2 sepa-
rately. The operator ()1 has the Schwartz kernel n(¢’) - V,k(g; z) with the
pseudohomogeneous expansion

S () Vo)kwrs(o:2) = D kN (0:2)

Jj=0 =0

Applying Theorem 8.3.2 to @1, we have the desired result for @1. For @2,
which has the Schwartz kernel n(¢’)-V.k(g; z), we again apply Theorem 8.3.2
to obtain the desired result. |

In the case m + 2 € INg, the extension conditions (8.3.25) must be satisfied
forv=1,...,m+ 2. In addition, one needs the Tricomi conditions

KL ((2,0); (~€',0))0"dw(6)

j&/|=1

0 for |a|=m—j+1

and

kg,ﬁ+j_1((g’,0); (—@',0))@’°‘dw(@’) = 0 for [a|]=m—j+2.

/=1

We again remark that for g,, — 0%, one can see that the same arguments
carry over and, consequently, the Corollary 8.3.4 holds for this case as well.
For higher order derivatives with respect to g,, it is clear that we need
to apply Corollary 8.3.4 repeatedly. This means, in each step we will have to
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apply a relation like (8.3.24) to the corresponding higher—order derivatives,
and more extension conditions will be needed depending on the order of the
derivatives.

We recall that for m + 1 ¢ INp, in Theorem 8.3.2 the finite part inte-
gral operators @ and (). are invariant under the change of coordinates on
U, c R"™'. This fact follows from an application of Theorem 7.2.2 together
with Lemma 7.2.4 to these operators. In order to have the same invariance
properties also for the cases m + 1 € INg, we consider now the subclass of
operators Agro € LI (U,) whose asymptotic kernel expansions satisfy the
parity conditions (7.2.35) with o9 =0, i.e.,

kii(osn—0) = (=1)"Tkerj(0;0—n) for 0<j<m+1. (83.27)

In view of Theorem 7.2.6, this condition implies that the finite part inte-
gral (8.3.16) is now also invariant under the change of coordinates since n is
to be replaced by (n — 1) and m by m + 1 in (7.2.31).

Lemma 8.3.5. Let Agro € LI(U,) with m +1 € INg. Let the asymptotic
kernel expansion of Agr o satisfy the special parity conditions (8.3.27). Then
the Tricomi conditions (8.3.18) are satisfied.

Proof: The parity conditions (8.3.27) imply with o = —O/,

kitj(0;(—6',0)) 0" dw

o7|=1
= Kty (03 (6',0)) 0" dw(—1)"
|o’]=1
= ki (05 (—©',0)) 0" dw(—1)m =31l
|©/|=1
- keri(0;(—0',0))0dw for |a|=m —j+1.
|©7|=1
Hence,

kot (03 (=6',0))0 " dw =0 for |a|=m—j+1.

|0/]=1
]

Theorem 8.3.6. Let Ag,o € EZ’;([?T) with m + 1 € INg satisfy the special
parity conditions (8.3.27) in addition to the extension conditions (8.3.15) for
v=1,....m+1. Let A : U. — U, be a coordinate transform in IR"™*.
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Then the finite part integral operator in (8.3.19) has the following invariance
property:

p.f. /k((@’,U);(9’—?7’,0))U(77’)d77'

R7—1

- / W' s o — ) I )dy (8.3.28)
Rn—l

where F(g" ¢ =) = K((A("),0) s (A(e") = A(n"),0)) . 50") = v(A(n”)
and J(n'") = det <%).

Remark 8.3.2: This theorem is of particular importance for boundary in-
tegral operators from the computational point of view since these finite part
integrals in (8.3.28) can be calculated by using appropriate transformations of
boundary elements to canonical representations. We shall return to this topic
when we discuss a special class of operators having symbols of the rational

type.

Proof: Here we use the representation of the finite part integral in terms of
the pseudohomogeneous expansion of the Schwartz kernel of Ag, o which is
also pseudohomogeneous with respect to (¢’ —7’) in

pf. / k((,0); (¢ —n',0))v(n)dn’

o

-y / s ((€50)5 (& — ', 0))u( )i
]':01371,71
- / kr((0',0); (o' —n',0))v(n)dn' .
Rnfl

Then we apply Theorem 7.2.6 to the (n — 1)—dimensional finite part integral
operators

p.f. /km((@’,o);(@’*n’,O))v(n’)dn’

IRn—l
for 0 < j < m + 1 whose kernels satisfy the parity conditions (7.1.74), i.e.,

ki ((,0)5 (¢ =1, 0)) = (=1)7 (" H g ((0),0)5 (' — 2,0))

as required in Theorem 7.2.6 if n is replaced by n—1 and m by m+ 1. Hence,
these finite part integrals are invariant under the change of coordinates and
the remainder integrals are weakly singular and transform in the standard
way. |
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Up to now, the extension conditions are given only for a fixed, particular
manifold which is the plane g, = 0in U, = U, x (—¢,¢). Since A € LI}(U,) is
given in the whole region (7,«, there is no reason to define @ solely on one single
fixed plane p,, = 0. In fact, as will be seen, the concept of our approach for
obtaining @ from A, can be made more universal in the sense that there
is a family of operators Q(7) generated by Ag,o for the family of planes
characterized by p,, = const = 7. More precisely, we now consider for each
fixed 7 € I, where I is some small neighbourhood of 0, the surface integral

Q(7)v(0) = Asro(v @ (n, — 7)) (0) (8.3.29)

at the plane g, = 7. This amounts to considering the family of operators
Agro(7) given by the family of Schwartz kernels k(¢ + 7n; z) where we have
replaced o, by the new coordinate p,, + 7; and the associated limits as o0+
of the family of surface potentials

lim (@(T)U) (o+7n)

on—0—

= g”hj%, / k(o+7n; (o) =1, 00))v(n)dn" = Q(T)v(o’). (8.3.30)

]:Rn—l

For 0, — 0+, Q.(7)v(¢’) is defined correspondingly.

In order to ensure the existence of these limits as in Theorem 8.3.2 for
the whole family of planes with 7 € I., we need more restrictive extension
and Tricomi conditions than were previously required. In particular, in the
coefficients d* (¢', k + j, @, £) in (8.3.10) and in the Tricomi conditions (8.3.8)
we replace the kernels k',g_i'_j((Q/, 0); .. ) by k(0. ..) and write d* (o, k +
J,a, £), correspondingly. Then p varies in U,.

These more restrictive canonical extension conditions are defined by

[m4+1]—|a|—v (_1)@ B
Y L d* ekt 0)=0 for g€ U, =U, x (—¢,¢) (8.3.31)

2!
=0

and for 0 <|a|<m+1land v =0,...,[m+ 1] if m+ 1 & INo,
and forv=1,...,m+1ifm+1€ Ny, where L =[m+1] —|a|—v—7>0;
the canonical Tricomi conditions are defined by

kri (05 (—0',0))0dw(0) = 0 for g€ U, = U, x (—¢,¢) (8.3.32)
|©’|=1

and || =m —j+ 1, where 0 < j < m+ 1 and m € INy.
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Lemma 8.3.7. Under the canonical extension conditions (8.3.31) we have
di(g, k+j,0,0) =0 for o€ U, and all ¢ €N, (8.3.33)

in the case m +1 & INg for 0 <|a| < [m+1] and 0 < j < [m+ 1] —|a| and
in the case m+1 €Wy for 0 < |a|<m—j and 0 < j < m.

Proof: Let us begin with the case m + 1 ¢ INy.

Our proof will be based on induction with respect to p := [m+1]—|a| —v
with 0 < p < [m+1] which corresponds tov =0, ...,[m+1]. Then 0 < j <p
n (8.3.31).

For p =0, in (8.3.31) we have

d*(o,k,,0) =0, where |a| < [m+1].
Then differentiation yields
(n(g’) . Vg)edi(g, K, ,0) = d*(o,k,a,l) =0 for g € U, and every £ € INg .

Now assume that (8.3.33) is fulfilled for all 0 < j <p, |a| < [m+ 1] —j and
¢ € INg. Then (8.3.31) with p + 1 instead of p gives

P 1)pti—i o ] ) "
Z p+1_J d=(o,+jyo,p+1—j)+d (0, +p+1,0,0)=0.
Jj=0

By induction assumption, d*(o,x + j,,p+1—j) = 0 for j < p and |a| <
[m + 1] — j. Hence,

d*(o,k+p+1,0,0)=0 forall |a|<[m+1]—p—1
and differentiation with respect to g implies
d*(o,k+p+1,a,0) =0 forall ¢ e Ny.

Hence, induction up to p = [m + 1] completes the proof for m + 1 ¢ INy.
In the case m + 1 € INg, the proof is exactly the same as above, now for
0<p<m. ]

As a consequence of Lemma 8.3.7, Theorem 8.3.2 remains valid for the whole
family of planes I'; with 7 € I, the family parameter. Without loss of gen-
erality we suppose that all the members of this family have local parametric
representations defined on the same parametric domain U, = U,. x (—¢,¢).

Theorem 8.3.8. Let Ag,o € E;’g(lj}) denote the family of operators gen-
erated by the family of planes I';.. Let @(7’) be the corresponding family of
integral operators defined by (8.3.29) for o, # 0. For m < —1 all Q(T)v(o)
have continuous extensions up to o, = 0. For m > —1 and m + 1 € IN, all
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@(T)v(g) have continuous extensions up to o, < 0 (o > 0 respectively), if
and only if the conditions (8.3.31) are satisfied with d= (d+ respectively) for
o € U,.. If these limits exist then

oJim Q(ru(e) = lim Q(r)v(e) = Q(r)v(c) (8.3.34)
= pf. /k((g’,r);(Q’—n’,O))v(n’)dn'
R?L*l

for the whole family. Moreover, Q(t) € LI (U,) are pseudodifferential op-
erators on U, with the kernel functions k((o',7); (¢/ —1',0)) € ¥hkp41
having the pseudohomogeneous expansions (8.3.17) where (o',0) must be re-
placed by (o', 7). Moreover, the finite part operator in (8.3.34) is invariant
under the change of coordinates in U,..

If m > —1 and m + 1 € INy then the whole family has continuous ez-
tensions up to 0, < 0 (0, > 0 respectively), if and only if the canonical
extension conditions (8.3.31) and canonical Tricomi conditions (8.3.32) both
are satisfied with d= (d+ respectively) for o € U,.

In the latter case, the limits are given by

Jim Qo) = Qnu(e) (8.3.35)

and

Qr)v(e) = Qe(r)v(d)

1m
0<0,—0
= pf. / k((o',7); (& —n',0))o(n)dn' + Tev(o)
IRn—l

respectively, where T and 7. are tangential differential operators given by

Tu(o o
ch((% }4: > d7((@ 7). mtmt1-]al,0) 1 Dgu(e), (8.3.36)
lo|<m+1
respectively.

Proof: Since the proof is identical with that for Theorem 8.3.2 we only have
to justify the formula (8.3.35). Since now the canonical extension conditions
(8.3.31) and the canonical Tricomi conditions (8.3.32) are more restrictive,
Lemma 8.3.7 is valid and all the terms in (8.3.20) with 0 < j < m — |a| are
zero because of (8.3.33). |

We observe that the tangential operators given by (8.3.36) are much sim-
pler than those given in (8.3.20) where the extension conditions were required
only at g, = 0.



8.3 Surface Potentials on the Plane R" ! 443

Clearly, with the canonical extension conditions, the corollaries 8.3.3 and
8.3.4 concerning the derivatives of the potentials can be also modified in the
same way as for Theorem 8.3.8.

If, in addition, we require the special parity conditions (8.3.27), then the
tangential differential operators 7 and 7. in (8.3.36) even coincide and the
finite part integral operators will be invariant under change of coordinates.

Theorem 8.3.9. If the operator Ag,. o € LI (U,) for m +1 € Ny satisfies
the canonical extension conditions (8.3.31) and the special parity conditions
(8.3.27) then in Theorem 8.3.8 we have

7. =T = 1[Q. - Ql. (8.3.37)

Moreover, the finite part integral in (8.3.35) is invariant under the change of
coordinates.

Proof: Lemma 8.3.5 implies that the canonical Tricomi conditions (8.3.32)
are satisfied. Then

Qe—Q=T+T. (8.3.38)

On the other hand, from the definition of the coefficients d* in (8.3.10) we
see as in the proof of Lemma 8.3.1 that the integrals

1
d*(o,k +j,a,0) = /T‘“'*”‘Q / kit (05 (n —70")) 0" dw(0")dr
0 |o’|=1
1

+

/ ~m—jlal / ks (0; (tn — ©)) 0" dw (6 )dr

0 |0/]=1

exist for j = m + 1 — || since the canonical Tricomi conditions (8.3.32) are
satisfied. By the change of coordinates 7@’ = 1’ in the first integral and
7716' = 1/ in the second integral,

d* (0, +j,,0) = / kti(0sn —n")n'dn’.
IRn—l
Correspondingly,
d~ (0,5 +j,,0) = / Ktj(0s—n —n')n'*dn’.
IRn—l

Hence, by applying the parity conditions (8.3.27), we obtain
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d(0,k + j,@,0) = (—1)~ / sy (om0 ) dif
IRn—l

= (—1ym-s+l / b (0om — )7 di7
Rn—l

= ()" IHdt (g, 5k + j,@,0) .
Then j =m+ 1 — |af yields
d (o,k+m+1—lal,a,0)=—d" (0,s + m+1—|al,a,0).

substituting these relations into (8.3.36), the desired result follows from
(8.3.38). ™

As an immediate consequence of Theorem 8.3.9 together with 8.3.8 we have
the following representation of ) and @., respectively, in terms of the jump
relations (8.3.37) which extend the classical Plemelj—Sochotzki conditions of
complex function theory to our situation.

Corollary 8.3.10. Let A € El’g(f?) satisfy all the conditions of Theorem
8.3.9. Then with the tangential differential operator T in (8.3.36) the operator
Q has the representation

Qu(d') = pf. / k((0',0); (o —n',0))v(n)dn’ — Tv(d') (8.3.39)
]R,"_l

for every v € C§°(U,)- The operator Q. has the same representation with T
replaced by —7T .

Remark 8.3.3: If one is interested having a C'"*°—extension up to g, = 0, then
a countable number of infinitely many extension conditions are required. In
performance of these calculations, clearly a chain rule for the Schwartz kernel
is needed and it will become rather tedious and cumbersome. However, if
the calculations are based on the Fourier transform, then the differentiation
is transformed to algebraic calculations and the extension conditions can be
formulated in terms of the asymptotic symbols. These conditions were derived
by Boutet de Monvel [21, 2.3], Grubb [110, Sec. 12 and 2.2] and Hérmander
[131]) and are called the transmission conditions.

Theorem 8.3.11. (Hoérmander [131, Vol. III, p. 108]) Let Agro € LT(Uy).
Then the transmission conditions

(55) (5) ab o2 0s0.41)

_ gim(m—j—lal) (ﬁ)ﬂ(ﬁ)aagnfj(g',o;o, ~1) (8.3.40)
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for all o] > 0, |B] > 0 and j € Ny are necessary and sufficient for Qu to
have a C*°—extension for o, <0 up to o, — O— , i.e. from {2, and

(55)" (5) ebst@ 0 0.0

) . oN\B 0\«
_ m(meaI)(f) (7) O (0,0;0,+1) (8.3.41
for 0, > 0 up to 0, — OV, i.c., from the exterior. Here a?nfj(g, &) are
the homogeneous terms of the expansion of the symbol a(p, &) for Ag o (see

Definition 6.1.6 and (6.1.42)). For m € Z, the two conditions coincide.

In conclusion, we remark that the operators Ag, o € E;’;(ﬁr) which sat-
isfy the special parity conditions (8.3.27) for all j > 0 and all ¢ € U, which
implies m € Z, will also satisfy the transmission conditions (8.3.40) in view of
Lemma 7.1.9. This shows that for m € Z, the transmission conditions (8.3.40)
are invariant under change of coordinates due to Lemma 7.2.8. For the invari-
ance of the transmission property under change of coordinates preserving I
(see Boutet de Monvel [21]).

Table 8.3.1. Extension, Tricomi, parity and transmission conditions

Properties of Agro € llg}(li) ‘ Main results ‘ Theorems

extension conditions
and Tricomi conditions Q and Q. € LT (U,) Theorem 8.3.2
(8.3.15), (8.3.18)

extension conditions Q@ and Q. and

and parity conditions™ their invariance Theorem 8.3.6
(8.3.15), (8.3.27)

canonical extension Q@ and Q.

and Tricomi conditions and simplified 7 and 7. Theorem 8.3.8

(8.3.31), (8.3.32)

canonical extension conditions |  and Q.,

and parity conditions™ their invariance and Theorem 8.3.9
(8.3.31), (8.3.27) simplified 7 = 7. = 3[Q]

transmission conditions @v and @Cv

(8.3.40) have C'*°—extensions Theorem 8.3.11

and invariance

* The parity conditions imply Tricomi conditions (Lemma 8.3.5) and also
the transmission conditions (Lemma 7.1.9).
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The results of this section can be summarized as follows.

If m+1 ¢ INg then the extension conditions (8.3.15) are already sufficient
to guarantee the existence of @) and @, and the invariance of the finite part
representations under change of coordinates (see Theorem 8.3.2).

The case m + 1 € INg is more involved. In order to give an overview of
the development, we summarize the results in Table 8.3.1.

8.4 Pseudodifferential Operators with Symbols
of Rational Type

Theorem 8.3.2 and its corollaries as well as Theorems 8.3.8 and 8.3.9 show
that the extension conditions seem to be rather restrictive and are cumber-
some to verify. Nevertheless, in most applications, including classical bound-
ary potentials, we deal with a class of pseudodifferential operators which
will satisfy all of these conditions. This class of operators is characterized by
thesymbols of rational type and will be considered in this section.

We begin with the definition for the symbol a € §7(£2 x IR") which also

gives the definition when 2 is restricted to U, = U, X (—¢,¢).

Definition 8.4.1. The symbol a € S?}(f? x IR™) is called of rational type

if in the complete asymptotic expansion a ~ Zam,j, each symbol
j=0

Am—j(2,&), which s homogeneous of degree m — j for || > 1, is a rational

function of €, i.e. the homogeneous symbol a?n_j is given by the equation

@ ={ Y a@e}/{ Y @} s

la|=m—j+d(j) |B1=d(5)
for & € R™\ {0} with some d(j) € Ng satisfying m — j + d(j) € INg.

Note that a € Sm(ﬁ x IR™) can only be of rational type if m € Z. Moreover,
Equations (6.1.45) and (6.1.46) imply that the class of symbols of rational
type is invariant under diffeomorphic coordinate changes.

The latter implies that the symbol of Ag_  in (8.4.1) is of rational type
ift A e E’gé(f?) is of rational type. We further note that our assumptions
imply that a,,—; is C*° and has compact support with respect to ¢ € U}. In
addition, the symbols of rational type satisfy the following parity conditions.

A more general class of pseudodifferential symbols, which includes those
of rational type was considered by Boutet Monvel [21] and Grubb [110]. These
symbols all satisfy the transmission conditions but in general not necessarily
the following parity conditions.
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Lemma 8.4.1. Let a(z,&) ~ 3 am_;(2,€) be a symbol a € S7(2 x
Jj=0

IR"™) of rational type. Then the corresponding homogeneous rational symbols

al . (x,&) satisfy the special parity conditions (cf. (7.1.74), (7.2.35))

m—j
a?n_j(z, —£) = (fl)mfjagn_j(x,f) for every j € Ny (8.4.2)
as well as (8.3.27),
kot j(zyy —2) = (=1)" kyy;(v;0 —y)  for every j € Ny, (8.4.3)
and also the transmission conditions (cf. (8.3.40))

((50) %) . 0.-0) = (-mrPI((55) et ) o 0.1).
(8.4.4)

Therefore, also the Tricomi conditions (8.3.18) are satisfied in view of
Lemma 8.3.5.

We remark that these transmission conditions (8.4.4) will imply (8.3.40) after
differentiation of (8.4.4) with respect to x = g at 9, = 0.

Proof: The proof follows from the definition of the homogeneous symbols

ayp,_; in (8.4.1) immediately; i.e.
a?n—j(l", - = { Z Ca(x)§“(71)|a|}/{ Z bgfﬁ(—l)lm}

lal=m—j+d() 1681=d())
= ()" ap,_;(x,€).

Lemma 7.1.9 then implies the conditions (8.4.3).
For the transmission condition we note that a straightforward computa-
tion yields

(%) (@ 0.-1) = ("7 (a0 0,1)

forany £=1,...,n—1.
Since the derived symbols on both sides are rational again, induction
implies the desired conditions (8.4.4). |

This special class of symbols of rational type is invariant with respect to
the following operations, such as diffeomorphism, transposition and compo-
sition.

Lemma 8.4.2. Let a(x,£) be a symbol of rational type belonging to A €
L7(82). Then the symbols of AT, A* and Ag are of rational type, too. If A and
B have symbols of rational type then Ao B also has a symbol of rational type.
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Proof: From formula (6.1.34) for the symbol expansion of AT, it can be
seen that the corresponding homogeneous term a(T w (2, &) of the asymptotic
expansion of 047 is given in terms of a linear comblnatlon of at most k + 1
derivatives of a? m—j in (8.4.1) with j + o = k. Hence, each of the resulting

functions a( ) (2, €) is rational.

With the same arguments for (6.1.35) and (6.1.37) it follows that A* and
A o B have symbols of rational type.

Concerning a diffeomorphic coordinate transformation, we use formula
(6.1.45) for the asymptotic expansion of the symbol ag. Again, only a finite
number of derivatives of finitely many rational functions

ad,_ (W), =T (2',y) )

will contribute to one typical homogeneous term a% m— p(@, &) in the result-

ing asymptotic expansion of the transformed symbol Hence, aq5 mog@ & )
is a rational function.

As we observe, the pseudodifferential operators A € E;’é(ﬁ) with symbols
of rational type enjoy all the essential properties such as the special parity
conditions and canonical extensions so that their surface potentials Qu have
continuous limits @ and @, respectively with Q, Q. € EZZH(UT).IH partic-
ular, Theorem 8.3.9 holds for A which can be formulated in a more specific
form. In contrast to Theorem 8.3.8, we now present a proof different from
the one for Theorem 8.3.8, which takes advantage of the special features of
rational type symbols. In particular, we are able to show that the surface po-
tential Qu is C*° up to the surface g, = 0. In addition, we shall give precise
mapping properties of @), @ and @. in Sobolev spaces which will be crucial
for boundary integral equation methods.

All of these methods are covered by Boutet de Monvel’s analysis for a
more general class of operators including those with symbols of rational type,
where the surface potential operators ) are called Poisson operators (Boutet
de Monvel [19, 20, 21] and Grubb [110]).

Theorem 8.4.3. (Seeley [278]) Let A € /JZ’;((N)) for m € Z have a symbol of

rational type. Let Ag, o € OPS™(U, x IR"™) be the properly supported part of

the transformed opemtor in (8.2.7) under transformation (8.2.1) having the

complete symbol a(o, & Zam i(0,€) with ap—; € 87,77 (U, x R™) where
j=0

a’ (g,{) is of the form (8.4.1) (with x replaced by o) for every j € Ny and

m—j

where U, = U, x (—¢,€). Then the Poisson operator @ defined by

Qu(o) :== As, o (v®@68(nn))(0) for 0, <0 and veDU,) (8.4.5)

where 0 = (0',0n), 0 € Uy, has a continuous extension up to g, < 0, and
maps D(U,) to C°(U, x {0 > 0, > —¢}).
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Moreover, the limit

Qu(d) = lim  Ag, o(v©0)(d,0n), (8.4.6)

exists and defines a pseudodifferential operator Q) € EZ;H(UT) which has the

complete symbol q(¢',&') € ST (U, x R"™ ). Each term in its asymptotic

expansion ¢ ~ Y qmy1—;(0',&") is explicitly given by the contour integral
j=0

Gms1-5(0,€) = (2m) ! / ey ((¢,0), (€, 2))dz for || <1 (84.7)

C
and

Gmi1—5 (0, &) = 1€ T g1 (0, &) for |€] > 1 (8.4.8)

with & = & /|¢'] and qmy1-j(0', &) given by (8.4.7). The contour ¢ C C
consists of the points

¢={z€[—co,co)l U{z=coe” : 0> >—m}} (8.4.9)

in the lower—half plane, and is clockwise oriented where cog > 0 is chosen
sufficiently large so that all the poles of a?nfj((g’,O),(f(’),z)) in the lower
half-plane are enclosed in the interior of ¢ C C.

Proof: In order to approximate the Dirac functional in the distribution
w = v(0)®(0n) by functions in C§° (U, x (—¢,¢)) we take a cut-off function

1
g€ Ce(—1,1) with 0 < g(t) <1 and [ g(t)dt = v2m and define
1
— () (2 -
Wy .—v(g)ng(n)ED(]R) with 7 >0.

Then w,, — w in D'(IR") for n — 0. Moreover,

1

) 1 . ;
e'onG(nz) = ——e'on® e—mfnzg(gn)dgn (8.4.10)
V2
T f.ﬂ:—l
satisfies the estimate
lee#5(nz)| < C(N)en\lmzl—gn mz(] 4 |y~ (8.4.11)

for every N € IN and for z € C due to the Paley-Wiener—Schwartz Theorem
3.1.3. The constant ¢(/N) depends on g and N but neither on 7 nor on z.
If |2 < C,Imz <0 and 0 > g, > —1 then

0<linrri0 €0 G(nz) = e'en?z (8.4.12)

uniformly for any C fixed.
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We also need information concerning the poles of the meromorphic func-
tion a, ;((¢, on), (€', 2)) depending on g, and &', i.e. the zeros of

pd(j)(@, gl, Z) = Z b5(9/7 Qn)flﬁlzﬁn (8413)
|B8|=d(35)
Where 6 = (ﬁlvﬁn) = (/317 e 7ﬁnflaﬁn)'
Since g, € [-1,0] and ¢’ € K, € U, with a fixed compact subset K,,
for |¢'| = 1, all zeros of pg(;y in the lower half-plane are contained in {z €
C| Imz < 0Alz| < ¢p} with some appropriately chosen constant ¢o > 1. Since

©4(;) is a homogeneous polynomial of degree d(j) with respect to (¢', z), there
holds

@()(97 ’ ) ‘€| @dj)(g7§07 |§|) 0

for 0 < [&'| # 1 if and only if 2 = |¢§'|z0 where 2o satisfies pq(;(0, &), 20) = 0.
Hence, all poles z of al, _ ; ((¢', 0n), (¢, 2)) with negative imaginary part are
contained in the interior of the set

{z€C|Imz <O0A|z| <colé']}.
Now let us consider the family of contour integrals

i i(0€) = (21" 7( 0 a0, (€, 2))dz for |€] <1,

= (2n)7! ]{ elen®q (Q, (f’,z))dz for €| >1

1€ ]c
(8.4.14)
where

|€lc:={2€ClzeR : —|¢|cy < 2z < |€|co} U{z = co|¢'|e”, 0> > —7}

which is oriented clock-wise. For |£'| > 1, one has |(£, 2)| > 1 and ap,—; =
ap,_ ;- Then

o fim Gm+1-3(0,€") = Gmr1-5((¢,0),€") = qms1-5(0', &) (8.4.15)

and
Gni1-5((050),€) = €1 g0, €) for [€]>1  (3.4.16)

where £ = &'/|€'| and ¢m41—; is given by (8.4.7).



8.4 Pseudodifferential Operators with Symbols of Rational Type 451

To show (8.4.6) for Qu, we write
am—j (0, D)wn(0)
= (2m)™" / ¢ B(e) / € (0, 0n), (€, 60))G(nEn)dEndE’

1€1<1 [€nl<co

+(2m) " / / 0 ETE )0, (0 an)s (€1 60)) G ) dEndE!

[€1<1 [€n|=co

[ [ (€00 (€6l

[¢1>1 IR
= [1 +12+I3

Since in I; the domain of integration is compact and the integrand is C'*,
we get

lim Iy (27‘-)7”/ eiglfli}\(g/) / eigng"am—j((Q',Qn),(fl,ﬁn))d%df'-
0<n—0

|§71<1 [€n|<co
(8.4.17)

In I we change the path of integration of the inner integral and obtain

/ 02 (¢ 0n). (€' 6)) 2 G (En ) o

[€n=co

- / a0, (¢, 0n), (€1, 2)) 0" G(nz)dz,
c\[—co,c0]

since the estimate (8.4.11) allows us to choose N > m—j+1 and the integrand
is holomorphic in Im z < 0 A |z| > ¢o provided 0 < 1 < —g,,. Then we write

B=en [ eUCae) [l (@) (€ ) Gnadade
[§71<1 e\[~co,co]
and the integrand depends continuously on n on the compact domain of
integration. Taking the limit yields

lim 12
0<n—0

—em [ e aeen [ el (@0, (¢ 2)dude
lg'1<1 e\[—co,co]

This together with (8.4.17) gives

Jim (14 1) = 20 [T (0. ) (8.48)

<n—
1€ 1<1

since, on z € ¢\ [—co, ¢o] one has an,—; (0, (¢',2)) = ap,_;(0, (€', 2)).
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It remains now to consider I3. We can write the inner integral as

(2m)! / 0, (0 0n), (€, 6)) €2 G ) dés
R
— (2m)! / a0, (¢ an). (€,2)) e G(nz)dz
[€]¢
= (2m) it / a0, ((2 an). (), 2)) e €12 Gl | )dz

This is due to the holomorphy of the integrand for Imz < 0, 1 < co <
|¢'|co < |2], the estimate (8.4.11) for n < —p,, and the homogeneity of a’)

for |£’| > 1. Now we have, for every ¢’ € R"™ I with € > 1,

m—j

lim (27T)‘1/a%fj((g'vgnx(&’v&n)) on&ng(nén ) dén

0<n—0
R

lim e [l (¢ 0. (€)1 G| s

c

€| =it (2m) 7 / 0 _ilo, (&, 2))e e €1 qy

c

= q~m+17j(Q» 5/)~

Hence, the integrand of

b= (n) [ o en) e
1<[¢’]
X /a%_j((@’,@n),(f’,Z’))eig"‘ﬁ"z'a(n|§’\z’)dz’dg’
c

converges point—wise as 7 — 0. Consequently,
r) [ T 0. =l I (8419
17—?
1<1¢’|
due to the Lebesgue theorem. Collecting (8.4.18) and (8.4.19) yields
Qmi1-5v(0) = (2m) ! / ¢ EHE ) gm0, €)dE . (8.4.20)
R7—1

Clearly, ©m+1_jv(g) exists and is a C*°—function for g,, < 0. It follows from
(8.4.15) that the integrand of (8.4.20) converges pointwise to



8.4 Pseudodifferential Operators with Symbols of Rational Type 453

(€ ) gm0, €)
if 0 > g, — 0. Therefore, the Lebesgue theorem implies

lim @m+1_jv(g) = gm+j—1(0",D)v for j=0,1,....
0>p0,—0
Here, ¢m41-; € Szz_jH(U,« x IR™ 1) is given explicitly by (8.4.7). To this
asymptotic sequence, there exists a symbol ¢ € S7T (U, x R"™!) with
qr~ Z Gm+1—; due to Theorem 6.1.3. The symbol then defines a pseudodif-
>0
ferential operator ¢(o’, D) € L7 (U,.) according to Definition 6.1.2. Hence,
there exists a smoothing operator R such that Q = ¢(¢’, D')+ R with @Q given
by (8.4.6).

L
To see this, note that (q - > qu,j) e §mH1I-L(U, x R™') and,
§=0
hence, has a Schwartz kernel in C*~™~"=%(U, x U,) due to Theorem 7.1.1
and (7.1.2) for some ¢ with 0 < § < 1 provided L > m + n + 1. On the

L ~
other hand, Agr = (Ag,0 — > Am—j) € LI, (2 x R™) has a Schwartz
3=0

kernel ka, (0,0 — 1) in C~™"+L=3"(( » ) for some &' with 0 < & < 1.
Therefore the restriction of the kernel, k4, ((¢’,0), ((¢/ —7'),0)) belongs to

L
the same class and is the Schwartz kernel of the operator @ — > Qmi1—;-
j=0
Consequently,

L L
Ri=Q-q(¢, D) = ~(a(d. D) =Y ami1-5(0, D)) + (Q= Y Qi)
§=0 =0
(8.4.21)
has a Schwartz kernel in the clags CL—m—n—1 (U, xU,) for every L > m+n+1,
i.e., a C°°~Schwartz kernel. This completes the proof of Theorem 8.4.3. W

Corollary 8.4.4. Let A € Ezne(ﬁ) satisfy all the conditions of Theorem 8.4.3.
Then

@CU(Q) = A, 0(v®36)(0',0n) for o €Uy, 0n >0 and veDU,)
(8.4.22)

has a continuous extension to p, > 0 and @C maps C§°(U,) to C™ (UT X
(0,€)). The trace
Qv(e) = lim A o0 ®0)(c.00) (5.4.23)

0<on—

defines an operator Q. € EZE'H(UT) having the complete symbol

de ™~ Y Gmt1—j,c(0, &) where gmi1—j,c(0', &) is explicitly given by
i=>0
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m+1—4.c(0, &) = (277)_1/am_j((g’,O),(f',z))dz for €] <1 (8.4.24)

Ce

and
Gmy1-j.c(0,€) = |§/|m+17ij+1—j,C(Qla§6) for €] > 1
where & = &' /|€'|. Here, the contour
Co 1= {zEIR : —cogzgco}u{z:coew with 0§19§7T}

in the upper half-plane is counterclockwise oriented and cq > 0 is chosen
sufficiently large so that all the poles of am_j((g',O),(g’,z)) in the upper
half-plane are enclosed in the interior of ¢, C C.

The proof is identical to that of Theorem 8.4.3 except g, > n > 0 and
Imz>0.

Lemma 8.4.5. Let I’y be the family of planes o, = T = const in U, with
7 € I;. Then the limits of Q(T)v(0) given by (8.4.22) in (8.4.5) and (8.4.22)
for 0, — 7%, respectively, exist for every T € I. and depend continuously
on T.

Proof: The poles of a?n_j((g’,T +on); (&, z)), i.e., the zeros of
pai) ((0+7n); (€,2)) in (8.4.13) depend continuously on 7. Therefore, the
contour integrals defined in (8.4.14) also depend on 7 continuously. Hence,
each of the potentials (@mﬂ_jv)(r)(g) in the family given by (8.4.20) con-
verges to the corresponding limit gy, 4;—1(7, ¢/, D)v for each I';. Each of these
limits then depends continuously on 7.

As in (8.4.21) the remaining operator R has a kernel that now depends
continuously on the parameter 7, it follows that the limit operators Q(7) and
Q.(7) exist and depend on 7 continuously. |

Remark 8.4.1: As a consequence of Lemma 8.4.5, the existence of the limits
Q@ and Q. implies that the extension conditions are fulfilled for each 7 € I.
The latter implies that therefore the canonical extension conditions (8.3.31)
are satisfied. This means that together with the special parity conditions
(8.4.3) all the assumptions of Theorem 8.3.8 are satisfied for our class of
operators A having symbols of rational type. Hence, together with Lemma
8.4.1, Theorem 8.3.9 holds as well.

To sum up these consequences we now have the following theorem which,
again, is the Plemelj—Sochozki jump relation for the class of operators having
symbols of rational type.

Theorem 8.4.6. Let A € EQ}((}) have a symbol of rational type. Let Agr o €

L7 (U,) be the properly supported part of Ap, in the parametric domain. Then
the jump of Apro (v ® 5(Qn)) across o, = 0 is given by
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odm {48,0(v®0)(¢',00) — Ap, 0(v ®5)(0', —0n) } = [Qu(d)) (8.4.25)

and 3[Q) is the tangential differential operator

T=17.= Q). D) (8.4.26)

= % > > (et Ll (4,0, 0,1)) D

1 /
0<j<m+1 |a|=m—j+1 o (8§ )

Moreover, the representation (8.3.37) holds and the invariance (8.3.28) under
change of coordinates remains valid.

Proof: Subtracting (8.4.7) from (8.4.24) we obtain for the jump across
on = 0, the relation

[Qm+1-5]0(0") = [gm+1-5(2, D")]v(d)
with the symbol

[qm-l—l—j](Q,v 5/) = (27T)_1 % agz—j ((Ql7 0)7 (fla Z))dZ (8427)
|z|=R
provided R > ¢o > 1 since then [¢/|* + |z|* > 1, where a,,—; = aj),_; and the
integrand is holomorphic for |z| > ¢o.
Since Theorem 8.3.8 is valid here, [g,+1—;] is a differential operator. In or-

der to show the particular form of 7 in (8.4.26), we combine the homogeneity
of a¥ _ ; with the Taylor formula about (0,&,) and obtain

am—j(( 0), (¢, fn Z gm= J— |’Y|a Am— ]((9/70),(071))%5/7

0<|v|<N E )
+at_ir((0),(¢,€)) provided &, > 1. (8.4.28)

In the same manner we have
am,j((gl,()),(f/,én))
m—j— m—j— a"/a/rnf j 1
= 3 Py TR (0,0, (0,-1) ¢

0<|»), (66/)
m*jR((é/7 )’ (gl,gn)) fOI gn <_ - ]-~ (8429)

Clearly, the remainders satisfy the estimate

1 and +
-1 and —

&n

n

(8.4.30)

IN IV

0%l < einléalm TN TE N for {

uniformly in ¢ € R" ',



456 8. Pseudodifferential and Boundary Integral Operators

Because of the transmission conditions (8.4.4), we have

Am—j ((le O)a (5/7 gn)) = amfjH((Ql7 0)7 (5/7 gn)) + aT:‘?:‘ijR
for &, > 1 or &, < —1, respectively, where
(“)"Yam,j

m—jln , 1.,
amegi = D &M EE (€00, (00) 567 (8431)

0<|v|<N

The main idea for showing that (8.4.27) is of the form (8.4.26), is to
replace aj), ; in (8.4.27) by am_ju:

(ms1j)(0€) = (@m) 7{ e nt (01 €, 2)d
|z|I=R

+ (2,”)71 % (a’g)nfj((gl,o% (fla Z)) - amfjH(rQlag/a Z))dZ .
|z|=R

The first term can be calculated explicitly by the residue theorem,

Y Gy — 1
e § anne g ad=i Y TR (@0.0.1) e
|z|=R [v|=m—j+1
(8.4.32)
if N>m—j+1in (8.4.31).
To estimate the remaining integral we want to show

(2m)! 75 (6% — am—s11)(d20), (€', 2))dz
|z|=R

— (2m) / 0z ((&20), (€ 60))dn

&n<—R

—en) [ aa((@0). €60
R<En

The latter then can be estimated by the use of (8.4.30). To this end, employ
(8.4.10), introduce polar coordinates about z = 0 and write

/(agnfj - am—jH)((le 0)7 (§/7 Z))dZ

+
‘R

= lim { lim /(agl,j —am—ju)((¢, 0n), (f/,z))eianz/g\mZ)dz}

on—0+ Un—0+

T
‘R
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with 0 < 1 < g, where g(nz) is defined by (8.4.10). Here, c}, is the contour
defined by ¢f; = {Re™ with 0 < ¢ < 7}. Because of the estimate (8.4.11),
for every n > 0, with an application of the Cauchy integral theorem applied
to the integrand which is a holomorphic function in the upper half-plane
Imz > 0 for |z| > R > ¢y, we obtain

[ = i) (€00 (€' 2))

=- thj%Jr { nlirél+ (agm—j - am—jH)((Qla 0n), g)eigngng(ngn)dgn}
[En|>R
= / a;_jR((Ql,O)(€/7£7l))d€n — / aj_n—jR((Q,,O)?(5/75”))d§n'
&n<—R En>R

Similarly, with ¢ 1= {z = Re® with 7 < 6 < 27}, we obtain

= [ an(@ 0. € e~ [ af a0, (€ ).

En<—R R<&n

Collecting terms, we find

1 Oam—; / ’
[qm+1*j](9/75/) = 7’| | Z ?W((Q 70)7(0’1))57
Y|=m—j+1
+ (2m)~! a, _pdé, — (2m) " al . ndé,
5n§/—R J Rs/én j

for every R > ¢y and every fixed ¢ € U, and & € R"™'\ {0}. By taking
the limit as R — oo, in view of the estimate (8.4.30) we obtain the desired
result. |

Remark 8.4.2: In Theorem 8.4.6, as we mentioned already in Remark 8.4.1,
the invariance property of the finite part integral is crucial for the behaviour
of potential operators. In particular this type of potential operators includes
all the classical boundary integral operators as investigated by R. Kieser in
[156]. This implies that numerical computations for this class of operators
can be performed by the use of classical coordinate transformations.

We now turn to investigating the mapping properties of the Poisson op-
erator () defined by (8.4.5).
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Theorem 8.4.7. The linear operator @ defined by (8.4.5) satisfies the esti-
mate

1@l (g, <oy = ol (8.4.33)

for any s € IR where ¢ € C{)’O(ffr), and any compact set K € U, and every
v € C§°(K). The constant ¢ depends on K, and s.
The corresponding estimate for Q. reads

16@el v g0 < Mol - (8.4.34)

To prove this theorem we first collect some preliminary results.

Lemma 8.4.8. Let K € R"™ ' be a compact set. Then the distributions of
the form

u(o) =v(¢') ®d(en) with o= (',0n) and ve C57(K)
will satisfy the estimate

([l < clJvll sk (8.4.35)

H* ™5 (KxR)
provided s < 0.

Proof: Using duality, the trace theorem and the trace operator (4.2.30), we
find for ¢ € C§°(IR™):

bl ey gemy = @ Hw@hmel = sup_ | / )(ro)de
() lelly - <1 ||<PH1 D
< ol - sup oella-c ) < e vl
lelly —, <1
2
for any s € IR with s < 0. ]

We remark that, as a consequence of Lemma 8.4.8 we already obtained the
desired estimate (8.4.33) provided s < 0. In order to extend this estimate to
arbitrary s > 0, we first analyze the function ¢,,11—; in more detail.

Lemma 8.4.9. Let o, € INg and K € U, be any compact subset. Then
Gm+1—5(0,&") given in (8.4.14) satisfies the estimates

|on Dy, Gm+1-5(0,€)| < c(g)ymHHami=d (8.4.36)
for on € [—€,0), ¢ € K and & € R"™! where ¢ = ¢(j, o, 3, K) is a constant.

Proof: From (8.4.14) we obtain, by using the transformation z = 2’|¢’|, 2’ €
¢, |¢'] > 1 and with integration by parts with respect to 2/,
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QﬁDa Gmt1—-5(0,€)

02;( ) Tete Dy an, (e, (¢, 2))dz

|£ le
B
G / S (§)en(5r) e (Dt o€ ) o
0<'y<o¢
1 ; o
- |§/ —ﬁ+’y+m—g+1( )x
2 0;(} | 5y

X /(z‘)'@ei@"lgllz’Df, {(ZZ )" Dy 70 ](Qa (&, 2 )}dz

c

Then we obtain the estimates
00D G- (0,8")| < gm0 for ¢ > 1

whereas for |¢/| < 1 the left-hand side is bounded since it is smooth on
|¢'| <1 and has compact support with respect to ¢ and g,, < 0. This yields
(8.4.36). [ |

Lemma 8.4.9 indicates that q(o,&’) for 0, < 0 has properties almost like a
symbol although the inequality (8.4.36) is not strong enough for g, — 0.
However, for applying the techniques of Fourier transform we need a C*°
extension of Gm+y1—; to o, > 0. To this end we use the Seeley extension
theorem proved in [277] by putting

q~m+1—j((gla Qn)vfl) for 0, <0 and
p (0.€) =1 v
m+1—75\Y, e ~
M > NGmr1-((¢',=2P0n),8)  for 0, >0
(8.4.37)
where the sequence of real weights
T 1—27¢
Ap = el;[ Tt for pe IN (8.4.38)
P

satisfies the infinitely many identities
> 2 =(=1)" forall LeN (8.4.39)

and these series converge absolutely. With the relations (8.4.39) one can eas-
ily show that all derivatives of gm+1—;(0,§) are continuously extended across
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0n = 0 since the term-wise differentiated series (8.4.37) still converges ab-
solutely and uniformly. Since ¢p,+1—; has compact support with respect to o
and ¢, <0, also py41—; has compact support in p.

The extended functions p,,+1—; define operators

Poii-jv(o) = (2m)~ "t / e pri1_j(0,€)B(€)dE (8.4.40)
R"_l
for o € (U, x (—¢,¢)) and

Ppii—v(e) = émﬂ,jv(g) for 0, <0 (8.4.41)
where @mﬂ,j is given by (8.4.20) via (8.4.16). In order to analyze the map-

ping properties of Pp,41—;, we now consider the Fourier transformed pp,41—;
of pj, i.e.

Pmr1-5(¢, &) = (2m) "/ / e ppmi1-j(0, & )do. (8.4.42)
L

Lemma 8.4.10. For any q,r € IN, there exist constants c¢(q,r,j) such that
Pm+1—; Satisfies the estimates

P3G < e+ D41 (14 )

Proof: We begin with the case |{'| > 1. Then from the definition of py,41—;,
we have

By (C,€) = (2m) /2 / emi0¢

Q/G]Rn—l
0
{ [ emeent [ dnad (0o (¢ 2)deda,
Qn=—00 z€|€|¢c
+ / e~ tenn (2)~ / Z/\ ei2enzq0 j((g’,—Q”Qn),(§’,z))dzdgn}dg'
on=0 zele'|e P

By the homogeneity of a?n_j and & = |¢'|¢} and by scaling g, = |¢'|on , Cn =
|€|71¢,, and 2z = |¢|2, one obtains

Priaos(6.€) = € iem) 2t [ e ay,

gl clR™— 1
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where
0
Coy={ [ eme fenta (@ 26 aaz,
On=—00 z'ec
o [ emaSa, e m (02 B (6 d i,
on=0 p=1 z'€c

In the integrands above, we see that the second integral contains the function
o0 ~
2Pp
Z)\pf(@lai |£/|n?§6) )
p=1
which is the C'*° Seeley extension of

£ Bg) = em fema (o) 6)d

z'ec

from g, < 0 to g, > 0. The function f has compact support with respect
to (o', o) for every fixed ¢ and, moreover, is uniformly bounded. Therefore,
its Seeley extension F' (g’ , é"l) has the same properties and its function series
converges absolutely and uniformly. Since

Pri—s(G,€) = €1 92m e [T p((y

o€R™

where ¢ = (¢, 0,) and ¢ = ¢ ,En), the Paley—Wiener—Schwartz theorem
3.1.3 yields the estimates

P13 (CEN < en(L+[¢)™N|E[™ for (€ R™ and £ € R"™", [¢'] > 1.
Here, since N € IN is arbitrary, the latter implies with N = r + ¢,

—q
i€ < extt+16) 7 (14 L) Mgy

the proposed estimate (8.4.43) for |¢'| > 1.
For |¢/| <1 one finds the uniform estimates

P15 (GEN < en(X+ D1+ [¢al) ™

by using the Paley—Wiener—Schwartz theorem 3.1.3 again. Then1 < 1 4 [¢'| < 2
implies the desired estimate (8.4.43) for |¢'| < 1 as well. This completes the
proof. |

Lemma 8.4.10, in contrast to Lemma 8.4.9, will give us the following crucial
mapping properties.
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Lemma 8.4.11. The operator ©m+1_j defined by (8.4.20) satisfies the esti-
mates

||Qm+1ijHHsfm+i*% (R™N{0,<0})

S ||Pm+1*jv||HS*m+j*%(]Rn) (8444>
<

< clvllgsmn-1y for ve CgE(U,).
Proof:

Our proof essentially follows the presentation in the book by
Chazarain and Piriou [39, Chap.5, Sec.2]. Since

9]l e ey = inf {{|@] grerry  with ¥|gpe =1}
where R” = IR" N {p, < 0} and

(Qut1-70)(0) = (Pmgr—jv)(e) for ¢n <0,
the first estimate in (8.4.44) is evident. In order to estimate the norm of

Pyy1-jv we use the Fourier transform of P,,41_jv. The Parseval identity
implies

(Pm+1-5, )

= /Pm+1—jv(0)30(9)dg= (Pm+1-5v, P)
]R"VL

= (2m)"H Prr1— (€ — &) (L +[¢)*~mF7% x

CeR™ ¢reRn—1

X D)1+ [¢) IR G(~¢)dgdg
where £ = (¢/,0) € IR for any ¢ € C§°(IR™). Consequently,

|<Pm+17jv"»0>| < ”‘PHH—Hm—H%(Rn)||Vm+1*jv||L2(]Rn)
where

Ving1-50(C) 1= (14 [C)* ™72 B 50(Q)
The estimate (8.4.43) of Pp41—; in Lemma 8.4.10 gives us

WVans1-sollzzamny < of / ( / (L 1€)* BENI{ (1 + [¢ly =+ x

R™ IRn—l

) —q 9 1
<) - (14 12E ) ) )
[Win1-50lL2(mm)

I [ @+ IED° 1 a5 (€ aau

R~—1
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where Xm+1-;(¢,&’) is defined by the kernel function {...} above. We note
that Y,mi1-(C, &) contains one term of convolutional type |¢' — ¢’| in R" ™!
which motivates us to estimate xp,+1—; by a convolutional kernel with the
help of Peetre’s inequality, namely

’ L
G J+r |§'||) <1+ =D forany (e R. (8.4.45)

In Xm+1-;(¢, &) we use (8.4.45) with £ = m — j — s and, also, with £ = 1 and
obtain

Xen41-5(C,€) < (L4 ¢ ™™ H =2 (14 /)™= x

! A |Im—j—s|—r |Cn| )q
X (L=< (1+<1+|<'|><1+|s'<f|> '

The last factor in x;,41—; contains a term of the form |¢,|/(1 + |¢’|) which

motivates us to introduce the new variable ¢, = ¢/ (14|¢']). Then

/ (W10 (¢, (14 D)) P+ ¢ )¢ dE

R R»—1

[Wins1—j0[72

IN
—
—

{ [ avien meix

IR R»—1 R 1

~ 12 ~
X1 (¢, CalL - [¢'1),€)) g/ (1 4+ [¢)F | dc'dC,

X

and
Xins1— (€, Ga (L (D, €))L+ [¢]) 2
) ) — s—m—&-j—%
< (L4 [¢pmimet <1+ VICR+(1+ |<'|>2\<n|2) x

e —q
X(1+ | = gl (1 ¥ 1+|§|5|> .

Since
F5LHICNA+[GD) < 1+ ) <A+ ICDA A+ [Gal)
we finally find

Xont1—5 (¢ Ga(L 41D, €))L+ ¢ 2

< a1l —gm o (e el ) T g,
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Hence,

Wosaosoleamn << [ || [ @+lEDREN+] 0 =m0
R

R7—1

X(HW')_ng ’ X (14 |Cu)2C~m 4D =14C,.  (8.4.46)

L+ |e—=¢ L2(R"-1)

For every fixed Zn € IR, the inner integral is a convolution integral with
respect to & whose L?—norm can be estimated as:

Iy < e+ 1o D8] p2amnry x (8.4.47)

=~ —q
x / (1+‘n/|)‘m*j75|7'r <1+ |Cnl ) d?]l

L+ ||
IRn—l
< CH”HH-*(]R"*)“"‘|6n‘>_q /(1+\n’|)‘m_j_s|_r+qdn’.
IRn—l

This estimate holds for any choice of » and ¢ € IN provided the integral

/ (1 + |n/|)|m_j_s‘_r+qd77/ = Cpq < 00,
]:Rn—l

which is true for |m —j —s|—r+¢< -n+1.
Inserting (8.4.47) into (8.4.46) implies

W1 golle ey < ccglol2eqmnes, / (14 (G, )26 m)-1-2007,
R
Choose ¢ > max{s—m+j—1, 1} and then r > |m —j —s| +n —1+gq,
which guarantees the existence of the integrals in (8.4.46). In turn, we obtain
the desired estimate (8.4.44). |

Proof of Theorem 8.4.7: By using the pseudohomogeneous expansion of
the Schwartz kernel to Ag, o, we write

L

Ap,0 = Z Ap—jo, 0+ A, R (8.4.48)
=0

where Ay _js,0 € L’Zé_j(ﬂ), and the Schwartz kernel kg of Ag g is in the
class O~ HL=0"(() % ) with some ¢’ € (0,1). Correspondingly, we have

Qmi1-5v(0) = (2m) ™" / e D(E Vs 1-5(0,€)dE’
IR,n71
= Am-jo,0(v®0)(0) for g, #0 (8.4.49)
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and

Ag, (v ® 6)(0) = / kr (o0 — (1, 0))o(n
IR"'71

for L>m+1and g € Q. Hence, we may decompose @ in the form
~ L ~
Qu(o) = Z Qmt1-5v(0) + As,r(0® 0)(0),
§=0

where Ag, R € ,CZE_L_l(.(NZ). Therefore, with Lemma 8.4.8 we can estimate
the last term on the right—hand side as

oA, 1 (®©0) ey g

< 0 @ e sy < €lVllmerer

provided L > s + 1.

Here, ¢ = ¢(s, L, K, ¢). We note that we need to consider pAg_ r instead
of As_r since the middle estimate is only valid if p varies in a compact subset
of @ For the estimates of ap@u we use Lemma 8.4.9 and obtain

L
Q0 s <opy < D Callvllmesnsy + ol sy
<o < 2

< d|vllgs k)

if we choose L > max{s + 1,1}. The proof of estimate (8.4.34) follows in
exactly the same manner. This completes the proof of Theorem 8.4.7. |

Corollary 8.4.12. The linear operator @ defined by (8.4.5) is a continuous
mapping from C°(U,.) into C*(R" NU,) and also into C**(IR'y NU,.) where
R" and Il_%i denote the lower and upper closed half space, respectively.

The proof is an immediate consequence of Theorem 8.4.7 since s can be
chosen arbitrarily large in (8.4.33) and (8.4.34).

In order to extend Theorem 8.4.7 to sectional traces, let us introduce the
following definition.

Definition 8.4.2. For k € INg, let V € C*((—¢,¢), D'(U,)), on+— V(on)

€ D'(U,) be a family of distributions which are k times continuously differ-
entiable on o, € (—¢,&). Then for the distribution v € D'((U, x (—¢,¢))
defined as

(v, 0) = / (V(en) . (o 00))don for € DU, x (—¢,¢)).,
R
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the distributions

V= ((C[anV) (0)eD'(U;) for 0<j<k

are called the sectional traces of orders j on the plane g, = 0.

Theorem 8.4.13. (Chazarain and Piriou [39, Theorem 5.2.4. 1)])
Let A € LT)(£2 x £2) have a symbol of rational type and v € D'(I"). Then

Qu(x) := (A(v®dr))(z) for z €

and
Q.v(z) = (A(v®dr))(z) for z € 2\

have, respectively, the sectional traces fyk@v and ’ykcécv, of any order k € INg
on I'. Moreover, for ¢ € C§°(U,) and for any s € R and any k € Ny, we
have the estimate

O \k~
||90(@> Q,UHHS“”’%(an{gngo}) < C”'U”HS(K) (8450)

for every v € H*(K), where K € U, is any compact set. The constant ¢

k-
depends on K,p,s and k. The corresponding estimate for (%) Q. holds

as well, and we have

O \FE~
Hgo(@) QCUHH“"”*%(m”m{gnzo}) < c|lv|lgs(k) - (8.4.51)

Proof: As before, we fix one of the local charts (O,,U,, x,) in the tubular
neighbourhood 2 of I" and consider the representation of A in the parametric
domain U, = U, x (—¢,¢) in the form (8.4.48). Then one of the terms as in
(8.4.49), we decompose,

Ap—jro(v @ 68)(0) = Bus1-jv(0) + Ru(g) for o, € (—e,¢],
where

Biiosv(@)i= [ €U (061 (8.4.52)

and [§'1>1

Eerl*j’U(Q) = / eig/'f/a<6/)pm+1*j(9agl)dgl’
1€"[<1
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where pp,41-;(0,¢') is given in (8.4.37) and R is a smoothing operator with
a O™ Schwartz kernel. Since p,,11-;(0,€’) is in C= (U, x R™™"), the right—
hand side in (8.4.52) defines a distribution in C*°((—¢,¢), D’'(U,)), and the
sectional traces

~ . i€~ 8 k
wBigo = dim [ UG (5 Doas(e.€))de

0<0,—0 Oon
1€1>1
SVAPYSN ak m —q ’
= [ e ((Frre)

|€1>1

are well defined distributions on D(U,) for any k € INy. Hence, the sectional
traces of order k exist as proposed.

As for the estimate (8.4.50), consider now %El’j(g, &) in (8.4.40) in-

stead of p41—;(0,&’). Then all of the estimates remain the same for k € INy

fixed. Hence, Lemmata 8.4.9 and 8.4.10 remain valid for %(Q, ¢’) and

Lemma 8.4.11 holds for (%émﬂ_ﬂ)) as well, and (8.4.50) follows. For

0 > 0, the proof is the same, where ¢n11—j is defined by (8.4.24) and
Pm+1—j,c In (8.4.37), where the cases g, < 0 and g,, > 0 are to be exchanged
with o, > 0 and p,, < 0. [ |

8.5 Surface Potentials on the Boundary Manifold I

In the previous section we discussed surface potentials and their limits for
on — 0 only for the half-space. There we introduced the extension conditions
(8.3.7), the canonical extension and Tricomi conditions (8.3.31), (8.3.32), the
special parity conditions (8.3.27) and the transmission conditions according
to Hormander (8.3.40) as well as the operators with symbols of rational type.
Up to now, our discussion was confined to the half-space situation only.
To extend these ideas to surface potentials for a general boundary mani-
fold I', we need to generalize these concepts to manifolds. Let us recall that

for A € L}(£2) and any local chart (O,,U,, x,) of an atlas (I") and the
corresponding local transformation @, : O, — (UT X (*6,6)) =: U, with

(Qlagn) = @T‘(X’I”(‘r/ + an(Xr(xl)))) and (g;'mo) = @r(x/) and Q/ = Xr(x/)
for 2’ € I', and its inverse z = ¥,.(p) (see (8.2.1) and (8.2.2)), the surface
potential in the half space is defined by

Qrv(0) = Asro(v @ 6(mn)) (0) (8.5.1)

for any v € C§°(U,).
Hence, it is natural to consider the mapping defined by

Qru(z) = A(u® or)(z) (8.5.2)
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for x =2’ + an(XT(x')) with z € O, \ I and v = x,+u where u € C§°(O;.).
Then

@FU = @;QT‘XT*U = @:A'@T,O@r* (U & 5F) = QS:A@r,O (Xr*u & 6(Qn)) . (853)

To consider the limits of Qru(z) as ¢ — 2’ € O, C I', we need the
following definition of the extension conditions.

Definition 8.5.1. The operator é[‘ satisfies the extemsion conditions
for 0, — 07 (0, — 07) if and only if for every local chart of an atlas A(I")
the associated operators _ B
Qr = ér*QFX:

satisfy the extension conditions (8.3.7) form+1¢& Ng andv =0, ..., [m+1];
and, for m + 1 € Ny, the extension conditions (8.3.7) forv=1,..., m+ 1.

For m +1 € INo, the operator @p is said to satisfy the Tricomi condi-
tions iff all the operators Q.. satisfy the Tricomi conditions (8.3.8).

Now we are using a partition of unity {¢, }recs to an atlas (") as in Section
8.1 and the family {¢;},er with ¥, € C3(O,) and ¥,.(z') = 1 for 2’ €
supp . Then we are in the position to establish the following theorem for
the surface potential.

Theorem 8.5.1. Let A € EZ;([} U 2) with m € R. Then the limit

Qru(z') = o) lim Oqu( x) where x=1'+ oon(x,(¢')) € 2 (8.5.4)
>on—

always exists if m < —1. For m > —1 it ewists in the case m +1 ¢ INg iff

Qr satisfies the extension conditions. For m + 1 € INg, the limit exists iff

Qr satisfies the extension conditions and the Tricomi conditions. If the limit

exists then Qp € CmH( ) is a pseudodifferential operator of order m+1 on

I'. These results also hold for Qrcu(z') = O<lim Oépu(x), correspondingly.
On—

Proof: For every chart (O, U,, x,) of the atlas A(I") and u € C§°(O,.), the
limit

lim Qr(xr*u)(g) = Qr(xru)(¢)

0>0p,—

exists iff the extension conditions (8.3.7) for m + 1 ¢ INy and (8.3.7) and
(8.3.8) for m + 1 € INy are satisfied due to Theorem 8.3.2. Furthermore, Q,
is a pseudodlfferentlal operator @, € E:}H(UT).

For:vGO ﬁOtﬂQwehave

@FU(CU)

A(u @ 6r)(x) = (P18, A Pr(u @ 61)) ()
= O; Apr ((xrett) @ 3(1)) (@)

(2:Q (xrsw)) ()

(8} Qi (xew)) (@) .
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For po, — 0, ie., z — 2’ € O,, the limits exist due to the extension
conditions and, hence, are equal. This means

(Qru)(@') = (Qrxru) (@) = (i Qexesu) ()

for arbitrary charts with 2’ € O, N Oy = O,y # () and u € C§°(O,¢). Conse-
quently, in terms of the partition of unity, by

Qru := Z 1;[1T XTQTXT*%OTU + Z 1 - wr ))X:QTXT*Qarua (8'5'5)

rel rel

the pseudodifferential operator Qr € L7 (I') is well defined.
For Qr,, the proof follows in the same manner. |

In order to express @Qr in (8.5.5) in terms of finite part integral oper-
ators, we observe that from the definition of Qp in (8.5.2) it follows that
Equation (8.5.3) can be written in terms of the Schwartz kernels of A and
Agr o, respectively, i.e.,

Qrux) = / kae,z — o Yu(y')dsy

y'er

= [ kalm(0). Ble) = T ) ulT )V i
n' €U,

= / kag,o(0,0— (n',0)u(T-(n'))dy" for z € O, \I'  (85.6)
n' €U

and any u € C§°(0,), where © = ¥,.(0), v = T, = ¢¥,(1,0) and ~, is given
by (3.4.15). Consequently,

kA@r,o (Qv 0 — (77/’ 0)) =ka (W’I‘(Q) s lpr(@) - WT(T/, 0)) ’yr(’l’]/) (857)

for 0, # 0 and, by continuity, for all ¢ € U, \ (1/,0). Since ks € Yhk_,,_pn,
Lemma 7.2.1 implies ka,,, € Yhk__p in U, and for on = 0, the kernel
function k4,, , ((77’7 0); (o—1/, 0)) belongs to the class Yhk_(,41)—(n—1) On
U,.. Therefore the corresponding finite part integral operators define on U,
pseudodifferential operators in L7 (U,.).

For these operators we can show that the following lemma holds.

Lemma 8.5.2. Let A€ L7 (2U ﬁ) and suppose that the finite part integral
operator

Qr.v(d) = pi. / ka(To(d): To(e) — To(n))o() Vi f)dif (8.5.8)
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for o € U, is invariant under change of coordinates. Then the finite part
integral on I' given by

p.f. /kA(x’,x’ —y u(y')ds,

- Zd}r pf /kA - (77 )) XrxPrU \/ 7r dﬁ

rel

+ Z (1= (x / a2’ 2" =y )eru(y')dsy (8.5.9)

rel 1)

defines a pseudodifferential operator on I' belonging to the class /.ZZ[H(F).

Proof: Let A := x, oT; : Uy — U, denote the coordinate transform
generated by the local charts (O,t,Uy, xr) and (O, Uy, x¢) and let " €
Ui, 0 =A(n") € U,.

We shall now show the relations

X:iQf,T'X’I'* = X:Qf,tXt* on D(Ort)- (8510)

With v,(¢) := xru we have v(0”) = v, (A(0”)) since xjv, = u = xjv;.
From (8.2.4) we have for the surface element

ds(n') = rdy’ and ds(n") = \/ydn” .

With 8 5 5
[ T Lk
e Za@ /mla//,gn_gfézgn’
m
from (3.4.5) together with
892 nji - _ Oy, /ml amk 134
GQ;( \ i 8Qm ;/

Oxy, 907
:Zxkaik/éz

we obtain

/!

o () = ae (i

Vi m

(e ()Y - %

J

hence,

Then, for g, = 0, with (3.4.24) and ¢}, = ¢! = 0,, we obtain
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(det (;3;1 ) %

and, consequently, since the finite part integral operator @y, in (8.5.8) is
invariant under change of coordinates by assumption, we find

(Qr,rvr) ))
~pr. / EalT(A() (T (A(") = T (A0 )) V7 (det 575)
XUy (A(n")) dn”

= vt [ Ka(Tie"), (B&") = T s o) e
U,

= Qvi(d"). (8.5.11)

This shows that @, and Qy,, satisfy the compatibility condition (8.5.10)
and Theorem 8.1.1 implies that the family x Qg xr« defines by (8.5.9) a
pseudodifferential operator in £ (I"). |

Now we return to the operator @ defined by (8.5.5). As an immediate
consequence of Theorem 8.3.2 and Theorem 8.5.1 in local charts, the repre-
sentation (8.5.5) of Qr leads to the following lemma.

Lemma 8.5.3. Let va satisfy the extension conditions (see Definition

8.5.1). If m+ 1 € Ny let Qr also satisfy the Tricomi conditions. Then Qp
admits the representation in the form

Qru(z’)
- Zwr(w’)xi‘-{ p.f. /kAW,o((Q’,O); (& =n',0)) (Xrwpru) () dn
rel U,
- TT(XT*(PTU)}(xl)
+) (1 =) x; / ks ((2/50)5 (& =1',0)) xre (ru) (0 ),
rel U,
=T (d)erl (8.5.12)

where T, is the tangential differential operator in (8.3.20) associated with any
chart (O, Uy, x;) in the atlas A(I"), and where ka,, , is given by (8.5.7).

Ifm+1 & INg then (8.5.12) holds with T = 0 and, moreover, is invariantly
defined by

Qru(z') = p.f. /kA(x’7m’ —y ) u(y')ds, . (8.5.13)
r
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For the exterior limits with 0 < g, — 0, the same results hold for Ar . if =7,
in (8.5.12) is replaced by +7,.

We note that the finite part integral in (8.5.12) for m+1 € INj is not gen-
erally invariant under the coordinate transformations generated by changes
of the local charts. However, with the appropriate parity conditions for the
Schwartz kernel of A, the finite part integrals in (8.5.12) will become invari-
ant.

Definition 8.5.2. The operator A € LT;(2U (NZ) with m +1 € Ny is said

to satisfy the special parity conditions in 2 U 19 iff the members of the
pseudohomogeneous kernel expansion of A satisfy

korj(zy —x) = (=1)"Tkyyi(v, 0 —y) for 0<j<m+1 (85.14)

anderUfZ,yE]R".

We remark that due to Theorem 7.2.9 with o9 = 0, the special parity
conditions (8.5.14) are invariant under changes of coordinates. Hence, this
definition implies the special parity conditions (8.3.27) for every @T of the
form (8.5.1) and g € U, in any chart of the atlas. Therefore, by using Theorem
8.3.6, we have the following theorem.

Theorem 8.5.4. Let A € ng(ﬁ) with m 4+ 1 € g satisfy the special parity

conditions (8.5.14) and let Qr satisfy the extension conditions at I'. Then
Qr as in (8.5.12) can also be defined invariantly by

Qru(z’) = pf. /kA(m’,x’ =y u(y')dsy — Tu(z"), (8.5.15)
r
50 is Qrc, t.€.,
Qreu(z’) = pif. /k:A(z’,m’—y/)u(y')dsy/ + Tou(z')  (8.5.16)
T
forax' erI.

Proof: The invariance of the finite part integral operator is now a conse-
quence of Theorem 8.3.6 since the special parity conditions guarantee that the
finite part integrals in (8.5.12) are invariant under the change of coordinates
generated by two compatible charts of the atlas. Hence, Lemma 8.5.3 implies
respectively that Qr and Qr, in (8.5.15) and (8.5.3) are defined invariantly.

|

In order to introduce the concept of canonical extension conditions for I,
let Iy with 7 € I denote the family of parallel surfaces associated with the
local chart (O, U,, x,) by

Iy x=.(d,7)=12"+mn(a) where 2’ =T.(0') €' and ¢ €U,.
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Then we may define

Qr.u(z) :== A(u®dp )(x) = / ka(z, (2 +7mn(z’) — ¢, 0))u(y)ds, .
y'elr
(8.5.17)
For u € C°(U,) and 2 = 2/ = (1 — g)n(2’) € O, and g # 0 we have
Qr, ul) = B1Qr(7)xrwu.
where Q,.(7) is defined by (8.5.1) in U,.. Hence, in order to obtain the limits of
Qr.u(z) in (8.5.17) as g, — 0; L.e., x — 2’ + Tu(z’) € I'; for each 7 € I, we
now carry over the definition of the canonical extension conditions from the

family of planes in the parametric domain to the family of parallel surfaces
I in (2.

Definition 8.5.3. We say that the canonical extension conditions are
satisfied for A at I' iff for each chart (O, U, x.) of the atlas A(I") the
Schwartz kernel of the associated operator Agro € E;’}(ﬁr) satisfies the
canonical extension conditions (8.3.31) where g € U,.

Clearly, for operators A € L7;(£2U (NZ) with m + 1 € INy satisfying the
canonical extension conditions in the vicinity of I" and, in addition, the canon-
ical Tricomi conditions (8.3.32) in every local chart, Theorem 8.5.4 holds with
more simplified tangential differential operators 7 and 7., respectively, in
view of Theorem 8.3.8.

Now we are in the position to formulate the following fundamental theo-
rem for the surface potential on I" in the case m + 1 € INg. For m + 1 ¢ INy,
the corresponding result is already formulated in Theorem 8.5.1, where the
extension conditions are sufficient without further restrictions.

Theorem 8.5.5. Let A € EZ}(fZU £2) with m+1 € INg satisfy the canonical
extension conditions (cf. Definition 8.5.3) and the special parity conditions

(8.5.14). Then the limits of Qru from the interior 2 as well as from the
exterior R™ \ (2 exist. We have

0>lgi>£,n—>o Qru(e’ + eun(a')) = Qru(a’)

= pf. / ka(@' 2" —y )u(y')ds, — Tu(z') for 2’ €T
y'el’
and

. ~ / / _ /
0<1£1)£p_>0 qu(x + onn(x )) = Qru(z)

= p.f. / ka(z' 2" —y")u(y')dsy + Tu(a") for 2’ €I,
y'el

where the finite part integrals are invariantly defined on I'.
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Here Qr and Qr. are pseudodifferential operators in L';ZH(F) which
satisfy the generalized Plemelj—Sochozki jump relations

T=T.=%Qr.—Qr)=3Qlr.

Remark 8.5.1: Here the finite part integral operators are invariant under
the change of the local representation of the boundary I' in the sense of
Theorem 8.3.6. This result is due to R. Kieser [156, Satz 4.3.9].

_ Under our assumptions in the theorem it is clear that the limits of
Qr,u(z’ + n(z') + 0,n(2’)) for the parallel surfaces I’ also exist for each
7 € I; and define corresponding pseudodifferential operators Qr., Qr. . on
each of the parallel surfaces on I.

On the other hand, if all these limits exist for every 7 € I, then A satisfies
the canonical extension conditions.

Corollary 8.5.6. Let S = Y ¢,(x)D, be a tangential operator on the sur-
qg=1

face parallel to I' with C* coefficients cq(x) and Dy defined as in (3.4.33),

and let A € L7(2U Q) as well as So A € Lot (eu Q) with m + 1 € INg
satisfy all the conditions of Theorem 8.5.5. Then Theorem 8.5.5 remains valid
for S o A. In particular, we have

SoT =80T, =1[SoQ]r=4%50[Qy.—Qr]. (8.5.18)
Proof:

lim OS o A(u®dp)(z’ + onn(z'))

0>0n—
= p.f. / (Soka)(@,a' —y ) uly)ds, —Tu(a') for ' €T

y'el’
due to Theorem 8.5.5 where

Tu=Tu=L1(v.—7)(SoAu®dr)).
However, since S is a tangential operator. we have

7S5 =S|ry and 7.5 = S|re.
Consequently, with Theorem 8.5.5 applied to A,
Tu="Tu= S|[’%(’YC —NA(u®dr)=S|roTu=S|roTu.
|

So far @ r has continuous limits under the extension conditions. For sur-
face potentials Qu(g) on the plane IR™™ ' we have shown that for opera-
tors with symbols of rational type, the potentials Qu(p) for g, # 0 and
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v € C5°(U,), can be extended to C*—functions up to g, — 0%, respec-
tively, and they define continuous mappings on Sobolev spaces. To obtain
corresponding results for Qr when I is a general surface, we now confine
ourselves to this subclass of operators A € L7(£2 U {2) having symbols of
rational type. Then Lemma 8.4.2 implies that all the operators Ag, o gener-
ated by local charts of an atlas 2(I") have symbols of rational type, too. As
a consequence, the following similar theorem can be established.

Theorem 8.5.7. Let A € E;’;(f) U 2) with m € Z have a symbol a(x,&)
whose j—th asymptotic terms am—;(x,§) are of rational type for j =0,...,m
with respect to any local chart. Then all the assumptions of Theorem 8.5.5
are fulfilled and Theorem 8.5.5 applies to this class of operators. By the same
arguments, Corollary 8.5.6 remains valid also for this class of operators, pro-
vided a;_n, are of rational type for j =0,...,m + 1.

For this special class of operators, the mapping properties of surface poten-
tials on the plane IR" ™! in Sobolev spaces have been given in Theorem 8.4.7
and Corollary 8.4.12 implies that these surface potentials define continuous
mappings from C5°(U,) to C>=(UNR") and to C*>(U N R, respectively.
For operators other than of rational type, the latter mapping properties are
not true, in general. For this reason, we now only consider the mapping con-
ditions for surface potentials on I" for the class of operators with symbols of
rational type.

Theorem 8.5.8. Let A € E;’;(ﬁ U 2) with m € Z have a symbol of ratio-

nal type. Then the operators @p given by (8.5.2) with x € 2 or x € °,
respectively, define the following linear mappings which are continuous:
N H*(I') — H*™ () and
Qr : Lo~ (8.5.19)
Hs(I') — H* ™ z2(2NnN°) for seR,

and, hence,

~ C>(I') — C>() and
Qr : ~ (8.5.20)
cx() — C=(R\Q);
~ E) — &(N2) and
QF : ~ (8521)
&) — &W0\N).
Proof: With the partition of unity {p, },cr to an atlas 2A(I") and the corre-
sponding family of functions ¢, € C§°(0O,.) with ¢,.(x) = 1 for « € supp ¢,
we can write Qru(z) for u € C* in the form

qu Zwr @ érXr*@Tu)(x)

rel

+3 [ @v@)katonz =)o uly sy

rel , y'er
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Since in the last sum the kernels (1 — ¢n(z))ka(z,z — y')¢,(y) are C>

functions of z € 2 and y' € I', the mapping results follow from those of ér
in Theorem 8.4.7 and its Corollary 8.4.12. |

Note that the situation changes if we consider A(v ® ép) in (2 U £2).

Theorem 8.5.9. Let A € L7(2U 2) with m € R and ¢ € CF(2U 2).
Then

leA(v @ dp)| <c|lvllgsry for s <0 (8.5.22)

H ™™ 3 (Quf) =
where ¢ depends on ¢,s, A and I.

Proof: With the mapping properties in Theorem 6.1.12 and with Lemma
8.4.8, we find

lpA(v @ ér)ll Sclvedr]

H T (208) -t aum < ¢l

In closing this section, we remark that the operators Qr and Q. when-
ever they exist as the limits of Qp, belong to £$+1(F ). This implies in
particular that Qr and Q. are continuous mappings on the Sobolev spaces,

Qr, Qr. : H(I) — H*"™ YTI") for every s € IR.

and, consequently, are also continuous mappings on C*°(I").

8.6 Volume Potentials

With the mapping properties available for the pseudodifferential operators
we first consider the volume potentials Af and their mapping properties.

For f € H7(£202) and A € L(£2U§2), we denote by Af(x) for x € 2012
the volume potential. Then clearly Af € HJ ™(2U £2). Moreover, then
(4.2.30) implies that

H%AfHHb m—1 + ||’70cAf||Hé m=% ()

1
SCHfHﬁs(QUﬁ) for s>m+ -, (8.6.1)

2 )
where ¢ is independent of f. For the remaining indices s and in what fol-
lows, we now confine ourselves to the subclass of operators with symbols of
rational type.
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Theorem 8.6.1. (Boutet de Monvel [19])
Let A € L7(020U £2). Then the following mappings are continuous:

A H(2) — H°"™(2) for every o0 € R, (8.6.2)
A H°(§2) — H°™™(2) for o> —%. (8.6.3)

The corresponding results hold in ((~2 \ 2) if £2 is replaced by K where K is
any compact set with K C 2\ £2.

Note that for o — oo the estimate (8.6.3) implies that A maps C*°(£2)
continuously into C*°({2).

Proof:
i) Let K € U Qbea compact set with 2 € IO( where IO{ is the open interior
of K, and let f € H?(£2). Then Af € HJ "™ (£2U £2) and

1A o) < ellf 70

with some constant ¢ depending on K, A and o. For any w € C{°(£2) we
then find

(A, 0) ey = (AL )220 < N 0 5m e -
This yields by duality

I (AP o -m ()

=sup {|(Af,w)r2(0)| for we CP(2) with Wl Gy < 1}

(£2)

and
[Af lre=m(2) < I f 7o (o

which implies (8.6.2) since C§°(£2) is dense in He ().
ii) Now let f € C§°(K) and define
f(z for x € 12,
£o(a) 1= 4 T e
0 for x & (2,
where K and w are as above. Then
(Af%w) 2y = (f°, A" w) 2 iy = (05 A*w) 125
and the restriction

A*w(z) for x € 02,

A* = _
roAtw(z) {0 for z & 2
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satisfies roA*w € I?“’(Q), provided —o < % Hence,

|(Af07w)L2(§)\ = ‘(Afoa w)L?(K)|
= |(f°, reA*w) 2 (k)|
< el fllae @ A0l 5o
<N N me @)l gm—o o -

Again, taking the supremum for ||wl| fm—o() < 1 we find by duality the

estimate 1

IAflam—o2) < cllfllgeo), if o> —5
i.e., (8.6.3) since C>°(§2) is dense in H?(2). |

For the subclass of operators having symbols of rational type, the traces of
the volume potentials on the surface I" exist for some scale of Sobolev spaces
as in the standard trace theorem. It should be noted that the operators voAf
belong to the class of Boutet de Monvel’s trace operators. He also developed
the complete calculus for treating compositions of trace and Poisson operators
(Boutet de Monvel [19, 20, 21], Grubb [110], Schulze [273] and Chazarain and
Piriou [39, p.287)).

Theorem 8.6.2. Let A € L7(N2U (NZ) have a symbol of rational type. Then
for f € H*(2) and s > m + 3 we have the estimate

oAl ey iy < €l (86.4)
If f € H*(02) then
||’YoAfHH37m7%(F) < || fllzs (o) (8.6.5)
1
2 /
The corresponding results hold in (!~2 \ 2) if §2 is replaced by K, where K
is any compact set with K C Q \ 2 and 2 C K.

provided s > max{—%, m + 1}. The constant c is independent of f.

Proof: If f € H*(2) then Af € H*"™(£2) due to (8.6.2), and the Trace
Theorem 4.2.1 implies (8.6.4) for s —m > 1.

For f € H%({2) we obtain Af € H*~™({2) from (8.6.3) provided adition-
ally s > —%. |

If, however, f € H "(f) \ 12), where f|o = 0, then one has more generally.

Theorem 8.6.3. (Chazarain and Piriou [39, Theorem 5.2.2])
Let A € LT(£2U £2) have a symbol of rational type. Then, for f € H°(£2\ 2)
and o € IR, the sectional trace yoAf exists and
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0AF ey < el - (3.6.6)
For f € H°(£2), we have
H’YOCAf”Ha—m—%(F) S c|‘f||ﬁo(9) ? (867)

where the constants ¢ are independent of f.

Proof: For the proof of (8.6.6), let v € C°°(I") and f € Cg"(f)\ﬁ) with
K :=supp f. Then

/'U’}/()Afds = (U@(S[‘, Af)LQ(.QUfZ) = (A*(,U@(SF)’J[)LZ(QU.(NZ)’
r

where A* € LT(2U 2) has a symbol of rational type as well, and A*(v®dp)
is a Poisson operator or surface potential operating on v. Since f = 0 in {2,
we obtain

|(A*(U b2y 5F)a f)L2(§\ﬁ)‘ = ‘(QVU’ f)L2((~2\ﬁ)|

< lflige (o llQevll -2 (x0) »

where éc is the operator defined by (8.4.5) with respect to A* and for 0 <
0, — 0. With Theorem 8.4.7 and s = m + % — 0, we obtain

| [ enAfas] < el a0l ey,
I

and
P . by S <1\/moAfds\ <l fllg. @a
RS R Te R
as proposed. o
The proof of (8.6.7) follows in the same manner if 2\ {2 is replaced
by (2. -

8.7 Strong Ellipticity and Fredholm Properties

For completeness, in this section we now give an overview and collect some
basic results for boundary integral equations with respect to their mapping
and solvability properties, the concept of strong ellipticity, variational formu-
lation and Fredholmness.
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In Section 6.2.5, the concept of strong ellipticity for systems of pseudodif-
ferential operators in IR™ has been introduced. Theorem 6.2.7 is the
consequence of strong ellipticity in the form of Garding’s inequalities asso-
ciated with corresponding bilinear forms on compact subdomains. However,
inequality (6.2.63) is restricted to Sobolev spaces on compact subregions.
On the other hand, if Garding’s inequality is satisfied for operators defined
on a compact boundary manifold I, it holds on the whole Sobolev spaces on
I'. In this case, the boundary integral equations can be reformulated in the
form of variational equations on I' in terms of duality pairings on boundary
Sobolev spaces associated with the scalar products in Garding’s inequality.

With the formulation in variational form together with Garding’s inequal-
ity Theorem 5.3.10 may be applied and provides the Fredholm alternative for
the solvability of these variational formulations of the corresponding integral
equations.

In Chapter 5 we already have shown that Garding’s inequality is satisfied
for boundary integral equations which are intimately associated with strongly
elliptic boundary value problems for partial differential equations satisfying
Garding’s inequality in the domain. There Garding’s inequalities for these
boundary integral equations are consequences of the Garding inequalities
for the corresponding partial differential equations. We emphasize that the
Garding inequalities for the corresponding boundary integral equations are
formulated in terms of the corresponding energy spaces.

For more general pseudodifferential operators on I, we now require strong
ellipticity on I" as in Section 8.1.1 which will lead to Garding inequalities for
a whole family of variational formulations in various Sobolev spaces including
the corresponding energy spaces. For the benefit of the reader let us recall
the definition of strong ellipticity for a system (A, ))pxp of pseudodifferential
operators on I" with A € Eif_t"“ ().

We say that A is strongly elliptic, if there exists a constant Gy > 0 and a
C°°—matrix valued function O(z) = ((Oy; (x)))p , such that

Re("O(z)a’(z, &) > Bol¢[? (8.7.1)

for all z € I and ¢ € R™! with |[¢/| = 1 and for all ¢ € CP. Here, a°(z,¢') =
((a?k(x,f’ ))) is the principal part symbol matrix of A. For strongly elliptic
operators, Theorem 8.1.4 is valid. The corresponding variational formulation
reads:

For given f € [[)_, H~*(I') find u € [[)_, H*(I") such that

a(v,u) := <U,A?@A;”Au>nxz:1 H(te—0/2(I)
= <U,A%@A;Uf>l—[§:1 H(tz—se)/2(r) (872)

for all v € [[)_, H*(I') where A% = (A} 8;0)pxp and A} = (—Ap +1)%/2
with the Laplace—Beltrami operator Ar.
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As we notice, in Equation (8.7.2) the bilinear form is formulated with
respect to the Sobolev space [[j_, H*~*)/2(I")-inner product. In practice,
however, one prefers the Lo—scalar product instead. For this purpose, we
employ A7 ° with 7 = (¢1,...,tp) as a preconditioner. Then the bilinear
form becomes

<’U, A}@A;OAU>L2(F) = <”U, A}@A;Uf>L2(p) . (873)
Alternatively, we may rewrite (8.7.3) in the form
a(v,u) = (Bv, Au) 2y = (Bv, f)r2(pry with Bv:=A"70"A"v. (8.7.4)

Special examples of this formulation have been introduced in Section 5.6; in
particular the equations (5.6.27) and (5.6.28) for the variational formulations
of boundary integral equations of the second kind where © = (§;1))pxp-

In (5.6.27), we may identify A with V! and in (5.6.28) Ar with D since
their principal symbols are the same.

The bilinear form in (8.7.3) or (8.7.4) satisfies a Garding inequality in the
form

Re {a(w,w) + (w, A" 7Cw)r2(r) } > ﬂ6||w||12—[5=1 HY (D) (8.7.5)
with some constant ) > 0 for all w € [[}_; H*(I") where
AT7C = (A Coi)pxp

contains the compact operators A%~ *Cy; : H'(I') — H~*(I") due to
Theorem 8.1.4. Here, from Géarding’s inequality (8.7.5) we may consider

P_L H"(I") as the energy space for the boundary integral operator A and
the variational equations (8.7.3) or (8.7.4).

However, in order to analyze these equations in other Sobolev spaces as
well, we need a variational formulation for the mapping A : [[/_, H**(I")—
[ H ®*<(I') for any ¢ € IR. To this end, we introduce the bilin-
ear variational equations of the same boundary equation Au = f for
u e [To_, Hi+=(I), ie.

ac(v,u) = (v,AT+E@A_”+EAu)L2(p) = (v, fe)L2(1) (8.7.6)
where f. = ATT*OATFE f with f € [[)_, H *¢(I'); or equivalently,
ac(v,u) = (Bev, Au) 2y = (Bev, f) 12 (1) (8.7.7)

where
B.v= A" ATy

For the solvability of (8.7.6) or (8.7.7), we now consider corresponding
Garding inequalities for all the bilinear forms a.(u, v), where € € IR.
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Lemma 8.7.1. If A = (Ajr)pxp is a strongly elliptic system of pseudodif-

ferential operators Ajj, € Eif_tk (I") on I', then for every ¢ € IR there exist

constants ve > 0, y1e > 0 such that Garding’s inequality holds in the form
Re as(W71U) + /BlsH'LU”QH?:l Hte—1+s() Z 65”111”12—15:1 Htets(I) (878)
for allw € TT)_, H'*=(I").

Proof: Let A5, := A"AjA™°, then A% € L£57(I') and the principal
symbol matrices A5, and Ajj, are the same. Hence, A% = ((45;))pxp is also
strongly elliptic for any ¢ € IR and Theorem 8.1.4 may be applied to A° pro-
viding Garding’s inequality (8.1.20) with corresponding constants o and ~;
depending on . By setting v = A°w with w € [[j_, H****(I") and employing
the fact that A® is an isomorphism we find
Reac(w,w) = Re (w, A7OA™7 Aw) 121
= Re <U, AT8A76A€U>L2([')
> ﬁoHU”QH;’:l Hte(I) — 51”“”12-[;:1 Hte—1(I)

> Bl sy ~ el e sy
which corresponds to (8.7.8). |

Note that the compact operators C, are now defined by the relations

(0, Cewppp_ pree—sor2(py = (0, AT Cw) 2y = (0, 0)ppp_| gree—1+<(r) -
(8.7.9)

As a consequence of Garding’s inequality (8.7.8), for fixed ¢ € IR the
boundary integral operators A¢ are Fredholm operators of index zero. More
precisely, the following Fredholm theorem holds.

Theorem 8.7.2. Let H = [[V_, H"*"¢(I") with fized ¢ € R. Then for the
variational equation (8.7.7), i.e.

ac(v,u) = (v, fe)2(ry forall ve™H (8.7.10)

there holds Fredholm’s alternative:

i) either (8.7.10) has ezactly one solution for any f. € [[)_, H "~ ¢(I"), i.e.,
any fe[lj_, H "¢ or
ii) the homogeneous problem

as(v,ug) =0 forall ve™H (8.7.11)

has a finite—dimensional eigenspace of dimension k. In this case, the
inhomogeneous variational equation (8.7.10) has solutions if and only if
the orthogonality conditions
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Ly (Vo)) = (o), fe) 2y =0 (8.7.12)

are satisfied where vo(1y, ..., Vo) are a basis of the eigenspace to the
adjoint homogeneous variational equation

as(vo,w) =0 forall weH.

The dimension of this eigenspace is the same as that of (8.7.11).

Clearly, this Theorem is identical to Theorem 5.3.10 which was established
already in Section 5.3.3 since a. satisfies the Garding inequality (8.7.8).

Now, for the family of variational equations (8.7.7) corresponding to the
parameter € € IR we have the following version of the shift-theorem.

Theorem 8.7.3. i) Uniqueness: If for any eg € R, the corresponding vari-
ational equation (8.7.10) with ae, is uniquely solvable then each of these
equations with € € R is also uniquely solvable.

ii) Solvability: If wy € H,_H""0(I') is an eigensolution of the
homogeneous equation (8.7.11) with a., for some ey then wuy €

N Il H**e()
e€elR
= C°(I"). Hence, the eigenspaces of all the equations (8.7.11) with ¢ € IR
are identical.

iii) Regularity: If u € [T)_, H'*"*(I") is a solution of the variational equa-
tion

P
e (v,u) =Ly, (v)  forall ve [TH"(I)
=1

with f € [[)_, H** (') and € > &o then u € [[j_; H'*"=(I").

Proof: We begin by showing ii) first, i.e. ug € () [[j_; H"*"*0(I") = C>(I")
e€lR
for every eigensolution ug € H of (8.7.11) with any fixed ¢ = 9. Then, by

the definition of a., we have for uy € [[)_, H"***0(I'):
0= ag,(v,up) = (v,ATJrE"@A*”*E“AuO)Lz(F) for every v e C*(I).

This implies

p
Aug =0 in [[H-s+eo(I)
=1

since A7Te0 . © and A~7"¢0 are isomorphisms. Then, by duality, we also have
<v7AT+E°+19A_U+E°+1AuO>L2(p) =0 for ve(C™®.

Hence,
aeo+1(v,u9) =0 forall veC™,

which implies with Garding’s inequality

luollFgy_ preeveosr < Tﬂﬁlﬁo-i-l”u()”zngzlfltﬁ-fo :
o
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By induction we find ug € 5., [Tj—; H***(I') and with the embedding
H*(I') € HA(I') for v > 3 we obtain ug € (s [Ti=y H* (") = C*(I).
Consequently, if ug is an eigenfunction of a,, it is in C°°(I") and satisfies
Aug = 0 which implies a.(v,ug) = 0 for every e € IR and v € C°°(I"). This
establishes the assertion ii).

For the uniqueness in all the spaces let us assume that equation (8.7.10)
with ac, has a unique solution u € [[)_; H***°0(I") and that there is non-
uniqueness for the equation with a., for some e; # 9. Then the dimension
of the eigenspace to a., satisfies k > 1; the eigensolutions are in C*°(I") and
are eigensolutions to a. for every € € IR, in particular for ¢ = ¢, which
contradicts our assumption of uniqueness. This establishes that uniqueness
for one fixed gy implies uniqueness for all € € IR, i.e. assertion i).

To show assertion iii), let u., € [T)_; H**=°(I") be a solution of

ey (V,uey) = (v, feo)p2(ry for all v e C(I) (8.7.13)

with f., = ATT0OA™7 %0 f and f € [[)_, H **"*(I") where £ > &;. Hence,

14
Aue, = f € [[H*+(I) (8.7.14)
=1

due to the definition of the variational equation (8.7.6) and since
Aote09A=9F0 s an isomorphism. From equation (8.7.14) and by dual-
ity, we then find that u., is also a solution of

a50+1(v,u50) _ <U’AT+50+16A7<7+60+1AUEO>L2(F)

_ \ (8.7.15)
_ </1 a+so+1@ AT+EO+1Uaf>L2(F) — <U7fao+1>L2(F)
for all v € C°°(I") provided € — g9 > 1. If temporarily we assume that
ue, € [[)_, H*T0T(T") then, by using Garding’s inequality (8.7.8) for ac, 41,
we find

”qu ||12—I§:1 Hteteotl ()

1 —0
3 o {ﬁleoJrl ||uao ||l2_1571 Hteteo () + Re <AT+€0+1UEO’ oA +60+1>L2(F)}
€0 T

1
<

o ﬂeo—i-l

<

{Breg+1llue, ||1215;:1 Hteteo(T)
+ Ce ||f||1‘[§?:1 H—seteo+l(I) e HHL Hfz+fo+1(r)} .
This inequality implies the a priori estimate

||u60||1'[§,f:1 Hteteoti(r) < C(EO){||f||]'[§:1 H=sete(r) T Huao”]'[;’:l HﬁHEO(F)}
(8.7.16)

with € > €9 +1. In order to relax the temporary regularity, assumption on u,
we now apply a standard density argument. More precisely, let f; € C*°(I")
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be a sequence of functions approximating f in [[j_, H~7¢*¢(I") from (8.7.14).
Then we find u.,; € C*°(I") as corresponding solutions of (8.7.13), also sat-
isfying (8.7.14) with f; instead of f, and w.,, — wue, in [Jj_, H* = (I).
Because of u.,; € C°°(I), these functions automatically satisfy (8.7.16) with
Ue,; instead of uc, and f; instead of f. Then, for j — oo, the right-hand side
of (8.7.16) converges to the corresponding expression with f and u.,. Hence,
from the left-hand side we see that u.,; is a Cauchy sequence in the space
[T0_, "ot Y(I") which converges to the limit u., in this space, hence we
obtain u., € [[)_, H'**o*1(I"). If € — &g € IN then by induction and after
finally many steps we obtain the proposed regularity.

If e — g9 & IN, first prove the estimate for the integer case and then use
interpolation to obtain the same conclusion. |

8.8 Strong Ellipticity of Boundary Value Problems
and Associated Boundary Integral Equations

In Section 5.6.6 we considered a class of direct boundary integral equations
whose variational sesquilinear forms satisfy Garding’s inequalities since the
corresponding boundary value problems are strongly elliptic. Grubb pre-
sented in [109] a general approach for general, normal elliptic boundary
problems satisfying coerciveness or Garding’s inequalities, and constructed
associated pseudodifferential operators on the boundary which form there a
strongly elliptic system as well. Here we present a short review of the work
by Costabel et al in [55], where a more special case of elliptic even order
boundary value problems were considered.

8.8.1 The Boundary Value and Transmission Problems
Let us consider the boundary value problem (3.9.1) and (3.9.2), i.e.,

Pu=0 in 2, (8.8.1)

Ryu=¢ on I' (8.8.2)

where P is an elliptic operator (3.9.1) of order 2m with m € IN, and R is
a m x 2m matrix R = (Rjx)) j=1,..,m, and every Rj; is a p x p matrix of

k=1,..., 2m
tangential differential operators with C°° coefficients and of equal orders

ord Rjp =p; —k+1,0<u; <2m—-1,j=1,...,m. (8.8.3)

By R; we denote the j-th row of (3.9.2). Thus,

2m 2m
k-1 .
Rjyu = Z Rikvk—1u = Z R (WU) ’F ,j=1,....m (8.8.4)
k=1 k=1
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is the restriction to I" of a differential operator of order p;_; defined in 0.
For the complementing boundary operators S = ((Sjx)) j=1,....m, We assume

k=1,..., 2m

the orders
ord Sjr =2m — pu; — k (8.8.5)

and require the fundamental assumption (3.9.4) for M = (1;), e, N =
M~ is a matrix of tangential differential operators. For the boundary value
problem (8.8.1) and (8.8.2), we further assume that the Lopatinski-Shapiro
conditions (3.9.6) and (3.9.7) are satisfied. Related with the boundary value
problem we will consider a transmission problem where f) C IR" is a bounded
domain that contains £2 C {2 and where 2¢ := 2° N {2 denotes a bounded
exterior. I, := 9£2¢\ I is the exterior boundary. The traces vyu = (%) U on
I are defined by sectional traces for any u € H'({2) satisfying the differential
equation (8.8.1) in 2.

Lemma 8.8.1. Let u € H'(12) satisfy the differential equation (8.8.1) in §2,
where t > 0. Then u has sectional traces yu on I' of any order k € INg and

Il a g gy < ellular oy (35.6)

Proof: If uw € H'({2) then with Theorem 4.1.1 we can extend u to u €
H'(22U ) and the mapping u — @ is continuous from H*(£2) to H' (22U ).
Hence, _ ~

f:=Puc H>(02\N)

since P = 0 in £2. To the elliptic operator P there exist a properly supported
parametrix Q € £_,°™ (2 U §2) due to Theorem 6.2.2 which has a symbol of
rational type. Relation (6.2.6) implies

with a smoothing operator R € £~°°(£2U £2). Then

(a%)k 0QeLmH(QUD),

and (8.6.6) in Theorem 8.6.3 implies with m replaced by —2m + k and o =
t — 2m the desired estimate:

Ok
Il gy < I0(52) 0 @iy iy

0\ * -
+1ho(5-) RoPill ey
< Cle”ﬁt—%n((z\ﬁ) + CQHa”ﬁt(Quﬁ)

< esllull g ouy < callullar o) -
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Clearly, Lemma 8.8.1 also holds for any u € H!(£2¢) satisfying Pu = 0
in £2¢ for the sectional traces yx.u. Then I" defines a transmission boundary
between 2 and (2¢. (See also Section 5.6.3.)

Let C2° denote the restrictions of C§°(§2) functions to ¢, i.e.,
CX = {u = ¢lge where pe C(2)}. (8.8.7)

Now we impose the following Assumptions A.1-A.3: B
A1l: There exist two sesquilinear forms ag(u,v) and age(ue,ve) on C(§2)
and C°, respectively, such that

e 7’

Re {an(u,u) + age(ue, ue)} (8.8.8)
= Re ) / ((Riyw) T (S;7a) — (Ryyue) T (Syyuc)ds
jzlp
3 [ s
jzlpﬁ

is fulfilled for every u € C*®(Q), u. € C satisfying Pu = 0 in 2 and
Pu, =0 in £2¢.

Assumption A1 corresponds to the validity of the first Green’s formula on
2 and on f2¢. For the sesquilinear forms a and agne we require continuity
and Garding’s inequality as follows.
A2: There exits a positive constant ¢ such that

lag(u,v)| + lage (e, ve)l
< C{(HUHHM(Q) + ||Ue||Hm(Qe))(||U||Hm(n) + (HveHHm(fZe))}

for all u,v € C*°(2) and ue,v. € C°.
A3: Garding’s inequality: There exist positive constants By and €, and a
constant ¢ such that

Re {ag(u,u) + age (e, ue) }

> Bollullfrm ) + el Frm(oey) = elllullzm-- (@) + el Frm--(oe)

(8.8.9)

(8.8.10)

for all (u.u.) € C*(2) x C=° satisfying the transmission condition

Ryu = Ryu, on I'. (8.8.11)
Note that under these assumptions the sesquilinear forms
/(Pu)Tﬁdx and /(Pue)T@edat (8.8.12)
0 Qe

satisfy Garding’s inequalities on the subspaces of H™(§2) and of H™(£2°)

with elements fulfilling the boundary conditions

Ryu=0 on I' and Ryu.=0 on I'; Ryuc=0 on I, = 00°N .
(8.8.13)
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8.8.2 The Associated Boundary Integral Equations of the First
Kind

As exemplified in Section 3.9, the solution to the boundary value problem
(8.8.1) and (8.8.2) can in {2 be represented in terms of Poisson operators or

multilayer potentials via (3.9.18) and (3 9.18), i
2m—1 2m—~£—1 m

Z Z ’Ct Pt+tz+1{ ZNHLJ% + ZM—H m4jAj }®(5r)
(8.8.14)

for x € £2, where A = (\1,...,Am) | = Svyu denotes the yet unknown Cauchy
data of u on I'. Invoking Theorem 8.4.3 for the traces of Poisson operators

we obtain on I', by taking traces of (8.8.14), the relations
m  2m—1 2m—~{—1 2m—1

Z Z Z 7o ( ) Kt((Pt+€+1M+l,m+j>\j)®5F)
Jj=1 (= =0 k=0
-

j=1 ¢=0

2m—1 2m—~4—1 2m—1
0

m k—1
> 0 P (%) Ke((Pee+aNevr,05) © 0r) -

~
I
=)
Il

=)

(8.8.15)

Applying the tangential differential operator R to these relations one obtains

boundary integral equations of the first kind for A on I', namely
m  2m—1 2m—{—1

Z Z Z —R YK PryeriNeg1,m+j A
j=1 ¢=0

(8.8.16)
m 2m—1 2m—~—1
=0+, > D> RAKPireaNer 95,
j=1 (=0 t=0
in short m
Zqu)‘j:ww q:]-?"'vmv (8817)
j=1

where the operators Ay; and right-hand sides 1), are defined by (8.8.16).

In view of Theorem 8.4.3, the operators A,; are classical pseudodifferential
operators Ag; € £gg+”j+1_2m(F) which also can be represented via (7.1.84)
and (7.1.85) in terms of boundary integral operators with Hadamard’s finite
part integral operators composed with tangential differential operators.

As shown by Costabel et al in [55], we have the following theorem.

Theorem 8.8.2. ([55, Theorem 3.9]) Under the assumptions A.1-A.3 there

exist positive constants (3 and d, and a constant c|, such that
m

Re > [ ds>ﬂoZHA 12, COZHA [——
j,q:1F
(8.8.18)

forall X = (Ai,...; )" €11 H‘m+ﬂj—m+%(]“),
jo1
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For showing Garding’s inequality (8.8.18) let us consider the following trans-
mission problem (similar to Sections 3.9.2 and 5.5.3).

8.8.3 The Transmission Problem and Garding’s inequality

For any given A € C*°

) }

—~

I') let us define the boundary potentials

2m—1 2m—~{—1

Z Z ’Ct{ (PeveriNes1,mejAj) @ 51“}

l=1 t=0

?
for z € (8.8.19)

EME

Then these functions are defined by Poisson operators based on the pseudodif-

N T ~
ferential operators K; with the Schwartz kernels ( ((’;)Ty) E(x, y)) in 2x 2

having symbols of rational type, see (3.8.1) and (3.8.2). Then u(z) and u.(x)
can be extended to C>°(£2) and C'>°(£2¢), respectively, due to Theorem 8.5.8.
Moreover, u satisfies (8.8.1) in 2 and Pu, = 0 in {2¢.

With the jumps of their traces across I,

[yu] = yettle —yu on I’
we find for v and u,. given by (8.8.19),
—1 2m—t—1

[yu] = — Z Z VPt o1 Nes1,ma5 A5 5 (8.8.20)
=0

j=1 (=1 t

2

and with (3.9.35) and (3.9.36) we obtain
Ryu]=0 on I'.
On the other hand, (8.8.15) gives
AN = —Ryu= —Ry.ue, on I,

and

Z //\ Agirjds = —/(R'yu)T ds .

q,j= 1p r

Now, we invoke Assumption Al in the form of (8.8.8) and obtain

Re Y [ NAgi\ids (8.8.21)

Q»jzlp

= Re {aQ U, u) + ape (Ue, Ue }— Re Z/ iYUe) (Sjvue)d
J= 1[‘
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where on I, the representation (8.8.19) is to be inserted. Since the integration
in (8.8.19) is performed over I' whereas the traces in (8.8.21) are taken on
I, and the Schwartz kernels of the operators in (8.8.19) are in C*°(I" x I,),
the mappings

Ne [ H ™3 5(0) — (Sjvuelr, , Riyuelr,) € L*(Ie) x (L)
j=1

are continuous. So,

Re S /Aquijds > Re {an(u,u)+ag- (uey 1)~ A%

1 .
— H™™ S5
)=1r j=1

Now, (8.8.10) of Assumption A3 implies

m
Re 3 //\quj)\jds > Bo{[ull2m 2y + e Zrm(g2er}
3= (8.8.22)
—c{lullfm—c () + el Frm—c ey + 1A% }

1
I BT 27 ()
J=

Whereas in (8.8.20) we were using the mapping A — [yu]|r, we now need
for the first terms on the right-hand side in (8.8.22) the mapping [yu]|p — A.
To this end, in addition to (8.8.15), where the traces are obtained for {2 >
x — I, we also use the representation of u, for x € (2.:

[{(Ge;) B0}
r

X Priot1 {-/\/Hl,j 5+ Nevtm+ A }ds

/{(ai/y>tE(I’y)T}Pt+€+1%wd8. (8.8.23)
I

As we can see, all the operators on the right—hand side of (8.8.23) are Poisson
operators. Then we apply the trace 7. for 2¢ 5  — I', subtract (8.8.15)
and apply the tangential differential operator S to obtain from (3.9.29) the
relation

A = S[yu] = Blyu] — CA (8.8.24)
where B = (Bjx)) j=1,...,m, is defined by the tangential operators of S and the

k=1,...,.2m
traces from (2¢ and (2, respectively, having symbols of rational type. Hence,

with Theorem 8.4.3 and Corollary 8.4.4, the operators Bjj € Eiznf“fk(]ﬂ)
are classical pseudodifferential operators on the manifold I.
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The operator C' in (8.8.22) is obtained from applying Sv. on I" to the
last terms in (8.8.21), which are surface potentials but with charges 7eue
on I, which are given by applying v, on I' to the potential u, in §2° in
(8.8.19), where A is given on I'. Since for € I and y € I, we have E(-,-) €
C*>(I" x I'.), we conclude that

O [[ a2 — [ H ™ 5(D)
j=1 j

is continuous for every ¢ > 0. We choose 6 = . Thus, (8.8.24) yields an
estimate

2 2
I et gy S A e+ el

j=1 j=1

< 2er{lyul? it llyeu ell?

A
+02H H H b ’m+§’E(F)

Ji=

H[Lj—m+%—5(1ﬂ)

H2m HMi 7k+ 2(IN) }
(8.8.25)

HQm HMJ*’C+2 (l—v

Since u and u, are solutions of Pu = 0 in {2 and Pu, = 0 in §2°, respectively,
we can apply for their sectional traces Lemma 8.8.1, and finally get

[RY™

2 2 2
ety < s I0n oy Il ) + el

=1

H#j*m#»%*a(l-‘)
(8.8.26)
with ¢z > 0.
For |lull gm-<(0) and [|uel|gm-<(oy in (8.8.22) we employ Theorem 8.4.7
for the Poisson operators in (8.8.19) where s = 1; — m + 3 — £ and obtain

8.8.27
[ mvsmmdor)” (88.27)
pi;

lullZrm—e (2 + ltellFm-—2 (o) < I

Inserting (8.8.26) and (8.8.27) into (8.8.22) we finally obtain

m

Re . [ Kduds = il el

Hﬂj*m*’
¢,j=17 j=1 ;:1

Hu 7m+7—5(1—v) )

the proposed Garding inequality (8.8.18).

8.9 Remarks

The treatment of elliptic boundary value problems via their reformulation in
terms of integral equations in the domain and on the boundary has a long
history going back to G. Green [107], C.F. Gauss [95, 96], C. Neumann [238]
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and H. Poincaré [249]. More recently, this approach has lead to the general
theory of elliptic boundary value problems in terms of systems of pseudodif-
ferential equations in the domain and on the boundary manifold. So, our
approach may be seen as a rather particular and explicit example within the
general theory. The general approach extending the theory of pseudodiffer-
ential operators see, is due to Boutet de Monvel. He developed a complete
calculus where all the compositions of pseudodifferential operators satisfy-
ing the transmission conditions with trace operators, Poisson operators and
Newton potential operators are included. He established a class of operators
encompassing the elliptic boundary value problems as well as their solution
operators. Moreover, his class of operators is an algebra closed under com-
position ( see e.g., Boutet de Monvel [19, 20, 21], Grubb [110], Eskin [70],
Schrohe and Schulze [272, 273], Vishik and Eskin [313]). For the general
theory of pseudodifferential operators there is a vast amount of literature
available, e.g., Agranovich [4], Calderén and Zygmund [36], Chazarain and
Piriou [39], Dieudonné [61], Egorov and Shubin [68], Folland [81, 82], Giraud
[98], Hormander [130], Petersen [247], Seeley [278], Taira [301], Taylor [302],
Treves [306], Wloka et al [323], to name a few.



9. Integral Equations on I' C IR® Recast
as Pseudodifferential Equations

The treatment of boundary value problems in Chapter 5 was based on varia-
tional principles and lead us to corresponding boundary integral equations in
weak formulations. The mapping properties of the boundary integral opera-
tors were derived from the variational solutions of the corresponding partial
differential equations. This approach is restricted to only those boundary
integral operators associated with boundary value problems which can be
formulated in terms of general variational principles based on Garding’s in-
equality.

On the other hand, the boundary integral operators can also be considered
as special classes of pseudodifferential operators. In the previous chapters 6
to 8, we have presented some basic properties of pseudodifferential opera-
tors. The purpose of this chapter is to apply the basic tools from previous
pseudodifferential operator theory to concrete examples of this class of bound-
ary integral equations for elliptic boundary value problems in applications. In
particular, the three-dimensional boundary value problems for the Helmholtz
equation in scattering theory, the Lamé equations of linear elasticity and the
Stokes system will serve as model problems. Two—dimensional problems will
be pursued in the next chapter.

For the specific examples in Chapters 2 and 3 our reduction of boundary
value problems to boundary integral equations is based on the availability
of the explicit fundamental solution E. As is well known, in applications
often the fundamental solution cannot be constructed explicitly (see, e.g.,
Section 6.3 and for anisotropic elasticity in IR® Natroshvili [224]). However,
one may still be able to modify the setting of the reduction from boundary
value problems to integral equations either based on the fundamental solution
of the principal part of the differential equations if available (see Mikhailov
[206]) or on the Levi functions including some parametrix as in Section 6.2
(see Pomp [250]). We will, in the following, refer to the latter as “generalized
fundamental solutions”. These always generate classical pseudodifferential
operators on {2U (2 as will be verified below. These pseudodifferential opera-
tors belong to a subclass of the Boutet de Monvel algebra which has its origin
in works of Vishik and Eskin [313] and Boutet de Monvel [19, 20, 21] in the
60’s for regular elliptic pseudodifferential boundary value problems (see also
Grubb [110]). Specifically, following the presentation in [110] let us consider
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a simple model of this algebra,

Pu:=—-Au+qu=f in 2cCIR?,

(9.0.1)
You=¢ on I
with the smooth coefficient ¢ = q(x) > go > 0 in §2, and a positive constant
qo- Then the unique solution u can be represented in the form

u=VAX-Wp+Nf—-Ngu in (2, (9.0.2)

where V and W are the simple and double layer potentials of the Laplacian,
ie. (1.2.1), (1.2.2), respectively, and N is the Newton potential

Nie) = [ By for e 0
(9]

in terms of the fundamental solution F(z,y) of the Laplacian given by (1.1.2)
for n = 3, and A, ¢ are the Cauchy data of w in (9.0.1). Then we may rewrite
(9.0.2) in the form

Au—VA=Nf-We in 2 (9.0.3)
by setting
Au = Tu+ Nqu. (9.0.4)
Taking the trace of (9.0.3), we obtain the boundary integral equation
YoNqu —VA=Nf— T +~v%W)p on I'. (9.0.5)

Hence, the boundary value problem is now reduced to the following coupled
system of domain and boundary integral equations,

A (K) - (701;1qu —Ty(‘)/V) (K) - (VéVN: _(WJVI[;V_F I)) <£) (9.0.6)

for the unknowns v in {2 and A on I

The matrix A of operators on the left-hand side of (9.0.6) is a special
simple case of operators belonging to the Boutet de Monvel operator algebra.
In terms of his terminology, A in (9.0.4) is a pseudodifferential operator in {2
with the symbol {|£|?+q(x)} ! for |¢] > 1 which is of rational type and, hence,
satisfies the transmission conditions (8.3.40). The simple layer potential V'
is a Poisson operator, T = ¢Ngq is called a trace operator and —yV is a
pseudodifferential operator on I'. The matrix of operators in (9.0.6) is called
a general Green’s operator on {2. The operator A in (9.0.6) is invertible and
we have



9. Integral Equations on I" C IR® Recast as Pseudodifferential Equations 495

e B! , =B~V (vV)™!
(V)N BTE L =(30V) T (I + 70 Ng BTV (V)Y
(9.0.7)
where
B=(A-V(v%V) "0N,) and Nyg:= N(qg); (9.0.8)

also belongs to the algebra.
By following Grubb’s example in [110, 111], we may also formulate the
general Green operator associated with the boundary value problem (9.0.1):

Po+G K
A= ( ”T 7Q) (9.0.9)
where we have
Pou := (—Au+ qu)|n (9.0.10)

with @ the extension of u by zero on IR* \ £2; Tu = you on I'; the Poisson
operator is given by

K=B"YV(V) " (I+v%W)-W}, (9.0.11)

and @ is a pseudodifferential operator on the boundary, defined by T/ =
Yo/ = I, the identity in this example. The singular Green’s operator G on
{2 is here defined by

G=BY-V(V)'"%N+N}-N. (9.0.12)

The above simple example shows that the general Green operators in
(9.0.6) and (9.0.9) exhibit all of the essential features in the Boutet de Monvel
theory which are formed in terms of compositions of boundary and domain
integral operators, their inverses and traces. These also provide the basis of
the boundary integral equation approach.

Similarly, in general, in terms of generalized fundamental solutions, the
reduction to boundary integral equations can still be achieved (see e.g.
Mikhailov [206]).To be more specific, let F(x,y) be a generalized fundamen-
tal solution for the differential equation (3.9.1) in 2 U 2 together with the
boundary conditions (3.9.2). If the distribution ¢ in (3.7.10) is replaced by
F instead of E then the representation formula (3.9.18) is replaced by the
generalized representation formula for the solution of the partial differential
equation under consideration, i.e.

u(x) - / T, y)uly)dy = / F(z,y)f(y)dy

2\{z 2
Vel (9.0.13)

2m—12m—~4—1

- Z Z lePp+z+1{ NZ+1,j@j+ZM+17m+j>\j}(I).
=0 p=0 j=1 =1
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Here we tacitly employed the property

for generalized fundamental solutions. In particular, for ¥ = FE one has
T(xz,y) = 0 and recovers the representation formula (3.9.29), whereas for
a parametrix F', the kernel T'(z,y) is C*°; for a Levi function of degree
j > 0, we have T'(z,y) = Tj41(z,y) with T € Whk;_, and the operator

T, EL7%(u Q) (see (6.2.42) and (6.2.43)).

The operators K, now are defined in (3.8.2) with E replaced by F'. For
ease of reading, we abbrev1ate Equation (9.0.13) as follows:

u(r) — Tu(x) = N f(z) + VA(x) — Wep(r) for ze 0. (9.0.14)

In the same manner as in Section 3.9, we apply the boundary operators
Ry and S« to equation (9.0.14) and obtain (in addition to (9.0.14)) the two
sets of boundary integral equations corresponding to (3.9.30):

o—RyTu = RyNf+ RyU\— RyWep, (9.0.15)
A—SyTu SYNf + SyUA — Sy 2. (9.0.16)

For solving the boundary value problem (3.9.1), (3.9.2) with given f in
2 and ¢ on I', we now have at least two choices.

Coupled domain and boundary integral equations

Equations (9.0.14) together with (9.0.15) define a coupled system of do-
main and boundary integral equations,

P TR I G P S e N 9.0.17
RYT , RyO)\)\) \-RyN , I+RyW) \p)’ (9.0.17)

whereas from (9.0.14) and (9.0.16) we arrive at the system

T4 D A Mo ( A B (] 9.0.18

=SyT, I-8yT)\\) \ SN, =Sy | \p)" (9.0.18)

We seek the solution u € H5T™((2) with the given and unknown Cauchy
data ¢ and A in the spaces

pE H Hm“*#f%(l“) and
j=1

xe [[amrtmta(r),
j=1

Ryu

Syu
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respectively. R and S are given rectangular matrices of tangential differential
operators along I" and extended to {2 having the orders order(R;) = puj—k+1
where 0 < p; < 2m — 1 and order(Sj;) = 2m — u; — k and satisfying the
fundamental assumptions, see (3.9.4) and (3.9.5).

In order to eliminate u in the domain, the Fredholm integral operator /-1
of the second kind must be invertible, which can always be guaranteed by an
appropriate choice of F'; and since 7' becomes a compact integral operator
on various solution spaces on (2.

On the other hand, the boundary integral equations (9.0.15) and (9.0.16)
for the unknown Cauchy datum A on I' are boundary integral equations of
the first and second kind, respectively, as in Section 3.9.

To set up a variational formulation for the system (9.0.17) or (9.0.18),
one needs the mapping properties of the corresponding operators which
can be obtained by the use of the mapping properties of the corresponding
pseudodifferential operators in the domain, their composition with differ-
ential operators and with traces on the boundary. We may classify these
operators in the following categories:

Mapping properties
1) The pseudodifferential operators N € £_™(£2U ) and T e Ec}j*Q(Q U
_(NZ) map distributions defined on {2 into itself. They have the mapping

properties
N  H™3(2) — H™5(02) if s>m—1,
T H™(2) — H"HR2(0Q) = H™(Q) ifs>-—m— 3,

(9.0.19)

(see Theorem 8.6.1) where the last imbedding is compact since j > 0.
2) The operators U and 20 are surface potentials defining Poisson operators
which map distributions with support on I" into distributions defined on
U . They have the following mapping properties (see Theorem 8.5.8):

g o [[HT() - H(0), (9.0.20)
j=1

w . [[EmEI) - H(R). (9.0.21)
j=1

3) The trace operators defined on I" by traces of pseudodifferential operators

on 22U (2 (see (3.9.3) and Theorem 8.6.2):
Let sg := um + % —m and Sy := max{sg, m — %} Then

RyN H™™5(0) — H H™ 5= 1=3(T') for s> sg,

= (9.0.22)

RyN : H™5(2) — [[ H™*~#~3(I) for s >3,
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Correspondingly, with si:= 17 + % —m and $1:= max{s;, m— %} we have

SN H™ () — H H™™HsH5+3 () for s> s,
j=1

SN « H™m4(2) — [[ H-m4wta () for s>35;  (9.0.23)
j=1

RNT PNImJFS(Q) — H Hm“*’”*%(lﬂ) compactly for s > s1,

~ L

RyYT : H™"*(02) — ﬁ Hm"’s_’”_%(f') compactly for s > s7;
= (9.0.24)

ST H™5(02) — ﬁ H*m“*“ﬁ%(F) compactly for s> sq,
j=1

SyT : H™5(02) — H H*mﬂﬂ‘ﬁ%(]“) compactly for s > s .
j=1
(9.0.25)
Note that all of these mapping properties remain valid if {2 is replaced
by £2¢ N K with any compact K € IR".
4) Pseudodifferential operators on I' involving traces of Poisson operators,

namely:
V0 € £y s [T H et () — [ E ()
j=1 j=1
(9.0.26)
m m
ST € L)« [[Hett3 () — ] H 3 (D)
j=1 j=1
(9.0.27)
RyW € L) « [[amts—m=2(0) — [[Em (1),
Jj=1 Jj=1
(9.0.28)
RSy e L2207y« [ Hm e () — [ stwra 1),
j=1 j=1
(9.0.29)

for s € IR (see Theorems 8.5.5 and 8.5.7).
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All the operators in equations (9.0.17) and (9.0.18) are intimately re-
lated to the properties of the generalized Newton potentials having symbols
of rational type. Their actions on distributions supported by the boundary
surface as in Theorems 8.4.3 and 8.5.1 generate all of the boundary integral
operators needed for the solution of elliptic boundary problems as in (9.0.17)
or (9.0.18). R. Duduchava considered these systems in [63] in more general
Sobolev and Besov spaces.

The rest of the chapter is devoted to the concrete examples of bound-
ary integral operators in applications. We begin with the Newton potential
defined by fundamental solutions, Levi functions or parametrices. These in-
tegral operators with Schwartz kernels are pseudodifferential operators in
IR3. Next, we consider the traces of Newton potentials in relation to suit-
able function spaces for the weak solution of boundary value problems. The
boundary potentials can be considered as Newton potentials applied to dis-
tributions supported on the boundary manifold. Hence, the jump relations
may be computed classically as well as by using pseudodifferential calculus.

Moreover, for the boundary integral operators generated by boundary
value problems, we find their symbols and invariance properties (Kieser’s
theorem). Finally, we present the computation of the solution’s derivatives
for the corresponding boundary integral equations.

9.1 Newton Potential Operators for Elliptic Partial
Differential Equations and Systems

The latter approach can be presented schematically. For illustration let us
consider the elliptic partial differential operator P of order 2m given by

Pu(z) =(-1)™ Z ao(z)D%u(z) = f(z) in QUL CR" (9.1.1)

lal<2m

where 2 is the tubular neighbourhood of I' = 942 as defined in Section 8.2.
The ellipticity condition reads here

Z ag(2)€* #0 forall £ € R" with [(|=1 and zeNUN.

|a|=2m

The operator P is obviously a pseudodifferential operator of order 2m with
the polynomial symbol

op(e,6) = (=1)" Y aa(z)(i€)".

lal<2m

Clearly, the inverse (O’p({E, 5))71 is of rational type. In particular, if the co-

efficients a,, are constants, then (o'p(g))_1 is the symbol of the parametrix
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which also corresponds to the Newton potential operator defined by a funda-
mental solution. As for the Levi function of order j € INg, the corresponding
Newton potential is given by (6.2.47), i.e.

L) = [ Leniwdy =Y [ Newo)fwids =3 N, @

~ =0 7 -
nuUR U

(9.1.2)
where N , € ﬁ;/me(Q U 2) are pseudodifferential operators due to Lemma
6.2.6. Our goal is to show that all of the Newton potentials mentioned above
are pseudodifferential operators with symbols of rational type. More gener-
ally, we have the following theorem.

Theorem 9.1.1. The pseudodifferential operator given by a generalized
Newton potential in terms of either a parametriz or Levi function of an
elliptic partial differential operator as well as an elliptic system in the sense
of Agmon, Douglis and Nirenberg has a symbol of rational type.

Remark 9.1.1: Since a fundamental solution is a special parametrix,
Theorem 9.1.1 is particularly valid for the Newton potential in terms of a
fundamental solution.

Proof: We begin with the proof for the case of a parametrix and first con-
sider the scalar elliptic case. From the proof of Theorem 6.2.2 we notice that
q—2m(x,&) defined by (6.2.8) is of rational type since a(z,§) is polynomial.
Since all the homogeneous terms in the symbol expansion of the parametrix
given by the recursion formula (6.2.9) are finite compositions of differentiation
and rational type symbols, Lemma 8.4.2 implies that each term ¢_o,,—;(z,§)
is also of rational type, by induction.

Now, for an elliptic system in the sense of Agmon—Douglis—Nirenberg
(6.2.10), the characteristic determinant (6.2.14) is polynomial. Therefore, all
the elements of the matrix—valued symbol q_o.,(z,&) given by (6.2.8) are of
rational type. Hence, the arguments for the rational type of each term in the
matrices defined by the recursion formula (6.2.9) remain the same as in the
scalar case.

ii) For the Levi functions in the case of scalar elliptic equations we begin
with 'No given by (6.2.35) where (2 is replaced by 2 U 2 with the kernel L

whose amplitude is
-1
a(z,y;€) = (a3, (y,€))
The latter, clearly is a rational function of ¢ depending also on y. Hence the
symbol of JX 0 is given by the asymptotic expansion (6.1.28) where for each

homogeneous term only a finite number of differentiations appears. Then
Lemma 8.4.2 implies that [V o has a symbol of rational type. In order to show
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that ]XZH € E;}Hzmﬂ)(!) U 2) given by (6.2.52) in Lemma 6.2.6 has a
symbol of rational type, we use the argument of induction assuming that N .

has a symbol of rational type. Since 1’ given by (6.2.31) has the polynomial
amplitude

DY (@) @)@~ Y aal@)(©)°},

|a|=2m |a] <2m

T’ has a polynomial symbol of order 2m — 1 in view of (6.1.28) in Theorem
6.1.11. Then the operator I’ = T o N € E;f*l(ﬂ U £2) has a symbol

of rational type because of Lemma 8.4.2. By the representation of N 1 in

(6.2.53) it has the amplitude function given in (6.2.54) which is now of ratio-
nal type with respect to £. Applying Theorem 6.1.11 together with Lemma
8.4.2 we obtain that Z\vf“l has a symbol of rational type.

In view of the definition of the Newton potential in (9.1.2), also L has a
~i

symbol of rational type.

To complete the proof it remains to show that the Newton potentials in
terms of Levi functions for elliptic systems in the sense of Agmon-Douglis—
Nirenberg again have a symbol of rational type. Now, the characteristic deter-
minant Ha,,(z, &) in Section 6.2.4 is a polynomial in & of degree 2m whereas
the cofactor matrix differential operator symbols Bye(z, &) are polynomials
of orders 2m — t; — sy. Hence, the matrix-valued amplitude ag ' (y; &) is of
rational type and defines a matrix pseudodifferential operator gé_l) with
a matrix symbol of rational type elements as can be seen by repeating the
arguments as for the scalar case. Consequently, the matrix—valued pseudodif-
ferential operator Jf\vfo given by the Schwartz kernel N(©)(z,y) in (6.2.57) has
a symbol matrix with elements of rational type. Again, the pseudodifferential
operator z corresponding to

T'(y; —iD) = ao(y; —iD) — a(x; —iD)

has an amplitude matrix with polynomial elements and, hence, has a symbol
matrix with polynomial elements. By similar arguments as in the scalar case,

the pseudodifferential operator N (&+1) defined by the recursion relation
N gD o1 o N
~ NO ~ ~s

now has a symbol matrix with elements of rational type provided JX © has a

symbol matrix of rational type. Thus, by induction, the proposed assertion
can be established which completes the proof. |
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Continuity of the trace of Newton potentials

As a consequence of Theorem 9.1.1, since all the generalized Newton po-
tential operators A € Ec_fm((l U £2) are classical pseudodifferential operators
with symbols of rational type, in addition to Theorem 6.1.12 one may apply
Theorems 8.6.1 and 8.6.2 to A and obtain in the scalar case the mapping
properties as follows:

A

||70Af||H27n7%+0([‘) = CHf”f{“g(_Q) for 0 > —2m + %, (913)

10AF yon-ye gy < €lfllieey Tor o> o (9.1.4)
where 0 = max{—3%,—2m + 1}.

In the case of an elliptic system in the sense of Agmon—Douglis—Nirenberg,

the appropriate mapping properties for each of the elements of the matrix

Newton potential operator can be obtained by again using Theorems 8.6.1
and 8.6.2 in addition to Theorem 6.1.12.

9.1.1 Generalized Newton Potentials for the Helmholtz Equation

To illustrate the different generalized Newton potentials in terms of the funda-
mental solution, parametrices and Levi functions we use the inhomogeneous
Helmholtz equation (see Section 2.1),

Pu:=—(A+K)u=f in QU CR® (9.1.5)

where the fundamental solution which satisfies the radiation condition (2.1.2)
is given explicitly in (2.1.4) as
eik\z\
Ey(z,y) = W with z=2 —y.

So, the classical Newton potential is of the form

<wm=/amwmmy (9.1.6)
RB

where f has compact support in 2 U 2 c R

Symbol and kernel expansions

Since the Helmholtz operator P is a scalar strongly second order operator
with constant coefficients with the symbol op = |£|> — k2 for £ € IR?, the
Newton potential N in (9.1.6) is a classical pseudodifferential operator N €
L2(IR?). In this case, we also have the complete symbol
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k2P

e \€|2 Z|g|2+2p doaly gy () for >k, (9.L7)
p=0

which defines the classical symbol of order —2 as in (6.1.19) and, obviously,
is of rational type. As in Section 6.2, we use the cut—off function x in (6.2.31)
to define a parametrix H € £_?(IR?) by

11 =72 () Pl ) (9.1.8)

We remark that in this case, as we shall see, the difference N — H between
the Newton potential and the parametrix is a smoothing operator. From
the homogeneous expansion oy in (9.1.7), the relation (7.1.49) leads to the
homogeneous kernel

k-112p(2) = (2m) 7% p.f. / a2y oy (8)dE . (9.1.9)

R3

By using the explicit Fourier transform in Gelfand and Shilov [97, p. 363] we
obtain

I'(z -p)
k. — K2P(9 —32—2p—fl 97)3/2 2p—1
1+2P(z> ( ﬂ-) z( 7T) F(p+ 1) |Z‘
and, with the properties of the gamma—function I,
- 1
M = (=17 T——92p
Ip+1) (2p)!
1 1
k_ = k*(-1)P— -1, 9.1.10
120(2) 05 Gl (9.1.10)

This defines the asymptotic pseudohomogeneous kernel expansion

S k() = = 30 S e (9.1.11)
p=0 0

1
4 = (2p)!

where z = © — y. If we use only a finite number of terms in the expansion
(9.1.11) we obtain the Levi functions

1 & _
Log(,y) 4— |z —y|?P~t (9.1.12)

corresponding to (6.2.46) with j = 2¢. The associated volume potentials in
terms of Levi functions of order 2q are given by

—y[* 7 f(y)dy.- (9.1.13)

N2q 47r
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We observe that the asymptotic expansion in (9.1.11) even converges for
all z € IR*\ {0} and defines a Schwartz kernel

72

9= 3 - e
p=0 :

with k € hk_;(IR?). Then Theorem 7.1.1 implies that the integral operator

Li@) = [ b =) fw)dy
R3
is a classical pseudodifferential operator of order —2.

On the other hand, the fundamental solution Eyx(z,y) has a series expan-
sion in the form

Lo (CK)P iy, ik~ (K27
F(ey) = — Rl i A
4r = (2p)! 4w = (2p+ 1)!
ik sin(k|z|)
4 k|z|

1 1
= — —cos(klz]) +

.1.14
4 |z| (@ )

This shows that the difference
ik .
Fi(,y) ~ kla — y) = 1sinc(klz — )

sin(k|z — yl)
klz —y]

Clearly, the real part k(x—y) = Re Ex(z,y) also is a fundamental solution
which, however, does not satisfy the Sommerfeld radiation condition (2.1.2).
Therefore, by using the cut—off function (z) as in Theorem 6.1.16 with
¥(z) =1 for |z] < § and 1(z) = 0 for |z| > 1, the Newton potential can be
decomposed in the form

/ Ko — ) )y + / sinc(klz — y[) f(y)dy

R3

- /k@—w¢%w—MU@My

defines a C'*°—kernel function, namely sinc(k|z — y|) =

Nf(x)

Rs
+ [kt = (1= 0l — gl + esine(klz = o)} () dy
R3

= Nof(x) + Rf(z)

where the integral operator Ny is properly supported and R is a smoothing
operator corresponding to Theorem 6.1.9. By applying Theorem 6.1.7 to Ny €
OPS~2(IR® x IR*) we find the symbol a(z, &) of Ny in the form
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a(z,§) = ‘”'f(Noeiﬁ'x)
= Zf e /I:c Yl (e —yle vy .
p=0

Since Ny, N and H all coincide modulo smoothing operators, the as-
ymptotic expansions of their symbols belong to the same equivalence class,
i.e., the complete symbol class is characterized by the homogeneous symbol
expansion

> a2, 5,(9) Z €|2+2p ~a(z,€) € SA(R® x R?) (9.1.15)

as in (9.1.7).
Clearly, No, N, H, L2 and L all have the mapping properties (9.1.3)
~Y q ~J

and (9.1.4).
9.1.2 The Newton Potential for the Lamé System

We now consider the simplest nontrivial elliptic system of equations in IR®
in applications, namely the Lamé system (2.2.1),

Pu=—A*u=—pAu— (A + p)graddive = f in QUL CR>. (9.1.16)
Its quadratic symbol matrix can be calculated from (5.4.12) as
op(&) = =T (=€) CG(=i) = (WIEPTk + (11 + NEER)grg - (9.1.17)
Hence, the characteristic determinant is given by
det op (&) = p* (A + 21 ¢]°, (9-1.18)

P is strongly elliptic and the inverse to op(§) defines the symbol of the
Newton potential, i.e.

(op(&) " = (<|€|2 - (()\Jr“) §j§k>>3><3- (9.1.19)

|§|4 A+ 2p)

The Fourier inverse of (op)~! defines the fundamental matrix E(z,y) for
P, see (6.2.18), i.e
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E(z,y)

(2m) 73 p.f. /(ap(f))_lei(z—y){dg
R3

1 1.
— L ieweges.
. (( p.f. / T dEs i (9.1.20)
R3

p(2m)
Atp o / (z—y)-€
Z r— d
+/\+2u 8x]8xk \§|4 f))3X3

J;(M+A%(dm +A+u(%*%ﬂu4yw»
8 (A+2u) \\|z—y|  3u+A |z —yl3 3x3

as in (2.2.2). Since the symbol in (9.1.19) is homogeneous, the fundamental
solution defines the Schwartz kernel of the Newton potential. Although one
may still define a parametrix as in (9.1.8) by multiplying the homogeneous
symbol in (9.1.19) by the cut—off function x(§) one would not gain anything.
As in the scalar case, by using the cut—off function ¥ from Theorem 6.1.16,
the Newton potential can be decomposed in the form

Nf = Nof + Rf =
/Eacy (le =y f(y dy+/Ea:y(1— (lz = yl)) £ (y)dy

where Ny € OPS—2(IR? x IR?) is properly supported and R is smoothing.

9.1.3 The Newton Potential for the Stokes System

As we have seen in Section 2.3.3, the fundamental solution of the Stokes
system can be obtained from that of the Lamé system by taking the limit
A — +o00. Hence, we recover (2.3.10) from (9.1.20) and also the corresponding
symbols from (9.1.19) and (2.3.10) as

OEg: (f) |£|4 ((‘ﬂ 5_7k 5j£k))3><3 (9121)
and
21
oq(§) = @ﬁg (9.1.22)

The corresponding Newton potentials then read
Nstf = Nswof + Nsu f

- / Wl — y)Ese(, 9) F (y)dy + / (1=l — y]) Esi(e,9)F (w)dy
Ri}

R3
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and

Qf =Qof+ i f

with

Qof = / Wl - y)Q.y) - Fy)dy.
R3

Clearly, from (9.1.21) and (9.1.22) we conclude that Ngiy € OPS2(IR? x
IR?) and Qp € OPS~'(IR® x IR?).

9.2 Surface Potentials for Second Order Equations

For the special case of second order systems, m = 1, we find two kinds
of boundary conditions (3.9.10) and (3.9.12). The representation formula
(3.7.10) with the fundamental solution E is of the form

u(z) = / E(z,y)f(y)dy — / E(e,y)Piro(y)ds,
2 r

- / E(z,y)P2(y)mu(y)ds, (9.2.1)

r

_/ (iTE(x,y))TPz(y)VOU(y)dSy-
r

ony

T
Here 9 = - (i 72H) with H = 7%V~n; the mean curvature of I" (see
ony ony

(3.5.5)). P1 and Py are given by (3.4.62). Note that, in general, P; contains

L
first order tangential differentiation. By using the definition of % , we find
Y

u(e) = / E(z,y)f(y)dy

2

- /E(:Ev Y{Pryou + 2HPoyou + Poyrutds,  (9.2.2)
r

+ / (aiyE(x’ y)) ' Pryou(y)ds, .

Y

i.e., a volume potential, a simple layer surface potential and a double layer
potential.
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Hence, the simplest case of U and 20 in equations (9.0.20) and (9.0.21)
now corresponds to

"9 ou - ou
Pu(z) = —]El 3o (ajk(az)a—%) + ; 4(2) g+ cla)u

with the Dirichlet conditions Ryu = u|p and the conormal derivative as the
complementary boundary operator

- 0
Sy = j;l ”j(m)ajk(x)aim|r~

Then the generalized Newton potentials of Section 9.1 have symbols of ra-
tional type and generate corresponding simple and double layer potentials
supported by I'.

Simple layer potentials

In this case, the simple layer potential has the form

VA(z) = N(A @ 67) = OrA(x) = / Niz,z — )\ )dsr(y)  (9.2.3)
yel’

where N is the Schwartz kernel of the generalized Newton potential. As a
continuous linear mapping, the surface potential Qp in (9.2.3) has all the
mapping properties given in Theorem 8.5.8 for an operator of order —2 in
(8.5.19). Moreover, this surface potential U has limits for z — I" from = € 2
as well as z € 2N 02° because of Theorem 8.5.1:

zlamep Qri(z) = / N 2’ =y )My )dsp(y') for 2’ el
y'er
= QrA(z')=VA). (9.2.4)

This boundary integral operator is a pseudodifferential operator V &
L2™Y(I) with m = 1 which is the simple layer boundary integral operator
introduced in Chapter 2.

Since the homogeneous principal symbol of the generalized Newton po-
tential is given here by the matrix valued function

n

al y(x,8) = { > ajk(fc)fjgk}ilv (9.2.5)

jik=1

Formula (8.4.7) provides us the principal symbol

1
(') = o /{22 + bz +a} 'dza,,; (9.2.6)
c
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where
n—1 n—1

—1 —1
a = Qnp a’jkfjgk ’ b= Apn (aj’ﬂ + anj)gj
J,k=1 j=1

and the curve ¢ € C is given in Theorem 8.4.3 and oriented clockwise.

Double layer potentials

Since in (9.2.3) we have already considered the simple layer potential, it
remains to analyze the double layer potential

ony

| GeBaa) Patsutsias,

/ (iE(x, y)) T772(y) (w(y) ® or)dy

ony
Q
for z € 2 \ I' in terms of Newton potentials. Here the latter is defined by
the Schwartz kernel (%E (z,y)) T’Pg (y) which generates a pseudodifferential
operator A € L£,'(£2). Hence, only its principal part will contribute to the
tangential differential operator 7 in Theorem 8.5.5 which here is of order 0.
_ To compute go we apply Theorem 8.4.3 in the tubular coordinates ¢ €
U, for which only the principal symbol of A is needed. Now we use the

representation of the second order differential operator P in the form (3.4.56),
ie.

ou 0%u
PU:POU-FPla*n +P2w

where the tangential differential operators Py and P; of orders 2, respectively,
and 1 and the coefficient Py are given (3.4.57)—(3.4.59). Hence, the principal
symbol of A has the form

O—Aqﬁr,o (xa 5) = 77’£n{p0(1’7 gl) erl (-Ta gl)gn + 53}71 (927)

where po(z, ') is the principal part of —Pgy(x,i£’)/Pa(z) and p;i(x,&’) the
principal part of iP; (z,4€") /Pa(x). Furthermore, x = ¥(p) with o = (¢, 0x) €
U,. Hence, qq is given by (8.4.7), i.e.

q(d,¢) = —(2—;) /{po(x,é’) +p1(z, &)z + 22} Lzdz (9.2.8)

where x = T,.(¢’) and ¢ is the contour defined by (8.4.9) circumventing the
pole in the lower half-plane clockwise.



510 9. Integral Equations on I C IR® Recast as Pseudodifferential Equations

9.2.1 Strongly Elliptic Differential Equations

The simple layer potential for the scalar equation
If (9.1.2) is a scalar, real elliptic equation of second order, then it is even
a strongly elliptic equation where we have

da —b* > y|¢']? with v > 0. (9.2.9)

Then the residue theorem implies

n—1 n—1 1
q91 = ann(m/){4ann(x/) Z ajk<xl)§j§k - (Z(ajn + anjfj))Q} o
k=1 j=1

(9.2.10)
More generally, if I" is a given surface, one may prefer to use tubular coor-
dinates (3.3.7). However, since here we only used the homogeneous principal
symbol, the conclusion remains the same and the principal symbol in the
tubular coordinates can be obtained by the transformation formula (6.1.49).
We shall return to the tubular coordinates in the next section.
As a consequence of (9.2.9) we conclude the following lemma.

Lemma 9.2.1. For a scalar strongly elliptic second order partial differential
operator (9.1.1), the simple layer boundary integral operator V € Lc_él(F)
is strongly elliptic (see (6.2.62)) in the sense that there exists a function
O(z') #0 on I' and a positive constant vo > 0 such that

ReO (2 )l (x',&') > vo forall € € R"™ T with |¢|=1.

The simple layer potential for strongly elliptic second order systems

In order to guarantee strong ellipticity for the Newton potential, i.e. for
the principal symbol a” , of a second order system in (9.2.5), we establish the
following lemma.

Lemma 9.2.2. Let the adjoint differential operator P*

Zn: aij ( 3xk> Zn: ) +cv (9.2.11)

Jj=1

be strongly elliptic. Then the Newton potential with principal symbol given in
(9.2.5) is strongly elliptic.

Proof: With A := ((ajk))npxnp, which is invertible since A* is invertible, for
any given ¢ € C we choose 7 = A'( and find with ©_;(x) := A~'O where
O belongs to A* in (6.2.62),
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Ren'O_1A7 1= ¢TA(A710)A*¢
= Re(TOA*C > y[¢|* > glnf* for all neC”

since |n|? < ¢|¢|?. Hence, A~ is strongly elliptic and y( = 22 > 0. |

We are now in the position to show strong ellipticity of the simple layer
pseudodifferential operator @ with the principal symbol given by (9.2.5).

Theorem 9.2.3. For a strongly elliptic adjoint differential operator (9.2.11),
the simple layer potential operator Qr corresponding to P with the principal
symbol given by (9.2.6) is strongly elliptic on I.

Proof: In view of the transformation formula (6.1.49) for principal symbols
under change of coordinates it suffices to prove the theorem for I" identified
with the tangent hyperplane z,, = 0, i.e. for ¢, given by (9.2.6),

R
) = 5 [ @y (@0)5 (€60)
“R

+i / a’,((2',0); (¢, Ree™)) Ree™dv
#=0
with R > Ry sufficiently large so that all the poles of a(lQ((x’,O); (f’,z))
for [¢/| = 1 are contained in |z| < 1Ry, Imz < 0. Since a’, in (9.2.5) is

homogeneous of order —2, the second integral on the right—hand side is of
order R~'. Hence, we obtain

O @) = = / 0, ((,0): (€60))dén .

Now we first consider the case that © = ((0¢m))pxp in the definition
(6.2.62) of strong ellipticity for P*. Then for n € CP we have

1 o0
=5 [ n"ala((@,0); (€,60)7 dén

—00

n' ¢ (2, &)m

17 ~
=9 / (Mo ((2,0), (€,64))C dén

with the substitution

T &) =n"a%((#,0); (€,6)). (9.2.12)
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Strong ellipticity for P* with © = (04, ))pxp implies that

oo

Ren ¢, (+/,€)7 = - / Re (¢Top- ((2/,0), (€',60)) ) dén

— 00

> 05 [ IGE 6P+ )l

1

> 05 [ 166 Pde for [€] =1,
-1

On the other hand, since
7=0p-((2,0); (£,&))C,
we have the estimate

2< )P max o ((2',0); (€,6.))] = ¢|[¢|*.
WP SIR e o (05 (€.60)] = el

This implies the strong ellipticity of ¢° ;:
Ren ¢ (2/,€) 7> mn/* forall |¢|=1 and neCP (9.2.13)

with v > 0. B
For general ©(x) consider the modified differential operator P* = ©P*
instead of P*. Then we find the relation

+oo

('€ = % / { i ajk9*§j€k}_ld§n

e dk=1

+oo 3

:9*‘1(»@50)% / { > ajkfjﬁk}ildfn

jk=1

— 00

=60 12, 0)¢% 1 (2,¢) -
By using the strong ellipticity (9.2.13) we obtain
Ren'© 1 (2',0)¢2,(«/,¢) 1= Ren' ¢ (¢, &) 1> 7inf®

with 1 > 0 for all p € CP and |¢'| = 1. |
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The double layer potential for the scalar equation

The poles of the integrand in (9.2.8) are given by

1 i/
21\2=—§p1i§ 4190—27%

due to the strong ellipticity of the scalar, real differential operator P. Hence,
by the residue theorem we find

I, 1 7 pl(x’gl)
) = —— 4 =
q0(0',¢) 2 2 \/4p0(x,§’) —p%(x,f’)
and
q(]c(Q/,é-/) = 1 + ! p1(x7§)

2 2 \/4p0($7£’) —p%(l‘,f/) .
Thus, the tangential differential operator is given here by

1
Tu(z') = iu(:ﬂ’)

Moreover, for the double layer potential we obtain the jump relation

. / /
olim Wu(T (o) + enn(d))

= —gue) ot [ (GBE))Patus,
\{z'}

(9.2.14)

where, in general, the finite part integral operator defines a Cauchy—Mikhlin
singular integral operator which is a pseudodifferential operator of order 0 on
the boundary I'.

However, since p; (¢') is the principal part of iP; (x,i¢’) /Pa(z) as in (9.2.7)
and (3.4.58), p1(¢’) is real for a real elliptic scalar differential operator P of
second order (3.4.53). Hence,we have

ReOqy(¢,&) =1 for O =-2.

Consequently, we have the following lemma.

Lemma 9.2.4. For a scalar, real elliptic second order differential operator
(9.1.1), the corresponding operator

—3I+K
defined by (9.2.14) with the double layer potential K € L%,(I") is a strongly
elliptic pseudodifferential operator of order zero.

In the special case as for the Laplacian (also the Helmholtz operator),
see Remark 3.4.1, we have p;(x,¢’) = 2H(x) and therefore the finite part
integral operator K in (9.2.14) even becomes weakly singular.
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9.2.2 Surface Potentials for the Helmholtz Equation

As explicit examples for the surface potentials we return to the Helmholtz
equation in IR®. With the Newton potential given by (9.1.5) we define the

simple layer surface potential

Qro(z) = / B, ) (oly') @ o) dy = / iz, y)o(y)ds,

R3 r

For © — I'" we obtain the simple layer boundary integral operator

Vido) = lim Qro(e) = [ Bw.y)oly/)ds,
r

(9.2.15)

1 eklz=v'l
= E/Wv(y )dSy/ for x= el
r

which is a pseudodifferential operator Vi € £L_,'(I).
If I' is given by x,, = 0 then the complete symbol of Vi has a homogeneous
asymptotic expansion Xq_1_;(z’,£’) and, from Formula (8.4.7), we find

G o = 0 (9.2.16)

and

tronla ) = n) [, (@), (€2)ds

c

dz

_ —1 2

— (27) /kp|£’|2p+2+22 (9.2.17)
C

1
- 5|§'r1*2pk2p for [¢| >1 and p € Ny

by the use of the residue theorem since the only pole in the lower half plane
of C is at —i|¢'|PT1.

For a general surface I' given by a’ = T(¢') one first has to employ
canonical coordinates and represent the Newton potentials in terms of these
coordinates, and then compute the symbol of the boundary potential opera-
tor Vi from Vie, o the transformed operator’s symbol in Theorem 8.4.3. To
illustrate the idea let

b(x)=op: 2 —U and
z=W(g) =T(d) + onn(¢)

denote the diffeomorphism (3.3.7) of the canonical coordinates. Then the
principal symbol of the Newton potential with respect to the canonical coor-
dinates is transformed according to (6.1.49), i.e.

(9.2.18)
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U?quzfz(é), ()= U?vk,ﬂ (W(Q)7 (%)TC) )

where ¢ denotes the Fourier variables corresponding to ¢ € U. The Jacobian
matrix for the canonical coordinates can be computed explicitly by using
(3.4.28) and (3.4.29) in the form

(345)T:< n | 20V O OF n) (9.2.19)

oz do1 g 392’g 0o g do>’

In what follows, we shall adhere to the Einstein summation convention
where for repeated Greek indices A, v, «, (3,...the summation index runs
from 1 to 2, whereas for Roman indices j, k, ¢, q. . .it runs from 1 to 3.

The relation (9.2.19) implies

oP\ T oP /0P 0Dy, 0D;
2 _ el T e Oy
1 WY
_ axk meazk QJ
= ~o0m? %
gll 912 O
= (" [g"? ¢ 0|C={Gg" +20¢y"?+ G+ (3}
0 0 1

This implies for the principal symbol

0P
o200 = | (52) ¢ = 10" + 2060 + G+ G
since g _ afk 83% and g gqj :5j
" Jom aQq e "

see (3.4.2) and (3.4.4).
For the principal symbol (9.2.20) of Ny we apply Theorem 8.4.3 again for
0, = 0 and obtain

°1(0'.¢') = H{Car*?(g)¢p} 2 (9.2.21)

with ¢/ = ((1,¢2) € R?\ {0} and v*? the contravariant fundamental tensor
of I', (3.4.14), (3.4.15).

Obviously, in view of (9.2.21), the simple layer potential Vi is a strongly
elliptic pseudodifferential operator Vi € Ec}l (I") since

(0, ¢) = %{Ca’y‘w(g}*% > |¢’|7t for all ¢’ € R? (9.2.22)

with a positive constant 7y depending on the local fundamental tensor v,
Of course, the strong ellipticity also follows from Lemma 9.2.1.
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The double layer potential

The double layer potential Wy of the Helmholtz equation in (2.1.5) will
now be considered as a surface potential generated by an appropriate Newton
potential applied to the boundary distribution v(2’) ® ép. To facilitate the
computations, it is more convenient to begin with the adjoint operator

eiklwfy‘

W) = 4 / (nta) vmm) (|2 = wl)u(w)dy

ciklz—y|
o [ (e ) (=l — y))ulv)dy

Y|
(]

(9.2.23)

where 1 is the same cut—off function as in Theorem 6.1.16. Since the first in-
tegral on the right—hand side defines a properly supported pseudodifferential
operator in {2, its symbol can be computed as

ow (2, €) = —n(z) - / e HEED (T, B (2, ) y)dy

R3

based on Theorem 6.1.11 after employing
szk(xv y) = _vyEk(xa y)

1 eik|$_y‘
—— (see (2.1.4)). Then integration

for the fundamental solution E\, = —
A |z —y|

by parts yields

ow; (%, &) = i(n(z) - &) / e @Y Byapdy = n(z) - /eiig‘(xfy)(vyw)Ekdy.

R3 R3

The second integral on the right-hand side decays, due to the Paley—~Wiener
Theorem 3.1.3, since V9 (|z—y|) has a compact support not containing x=y.
From the decomposition of Ey in (9.1.14) it is clear that only = 1 cos(k|z|)
contributes to the symbol oy and, again, we obtain the complete symbol
expansion of rational type

oo

1 1
- —ifz_—
1 | T eostlahy Z_;) ‘Mp Ree(€)
R3 =
where Ro, € S~>°(IR?). Hence,
‘ — k¥
owy (z,8) =i(n(x) - §) Z W . (9.2.24)
p=0

For p = 0, we find the principal symbol
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ow, -1(x,§) = i(n(z) - §) (9.2.25)

1
€12
Therefore, by using Formula (6.1.34) in Theorem 6.1.13, we find the symbol
of Wy as

170\« 0 \@ , k2P
W a|z>0 al (8?) ( a Z%) { —i(n()-¢) p;] BEEE }
and its principal symbol

1

€2

In order to obtain the boundary integral operators on I', we again apply
Theorem 8.4.3 to Wy and WY, respectively. Then we have for I" identified
with x,, =0,

oWy, 1 (1, 8) = —i(n - §) (9.2.26)

1 zdz 1
0 Y
= 55 =—x 9.2.27
qu70(x &) 27r/22+ RE 9 ( )
c
since the only pole in the lower half plane of C is z = —i|¢’|. In the same way
we obtain 1

q%/k’,()(x/agl) = 5 .
These are the principal symbols of Qr and @/ defined by the limits of W
and of W/ for z,, — 0, respectively.

We notice that

Qulw) = lim Win(e) = —50) + ot [ (GBlen)o)ds,
and (9.2.28)
13}
Q.v(z) = z,}ii}g)"’ Wiv(x) = %U(a:’)—Q- p.f. / (a—%Ek(a:,y)>v(y)dsy.

Correspondingly, for the transposed operators, one obtains

! 1 ! a
Qu(z") = znhf%r Wv(x) = 5v(x )+ pf. /(57130 Ek(x,y))v(y)dsy
I
and (9.2.29)
| P
Qula) = lm Wale) = —50la) + . / ( anmEk(x,yDv(y)dsy,
r

resembling the well-known jump relations for the classical layer potential W
and its adjoint W. In particular, we notice
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1 1
g[Qc_Q]:T:Tczil

as in (8.3.37). From our symbol computations for q%,hO and ngVk’ o it follows
that the acoustic double layer boundary integral operator

Kow(y) = p.f./(gzyEk(x,y))v(y)dsy
r

and its adjoint

Kwly) = p-f-/(aix

r

(z.9) ) o(y)ds,

both must be pseudodifferential operators on I" of order at most —1 which
implies that their Schwartz kernels %Ek(x, y) and an Ey(z,y) are in
Whk_1(I), i.e., they are weakly singular.

For a curved surface I', we need to employ the canonical, tubular coor-
dinates for Wy and Wy, and then compute the corresponding symbols for
x — 0. From our general results in Section 9.2.2 it is clear that the principal
symbol of Qr remains the same. Here, 7 = —%I also on I

Now we consider the principal symbols of the operators Ky and K| €
L,(T") for whose computation we shall need afy 0(®,€) +agy, _o(x, &) in the
tubular coordinates (9.2.18). These can be obtained by Formula (6.1.34) for
the symbol of the transposed operator, i.e., from

ow; (,€) = i(n(x) ){W o(lg™}

which yields

w8 = 3 (ge) (~igg) ot

|e|>0
= —i(n(x i i _Zn(m)-f -3
= —i(n(x i _ V n(z) % % -3
= T i T T +2(59€e )+ O™,

In the tubular coordinates we use (3.4.19) and, moreover, (3.4.6), (3.4.17)
and (3.4.28) to obtain

ong,  Oxy mjﬁnk _Oxp o Ong TN )
e Oon’ 00;  Oom’ don 00" 90,
and ) olT
i ) = —iln(a) - )5 + Ef”
o omn 1 (9.2.30)
2LY g 5 o =g + O(lEl ™).

ov " Doy €1
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The transformation of the symbol in terms of the tubular coordinates o and
(= %—g—rf now reads by the use of Lemma 6.1.17:

(0,0 =Y é(((%)%w(m,g)){522%TC X ((ﬂ‘%)aem)tzwzw)

lal>0

with 7 = &(z) — &(z) — 2Z(z)(z — z). Because of (6.1.52) and since we only
need terms up to the order —2, this yields for (9.2.30) with {x = &3 8“ for

A=1,2; (s =n(z) £ and (9220) finally
aw,e(0,¢) = (—i¢s+2H (2)) =5 mg (g“)‘L CuCulr
where [£]? = (2 + d?(¢) and d?(¢) = (g™ ¢,

With this relation (9.2.31), Theorem 8.4.3 can be applied for g, — 0~
and provides us with the symbols

‘§|4)+0(|<|*3) (9.2.31)

/ ! 1 ) d ].
@, ¢) = —%/Z,jizdg:—Q,
TN | H(x)(2* + dg) — 212/,,\,1/:1 9" L CuCulr

q-1(0,¢) = Gy 2{ 2+ &)? }dz
_ H(=z) G L™ 0.9.39
(0 205(0) (0.2.32)

with . \ .

do(0, (") = {6} (9.2.33)

The symbol ¢%(¢’,¢’) is now the principal symbol of the acoustic double
layer boundary integral operator Ky € E;él ().

9.2.3 Surface Potentials for the Lamé System

We begin with the
Simple layer potential

For the Lamé system (9.1.16) we define the simple layer potential

BA) = N\ 37)(0) = Q@) = [ Bl )\ dsr ()
y' el
with E given by (2.2.2). For & — I', the simple layer boundary integral
operator

VAW) = lim GrA@) = [ BN s () for o € T

r

defines a pseudodifferential operator V € £,!(I).
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For I' identified with 3 = 0, we get with Formula (8.4.7) for (ap(f))_l
given by (9.1.19) the symbol

! ! 1 — 4 1 6
(&) = %/(Upl(g,z))dz_%/mdz

c

1 A+ 1 1 5% ) §1§2 ) 512
o ) wOvra) e (§2 0 2
c 512 ) 522 5 z
By using the residue formula, we have
1 dz 1.4 1 22dz 1
m | o = 5d | 2oz = g5l
27 ) dj+ 22 2 2 ) 22+ dj 2
1 7 zdz _ 1 )
o | 22 +d2 2’
c
i/ dz B ld—3 i/ ZQdZ _ ld—l (9234)
2 J (dZ+22)2 4707 2 J (dZ+22)2 4707
i/ 2dz _ 1 i/ zdz _ 0
2 ) (22 +do)2 27 2n) (22+do)2
c c
This yields the complete homogeneous symbol matrix of V on I',
2
0
| N BN T
() = §in — _ , 2 0
) Sl T B wEE \ S o
, 1€l
()\ + 3/") |£l|2 + Hg% ’ _’%5162 ) 0
= Pt + 20 —k&& , [EP+rRE 0
AT 0 , 0 .
(9.2.35)
where k = 2K

A3u°
Obviously, since 0 < k < 1, this matrix is positive definite, therefore, q_1

is a strongly elliptic symbol satisfying:
ReCTq_1(&)C > vl€'|71¢)? forall 0#£¢ €R? and ¢ €C® (9.2.36)

We remark that the strong ellipticity (9.2.36) also follows from
Lemma 9.2.2.

For a general surface I we have to use the canonical coordinates (9.2.18)
and for £ = ‘g—fTC the relation (9.2.19). Then the principal symbol (9.1.19)
reads

R 2(e.0) = {6 +97601 2 ({6 + oo (9.2.37)
A+p w2 0; oA 0k
Ao (”jC3+9 )\TQZC)\) : (nkC3+9 A@TJVQ)))M?J
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For I, we now compute the principal symbol of the simple layer boundary
integral operator V on I" according to Theorem 8.4.3:

o oo 1 1 A+ p 1
q-1(¢,¢) = 27r/(<u{22+d} T 0O+ 2u) {22+d2}2

ox;
Av J <>\
Ov

oy,
00y
HSRG) aﬁa““”fca)})) .

3x3

X {nknjz2 + njzv)‘”

With (9.2.34) we obtain the explicit symbol matrix of V:

1 A p
0 /AN o .
q-1(¢,¢) = ((2;“10 Ojik g +2n) & (donﬂn’“

(56 (7 560)) D,

The double layer potential for the Lamé system

(9.2.38)

From the Betti-Somigliana representation formula (2.2.4) we now consider
the double layer potential given by (2.2.8), i.e

We(x) = / (T, () E(x,y) "o(y)ds, for v &I,
I

where T, denotes the boundary traction operator given by (2.2.5). Similar
to the case of the Helmholtz operator in Section 9.2.2, the composition with
the fundamental solution matrix given by (2.2.2),

(T, E(z,y)) " = Nw(z,y)

defines in the tubular neighbourhood QCR}of I a pseudohomogeneous
Schwartz kernel generating a pseudodifferential operator Ay, of order —1
with symbol of rational type since both, T} and the elastic volume potential
operators are of rational type. To fa(nhtate the computation, again we begin
with the transposed operator A% which has the kernel T, E(z, y).

With the symbol of T},

o1, (2,€) = i(Mn; (2)&k + pni(@)€; + u(n() - €)d;1))3x3 (9.2.39)

and according to (6.1.37), the complete symbol of Ay}, is given by
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( g)oaN (ﬁ)ZUAT (xag)
= i((Any ()& + png(z )fj + (& - n(2))djk)) 5, 5

25, At
|§|4 ((|f| Ot o) o+ )) <3 (9.2.40)
(()\|§|2nj(w)£e + 2#(”(5”) ‘ f)fjff))sxfs

i A
pIEl* A+ 20

(A ()& + pgne(x) + p(n(z) - €)d;0)) 5.5 -

n i

plél?
For Aw, the transposed operator, we then get from (6.1.34) the principal
symbol

O (2,6) = 047 (2, =) . (9.2.41)
Since
We(z) = Aw(e®dr)
then
Qrele) = plim  Welr)

is a pseudodifferential operator Qr € £%,(I") due to Theorem 8.5.5. To com-
pute the principal symbol of Q@ we apply Theorem 8.4.3. In particular, if
xy, = 0 corresponds to the surface I' we obtain

1
qg(x',fl) = %/G%W(z’,o; & 2)dz.

4

By using (9.2.40) with (9.2.41), we first compute the entries of ¢g for j # 3
and ¢ # 3 by using nq(z) = na(z) =0, nz(z) = 1

. . 2
30/ 1 ’:—L sz Zdz 2(>\+M) j
NGRS 277/22+|§’|2 Je+27r/(22+|§/|2)2 A+ 2p St
c

1
= —50¢ for 7,£=1,2

(9.2.42)
in view of (9.2.34). If j = £ = 3, then with (9.2.34)

, i 2dz A (AHp) (A+2p)
&6 =g [ e (c )

c

A+ 2p) jz

i 23dz A+ )
*ﬂ/w+mw%wm>

2M{A(A + 1) = (A +20)% + 20 + p)p}
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For £ =3 and j = 1,2 we find, again with (9.2.34),

20, 0 2 (At 2*dz dz
@7 (@', ¢) = — 7 (A+2M)/(22+‘£/|2)2§J /22+|£/|2§]

i H 5]
T2 a2 el

Similarly, for j = 3 and ¢ = 1,2 we obtain

3005 75/):_2' B &

% 2 a+20 e
To summarize, we have the principal symbol matrix for a flat surface,
0, 0, g
1 1
@) =—gI+5 0 .0 g, (9.2.43)
—iefgy i . 0

where e = 5~ +2
In view of Theorem 8.4.6, the tangential differential operator 7 in this

case is of order zero, i.e.
1
T=-1
2
whereas the skew—symmetric symbolic matrix belongs to the classical singular

integral operator of Cauchy—Mikhlin type, namely

Ko(z') = p.v. /(TyE(x’,y))Tgo(y)dsy,
r
which is the double layer surface potential operator of linear elasticity (see
also (2.2.19)).

From this representation we conclude that qp is a strongly elliptic sys-
tem according to our definition (6.2.4) since inequality (6.2.16) can easily be
derived for ©(z) = —((6;1))3x3 and with the help of 0 < e < 1.

In the same manner as for the simple layer potential (1.2.28), we can
consider the double layer potential for a curved surface I' in terms of the
canonical coordinates and obtain

T\T

s (0:0) = 04, (0,07 = 07 (27(0), T2 ¢)

- ((i (¢2 —&d2)2 (?_:—2/2) {A(Cg + d*)ng (g’\”%g + nj§3>

+2u<( S C,\+ng<3>( afgy+n]<3)} (9.2.44)

no(¢3 Jlrdz) {/\W (ghﬁg + nst)

) +uisti})),
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where d = (Qg)"’g},)%. Replacing (3 by z and performing the contour integra-
tion of formula (8.4.7) we finally again obtain the symbol matrix of ¢o(o’, ¢’)
on the surface g,, = 0,

90’ ¢) = (( - %@‘e - ée(nﬂ”gz % - ””M% %) ))3><3

with dy = {’y)"’QCV}%. Obviously, gg remains strongly elliptic if I" is any
smooth surface.

9.2.4 Surface Potentials for the Stokes System

The principal symbols of the surface potentials of the Stokes system can be
read off explicitly for the simple layer potential by taking A — +o0 in (9.2.38)
and for the double layer potential in (2.3.16) by taling € — 0 in (9.2.43).
For the pressure potential in (2.3.10), however, we insert
o,
Ov

& =n;G3+""

into (9.1.22) and find the principal symbol

oz ;
njz +9" 50 G 1 Ox;
2i(27r)71/ﬁdz:inj—F?daly“%Q, j=1,2,3 (9.2.45)
0 v
c

where we employed (9.2.27) and (9.2.34) and where d2 is given in (9.2.33). So,
the boundary integral operator of the pressure potential belongs to £°(I").

9.3 Invariance of Boundary Pseudodifferential
Operators

In the previous chapters we considered boundary integral operators as
pseudodifferential operators on I' generated by generalized Newton poten-
tials and their compositions with differential operators which are pseudodif-
ferential operators on the domain {2 U {2 by applying these to distributions
of the special type v ® . The boundary integral operators then correspond
to the traces of these compositions A in the form

Qrv(z) =Tv(z) + pf. /kA(as,:c —y)u(y)dsr(y) for ze . (9.3.1)
T

The generalized Newton potential operators have symbols of rational type
as established in Theorem 9.1.1, and their composition A with differen-
tial operators then have symbols of rational type as well, see Lemma 8.4.2.
Hence, Theorem 8.5.7 implies the following invariance property formulated
as Kieser’s theorem.
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Theorem 9.3.1. The boundary pseudodifferential operators of the form
(9.3.1) generated by generalized Newton potentials and their compositions
with differential operators are invariant under change of coordinates on I,
i.e., the tangential differential operators Tv are transformed in the usual way
by applying the standard chain rule whereas the finite part integral operator
transforms according to the classical rule of substitution.

We remark that these invariance properties are due to the special prop-
erties of operators with symbols of rational type. They satisfy the canonical
extension conditions, Definition 8.5.3, the special parity conditions (8.5.14)
and the jump relations as in Theorem 8.5.5. In general, as we noticed in
Theorem 7.2.2, the transformation of finite part integral operators produces
extra terms under the change of coordinates if the special parity conditions
are not fulfilled.

Theorem 9.3.1 is of particular importance from the computational point of
view. In particular, the double layer potentials in applications belong to this
class and the corresponding boundary integral operators enjoy the invariance
properties. These include the corresponding singular integral operators of
Cauchy—Mikhlin type.

Clearly, this class of operators also satisfies the Tricomi conditions
(8.3.18).

9.3.1 The Hypersingular Boundary Integral Operators
for the Helmholtz Equation

As a further illustration of Theorem 8.5.5 we now consider the hypersingular
surface potential defined by

0] 0
Awe @)= [ G0 (G Blen))o)dsr(s) for g7
r (9.3.2)
= / ka(z,x —y)(v(y) ® or(y))dy
IRS
where the Schwartz kernel k4 can be computed explicitly,
1 eikr . . 2
Bale,0—y) = o= S {n(@)-(e—y)n(y)-(y—2) ((kr—1)~1—(ikr —1)?)

+r2n(z) - n(y)(ikr — 1)}

where r = |z — y|. In order to find the corresponding symbol we use (9.2.26)
for ow, (z,€); then with (6.1.37) the complete symbol of A € £2,(£2) has the
expansion
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o &)~ (02 3 5 ((5) () ) x

151>0
X (_Z£>ﬁlgoi(i)a(_iai) { Z|£|2+2p}' (9:3:3)

Since A € Ege(f}) has a symbol of rational type, Theorems 8.6.1 and 8.6.2
with m = 0 provide the mapping properties of the hypersingular surface
potential (9.3.2). In order to verify Theorem 8.5.5 for the operator A, par-
ticularly the jump relations and the derivation of the symbol of Qr, we need
the first terms of the expansion (9.3.3) up to the order O(|¢|~1):

OA(x,é)z—M +i{(n(m) g) |£|2 (577 g)( (|£?4 §)

GE
£ ((nle) - V(@) - € b+ 00l ).

1€
If we identify I" with z,, = 0 then ngj = 0 and we find

AN 1 2 d o) 1 o) 1
0w €) = —5- [ s+ 0U€1™) = 3 €1+ 0(€1™).

In this special case we conclude that for the tangential operator we have
7 =0 in Theorem 8.5.5 and, moreover,

limO A(v®ér)(x)

=Qrv(z') = pf. /kA(x',:U’ —y)u(y)dsr(y') for o’ €I.
r

Here Qr = D € L,(I") is the hypersingular boundary integral operator of
the Helmholtz equation with the principal symbol

1
q?(x/ag/) = §|€/| and with qg(x”g’) =0.

For a general surface I', again we transform A into the canonical coor-
dinates (9.2.18) by the use of the transformation formula (6.1.50) together
with Formula (6.1.52), which yields

n-£)2
wif =02 =2 (s €) T + (0T (060 ) 5

+;(a§;&(——““gﬁf)))( ’252)) C+O(E™)
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where

(9.3.5)

O0x;
fga

according to £ = g—‘f—r( and (9.2.19).
By applying Theorem 8.4.3, we compute the first term of the symbol of
Qr by employing (8.4.7). Then we obtain the following result.

Lemma 9.3.2. The hypersingular boundary integral operator Dyin (2.1.17),
namely

Dyv(x') = — p.f. / 0 (iEk(z’ y’))Tv(y’)dSF(y') for ' e’
Ong \On, ’

has a symbol of the form

"N = 1 _ i 9 v 9 _ Av a,B v CrCaly 1
g(a’,¢") = Sdo Vel agy(ﬁv ) 49 Gos B +0(dy )
where dy = {GMVG)E . (9.3.6)

Proof: Only the first term on the right-hand side of (9.3.4) will contribute
to ¢, i.e., by employing (9.2.34) we get

0(’(’)——1/22dz—1d (9.3.7)
a(e ) =5 | mypte=gh 3.
c

For the zeroth order terms we compute the contour integrals separately and
will need the residues

1 22dz 1 23dz
— | d d — | ——==0 9.3.8
2w/ Zrdp 160 M 2#/ (Z+ ) (9:3.8)
C

c

in addition to those in (9.2.34). Hence,

. 1 z

c
Moreover, from (3.4.6), (3.4.17) and (3.4.28) we obtain
Ong, _ Ozj )\ Oy

= L 3.1
Oz do, 8@ (9.3.10)

0
/fﬂ pilerv

3333 1A Oxy, z
/ Y90, o0 i ar ™

and

- 21§VL”>‘Q—/ﬁd 2=0. (9.3.11)

c
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Furthermore,
(n-Va)(n(x) ) =

Up to now we have computed all of the contributions to ¢J from (6.1.50) for
|a] < 1. It remains to compute the contributions from terms in (6.1.50) for
|a] = 2. There we first need the explicit expression

@(n(g/) £) =0. (9.3.12)

00 ()9 _ @) ni@)(n(@)-§)
0§ 3§k{ |€]? } 2 |€]2 +2 GE 28k
C(n(z)-9)?*  Gn(x)(n(z) &) &i(n(x) - £)?
L T T ST
(9.3.13)

for the last term in (9.3.4).
Again we collect the terms of the second sum in (9.3.4) and obtain with
the first term of (9.3.13) and the chain rule

e 00 i(2Y ') ok -
|§|2 8x]633k C_Z((aﬂ) @) C|§|2 =0 (9.3.14)
0
since a—@ = 5£ = | 0| due to (3.4.30).
on Doy 1

For the next product we find, again with the chain rule,

27%'432&(_2 327@) =2l i(a—@> ¢

114 2 Ox;0xy, |€]* Oz \On
GO 0 (9.3.15)
:—22@(8—% (1) )'CZO'
The third product reads
a o G
|§T45]ka%axk (=— |§TQA P C (9.3.16)
_ G o> 0*¢
= (P2 50) ¢
G 1 o) 0P
- i A {fag (Vi 5or) €~ 2HG + 0}
_ . <3 1 KA CS
- WT( VI )@”ZHW

For (9.3.16), the integration over ¢ then gives the contribution correspond-
ing to this third product:



9.3 Invariance of Boundary Pseudodifferential Operators 529

1 / 22 ang Cl
—i— 5'k . Cg dz
2m : (22 +d2)2 7" Oz 0xy, .

2 3

.1 /0 A 1 1 z
- _1\7(59 v >CA§/(22+d2) dzt 2o | e

c c
-1 /0 G
—zm(agn Neoa )d— v H. (9.3.17)
For the fourth product from (9.3.13) we obtain
4£jnk(x)C3 ) 82@ o fj o ,00
GE ( 2 axjaxk) ¢= |§|4C38x7 (an) 0
as in (9.3.15).

Finadly7 for the last product from (9.3.13), we have
\5|6£]§k5 Oz,
Py i} : ap 0Tk 0%,
- 4 |§|6 ( C)\ de) (g 8@5 «a + nde) . qu

C?% { v Ozﬁ 8.1‘] 8$k 82¢q

(GG +dg)’?
61‘]‘ 8 @ 2 62¢q

(9.3.18)

¢

= 4

+29>\u

Now we examine each term in (9.3.19) separately. We begin with X;. There
we have

v _af 833] 8$k; 6245(1

0o, 0o O0x;0x)
0 /0P ox
_ v af V9 )\ Tk
- 99 (8@,,(8@))895
Y aﬁi(%%) _ prges 9P 0w
dov Oy, 00,008
0 /0o 0P oxy,
v oaf Y (FEqN v oaBYTAd o r
79 B, (agg) 9, 79 B0,

from (3.4.8) with the Christoffel symbols G7 ;.

8Ik 895

0
Hence, with e _ Jq and differentiation,

dop
Av aﬂaxj % 82@4 _ gAu aﬂGz (9i _g)\ugaBGzﬁég
0o, Opp Ozr0zy 8

— _gkygaﬁGgﬁ )
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By applying the contour integration, the first term in (9.3.19) becomes with
the residues in (9.3.8):

1
7/21(9’;4’,Z)d2 =
iy
Cc

v« 1 2 3 1 22
R = | way d=G3 4+ o (22+d(2))3deZﬁ§7}
_ i )\V aﬁ CACO‘C’Y
= 39 GZB Bl 0320

Next, we analyze X5 in (9.3.19) by using (3.4.25) and (3.4.26). We begin with

aw oz 0
2 (o 1)6r
0 BQ A\ 0P (“)2:10
_ Av_ Y )
o (2 o3 (8@1,) 2" dx; 8QV8Q3)<)‘<qC‘3
Ozx; 0P

= 0-2V Gt GGG
— 2GR = 20 LG

= =20V GGG = (20 LY — 0920™ GL LG G
= ZWAVLECA%C?) for 03 =0.

Hence,

3d
*/22 o2 /M%”LEQ@ =0. (9.3.21)

For the last term X3 of (9.3.19) we get with 5°-n; = 0:

0P 09, 0 (09,
n;n ka 8x CqC?, (8$ ) qu<3 = 8793 (37 k)CqC?, (9 3 22)
8 Qo 0 o
aQs ( q)CqC?, = 8793(5??)@1(?? =0,

which yields Y5 = 0.
By collecting all terms, in particular, (9.3.7)—(9.3.9), (9.3.11)—(9.3.22), the
proposed relation (9.3.6) follows. |

Now we show that in this case the tangential differential operator 7 = 0.

Lemma 9.3.3. For the hypersingular boundary potential operator as given
n (9.3.2), the tangential operator T in the jump relation (8.4.25) vanishes:

T=17.=0.
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Proof: Here we can apply Theorem 8.4.6, i.e. (8.4.26); but we can also
compute the jumps of the symbols by (8.4.27) which means nothing but
replacing all the contour integrations over ¢ in the proof of Theorem 8.4.3 by
corresponding counter clockwise oriented contour integrals over the complete
circle |z] = R > 2dp. It is easy to see that these integrals corresponding
to (9.3.7), (9.3.11), (9.3.20) and (9.3.21) all vanish. In addition, we see that

(9.3.9) gives

1

. z

|z|=R

whereas for the corresponding integrals in (9.3.17) we find

1 23 1 2
CiH(@)— ¢ o —dz= —2H S S A - )
i (x)27r }1{ (22+d(2))2dz () and o j{ (22+d%)2dz 0
|z|=R |z|=R

So, for the hypersingular operator of the Helmholtz equation we find
[4? + a0)(d,€) =2T =0, (9.3.23)

as expected. [ |

9.3.2 The Hypersingular Operator for the Lamé System

Similar to the case of the Helmholtz equation, we now consider the surface
potentials of the hypersingular operator D as in (2.2.31) and define

Aw® 6r)(x) = — / T (T, Bz, ) 0(y)dsr(y)

r (9.3.24)

= /k:A(x,z—y)(v(y’)®5p(y))dy for x ¢ 1I.

R3
Here the Schwartz kernel is given by

1 o 1
ka(z,z —y) = ir N +opu w((&? -n(y){2pn;(z)zx
+ Ang(z)z; + Az - n(x)dj, — %z -n(x)zjzk}

30 {n(2) - n(y) 252 + 2 - (@) ()2}
+20{3z - n(@)zmi(y) + 2*n; ()i (@) + |2Pn(x) - nly)d }
- 2(:“’ - )\)TL] (.T)?’Lk(y)|2'|2))3><3
(9.3.25)
where z = 2 — y (see Brebbia et al [24, p.191]).
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To compute the symbol, we use the complete symbol of Ay by applying
(6.1.34) to the symbol of the transposed to the elastic double layer potential
(9.2.40) and the symbol of the traction operator T, to find the symbol of the
hypersingular operator by employing (6.1.37) in Theorem 6.1.14:

0—TpoAw (xv f) =

- (%(%yi((/\nj(x)ﬁk + pgimi () + p(€ - n(x))d; ))3x3> X

“(-igm) T ala) (-iz)

la]>0
{ i A+p
plElt A+ 20

(MEPre(@)em + 2p(n(2) - )€0&m)) 5

+
i
s O+ () + (00 b))y} - (0320
With the complete symbol available, it is clear, that the jump conditions can
be investigated in the same manner as for the Helmholtz equation. Neverthe-
less, this is very tedious and cumbersome and we therefore shall return to the
jump relations by using a different approach later on, based on a different
representation formula for the double layer and the hypersingular boundary
potentials (see Han [119] and Kupradze et al [177]).

For simplicity, we now confine ourselves to the computation of the prin-
cipal symbol of =T, o Ay and of D on I" by choosing « = 8 =0 in (9.3.26).
A straightforward computation yields

7/\+7ui 2 el () (2
(A +2p) |§‘4(()‘ &7 (z)nk(z)

+22pl€]? (n(x) - €) (&) +ny(2)ex) + 42 (n(@) - €)°66k)) 5, 5
12656 + 12 (n(x) - ) 051)) 5 - (9.3.27)

U(iTmoAW (z,8)

By setting nq(z) = na(x) =0, nz(x) =1 and &3 = z, we obtain

2 2
0 z 4p(X+ p) z 1
= el - os
Tap HzQ—i-d% 'B+< A+2u (224 d2)? 'uz2—|—dg>§ &
A4 23 z
o _ 0 _ _ = :
0a3 = 030 = 4:“)\_|_2'u((22 +d%)2 22 +d%)£a for Ck,/j’ 172a
dp(N+ p) z* 22 A2
9% = -2 - . 9.3.28
T A+ 24 ((z2+dg)2 z2+dg) A+ 20 ( )
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Now we employ Formula (8.4.7) and use (9.2.34), (9.3.8) and

1 24 3
o / Erap® = g%

c

to obtain the principal symbol of the hypersingular boundary integral oper-
ator D:

P +e&d ,  abib ) 0
o _ _H 12 2
4p1 = 21¢'| €188 ;) +e&s 0 (9.3.29)
0 ) 0 ) (1 + 81)|§/|2
where ¢; = ﬁ)‘% and, hence, |e1| < 1.

Obviously, for any & € IR? with |¢/| = 1, the matrix qD 1 s symmetric
and positive definite. Consequently, inequality (8.1.19) is satisfied with @ =
(0j5)3x3 and 9 = (1 — |e1]) > 0. Therefore the hypersingular boundary
integral operator matrix D of linear elasticity is strongly elliptic and satisfies
a Garding inequality (8.1.21) on I" where ty = sy = %

For the jump relation, i.e. for obtaining the operator 7 in (8.4.26) we
could follow the calculations as for the Helmholtz equation which will be
cumbersome, as mentioned before. Alternatively, we use the representation
(2.2.34) of the hypersingular operator, i.e.

Dv(z)= -T,Wv(x) = —ﬁ p.f. /82( ! )v(y)dsy

OngOny \ |z — y|

—pf. /M x n(x 4M2E(x y)— 2/; |xiy‘f}/\/l(8y,n(y))v(y)d5y

+—pf / (B, )|xiy|IM(8y,n(y))>Tv(y)dsy. (9.3.30)

We notice that the first term on the right-hand side of (9.3.30) corresponds
to the hypersingular boundary potential (9.3.2) of the Laplacian, i.e. of the
Helmholtz equation for k = 0. For the latter, 7 = 7. = 0 due to Lemma 9.3.3,
and from Lemma 9.3.2 we obtain its symbol in the form pg(z’,&")(0;x))3x3
with g(2’,&’) given by (9.3.6). For the next two terms we use the property
that the elements of the operator matrix

M(0z,n(2)) = (M (02, 1(x)))) 5.5
where

0 0

M (Oy, =n — —ni(y)=— = —my;(0y,n 9.3.31
k(0 n(y)) = ni(y) ;"W gy ki 9y m(y)) (9.3.31)
are tangential differential operators and apply Corollary 8.5.6 and Theorem

8.5.7. To facilitate the presentation we first write the second term in the form
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1 1

- u(orn(a)) [ {anBy) - 5

2r |z —y/|
y'er

I M8y, nly))oly )dsy

= —puMoN;o Mv®édp)(z) (9.3.32)

where

Nif(z) = / {4uE(SE,y)—T !

S P L

U

is a Newton potential ]vl € Ec}z(IRQ) with weakly singular kernel whose
corresponding boundary potential with

fy) =w(y) @dr(y)

has a continuous extension to I' without jump (see (9.2.4)). Consequently,
Corollary 8.5.6 and Theorem 8.5.7 imply, that

lim (—pMo NyoM(v® 6r)(z))

x—x'el’
1 1

= —M(0y,n(x ))/{4uE(ff’»y’) T oy

r

}M (B, n(y"))v(y)ds,

where for the corresponding tangential operator we have 7 = 0.

For the last term we write this operator matrix in terms of its components
which are compositions of tangential operators with the Newton potential V'
of the Laplacian, i.e.

3
" 1
Ly / e (0 (@) 1 mes (8y.m) (k) © 1)y
“loua
3 ~
“Z Oz, n(x Ovomlj(vk®6f) (9.3.33)
=1
where we have employed the Corollary 8.5.6 for interchanging the tangential

differentiation and integration. In the same manner as for N; we have

lim  pmge (95, n(x)) o (V o me; (v @ 8r)) ()

rz—ax'el’

:imu o, (2 /| Ty mé] y’an(y/))vk(y/)dsy/;

the corresponding tangential operator 7 again vanishes.
To conclude this section we summarize one of the main results for the
hypersingular boundary potentials in elasticity in the following lemma.



9.4 Derivatives of Boundary Potentials 535

Lemma 9.3.4. The hypersingular boundary potential Dv satisfies

Do(z!) = —Ty pi. / (T,E(,y))  v(y)ds, (9.3.34)
- —pf / T (T,E(',y)) v(y)ds,
_ fﬁ p.f.!(anjzany |x,1_y‘)v(y)d8y
- p.f.F/ M0 () {2 B! o) - mw\%(fﬂyun(y’))v(y’)dsyf
+ 84 [ (M@ ey M0 nw))) o0)s,
7’

forax' eT.
Moreover, D has a strongly elliptic principal symbol given by (9.3.29).

We remark that the last two finite part integrals are Cauchy principal
value integrals due to the corresponding Tricomi conditions (8.3.8) with
m = —1and j = |o| = 0 from (9.3.32) and (9.3.33), respectively, since all the
operators involved here have symbols of rational type (see Lemma 8.4.1).

9.3.3 The Hypersingular Operator for the Stokes System

In view of Section 2.3.3, in particular relation (2.3.48) between the hypersin-
gular operator of the Lamé and that of the Stokes system it is clear that the
principal symbol of the Stokes system, in the tubular Hadamard coordinates
is given by (9.3.29) with €1 = 1 = limy_, 400 A/(A 4 2p), i€,

" P +&¢ §16&2 , 0
D1 = 2] G& o, [EP+&E ., 0 (9.3.35)
0 , 0 ;21

which is a strongly elliptic symbol matrix. Correspondingly, the hypersingular
operator of the Stokes system can be obtained from (9.3.34) by sending A —
+00, i.e., sending ¢ — 0 in (2.3.47) and (2.3.48). Therefore, one obtains the
last relation in (9.3.34) where now E(z,y) is to be chosen as in (2.3.10)
according to the Stokes system.

9.4 Derivatives of Boundary Potentials

In practice one often needs to compute not only the Cauchy data of the
solution of boundary value problems and their potentials but also their gra-
dients or higher order derivatives in {2 (or £2¢) as well as near and up to the
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boundary I'. As is well known, these derivatives can be considered as linear
combinations of normal and tangential derivatives in 2, the vicinity of I". In
the framework of pseudodifferential operators, for derivatives of potentials,
the following lemma provides us with the jump relations for the derivatives
of boundary potentials based on Theorem 8.4.6.

Lemma 9.4.1. Let A € L7(2 ) have a symbol of rational type. Further let

0 0

mk(x, 0y) = nk(x')ﬁj —n;(z") (9.4.1)

Dy,

denote the extension of the Giinter derivative form I into its neighbourhood.
Then

lim Om]k(a: 9z) 0 A(u® o) (2’ + opn(z'))

0>0n—

= pf. / (myi(@', 00 )ka(@', 2" —y))uly')dsy —mj, o Tu(z')

y'er

(9.4.2)

where ' € I and T is the tangential differential operator given in Theorem
8.4.6.
For the normal derivative we find

0
o lim oo A(u®dp) (2" + onn(z')) (9.4.3)
= ptf. / (8?1, (z,2 — y’)) | _u(y)dsy — Tou(z') for o’ €.
y'er *

Here T, is the tangential differential operator corresponding to the new

pseudodifferential operator 8% o A with the Schwartz kernel a%kA(x, T —y).

In terms of the symbol of Ag, and % = %, the operator T, reads

> o2 c0((g)

)"5)) le—o.) D%
0<j<m+2 |a|=m+2—j

1 0
+ By Z Z ( ‘aHl( 87> 90, — Qm— J(Qa 6))| €=(0,1) Dg/ .
0<j<m+1 |a|=m+1—j Q:(Q ,0)
(9.4.4)
Clearly, the corresponding limits for x € £2° also satisfy the equations (9.4.2)
and (9.4.3) with + instead of — in front of the tangential operators.

,‘Z;l:

DO =

Proof: The first limit, (9.4.2) is a special case of Corollary 8.5.6. For the
second limit in (9.4.3), we apply Theorem 8.4.6 to the composed operator
iAq; in the tubular coordinates which means in the parametric half space

on < 0. With the symbol of 57~ ® Ag, obtained from (6.1.37),
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) 0
U%oAzzgnzamfj(Qvf)<ag ( )( Zizam 7 Qv )
Jj=0 " j>0

A straightforward application of (8.4.26) to this symbol gives the desired
formula (9.4.4). |

If mjg(z, 0y )u(z) and g—fb(a:) are available, then the relation

S an e)mi(a, 0 o) + () o ()

ov
=Djv+ nj(x)a—n(x)

(9.4.5)

(see (3.4.32) and (3.4.33)) allows one to compute arbitrary derivatives

0
0>1£1)£n*>0 (T%A(u ® 51“)) (33' + Qn(‘r/)) .

The general procedure for computing derivatives of the solution of the
boundary value problems in terms of boundary potentials and the Cauchy
data can be summarized as follows: First one computes the Cauchy data by
using any kind of boundary integral equations as desired. Next, from the
Cauchy data we compute Mu. Together with 8“ which either is given or can
be obtained from the Cauchy data, we then compute L by using (9.4.5).
This approach can be repeated and yields an approprlate bootstrappmg pro-
cedure for finding higher order derivatives (see Schwab et al [275]).

For computing Mu we employ the commutator

(M, Al(u@dr)(z) = (Mo A—AoM)(u®dr)(z) (9.4.6)

which has the same order as A € E;’g(f)) due to Corollary 6.1.15 since M €
L30(42).

Correspondingly, on the manifold I', we have the commutator
(Mr,Qr] € L)

where Qr € L7 (I) is defined by (8.5.4), (8.5.15).

Theorem 9.4.2. (Schwab et al [275]) Let A € L7(£2) with symbol of ratio-
nal type. Then the commutators in (9.4.6) in terms of the Schwartz kernel
ka(z,x —y) can be expressed explicitly as follows:
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[mje, AJ(u @ 6r) ()

_ / [mye(@, 0a)ka(@, 2 — y) — kale,x — y)mye(y, 8,) Yuly)ds,
yel’

z/ mje(z, 0y )ka(z, z)
T

0 0
+ (o) = mew) 5 = (13(0) = i) - Jeaw 2D ., ulw)dsy
(9.4.7)
forx g I
Moreover, for 2 > © — I' and Qr defined by (8.5.4) and (8.5.15), we
have

[mje, Qrlu(a) = —[mje, Tlu(z') + p.t. /{mjg(z',am,)m(z’,z)
I

+ ((nl(x/) _nf(y/)) ({982] - (nj (xl) —ny (y,)) %)kA(x/7 Z)}’Z:I/,y/u(y/)dsy'

(9.4.8)

for &' € I'. In local coordinates for &’ € I', o' = x,(x') and for Ag, o, the
corresponding formula reads

Ex Qp,@r}u@') — [ T, Jut@) (9.49)
+pf/ 5o Faa.0((20), ))|z oL df v =1, =1

Here ka, _, is given by (8.5.7) in terms of the parametric representation of
the boundary manifold I".

Proof: Since in (9.4.7) « ¢ I', differentiation and integration are inter-
changeable and integration by parts is allowed. To prove (9.4.8) we first apply
Lemma 9.4.1 and obtain with Theorem 8.5.4

me(z', 0, )Qru(x’) = —mye(2', 0y ) Tu(z’)
+ p.f. /(mjg(x’,é)zl)kA(w’,x' —y))u(y)dsy . (9.4.10)

Next, for x € I' we consider the boundary potentials

Qr(mjeu)(z) = / kae,z — o) (mey’, 0y () dsy
and "
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Trulz) = - / (me(y/, 0y Yea(z,z — y'))uly)ds,

r

For the latter we note that its kernel is a Schwartz kernel of a pseudodiffer-
ential operator in El’é“(!)) with symbol of rational type. Moreover,

@F(mjéu)(x) —Qru(z) =0 forall z¢&TI.

By applying Theorem 8.5.5 and subsequently Theorem 8.5.7, we then
obtain

T (mjeu)(a) — T'u(z') = L{Qr(mjeu) — Qpulr =0

which implies

lim  Qr(mjeu)(z)

23x—1T
~Tlmgen) + . [ Ealesa =m0y uly)dsy
y'el’
- Qahzcn—ld“ Qrulz)
= —T'u(a’) — p.f. / (mje(y', 0y )ka(a' &' — ")) u(y')ds,y .
y'el

Since 7'u = Tmjeu, we find

Qrmjeu(z’) = =Tmju(z")
— pi. / (me(y', 0y ) ka(a', o' — ¢ )u(y')dsy for ' €I'. (9.4.11)
y'er,

Hence, the commutator has the representation

[mje, Qrlu(a’) = —[mje, T]u(z')
+ p.f. /{ mje(z',0p) + mye(y', 0y)) k(2! y') bu(y')ds, .

By using the definition of m;(x,0,) in (9.4.1) and z = x —y, the formula
(9.4.8) follows with the standard chain rule.

For the formula (9.4.9), we note that in the tubular coordinates the trans-
formed pseudodifferential operator Ag, o defines a boundary potential @ e,
in the half space where n(z') = n(y’). Hence (9.4.9) follows from (9.4.8) since
the last terms involving %kA(x' ,z) vanish. |

To illustrate how to compute the derivatives 6%@ on I, let us consider one of

the general equations (9.0.15) or (9.0.16), respectively, e.g. Equation (9.0.15)
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where ¢ is given and X is obtained from solving the system (9.0.15) for u in
2 and for A on I'. Then we apply m;x(x,0;) to the equation (9.0.15) and
obtain

mjre — mipRyTu = mj RyN f + RyB(mjx\)
+ (M, RyBIN —m Ry W (9.4.12)

which is an integral equation on I" for m;; A if we compute m; e directly
from the given data ¢ on I'. Once we have m;rp and m; ;A available, with
the matrix N of the tangential differential operators given in (3.9.5), we
obtain

Ou om—l \T MjkP ©
(m_]ku, mjka—n,...,m]kmu) —N(mjk)\> +[m]k, N]<)\>
(9.4.13)
With (9.4.5), we finally recover all the derivatives of the first order on I,

For calculating the second or higher order derivatives, we employ a boot-
strapping procedure by repeating the above procedure with ¢ and A replaced
by D'y and D'\ (see (3.4.40)) for ¢ =1,...,m — 1 consecutively and obtain
the derivatives

N n n a a
Dol = H( n () mex (2, 0y) +ng(x)—) ulr (9.4.14)
=1 k=1 on

for |a] < 2m — 1 where 2m is the order of P.
If one needs the 2m—th order derivatives on I', then for |a| = 2m, in

(9.4.14), ({%)2771 u cannot be computed from the boundary integral operators
alone. Since u is a solution of the partial differential equation (9.1.1), Pu = f,
we may use this equation in the tubular coordinates along I' in the form
(3.4.49) (or (A.0.20)). By inserting (9.4.14) into one of these relations, we
finally obtain with (3.4.51)

2m—1
0Fu

(agn)mnu“ _ (BQm)fl{f _ Ek%HF (9.4.15)

where sz are tangential operators of orders at most 2m — k. The deriva-

tives Ekg%j for K =0,...,m — 1 have been obtained by the bootstrapping
procedure described above.

Of course, instead of using equation (9.0.15), one may use (9.0.16) instead
with the same procedure.

In the following we return to the examples of the Helmholtz equation and
the Lamé system.
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9.4.1 Derivatives of the Solution to the Helmholtz Equation

We begin with the representation of the solution of the Helmholtz equation,

5,
/Ek x, y (y)dsy — /(aTEk(m,y))u(y)dsy for x € 2.
y

(9.4.16)
Here the Cauchy data are ¢ = u|p and o = g—;ﬂp. Ifo = an\p is given in
H*~Y(I') then we first solve for ¢ the integral equation of the second kind
(2.1.11) ( or of the first kind with the hypersingular operator, respectively,
see Table 2.1.1). Equation (2.1.11) reads

1 0
igp(x) + / (aTEk(x y) )p(y)ds, = /Ek z,y)o(y)dsy; (9.4.17)
y

and ¢ € H*(I") due to the mapping properties of the boundary integral
operators and to the shift theorem 8.7.3. Then we may apply the operator
mje(x,0;) on u(x) in (9.4.16),

o30(x) = mye(e, Dy Julz) = / (mje(z, 00) Bz, 9)) o (y)ds,

r (9.4.18)

0
—/(m]—g(m,896)8—Ek(x,y))u(y)dsy for z € (2.
r "

Taking the limit © — I', we obtain from (9.4.18) a resulting boundary
integral equation of the second kind for the desired tangential derivative

pje(x) = mje(x, O Ju(z):
%%—e(x)Jr/ (&Ek(%y))@jéa(y)d‘sy
T
= p.f. / (mjg(x,(“)x)Ek(%y))a(y)dsy — ([mje, Kilp)(xz) (9.4.19)

where ¢ is now the solution of the boundary integral equation (9.4.17) and
o is given. Here [mj,, K] is the commutator given by

([mje, Kile (mjeOKk Ky omjp)p(z) (9.4.20)

= pf/ mjzxa E(z,y) — %Ek(%y)mj@(i‘/a8y))‘»0(y)d3y

0
b / mﬂu,ax)%a(m,w+W(y,awﬁEk(x,y)}so(y)dsy
Y

Y
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which is a weakly singular integral operator on ¢ due to Theorem 9.4.2. Now,

@;e(x) can be obtained by solving the integral equation (9.4.19) of the second

kind and all derivatives % on I' can be obtained from (9.4.5). In fact, in
J

the following we show directly that the kernel of the commutator in (9.4.20)
is of order O(r~1) where r = |z — y|. To this end, let us write

aE’k (xv y)

o, (y—=z) n(y)f(r)

where f(r) = t1ze™"(ikr — 1) = O(r~3) and r = |z — y|. Then

(mje(z, 0) +mye(y, ay))gf: = (y — ) - n(y) (mje(x,0z) +mye(ydy)) f(r)

+ f(r) (mye(z, 02) + mye(y,0y)) (y — x) - n(y) . (9.4.21)

For the first term it is easy to show that it is weakly singular for smooth
I since

(y - 1’) : Tl(y) (mjf(m7 8&8) + mj[(l/, ay))f(r)
= =) n){ (@) = ) 5 — (n0(a) = ) 5 }0)
= 0(r?)-0(r3) =01, (9.4.22)

For the second term we use the chain rule and Taylor expansion about y
to obtain

(mji(@,00) +mgi(y, 0y)) (n(y) - (y — ) (9.4.23)
= —n(x)n;(y) +n (@) (y) + {nk(y)g;(y) - nj(y)(%(y)} (y—x)
- on 8n] ony ony

From (3.4.6) with 92 = 0 and (3.4.28) we obtain
On

n—1 n—1

onyg Z Oyx ;M 3”4 Z OUk ux v Ot
A - Ik gy I
Oy Pyl agu vt dou 0oy
n—1
_ %Lw Oye _ Onk (9.4.24)
=1 a@u oy 83/@

since LM = L"" where we have employed (3.4.17). Inserting (9.4.24) into
(9.4.23), we find
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n n—1

0Ye + 1 Ok AYe 0 0Y;
— — () 2V GYE 9Yt v 9Y5
ez_; H’gz:l { nj (y) 89# 8,91/ +n ( )ag’u‘ 8,91/
oy, 1o} 0 1o}
() gt L G g ) G L S e )+ O()
m v m v

= 0(?). (9.4.25)

With f(r) = O(r=3) and collecting (9.4.25) and (9.4.22) we finally obtain
that (9.4.21), i.e. the kernel of (9.4.20), is of order O(r—1).

Since ¢ and o on I" are known, boundary integral equation (9.4.19) is the
same as (9.4.17), only the right-hand side has been modified.

Clearly, if we apply the operator m,s again, now to equation (9.4.19), we
may apply the same arguments as before to compute higher order tangential
derivatives of . For higher order normal derivatives we use the Helmholtz
equation in the form (9.4.15) and later on apply m..s to the given data o =

ou
Snlr-

9.4.2 Computation of Stress and Strain on the Boundary
for the Lamé System

In applications one is not only interested in the boundary traction and bound-
ary displacement of the elastic field but also in the complete stress and strain
on I'. We now show how the procedure for computing derivatives of potentials
in this section can be applied to this situation.

As in the case of the Helmholtz equation let us begin with the represen-
tation formula (2.2.4) with f = 0,

v(x) :/E(x,y)t(y)dsy—/(TyE(a:,y))Tcp(y)dsy for z € 2 (9.4.26)
T T

where t(y) = T,v(y) now denotes the boundary traction and ¢ = v|p the
boundary displacement. We assume that both are known from solving (2.2.16)
or (2.2.17) for the relevant missing Cauchy data with o = ¢. To obtain
the complete stress or strain up to the boundary, we need all of the first
derivatives g—z on I'. For this we need to compute g = mgjpr on I
which can be obtained from one of the boundary integral equations, e.g.
from (2.2.16), i.e.

eule) = (31— K)p, (9.427)
—[me;, Kl + p.v. /mgj(x,am)E(x,y)t(y)dsy for x eI
T

Here ¢,; = (@, -, @ejn) ! is the desired new unknown. Note that this is
the same system of singular integral equations for all the ¢,; as in (2.2.16)
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for ¢, with only modified right—-hand sides. In particular, we note that the
commutator

[mje, Klip(x) = p.v. /((mje(ax@w) +mje(y, 8,)) (T, E(z,y)) @ (y)ds,
r
(9.4.28)
is of the same type singularity as K, hence, it is an operator of the class
L%,(I"). We shall further discuss the commutator in more detail at the end
of this section. After solving (9.4.27) for ¢y, with £,7,k =1,...,n, we now
may compute the stress tensor o;; and the strain tensor €;; on I" as follows:
If pgjr on I' are available, we introduce the surface divergence operator

. 0 0
r p
ov

— (divv—n~an>|r on I'.

Here and in what follows we use again the Einstein summation convention.
Then the boundary traction (2.2.5) can be rewritten in the form

(9.4.29)

. ov
te = (A + p)(divo)ne + “an + (perr

(9.4.30)
. v
= A+ p) (Dlego +n- —)ng + [Py -
on
Multiplication by n, and summation lead to the identity
ov .
A+2u)n - %hﬂ =n-t— ADivre (9.4.31)

from which with (9.4.30) we obtain

vy A Apo.
=, — “tny — 2 D — R 9.4.32
1% on \F ¢ PR 2un Ny u)\ o Wrene — ppe ( )
Now the stress tensor on I' can be written in the form
. odv;  Ov; . ov
035 = Adivvd;; + M(axj + axj) = )\(DIVF(P +n- %)(52‘3‘

(g —mg) + (5 —mge) +rog + i)

= ADivre)d;; + L(n -t — ADivpp)d;;

A2
+ 1(ngiqi + NgPiqj + 15 Prir + NiPrjr)
A p 2u(A+p) .
i1t — 1 t—n;———————D }
+nj{ n)\+2un n Nt 2 Ve
A+ 2u(N+ ) .
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or explicitly in terms of the computed ¢ as

1 .
Jij\r = m(n -t 4+ 2,U,D1Vp(p) ()\(5” - 2()\ + ,u)nmj)

(9.4.33)
+ njt; + ity + p(nr@iri + Nr@irj + NjPrie + NiPrjr) -
Then from Hooke’s law we also obtain the strain tensor on I, i.e.
ij 8vi
2K, = “(axi * axj)|F
= M(nk@ik]‘ + NEPiki + N Prir + ni@rjr) (9434)
A
+n;t; +ngt; — 2>\ _:_2/L (n-t+ 2uDivpe)nmn; .

To this end, for three-dimensional problems with n = 3, let us first rewrite
the kernel of K according to our formula (2.2.30):

kK(x7x - y) = (TyE(m7y))T

e (L D), 0
- 2#((msr(ya ay)ETt(xv y)))3><3

where E(x,y) = (Eri(2,9)))4, 5 Then the elements of the commutator

[m][vat]‘pt(x) =
[ se.0) +m3e0:0) (s 5= 7)e(w)ds,

37113,47rr
r

+p.v. /(mjg(:c,&c) + mje(y, 0y)) (mst(y,ay)(% %))%(y)dsy

r

— 2pp.v. /(mjl(xaaa:) + me(y, 0y)) (mar (y, 0y) Ere (2, y)) 01 (y)dsy
I

for s,7,£=1,2,3.

Now we examine each term on the right—hand side. The first term corre-
sponds to the commutator (9.4.20) for £ = 0 and is a weakly singular kernel
defining on I" a pseudodifferential operator in the class £_,'(I"). The next two
terms, however, define kernels of classical singular integral operators which
are in the class £Y,. For the kernel of the second term we have
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1 1
E (mjé(xv 61’) + mjl(y7 ay))mst(ya 8y);

1 1

= Emst(ya Oy) (mjf(wa 0z) +mje(y, ay)) -

1 1
+ - (mjﬁ(yv 0y)mst(y, 9y) + mse(y, Oy )mje(y, 81,)) -

47
1
I

1
+ In [mjé(y’ 9y), msi(y, Oy)

with the commutator [mje, ms]|,.. If we employ (9.4.24) on I" then

[mﬂ(yv 81}) y Mt (y’ ay)]\r

0 0
= it'mkz(yaay) + ﬂmtj(ya dy) +

L, Iny
dy; W mix(y, Oy) + 5=t (y, 0y)

0yy Oy

defines a tangential differential operator of the first order on I'. Collecting
terms, we conclude that for the second term we have a singular integral
operator in the form

ﬁ p.v. /{(mjk(:c,ﬁm) + mjk(y,(')y))mst(y,8y)%}%0t(y)dsy
T
= ﬁ p-v. /{mst(y,ay)%<(n€(y) - W(x))(yj — ;)

r

+ ("j (y) — ”j(x))(yz - xe)) }npt(y)dsy

1 1
g v [ {00, matw.0)1; fouw)ds,.
r
The last term of the commutator can be treated in the same manner resulting

in the singular integral operator

=2/ p.v. / (mﬂ(mv 0z) +mje(y, 8@/)) (msr(ya 3y)Ert(x,y))<pt(y)dSy

r
= —2u p.v. /{mst(y, 3y){(ne(y) - w(ﬂf))w
r
+ () = @) Z2 IV ) s,

—2u p.v. /{[mje(yﬁy), Mt (y, Oy) | Bt () for(y)ds,y .
I



9.5 Remarks 547

9.5 Remarks

For higher order tangential derivatives of ¢ we may repeatedly apply
mje(y, 0y) to (9.4.27) again. Of course, the same bootstrapping procedure
can be used for computing tangential derivatives of the boundary tractions
t via one of the boundary integral operators (2.2.16) or (2.2.17) between
the Cauchy data. For computing higher order normal derivatives, we need
to employ the corresponding formula (9.4.15) for the Lamé system in local
coordinates together with their normal derivatives as desired.

In concluding this section, we see how we can compute the derivatives of
the boundary potentials on the boundary by solving the same boundary
integral equations for the tangential derivatives as for the Cauchy data
by appropriate modifications of the right-hand sides but without additional
effort. This means that available computer packages can be adopted with
only slight modifications. Moreover, from the mathematical point of view, the
boundary integral equations for the tangential derivatives in the variational
formulation satisfy the same Garding inequalities as the bilinear forms of the
original boundary integral equations.



10. Boundary Integral Equations on Curves
in IR?

In Chapter 9 we presented the essence of boundary integral equations recast
as pseudodifferential operators on boundary manifolds I" C IR" for n = 3. In
this chapter we present the two—dimensional theory of classical pseudodiffer-
ential and boundary integral operators based on Fourier analysis. In general,
the representations of boundary potentials are based on the local charts and
local coordinates (3.3.3)—(3.3.5). For n = 2, however, every closed Jordan
curve I; as a part of I admits a global parametric representation (4.2.43).
Moreover, any function defined on a closed curve can be identified with a 1—
periodic function on IR. These global representations allow one to use Fourier
series expansions in the theory of pseudodifferential operators. The latter lead
to explicit expressions in terms of corresponding Fourier coefficients. More-
over, the Sobolev spaces on I" can be characterized in terms of the function’s
Fourier coefficients as in the Lemmata 4.2.4, 4.2.5 and Corollary 4.2.6.

If the boundary I' consists of p distinct, simply closed, smooth curves
I, j=1,...,p, then for each curve I'; we may consider the periodic exten-
sion of a function defined on I'; and identify the original function on I" with
a p—vector valued periodic function.

For simplicity, we first consider {2 a bounded, simply connected domain
having one simply closed smooth boundary curve I which admits a global
regular parametric 1-periodic representation (3.3.7) or (4.2.43), i.e.

I' :z=T(t) for telR and T(t+1)=T(¢) (10.0.1)

satisfying ‘%! > c¢o > 0 for all ¢ € IR. Hence, we need just one global chart
for the representation of I', and the local representation in Section 8.1 can
now be identified with the global representation and ¢ stands for o'. The
tubular neighbourhood {2 of I' now also has one global chart defined by

x=U(t,0n) =T(t) + onn(t) (10.0.2)

for t € R, o, € [—¢,¢] and = € 2. Clearly, all of the formulations in
Chapter 8 in terms of local charts (O,., U, x,) can now be reduced to global
formulations based on (10.0.2), i.e. O, = 2, U, = IR x (—¢,¢) and ¥, the
inverse to T'.
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10.1 Representation of the basic operators
for the 2D—Laplacian in terms of Fourier series

Before we give the general formulations concerning the pseudodifferential
operators on I' in terms of Fourier series expansions let us illustrate the
main ideas by analyzing the four basic boundary integral operators V, K, K’
and D of the two—dimensional Laplacian as introduced in Section 1.2. Further
examples can be found in [135] and will also be treated below. In particular,
we want to compute their symbols in terms of Fourier coefficients as well as
the action of these operators on Fourier series.

For the simple layer potential V' on the closed curve I', parameterized
globally according to (10.0.1), we write

1 1
r

1

—i / log (4sin® 7r(t — 7))o (r)dr + % /koo(t, T)o(T)dr
0 r

where z = T(t), y = T(7), 3(r) = o(T(r)) %2, and

[2sin7(t — 7)]
koo (t,7) := 2log (—) (10.1.2)
~ IT(t) = T(7)|
by using the identity [e??™ — e?277| = 2|sinw(t — 7)| in the representation

(10.1.1). Moreover, we let 7L be the arc length parameterization on I" where
L is the length of I'. For I" € C'°, the kernel ko, € C°°(I" x I") is biperiodic
and defines a smoothing operator in £7°°(I").

If the periodic function ¢ is represented by its Fourier series expansion

(=7

1
G(r) = 5, with Gy =L / e 2" 6 (1) dr (10.1.3)
0

(see (4.2.44) and (4.2.45)) then we obtain the Fourier series representation of
the simple layer potential operator V,

Vo((T(t)) = - /log (4sin® 7 (t — 7)) Z 5,2 4

LEL

1 ; ~
+ZZ/kw(t,T)62mthw

= ) L?flzez’”l’f + (Kooo)(1) - (10.1.4)
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By using the Fourier series form of the Sobolev space norms from Lemma
4.2.4 we see from (10.1.4) that for 6 € H*(I'),

2
VG ~ Koo 2oy = 2‘4 o ANl
0£0
< (g) Sl +a07 = () Il
LeZ

This implies the mapping property

Vol m=+iry < cllollmsr) + c2(s, so)lloll o r) (10.1.5)

for any so < s; and the order of V' is —1 as this explicit computation shows.
Consequently, in view of Parseval’s equality, (10.1.4) also implies

1 1
2 2 _ 2, 1 2
Lol g, = Zw' 34l + 150l

@EZ
= <V7(T,0'>L2(p)+<CU,U>L2(p) (10.1.6)

with the compact operator C' defined by
L
Co=—-K, o+ —/UdT.
47

Clearly, (10.1.6) is Garding’s inequality for V' and V is strongly elliptic.

The symbol of V can be computed from Theorem 6.1.11 since V is in
L, (I') because it stems from the trace of the two—dimensional operator A1
having symbol of rational type in IR? and, moreover, is properly supported
since I" is compact. Formula (6.1.27) then yields, for

Vo(z) = % /log ﬁd}(kﬂ —yl|)o(y)dsy + Rro (10.1.7)
T

with an appropriate cut—off function ¥ and Ry having a C'° kernel, the
symbol in the global parameterization can be computed in the form

ay(t,§) = e " ( - % log [2sin7(t — 7')|)7,/1(|t — r)eiTdr

(Y(|t — 7))e "= log |t — 7|)dr

¥ -

B Be— o —

1
2

—i(t—7) 10 ‘ 2 Sln?T

“ (e~



552 10. Boundary Integral Equations on Curves in IR>

Since the last term on the right—hand side is a C°°-function with compact
support, its Fourier transform is C* and decays faster than any order of |¢|~V
for N € IN according to the Paley—Wiener—Schwartz Theorem 3.1.3. Hence,
for the symbol we only need to consider the first term, which is given by

1 _
ay(t,§) = ~5 /ezgz log |z|9(|2])dz . (10.1.8)
R

According to Definition 7.1.1, the kernel kq(x,z) = log|z| in (10.1.8) is a
pseudohomogeneous function of degree 0. Therefore, for finding the complete
homogeneous symbol we employ formula (7.1.29) and find

1(66) = lim_pay(te€) (10.1.9)

However, it is not clear how to compute this limit without detailed informa-
tion on the oscillating integral in (10.1.8). We therefore integrate by parts

and obtain
= —f/‘ L2 + toglel) dz

1 en 1
£z~
e p.f./e (|2l

R

1 1 / 1
+ o2 / (;1/’ + log |2y )d=

3<z|<a

(Lw(t, 5)

Now the limit in (10.1.9) can be performed and yields with the Fourier trans-
form of 27! (see Gelfand and Shilov [97, p. 360])

(8 = im (L pt. [ ()

o—+oo L 2mip€
R

1 1 ; 1
- wéz =1/ 1 "
+ 2w &2 / ¢ <z¢ +log |2y )dz}

3521

o1 ||
=1 £ [ el ( )z
gggo 2mi€ p-f / w

R

1 o1 1
= £ e 2dz = i sign & =
omiE p /e p, z 2m,£z7rblgn§

€

21¢|

Hence,

(10.1.10)
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is the complete symbol of V' and is homogeneous of order —1. Consequently,
we may write V according to Formula (6.1.7), i.e.,

Vo (T(t)) = LFg a(t, §) Frogo(r) + Rooo (10.1.11)

where a(t,o) = ﬁx(f) with a cut—off function x as in (6.1.5). With the
Fourier series representation of o, we have

1 o
Vo (T(t)) = ngt{mx(i)]’Tngogeﬂ““}—i—Rooo

LET

~ — 1 127lT
= Zaffait{mX(f)fT%eQ ¢ }—i—Rooa. (10.1.12)
LET

By using the identity
Frg®™ =\215(¢ — 2ml) for L€ Z, (10.1.13)

(see Gelfand and Shilov [97, p. 359]) we obtain

Vo(T(t) = Zagfg;t{@)ﬁ?a(g—2w£)}+3wo (10.1.14)
LeZ

1
= Y Gea(t,2r0)e™ "+ "GL | koolt,T)e™ T dr
LeZ 457/ +Zo

where a(t, &) = % is a symbol of V.

In comparison with (10.1.4), we see that the two representations are
identical.

This suggests that for periodic functions o and A € L7}(I") we may have
a representation in the form

Ao (T(t)) =Y a(t,270)50™™" + Roo (10.1.15)
LET

where a € S7;(I" x IR) is a representative of the classical symbol of A. We
shall return to this point in Section 10.2

For the double layer potential operators K and K’ in IR?, we first rep-
resent I’ in terms of its arc length parameterizations with s = Lt¢. Then
x=T(t), y=T(7) and

T(t) —T(r) = (t — 7)%@) (10.1.16)

(- PTG T, ()T
2 a2 (*) 31 d 4 dt (t) + Th(t,7)
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where the remainder Tp € C*(I' x I') and is of the form Tp = O =
(t—7)° foo(t, T), where foo(t,7T) is a smooth function in C°° in both variables.
We recall (3.4.20) in IR? which yields L'' = s with the curve’s curvature
K = k; and with (3.4.17) and (3.4.18) we obtain Frenet’s formulae

dt dn d*t dk 9 9
p7 Lkn, i —Lkt and el LEn — L7kt (10.1.17)

with ¢ the unit tangent and n the unit normal vectors of I'.
For ease of reading, we introduce the generic notation

Op=(t—7)ful(t,7), L €Ny

where f (¢, 7) is a smooth function in C'* of both variables. Then we obtain
for (10.1.16) the canonical representation of I,

w—y=((t =)L~ 3t~ TP LR2(0) + - ) DR ()

L

Ak
=
dt

+ 5 (t— ’7')4< pr L4I€3>)n(t) +0Os.
(10.1.18)

- (%L% — )% - Lt — 1)L
Then, as a consequence we obtain

d
P = fy—af? = L(t—1)? 1= (t— )P L%2(0) + 5 (=) L2 (1) + 04l

(10.1.19)
and, together with the Frenet formulae (10.1.17), we have

n(y)z{l —IPRP()(t—T) + At — T)?’Lzlidj(t)}n(t) (10.1.20)

dt
+{ Lu()t—7) - L%(t)%(t )2
+i(t—1)3 (L%(t) — L(1)) JH(t) + O,
t(y):{1 L2 — )2 4 Lt r)%%%(t)}t(t) (10.1.21)
~{Ir(t—7) - Lz—:(t)%(t —7)?
+lt— 7y (L%(t) - L3n3(t)) }n(t) +0;.
Moreover,
n(y) (y—z)= —%n(t)LQ(t — )2+ é(t - 7)3L22—I:(t) +04. (10.1.22)

Hence, with (10.1.19) and (10.1.22) the kernel of the double layer potential
reads



10.1 Fourier Series Representation of the Basic Operators 555

L i10 |z — y|
2 Ony & Y
! L L? dk
= o2 (7“ = m?a(t) = St =) () + 04) (10.1.23)
1 1 dr
= koo(t, 7) = En(t) ~ 5 (t—1) dt( ) 4 koo (to, t)

with a doubly periodic kernel function ko, € C*°(I" x I'). Consequently, K¢
has the representation

1
L/koo ))dr = ZWL/ t,7)e?™ T dr (10.1.24)
0

LeL

where K is a smoothing operator for I' € C'*°.
Clearly, the adjoint operator K’ has the corresponding representation

1
=L | koo(r,t)o(T(7))dr (10.1.25)
/

with the same smooth kernel k... The symbol of both operators, therefore,
is equal to zero.

For the hypersingular operator D of the Laplacian, as in (1.2.14), we use
the Fourier series representation (10.1.4) of V' and obtain

De(T(t)) = —% %v(flf) L' " Gell]e®™ 4 + (K1) (t) (10.1.26)
LEL

Kioop(t) = L‘Q% (Kooz—f) (t).

In the same manner as for the simple layer potential V', we compute

1D — Kroo)l[Fpe-s(ry = L727° Y_ 1Gel (¢
LEL

= L7?n*(llel sy — 1@0l?) < L7%7|lpllpery - (10.1.27)
This inequality implies the mapping property of D, namely
[Dollas—1(ry < erllollmsry + c2(s; s0)llell o (1) (10.1.28)

for any sg < s. Hence, the order of D is +1. For the Garding inequality we
also obtain from (10.1.27) with Parseval’s equality,
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1

(Do, @) r2(ry =L / (De)(t)p(t)dt

- sz |Bel?[€ + Soe| + (Cop, 0) L2(r)
ez

= Lﬂ'”@”;%(l—,) + <CS07 50>L2(F) )

(10.1.29)

where the smoothing operator is defined by
1
Cp=Kyp— L27r/<p(T(t))dt.
0

This equality (10.1.29) verifies the strong ellipticity for the hypersingular
operator D. On the other hand, from (1.2.14) we have with (10.1.12)

Do) = v (%) (1)
1 d dy
—-7 7" (5)®
_ L dg X dep de
=1z T Frosgy + Ry SO

— g (5500 Fenn) - Lo (AT 0.

Hence, the symbol of D is given by

1 x(§)
= 2% e 10.1.
op(t,€) = =5[] (10.1.30)
Substituting into (10.1.26), we have
Do(T(t)) =Y Geop(t, 2ml)e®™ + Riseio(t) , (10.1.31)

LEL

which again is of the form (10.1.15).

10.2 The Fourier Series Representation of Periodic
Operators A € L7(I")

We return to the general formula (10.1.15) and will show that this is indeed
the general representation form for any periodic classical pseudodifferential
operator A € L7(I"). According to Theorem 7.1.8, any given A € L7(I") has
the representation



10.2 The Fourier Series Representation of Periodic Operators A € L7} (I") 557

Av(z) = p.f. /k T, r—y dSy“‘ZG/J ( asx)jv(x) (10.2.1)

where it is understood that the last term only appears when m € INg. The
Schwartz kernel belongs to the class Whk, (I') with kK = —m — 1. In terms of
the periodic representation (10.0.1), with ¥(¢) := v(7T'(t)), the operator takes
the form

1 m

Agi(t) = pf. / alt,t — T)(r)dr + 3 a0

=0 Jj=0

)ji(t) . (10.2.2)

where v, a; and the Schwartz kernel kg are 1-periodic. Again, the last term
only appears for m € INy and, moreover, the kernel kg and the coefficients
a;(t) are obtained from the local transformation from s, to ¢.

A symbol ag € ST (I'xIR) (see (6.1.39)) of Ag is given by formula (6.1.27)
in Theorem 6.1.11, i.e.,

ap(t,§) = e " (Ape™*)(t)
1 m

= e “pf. / kg (t,t —7)e'Tdr + Zaj(t)gj (10.2.3)

=0 Jj=0

since A is properly supported because of the compact curve I'. With this
symbol, A can also be written in the form

1
1 )
Agv(t) = — " ag (t, )0(7)drdS + RooB(t)
oy
= Ty aa(t,§)Froe U+ Rood(2) (10.2.4)

(
for any v € C§°([0,1]) € C§°(IR) where Ro is an appropriate smoothing
operator.

Theorem 10.2.1. Every operator A € L7(I") has o Fourier series repre-
sentation in the form

= ag(t, 2m0)0e™ + Roov (10.2.5)
LET

where ag € STH(T x R) is a classical symbol of Ag given by (10.2.3), and

1
Vg = L/e_Q”MTv(T(T))dT for LeZ (10.2.6)
0

are the Fourier coefficients of 0(t) (see Agranovich [3],Saranen et al [265] ).
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Remark 10.2.1: The Fourier series representation (10.2.4) of A € L7(I)
coincides with the definition of periodic pseudodifferential operators defined
in the book by Saranen and Vainikko [264, Definition 7.2.1].

Proof: By substituting the Fourier series expansion of v, i.e.

E -~ 27rz£T

LEL

into (10.2.4) and exchanging the order of summation and integration — since
v € C§°([0,1]) and the Fourier series converges in every Sobolev space —
we have
Agt(t) wa ta/gp(t &) Fre 62‘“@7— + Ro0(t).
LeL

By using the identity (10.1.13), the result follows. |

The explicit representation (10.2.5) in terms of Fourier series relies on
the symbol as(t,§). If the operator A € L7(I") is given as in (10.2.2) then
the Schwartz kernel kg (t,t — 7) admits the pseudohomogeneous asymptotic

expansion
L

kg(tt—7) = kj_m_1(t,t —7)+ Rp(t,7) (10.2.7)
j=0
with kj_y,—1 € ¥hfj_p—1, and one may employ the one-dimensional Fourier
transform in (10.2.4) to obtain the following explicit formulae for correspond-
ing homogeneous expansion terms of the symbol.

Theorem 10.2.2. Let kj_,—1 € Yhfj_m—1 be given where j € INg. In the
special case m € INg and 0 < j < m, let kj_,—1 also satisfy the Tricomi
condition (7.1.56) (wher